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PEEFACE. 


The  object  of  this  book  is  to  set  fortb  in  a  compact  form  those 
parts  of  the  Science  of  Mechanics  which  are  practically  applicable 
to  Structures  and  Machines.  Its  plan  is  sufficiently  explained  by 
the  Table  of  Contents,  by  the  Introduction,  and  by  the  initial 
articles  of  the  six  parts  into  which  the  body  of  the  treatise  is 
divided. 

This  work,  like  others  of  the  same  class,  contains  feucsta  and 
principles  that  have  been  long  and  widely  known,  mingled  with 
others,  of  which  some  are  the  results  of  the  labours  of  recent 
discoverers,  some  have  been  published  only  in  scientific  Transac- 
tions and  periodicals,  not  generally  circulated,  or  in  oral  lectures, 
and  some  are  now  published  for  the  first  time.  I  have  endea- 
voured, to  the  best  of  my  knowledge,  to  mention  in  their  proper 
plaoes  the  authors  of  recent  discoveries  and  improvements,  and  to 
refer  to  scientific  papers  which  have  furnished  sources  of  infor- 
m&tion. 

A  branch  of  Mechanics  not  usually  found  in  elementary  treatises 
iB  explained  in  this  work,  viz.,  that  which  relates  to  the  equili- 
brium of  stress,  or  internal  pressure,  at  a  point  in  a  solid  mass,  and 
to  the  general  theory  of  the  elasticity  of  solids.  It  is  the  basis  of 
a  sound  knowledge  of  the  principles  of  the  stability  of  earth',  and 
of  the  strength  and  stiffness  of  materials ;  but,  so  far  as  I  know, 
the  only  elementaiy  treatise  on  it  that  has  hitherto  been  published 
is  that  of  M.  Lam6,  entitled  Legons  sur  la  TliSorie  moUJihtuUique  de 
rJElaaticite  des  Carps  solides. 
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In  treating  of  the  stability  of  arches^  the  lateral  pressure  of  the 
load  is  taken  into  account.  So  far  as  I  know,  the  only  author  who 
has  hitherto  done  so  in  an  exact  manner^  is  M.  Yvon-Villarceaux, 
in  the  Memoires  dea  Savana  etrangers. 

The  principle  of.  the  transformation  of  structures  and  its  appli- 
cations have  hitherto  appeared  in  the  Proceedings  of  the  Royal 
Society  alone. 

The  correct  laws  of  the  flow  of  elastic  fluids  (first  investigated 
by  Dr.  Joule  and  Dr.  Thomson),  and  the  true  equations  of  the 
action  of  steam  and  other  vapours  against  pistons,  as  deduced  from 
the  principles  of  thermodynamics,  by  Professor  Clausius  and  myself, 
contemporaneously,  are  now  for  the  first  time  stated  and  applied  in 
an  elementary  manual. 

Other  portions  of  the  work,  which  are  wholly  or  partly  new,  are 
indicated  in  their  places. 

In  the  arrangement  of  this  treatise  an  eflbrt  has  been  made  to 
adhere  as  rigidly  as  possible  to  a  methodical  classification  of  its 
subjects;  and,  in  particular,  care  has  been  taken  to  keep  in  view 
the  distinction  between  the  comparison  of  motions  with  each  other, 
and  the  relations  between  motions  and  forces,  which  was  first 
pointed  out  by  Monge  and  Ampere,  and  which  Mr.  Willis  has 
so  successfully  applied  to  the  subject  of  mechanism.  The  observing 
of  that  distinction  is  highly  conducive  to  the  correct  understanding 
and  ready  application  of  the  principles  of  Mechanics. 

For  the  detection  of  most  of  the  errors  in  the  First  Edition, 
which  have  been  corrected  in  the  Second,  the  Author  has  to  return 
his  thanks  to  Mr.  John  Hall,  Civil  Engineer,  formerly  a  distin- 
guished student  of  arts  and  engineering  in  the  University  of  Glas- 
gow. 

W.  J.  M.  R 


Glasgow  Ukivebsttt,  May^  1860. 
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ERRATA.  XV 

ERRATA— conftntioi 

KoTB  to  page  86D,  line  24. 

The  yladact  over  the  Boyne  at  Drogheda,  on  the  line  of  the  Duhlin  and  Belfast 
Janction  Railway,  referred  to  as  an  example  of  the  one  of  lattice  girden,  vrn  designed 
by  Sir  John  Macneill,  £ngineer-in-Chief  of  that  railway,  and  executed  under  Mr. 
liarton*8  superintendence  as  Resident  Engineer. 

Page  563,  Une  13,/or  "  A  ~  w,"  read  "  A  -^  2  w* 


NoTB  to  Article  653,  p.  599. 

The  opinion  that  the  resistance  to  the  motion  of  ships  which  are  not  very  bluff 
consists  almost  wholly  of  friction,  has  been  confirmed  by  subsequent  experiments. 
The  co-efficient  of  the  friction  between  water  and  the  bottom  of  an  iron  ship  is  nearly 
the  same  with  that  of  water  in  iron  pipes.  The  friction  varies  nearly  as  the  square 
of  the  velocity  of  rubbing  between  the  water  and  the  ship's  bottom.  That  velocity  is 
difTerent  at  different  points  of  the  8hip*8  bottom,  and  bears  to  the  speed  of  the  ship  a 
ratio  at  each  point,  depending  on  tiie  ship's  figure  and  on  the  position  of  the  ]X)int  in 
question.  The  average  velocity  of  rubbing  exceeds  the  speed  of  the  ship;  and  the 
excess  is  the  greater  the  bluffer  her  shape.  Thus,  though  a  long  and  sharp  vessel 
presents  a  greater  rubbing  surface  than  a  short  and  bluff  vessel  of  the  same  size,  the 
average  velocity  of  nibbing  is  Icm  in  the  longer  vessel  at  the  same  speed;  so  that 
there  is  a  certain  degree  of  sharpness  which  gives  the  least  resistance  fur  a  given  size 
and  speed.  "What  that  degree  of  sharpness  is  cannot  yet  be  fixed  with  any  great 
precision ;  but  in  general  it  does  not  greatly  differ  from  that  which  is  given  by  malt- 
ing the  sum  of  the  lengths  of  the  bow  and  stem  equal  to  about  seven  times  the 
greatest  breadth. 


NoTK  to  Article  655,  page  604. 

The  researches  of  Mr.  William  Froude,  first  described  to  the  British  Association  in 
July,  1860,  and  afterwards  laid  more  fully  before  the  Institute  of  Naval  Architects, 
have  shown,  firsts  that  the  Just  svppotitiim  is  tlie  nearer  tn  the  truth  as  regards  tlie 
tinae  of  oscillation;  secondly,  that  the  same  forces  which  tend  to  keep  a  ship  upright 
in  still  water  tend  to  place  her  perpendicular  to  the  surface  of  the  water  amongst 
waves,  and  thus  to  increase  rolling;  thirdly,  that  the  cliief  cause  of  exces!«ive  roil- 
ing  is  too  near  a  coincidence  between  the  periodic  time  of  the  vessels  rolling  and 
that  of  her  being  acted  upon  by  successive  waves;  Bnd  fourlh/y,  that  the  most 
efficient  method  of  preventing  excessive  rolling  is  to  ailjust  the  moment  of  inertia  and 
the  stability  of  a  vessel,  so  that  lier  periodic  time  of  rolling  shall  be  longer  than  the 
period  of  any  waves  she  is  lilcely  to  encounter,  tal(ing  care  at  the  same  lime,  to  leave 
sufficient  stability  to  prevent  the  risk  of  upsetting,  or  of  heeling  too  far  over  with  a 
ride  wind. 

Amongst  authorities  on  the  subject  of  the  stability  of  sbipe^  the  name  of  Atwood 
should  have  been  mentioned. 
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PRELIMINART   DISSERTATION 

ON  TUX 

HABMONT  OP  THEOBT  AND  PBACTICE  IN  MECHANICS* 


The  words,  theory  and  prcusUce,  are  of  Greek  origin  :  they  carry 
our  thoughts  back  to  the  time  of  those  ancient  philosophers  by 
whom  they  were  contrived ;  and  by  whom  also  they  were  con- 
trasted and  placed  in  opposition,  as  denoting  two  conflicting  and 
mutually  inconsistent  ideas. 

In  geometry,  in  philosophy,  in  poetiy,  in  rhetoric,  and  in  the 
fine  arts,  the  Greeks  are  our  masters ;  and  great  are  our  obligations 
to  the  ideas  and  the  models  which  they  bave  transmitted  to  our 
times.  But  in  physics  and  in  mechanics  their  notions  were  very 
generally  pervaded  by  a  great  fallacy,  which  attained  its  complete 
and  most  mischievous  development  amongst  the  mediaeval  school- 
men, and  the  remains  of  whose  influence  can  be  traced  even  at  the 
present  day — ^the  feJlacy  of  a  double  system  of  TuUtMrcU  laws;  one 
theoretical,  geometrical,  rational,  discoverable  by  contemplation, 
applicable  to  celestial,  tetherlal,  indestructible  bodies,  and  being  an 
object  of  the  noble  and  liberal  arts ;  the  other  practical,  mechanical, 
empirical,  discoverable  by  experience,  apj^cable  to  terrestrial,  gross, 
destructible  bodies,  and  being  an  object  of  what  were  once  called 
the  vulgar  and  sordid  arts. 

The  so-called  physical  theories  of  most  of  those  whose  under- 
standings were  under  the  influence  of  that  fallacy,  being  empty 
dreams,  with  but  a  trace  of  truth  here  and  thei*e,  and  at  variance 
with  the  results  of  every-day  observation  on  the  surfece  of  the 
planet  we  inhabit,  were  calculated  to  perpetuate  the  fallacy.  The 
stars  were  celestial,  incorruptible  bodies  ;  their  orbits  were  circular 
and  their  motions  perpetual ;  such  orbits  and  motions  being  charac- 
teristic of  perfection.    Objects  on  the  earth's  surflEu^e  were  terrestrial 

*  This  Dissertation  contains  the  rabetanoe  of  a  disoonne,  "  De  Conoordi&  inter 
Sdentiarum  Macfainalinm  Contemplatlonem  et  TJsum,"  read  before  the  Senate  of 
the  University  of  Glasgow  on  the  10th  of  December,  1865,  and  of  an  inangural  lec- 
ture, delivered  to  the  Class  of  Civil  Engineering  and  Mechanics  in  that  University  on 
the  dd  of  Jannar^,  1866. 
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2  FRELIUIKABY  DISSERTATION. 

and  corrapti'ble ;  their  motions  being  characteristic  of  imperfection, 
were  in  mixed  straight  and  curved  lines,  and  of  limited  duration. 
EAtional  and  practical  mechanics  (as  Newton  observes  in  his 
preface  to  the  Frincipia)  were  considered  as  in  a  measure  opposed 
to  each  other,  the  latter  being  an  inferior  branch  of  study, 
to  be  cultivated  only  for  the  sake  of  gain  or  some  other  material 
advantage  Archytas  of  Tarentum  might  illustrate  the  truths  of 
geometry  by  mechanical  contrivances ;  his  methods  were  regarded 
by  his  pupil  Plato  as  a  lowering  of  the  dignity  of  science.  Archi- 
medes, to  the  character  of  the  first  geometer  and  arithmetician  of 
his  day,  might  add  that  of  the  first  mechanician  and  physicist, — ^he 
might,  by  his  unaided  strength  acting  through  suitable  machinery, 
move  a  loaded  ship  on  dry  land, — ^he  might  contrive  and  execute 
deadly  engines  of  war,  of  whidi  even  the  Boman  soldiers  stood  in 
dread, — he  might,  with  an  art  afterwards  regarded  as  fabulous 
till  it  was  revived  by  Buffon,  bum  fleets  with  the  concentrated 
sunbeams ;  but  that  mechanical  knowledge,  and  that  practical  skill, 
which,  in  our  eyes,  render  that  great  man  so  illustrious,  were,  by 
men  of  learning,  his  contemporaries  and  successors,  regarded  as 
accomplishments  of  an  inferior  order,  to  which  the  philosopher, 
from  the  height  of  geometrical  abstraction,  condescended,  with  a 
view  to  the  service  of  the  State.  In  those  days  the  notion  arose 
that  scientific  men  were  unfit  for  the  business  of  life,  and  various 
facetious  anecdotes  were  contrived  illustrative  of  this  notion,  which 
have  been  handed  down  from  age  to  age,  and  in  each  age  applied, 
with  little  variation,  to  the  eminent  philosophers  of  the  time. 

That  the  Bomans  were  eminently  skilful  in  many  departments 
of  practical  mechanics,  especially  in  masonry,  road-making,  and 
hydraulics,  is  clearly  established  by  the  existing  remains  of  their 
magnificent  works  of  engineering  and  architecture,  from  many  of 
which  we  should  do  well  to  take  a  lesson.  But  the  fallacy  of  a 
supposed  discordance  between  rational  and  practical,  celestial  and 
terrestrial  mechanics,  still  continued  in  force,  and  seems  to  have 
gathered  strength,  and  to  have  attained  its  full  vigour  during  the 
middle  ages.  In  those  ages,  indeed,  were  erected  those  incom- 
parable ecclesiastical  buildings,  whose  beauty,  depending,  as  it  does, 
mainly  on  the  nice  adjustment  of  the  form,  strength,  and  position 
of  each  part,  to  the  forces  which  it  has  to  sustain,  evinces  a  pro- 
found study  of  the  principles  of  equilibrium  on  the  part  of  the 
architects.  But  the  very  names  of  those  architects,  with  few  and 
doubtful  exceptions,  were  suffered  to  be  forgotten ;  and  the  prin- 
ciples which  guided  their  work  remain  um^ecorded,  and  were  left  to 
be  re-discovered  in  our  own  day  ;  for  the  scholars  of  those  times, 
despising  practice  and  observation,  were  occupied  in  developing 
and  magnifying  the  numerous  eirors^  and  in  perverting  and  obscur- 
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ing  the  much  more  numeroiiB  tmths,  which  are  to  be  found  in  the 
wntingB  of  Aristotle ;  and  those  few  men  who,  like  Hoger  Bacon, 
combined  scientific  with  practical  knowledge,  were  objects  of  fear 
and  persecution,  as  supposed  allies  of  the  powers  of  darkness. 

At  length,  during  the  great  revival  of  leaniing  and  reformation 
of  science  in  the  fifteenth,  sixteenth,  and  seventeenth  centuries, 
the  system  falsely  styled  Aristotelian  was  overthrown  :  so  also  was 
the  Mlacj  of  a  double  system  of  natural  laws ;  and  the  truth  began 
to  be  duly  appreciated,  that  sound  theory  in  physical  science  con- 
sists simply  of  facts,  and  the  deductions  of  common  sense  &om 
them,  reduced  to  a  systematic  form.  The  science  of  motion  was 
founded  by  Galileo,  and  perfected  by  Kewton.  Then  it  was  estab- 
lished that  celestial  and  terrestrial  mechanics  are  branches  of  one 
science ;  that  they  depend  on  one  and  the  same  system  of  clear  and 
simple  first  principles ;  that  those  very  laws  which  regulate  the 
motion  and  the  stability  of  bodies  on  earth,  govern  aJso  the  revolutions 
of  the  stars,  and  extend  their  dominion  throughout  the  immensity 
of  space.  Then  it  came  to  be  acknowledged,  that  no  material 
object,  however  small, — ^no  force,  however  feeble, — ^no  phenomenon, 
however  fiamiliar,  is  insignificant,  or  beneath  the  attention  of  the 
philosopher ;  that  the  processes  of  the  workshop,  the  labours  of  the 
artizan,  are  full  of  instruction  to  the  man  of  science ;  that  the 
scientific  study  of  practical  mechamcs  is  well  worthy  of  the  atten- 
tion of  the  most  accomplished  mathematician.  Then  the  notion, 
that  scientific  men  are  unfit  for  business,  began  to  disappear.  It 
was  not  court  &vour,  not  high  connection,  not  Parliamentary  in- 
fluence, which  caused  Kewton  to  be  appointed  Wai-den,  and  after- 
wards Master,  of  the  Mint ;  it  was  none  of  these ;  but  it  was  the 
knowledge)  possessed  by  a  wise  minister  of  the  fiict,  that  Newton's 
skill,  both  theoi-etical  and  practical,  in  those  branches  of  knowledge 
whidi  that  office  required,  rendered  him  the  fittest  man  in  all 
Britain  to  direct  the  execution  of  a  great  reform  of  the  coinage. 
Of  the  manner  in  which  Newton  performed  the  business  entrusted 
to  him,  we  have  the  following  account  in  the  words  of  Lord 
Macaulay,  an  author  who  cannot  be  accused  of  undue  partiality  to 
speculative  science  or  its  cidtivators  : — 

*'  The  ability,  the  industry,  and  the  strict  uprightness  of  the  great  philo- 
sopher, speedily  produced  a  complete  revolution  throughout  the  depart- 
ment which  was  under  his  direction.     He  devoted  himself  to  the  task 
with  an  activity  which  leil  him  no  time  to  spare  for  those  pursuits  in  which       \ 
he  had  surpassed  Archimedes  and  Galileo.    Till  the  great  work  was  com-  \ 

pletely  done,  he  resisted  firmly,  and  almost  angrily,  eveiy  attempt  that 
was  made  by  men  of  science,  here  or  on  the  Continent,  to  draw  him  away 
from  his  official  dutiea."* 

•  Vol.  iv.,  p.  708. 

Digitized  by  VjOOQIC 


4  PBELUONABY  DI8SEBTATI0K. 

Then  the  hisiorian  proceeds  to  detail  the  results  of  Kewton's 
exertions,  and  shows,  that  within  a  short  tiine  after  his  appoint- 
ment, the  weekly  amount  of  the  coinage  of  silver  was  increased  to 
eighJtfdd  of  that  which  had  been  looked  upon  as  the  utmost  practi- 
cable amount  hj  his  predecessors. 

The  extension  of  experimental  methods  of  investigation,  has 
caused  even  manual  skill  in  practical  mechanics,  when  scientificall  j 
exercised,  to  be  duly  honoured,  and  not  (as  in  ancient  times)  to  be 
I'egarded  as  beneath  the  dignity  of  science. 

As  a  systematically  avowed  doctrine,  there  can  be  no  doubt  that 
the  fallacy  of  a  discrepancy  between  rational  and  practical  me- 
chanics came  long  ago  to  an  end ;  and  that  every  well-informed 
and  sane  man,  expressing  a  deliberate  opiniou  upon  the  mutual 
relations  of  those  two  branches  of  science,  would  at  once  admit  that 
they  agree  in  their  principles,  and  assist  each  other's  progress,  and 
that  such  distinction  as  exists  between  them  arises  from  the  differ- 
ence of  the  purposes  to  which  the  same  body  of  principles  is  applied. 

K  this  doctrine  had  as  strong  an  influence  over  the  actions  of 
men  as  it  now  has  over  their  reasonings,  it  would  have  been  unne- 
cessary forme  to  describe,  so  fully  as  I  have  done,  the  great  scienti- 
fic fallacy  of  the  ancients.  I  might,  in  fact,  have  passed  it  over  in 
silence,  as  -dead  and  forgotten ;  but,  unfortunately,  that  discrepancy 
between  theory  and  practice,  which  in  sound  physical  and  mechani- 
cal science  is  a  delusion,  has  a  real  existence  in  the  minds  of  men  - 
and  that  &llacy,  though  rejected  by  their  judgments,  continues  to 
exert  an  influence  over  their  acts.  Therefore  it  is  that  I  have 
endeavoured  to  trace  the  prejudice  as  to  the  discrepancy  of  theory 
and  practice,  especially  in  Mechanics,  to  its  origin ;  and  to  show 
that  it  is  the  ghost  of  a  defunct  fallacy  of  the  ancient  Greeks  and 
of  the  mediseval  schoolmen. 

This  prejudice,  as  I  have  stated,  is  not  to  be  found,  at  the  present 
day,  in  the  form  of  a  definite  and  avowed  principle :  it  is  to  be 
traced  only  in  its  pernicious  effects  on  the  progress  both  of  specula- 
tive science  and  of  practice,  and  sometimes  in  a  sort  of  tacit  influ- 
ence which  it  exerts  on  the  forms  of  expression  of  writers,  who 
have  assuredly  no  intention  of  perpetuating  a  delusion.  To  exem- 
plify the  kind  of  influence  last  referred  to,  I  shall  cite  a  passage 
from  the  same  historical  work  which  I  recently  quoted  for  a  differ- 
ent purpose.  Lord  Macaulay,  in  treating  of  the  Act  of  Toleration 
of  William  III.,  compares,  metaphorically,  the  science  of  politics  to 
that  of  mechanics,  and  then  proceeds  as  follows : — 

"The  mathematician  can  easily  demonstrate  that  a  certain  power,  ap- 
plied by  means  of  a  certain  lever,  or  of  a  certain  system  of  pulleys,  will 
suflice  to  raise  a  certain  weight.  But  his  demonstration  proceeds  on  the 
supposition  that  the  machinery  is  such  as  no  load  will  bend  or  break.     If 
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llie  engineer  who  has  to  lift  a  great  mass  of  real  cranite  hj  the  instru- 
inentaiity  of  real  timber  and  real  hemp,  should  absolutely  rely  on  the  pro- 
positions whidi  he  finds  in  treatises  on  Dynamics,  and  should  make  no 
allowance  for  the  imperfection  of  his  materials,  his  whole  apparatus  of 
beams,  wheels,  and  ropes,  would  soon  come  down  in  ruin,  and  with  all  his 
geometrical  skill,  he  would  be  found  a  far  inferior  builder  to  those  painted 
barbarians  who,  though  they  never  heard  of  the  parallelogram  of  forces, 
managed  to  pile  up  Stonehenge/' * 

It  is  impossible  to  read  this  passage  without  feeling  admiration 
for  the  force  and  deamess  (and  I  may  add,  for  the  brilliancy  and 
wit)  of  the  language  in  which  it  is  expressed;  and  those  very 
qualities  of  force  and  clearness,  as  well  as  the  author^s  eminence, 
render  it  one  of  the  best  examples  that  can  be  found  to  illustrate 
the  lurking  influence  of  the  Mlacy  of  a  double  set  of  mechanical 
laws,  rational  and  practical. 

In  fiujt,  the  mathematical  theory  of  a  machine, — ^that  is,  the  body 
of  principles  which,  enables  the  engineer  to  compute  the  arrange- 
ment and  dimensions  of  the  parts  of  a  machine  intended  to  perform 
given  operations, — ^is  divided  by  mathematicians,  for  the  sake  of 
convenience  of  investigation,  into  two  part&  The  part  first  treated 
of^  as  being  the  more  simple,  relates  to  the  motions  and  mutual 
actions  of  the  solid  pieces  of  a  machiue,  and  the  forces  exerted  by 
and  upon  them,  each  continuous  solid  piece  being  treated  as  a 
whole,  and  of  sensibly  invariable  figure.  The  second  and  more 
intricate  part  relates  to  the  actions  of  the  forces  t^iding  to  break 
or  to  alter  the  figure  of  each  such  solid  piece,  and  the  dimensions 
and  form  to  be  given  to  it  in  order  to  enable  it  to  resist  those 
forces :  this  part  of  the  theory  depends,  as  much  as  the  first  part, 
on  the  general  laws  of  mechanics;  and  it  is,  as  truly  as  the  first 
part,  a  subject  for  the  reasonings  of  the  mathematician,  and  equally 
requisite  for  the  completeness  of  the  mathematical  treatise  which 
the  engineer  is  supposed  to  consult.  It  is  true,  that  should  the 
engineer  implicitly  trust  to  a  pretended  mathematician,  or  an 
incomplete  treatise,  his  apparatus  would  come  down  in  ruin,  as 
the  historian  has  stated :  it  is  true  also  that  the  same  result  would 
follow,  if  the  engineer  was  one  who  had  not  qualified  himself,  by 
experience  and  observation,  to  distinguish  between  good  and  bad 
materials  and  workmanship;  but  the  passage  I  have  quoted  conveys 
an  idea  difiTerent  from  these;  for  it  proceeds  on  the  erroneous  sup- 
position, that  the  first  part  of  the  theory  of  a  machine  is  the  whole 
theory,  and  is  at  variance  with  something  else  which  is  independent 
of  mathematics,  and  which  constitutes,  or  is  the  foimdation  of, 
practical  mechanics. 

The  evil  influence  of  the  supposed  inconsistency  of  theory  and 

•  Vol.  UL,  p.  84. 
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practice  upon  speculatiye  science,  although  much  less  conspicuous 
than  it  was  in  the  ancient  and  middle  ages,  is  still  occasionally  to 
be  traced.  This  it  is  which  opposes  the  mutual  communication  of 
ideas  between  men  of  science  and  men  of  practice,  and  which  leads 
scientific  men  sometimes  to  employ,  on  problems  that  can  only  be 
regarded  as  ingenious  mathematical  exercises,  much  time  and 
mental  exertion  that  would  be  better  bestowed  on  questions  having 
some  connection  with  the  arts,  and  sometimes  to  state  the  results 
of  really  important  investigations  on  practical  subjects  in  a  form 
too  abstruse  for  ordinary  use ;  so  that  the  benefit  which  might  be 
derived  from  their  application  is  for  years  lost  to  the  public;  and 
valuable  practical  principles,  which  might  have  been  anticipated  by 
reasoning,  are  left  to  be  discovered  by  slow  and  costly  experience. 

But  it  is  on  the  practice  of  mechanics  and  engineering  that  the 
influence  of  the  great  Mlacy  is  most  conspicuous  and  most  fatal. 
There  is  assuredly,  in  Britain,  no  deficiency  of  men  distinguished 
by  skill  in  judging  of  the  quality  of  materials  and  work,  and  in 
directing  the  operations  of  workmen, — by  that  sort  of  skill,  in 
iact,  which  is  purely  practical,  and  acquired  by  observation  and 
experience  in  business.  But  of  that  scientifically  practical  skill 
which  produces  the  greatest  effect  with  the  least  possible  expendi- 
ture of  material  and  work,  the  instances  are  comparatively  rare. 
In  too  many  cases  we  see  the  strength  and  the  stability,  which 
ought  to  be  given  by  the  skilful  arrangement  of  the  parts  of  a 
structure,  supplied  by  means  of  clumsy  massiveness,  and  of  lavish 
expenditure  of  material,  labour,  and  money ;  and  the  evil  is 
increased  by  a  perversion  of  the  public  taste,  which  causes  works 
to  be  admired,  not  in  proportion  to  their  fitness  for  their  purposes, 
or  to  the  skill  evinced  iq  attaining  that  fitness,  but  in  proportion 
to  their  size  and  cost 

With  respect  to  those  works  which,  from  unscientific  design, 
give  way  during  or  immediately  after  their  erection,  I  shall  say 
Httle;  for,  with  all  their  evils,  they  add  to  oux  experimental  know- 
ledge, and  convey  a  lesson,  though  a  costly  one.  But  a  cla0s  of 
structures  fraught  with  much  greater  evils  exists  in  great  abundance 
throughout  the  country : — namely,  those'  in  which  the  faults  of  an 
unscientific  design  have  been  so  far  counteracted  by  massive  strength, 
good  materials,  and  careful  workmanship,  that  a  temporary  stability 
has  been  produced,  but  which  contain  within  themselves  sources  of 
weakness,  obvious  to  a  scientific  examination  only,  that  must  inevi* 
tably  cause  their  destruction  within  a  limited  number  of  years. 

Another  evil,  and  one  of  the  worst  which  arises  from  the  separa- 
tion of  theoretical  and  practical  knowledge,  is  the  fact  that  a  large 
number  of  persons,  possessed  of  an  inventive  turn  of  mind  and  of 
considerable  skill  in  the  manual  operations  of  practical  mechanics, 
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are  destitute  of  that  knowledge  of  scientific  principles  which  is 
requisite  to  prevent  their  being  misled  by  their  own  ingenuity. 
Such  men  too  often  spend  their  money,  waste  their  lives,  and  it 
may  be  lose  their  reason,  in  the  vain  pursuit  of  visionary  inventions, 
of  which  a  moderate  amount  of  theoretical  knowledge  would  be 
sufficient  to  demonstrate  the  fallacy;  and  for  want  of  such  know- 
ledge, many  a  man  who  might  have  been  a  useful  and  happy 
member  of  society,  becomes  a  being  than  whom  it  would  be  hajrd 
to  find  anything  more  miserable 

The  number  of  those  unhappy  persona — to  judge  from  the  patent- 
lists,  and  from  some  of  the  mechanical  journals — ^must  be  much 
greater  than  is  generally  believed.  The  most  absurd  of  all  their 
delusions, — ^that  commonly  called  the  perpetual  motion,  or  to  speak 
more  accurately,  the  inexhaustible  source  of  power,--^ia,  in  various 
forma,  the  subject  of  several  patents  in  each  year. 

The  ill  success  of  the  projects  of  misdirected  ingenuity  has  very 
naturally  the  effect  of  driving  those  men  of  practical  skill  who, 
though  without  scientific  knowledge,  possess  prudence  and  conmion 
sense,  to  the  opposite  extreme  of  caution,  and  of  inducing  them  to 
avoid  all  experiments,  and  to  confine  themselves  to  the  careful 
copying  of  successfrd  existing  structures  and  machines :  a  course 
which,  although  it  avoids  risk,  would,  if  generally  followed,  stop 
the  progress  of  all  improvement.  A  similar  course  has  sometimes, 
indeed,  been  adopted  by  men  possessed  of  scientific  as  well  as 
practioeJ  skill :  such  men  having,  in  certain  cases,  from  deference 
to  popular  prejudice,  or  from  a  di-ead  of  being  reputed  as  theorists, 
considered  it  advisable  to  adopt  the  worse  and  customaiy  design 
for  a  work  in  preference  to  a  better  but  unusual  design. 

Some  of  the  evils  which  are  caused  by  the  fallacy  of  an  incom- 
patibility between  theory  and  practice  having  be^  described,  it 
must  now  be  admitted,  that  at  the  present  time  those  evils  show  a 
decided  tendency  to  dedina  The  extent  of  intercourse,  and  of 
mutual  assistance,  between  men  of  science  and  men  of  practice,  the 
practical  knowledge  of  scientific  men,  and  the  scientific  knowledge  of 
practical  men,  have  been  for  some  time  steadily  increasing ;  and  that 
combination  and  harmony  of  theoretical  and  practical  knowledge — 
that  skill  in  the  application  of  scientific  principles  to  practical 
purposes,  which  in  former  times  was  confined  to  a  few  remarkable 
individuals,  now  tends  to  become  more  generally  diffused.  With 
a  view  to  promote  the  diilusion  of  that  kind  of  skill.  Chairs  were 
instituted  at  periods  of  from  fifteen  to  ten  years  ago,  in  the  two 
Colleges  of  the  University  of  London,  in  the  University  of  Dublin, 
in  the  three  Queen's  Colleges  of  Belfast,  Cork,  and  Galway,  and  in 
this  University  of  Glasgow. 

For  the  sake  of  a  parallel,  it  may  here  be  worth  while  to  refer 
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to  another  brancli  of  practical  sdenoe — ^that  of  Medicme.  From  the 
time  of  the  £rst  establishment  of  Medical  Schools  in  UniTersities, 
there  have  existed,  not  only  Chairs  for  the  teaching  of  the  purely 
scientific  departments  of  Medical  Science,  such  as' Anatomy  and 
Physiology,  but  also  Chairs  for  instruction  in  the  art  of  applying 
scientific  principles  to  practice,  such  as  those  of  Surgery,  the 
Practice  of  Physic,  and  others.  The  institution  of  a  Chair  of 
Mechanics  and  Engineering  in  a  UniverBity  where  there  have 
long  existed  Chairs  of  Mathematics  and  Katural  Philosophy,  is  an 
endeavour  to  place  Mechanical  Science  on  the  same  footing  wil^  that 
of  Medicine. 

Another  parallel  may  be  found  in  an  Institution,  which,  though 
not  a  University,  and  though  established  as  much  for  the  advance- 
ment as  for  the  difiusion  of  knowledge,  has  had  a  most  beneficial 
effect  in  promoting  the  appreciation  of  science  by  the  public, — I 
mean  the  British  Association.  When  that  body  was  first  instituted, 
both  the  theoretical  advancement  and  the  practical  application  of 
Mechanics,  and  the  several  branches  of  Physics,  were  allotted  to  a 
single  section,  called  Section  A.  The  business  before  that  Section 
soon  became  so  excessive  in  amount,  and  so  multi&rious  in  its 
character,  that  it  was  found  necessary  to  institute  Section  G,  for  the 
purpose  of  considering  the  practical  application  of  those  branches 
of  science  to  whose  theoretical  advancement  Section  A  was  now 
devoted;  and  notwithstanding  this  separation,  those  two  Sections 
work  harmoniously  together  for  the  promotion  of  kindred  objects ; 
and  the  same  men  are,  in  many  instances,  leading  members  of  both. 
What  Section  G  is  to  Section  A  in  the  Briti^  Association,  this 
class  of  Engineering  and  Mechanics  is  to  those  of  Physics  and 
Mathematics  in  the  University. 

It  being  admitted,  that  Theoretical  and  Practical  Mechanics  are 
in  harmony  with  each  other,  and  depend  on  the  same  first  prin- 
ciples, and  that  they  differ  only  in  the  purposes  to  which  those 
principles  are  applied,  it  now  remains  to  be  considered,  in  what 
manner  that  difference  affects  the  mode  of  instruction  to  be  followed 
in  communicating  those  branches  of  science. 

Mechanical  knowledge  may  obviously  be  distinguished  into  three 
kinds :  purely  scientific  knowledge, — ^purely  practical  knowledge — 
and  that  intermediate  knowledge  which  relates  to  the  application 
of  scientific  principles  to  practical  purposes,  and  which  arises 
from  understanding  the  harmony  of  theory  and  practice. 

The  objects  of  instruction  in  purely  scientLBc  mechanics  and 
physics  are,  first,  to  produce  in  the  student  that  improvement  of 
the  understanding  which  results  from  the  cultivation  of  natural 
knowledge,  and  tiat  elevation  of  mind  which  flows  fix)m  the  con- 
templation of  the  order  of  the  universe;  and  secondly,  if  possible, 
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to  qualify  liim  to  become  a  8cienti£c  discoverer.  In  this  branch  of 
study  exactness  is  an  essential  feature;  and  mathematical  difficulties 
must  not  be  shrunk  from  when  the  nature  of  the  subject  leads  to 
them.  The  asoei'tainment  and  illustration  of  truth  are  the  objects ; 
and  structures  and  machines  are  looked  upon  merely  as  natural 
bodies  are : — ^namely,  as  furnishing  experimental  data  for  the  ascer- 
taining of  principles,  and  examples  for  their  illustration. 

Ins&uction  in  purely  practical  knowledge  is  that  which  the 
student  acquires  by  his  own  experience  and  observation  of  the 
transaction  of  businesa  It  enables  him  to  judge  of  the  quality  of 
materials  and  workmanship,  and  of  questions  of  convenience  and 
commercial  profit,  to  direct  the  operations  of  workmen,  to  imitate 
existing  structures  and  machines,  to  follow  estabHshed  practical 
rules,  and  to  transact  the  commercial  business  which  is  connected 
with  mechanical  pursuits. 

The  third  and  intermediate  kind  of  instruction,  which  connects 
the  first  two,  and  for  the  promotion  of  which  this  Chair  was  estab- 
lished, relates  to  the  application  of  scientific  principles  to  practical 
purposes.  It  qualifies  the  student  to  plan  a  structure  or  a  machine 
for  a  given  purpose,  without  the  necessity  of  copying  some  existing 
example,  and  to  adapt  his  designs  to  situations  to  which  no  existing 
example  affords  a  paralleL  It  enables  hun  to  compute  the  theo- 
retical limit  of  the  strength  or  stability  of  a  structure,  or  the 
efficiency  of  a  machine  of  a  particular  kind, — ^to  ascertain  how  hx 
an  actual  structure  or  machine  fails  to  attain  that  limit, — ^to  dis- 
cover the  causes  of  such  shortcomings, — and  to  devise  improvements 
for  obviating  such  causes;  and  it  enables  him  to  judge  how  far  an 
established  practical  rule  is  founded  on  reason,  how  &r  on  mere 
custom,  and  how  far  on  error. 

There  are  certain  characteristics  in  the  mode  of  treating  the 
subjects,  by  which  this  practical-scientific  instruction  ought  to  be 
distiDguished  from  instruction  for  purely  scientific  purposes. 

In  the  first  place  it  will  be  universally  admitted,  that  as  far  as  is 
possible,  mathematical  intricacy  ought  to  be  avoided. 

In  the  original  discovery  of  a  proposition  of  practical  utility,  by 
deduction  from  general  principles  and  from  experimental  data,  a 
complex  algebraical  investigation  is  often  not  merely  useful,  but 
indispensable;  but  in  expoimding  such  a  proposition  as  a  part  of 
practical  science,  and  applying  it  to  practical  purposes,  simplicity  is 
of  the  first  importance : — and,  in  fact,  the  more  thoroughly  a  scien- 
tific man  has  studied  the  higher  mathematics,  the  more  fuUy  does 
he  become  aware  of  this  truth, — and,  I  may  add,  the  better  qualified 
does  he  become  to  free  the  exposition  and  application  of  scientific 
principles  from  mathematical  intricacy.  I  cannot  better  support 
this  view  than  by  referring  to  Sir  John  Herschers  OuUmea  of 
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AstToruymy — a  work  in  which  one  of  the  most  profound  mathema* 
ticiana  in  the  world  has  succeeded  admirably  in  divesting  of  all 
mathematical  intricacy  the  explanation  of  the  principles  of  that 
natural  science  which  employs  tiie  higher  mathematics  most 

In  fact,  the  symbols  of  algebra,  when  employed  in  abstruse  and 
complex  theoretical  investigations,  constitute  a  sort  of  thought- 
saving  machine,  by  whose  aid  a  person  skilled  in  its  use  can  solve 
problems  respecting  quantities,  and  dispense  with  the  mental  labour 
of  thinking  of  the  quantities  denoted  by  the  symbols,  except  at  the 
beginning  and  end  of  the  operation.  In  treating  of  the  practical 
application  of  scientific  principles,  an  algebraical  formula  should 
only  be  employed  when  its  shortness  and  simplicity  are  such  as  to 
render  it  a  clearer  expression  of  a  proposition  or  rule  than  common 
language  would  be,  and  when  there  is  no  difficulty  in  keeping  the 
thing  represented  by  each  symbol  constantly  before  the  mind. 

Another  characteristic  by  which  instruction  in  practical  science 
should  be  distinguished  from  purely  scientific  instruction,  is  one 
which  appears  to  me  to  possess  the  advantage  of  calling  into  opera- 
tion a  mental  &culty  distinct  from  those  which  are  exerdsed  by 
theoretical  science.     It  is  of  the  following  kind : — 

In  theoretical  science,  the  question  is — Whai  a/re  we  to  think  f 
and  when  a  doubtful  point  arises,  for  the  solution  of  which  either 
experimental  data  are  wanting,  or  mathematical  methods  are  not 
sufficiently  advanced,  it  is  the  duty  of  philosophic  minds  not  to  dis- 
pute about  the  probability  of  conflicting  suppositions,  but  to  labour 
for  the  advancement  of  experimental  inquiry  and  of  mathematics^ 
and  await  patiently  the  time  when  these  shall  be  adequate  to  solve 
the  question. 

But  in  practical  science  the  question  is — What  are  toe  to  dot — 
a  question  which  involves  the  necessity  for  the  immediate  adoption 
of  some  rule  of  working.  In  doubtful  cases,  we  cannot  allow  our 
machines  and  our  works  of  improvement  to  wait  for  the  advance- 
ment of  science ;  and  if  existing  data  are  insufficient  to  give  an  exact 
solution  of  the  question,  that  approximate  solution  must  be  acted 
upon  which  the  best  data  attainable  show  to  be  the  most  probable. 
A  prompt  and  sound  judgment  in  cases  of  this  kind  is  one  of  the 
characteristics  of  a  practical  man,  in  the  right  sense  of  that  term. 

In  conclusion,  I  will  now  observe,  that  the  cultivation  of  the 
Harmony  between  Theory  and  Practice  in  Mechanics — of  the 
application  of  Science  to  the  Mechanical  Arts — besides  all  the 
benefits  which  it  confers  on  us,  by  promoting  the  comfort  and 
prosperity  of  individuals,  and  augmenting  the  wealth  and  power  of 
the  nation— confers  on  us  also  the  more  important  benefit  of  raising 
the  chaiucter  of  the  mechanical  arts,  and  of  those  who  practise 
them.     A  great  mechanical  philosopher,  the  late  Dr.  Robison  of 
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Edinburgh,  after  stating  that  the  principles  of  CaJ7)entr7  depend 
on  two  branches  of  the  science  of  Statics,  remarks — ''It  is  this 
which  makes  Carpentry  a  liberal  art" 

So  also  is  Masonry  a  liberal  art, — so  is  the  ait  of  working  in 
Iron,  so  is  every  art,  when  guided  by  scientific  principles.  Every 
structure  or  machine,  whose  design  evinces  the  guidance  of  science, 
is  to  be  r^arded  not  merely  as  an  instrument  for  promoting  con- 
venience and  profit,  but  as  a  monument  and  testimony  that  those 
who  planned  and  made  it  had  studied  the  laws  of  nature;  and  this 
renders  it  an  object  of  interest  and  value,  how  small  soever  its 
bulk,  how  common  soever  its  material. 

For  a  century  there  has  stood,  in  a  room  in  this  College,  a  small, 
rude,  and  plain  model,  of  appearance  so  uncouth,  that  when  an 
artist  lately  introduced  its  likeness  into  a  historical  painting,  those 
who  saw  the  likeness,  and  knew  nothing  of  the  original,  wondered 
what  the  artist  meant  by  painting  an  oQect  so  imattractive. 

But  the  artist  was  right ;  for  ninety-one  years  ago  a  man  took  that 
model,  applied  to  it  his  knowledge  of  natural  laws,  and  made  it 
into  the  first  of  those  steam  engines  that  now  cover  the  land  and 
the  sea;  and  ever  since,  in  Unison's  eye,  that  small  and  imcouth 
Toaaa  of  wood  and  metal  shines  with  imperishable  beauty,  as  the 
earliest  embodiment  of  the  genius  of  James  Watt 

Thus  it  is  that  the  commonest  objects  are  by  science  rendered 
precious;  and  in  like  manner  the  engineer  or  the  mechanic,  who 
plans  and  works  with  imderstanding  of  the  natural  laws  that  regulate 
the  results  of  his  operations^  rises  to  the  dignity  of  a  Sage, 
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INTRODUCTION. 


DEFINITION  OF  GENEEAL  TEBMS  ANP  D/VISION  OT  THE  SUBJECT.     ^ 

Abt.  1.  HiMk««ics  is  the  sdenoe  of  rest,  motion,  and  foroa  ^^f/it< 

The  lau>a,  or  Jvrat  principles  of  mechanics,  are  the  same  for  all  'Wjf   | 
bodies,  celestial  and  terrestrial,  natural  and  artificiaL  i 

The  methods  of  applying  the  principles  of  mechanics  to  particular 
cases  are  more  or  less  different,  according  to  the  circumstances  of 
the  casa     Hence  arise  branches  in  the  science  of  mechanics. 

2.  AppNcd  HieciumiM. — The  branch  to  which  the  term  "  Applied 
MscHAincs"  has  been  restricted  by  custom,  consists  of  those 
consequences  of  the  laws  of  mechanics  which  relate  to  works  of 
human  art. 

A  treatise  on  applied  mechanics  must  commence  by  setting  forth 
those  first  principles  which  are  common  to  all  branches  of  mechanics ; 
but  it  must  contain  only  such  consequences  of  those  principles  as 
are  appKcable  to  purposes  of  art.  cCiul^Ul  W^a.  X 

3.  Hatter  (considered  mechanically)  is  that  which  fills  space.  ^^  ^^^^  i''V 

4.  B«4iM  are  limited  portions  of  matter.     Bodies  exist  in  three  <^  c  m 
conditions — the  solid,  the  liquid,  and  the  gaseoua     Solid  bodies  * . .. 
tend  to  preserve  a  definite  size  and  shape.     Liquid  bodies  tend  to   >^ « 
preserve  a  definite  size  only.     Gaseous  bodies  tend  to  expand  inde-  ,* ;  .   .  ' 
finitely.     Bodies  also  exist  in  conditions  intermediate  between  the  ^ 
solid  and  liquid.  .       -     v    .  /    . 

5.  A  Haiortal  or  Phyiicid  Tohumm  IB  the  space  occupied  by  a  body 
or  by  a  part  of  a  body. 

6.  A  HiaiOTial  or  Phyrical  flaritaee  is  the  boimdary  of  a  body,  or 
between  two  parts  of  a  body.^^  ^  ^^^  ^^^ ,,  ^^.  ^.^^ 

7.  l«tae»  P«tat,  Phyiical  Potet,  HcMue  •fi^tmgOi. — In  mechanics, 
as  in  geometry,  a  Line  is  the  boundary  of  a  surface,  or  between  two 
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parts  of  a  surface ;  and  a  Point  is  the  boundary  of  a  line,  or  be- 
tween two  parts  of  a  line ;  but  the  term  "  Fhysvcol  FoirU"  is  some- 
times used  by  mechanical  writers  to  denote  an  immeasurdbly  small 
body — a  sense  inconsistent  with  the  strict  meaning  of  the  word 
"  point  j"  but  still  not  leading  to  error,  so  long  as  it  is  rightly  under- 
stood. 

In  mecLswring  the  dimensions  of  bodies,  the  standard  British  unit 
of  length  is  the  ya/rd,  being  the  length,  at  the  temperature  of  62° 
Fahrenheit,  and  at  the  mean  atmospheric  pressure,  between  the 
two  ends  ofa  certain  bar  which  is  kept  in  the  office  of  the  Exchequer, 
at  Westminster. 

In  computations  respecting  motion  and  force,  and  in  expressing 
the  dimensions  of  laige  structures,  the  unit  of  length  commonly 
employed  in  Britain  is  the/oo^,  being  one-third  of  the  yard. 

In  expressing  the  dimensions  of  machinery,  ^e  unit  of  length 
commonly  employed  in  Britain  is  the  itms/a,  being  one-thirty-sixth 
part  of  the  yard.  Fractions  of  an  inch  have  hitherto  been  stated 
by  mechanics  and  other  artificers  in  halves,  quarters,  eighths,  six- 
teenths, and  thirty-second  parts ;  but  according  to  a  resolution  of 
the  Institution  of  Mechanical  Engineers,  passed  at  the  meeting  held 
at  Manchester  in  June,  1857,  the  practice  is  to  be  introduced  of 
expressing  fractions  of  an  inch  in  decimals. 

The  French  unit  of  length  is  the  metre,  being  4ooioooo  of  the 
earth's  circumference,  measured  round  the  poles.  (See  table  at  the 
end  of  the  voluma)  ^  .    ^ 

trCL  ^^  VC»  ^  tvv^ux^ » 

8.  Beat  is  the  mation  between  two  points,  when  the  straight 
line  joining  them  does  not  change  in  length  nor  in  direction. 

A  body  is  at  rest  relatively  to  a  point,  when  every  point  in  the 
body  is  at  rest  relatively  to  tl\e  fin^  mentioned  point. 

9.  ni«il«i  is  the  relation  between  two  points  when  the  straight 
line  joining  them  changes  in  length,  or  in  direction,  or  in  both. 

A  body  moves  relatively  to  a  point  when  any  point  in  the  body 
moves  relatively  to  the  first  mentioned  point 

10.  Fixed  Peiat. — ^When  a  single  point  is  spoken  of  as  having 
motion  or  rest,  some  other  point,  either  actual  or  ideal,  is  always 
either  expressed  or  understood,  reUuivdy  to  which  the  motion  or 
rest  of  the  first  point  takes  place.  Such  a  point  is  called  a  fixed 
point 

So  far  as  the  phenomena  of  motion  alone  indicate,  the  choice  of 
a  fixed  point  with  which  to  compare  the  positions  of  other  points 
appears  to  be  arbitrary,  and  a  matter  of  convenience  alone ;  but 
when  the  laws  of  foice^  aa  affecting  motion,  come  to  be  considered. 
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it  will  be  seen  that  there  are  reasons  for  callmg  certain  points 
fixed,  in  preference  to  others. 

In  the  mechanics  of  the  solar  system,  the  fixed  point  is  what  is 
called  the  common  centre  of  gravity  of  the  bodies  composing  that 
system.  In  applied  mechanics,  the  fixed  point  is  either  a  point 
which  is  at  rest  relatively  to  the  earth,  or  (if  the  structure  or 
machine  under  consideration  be  moveable  from  place  to  place  on 
the  earth),  a  point  which  is  at  rest  relatively  to  the  structure,  or  to 
the  frame  of  the  machine,  as  the  case  may  be. 

Points,  lines,  surfaces,  and  volumes,  which  are  at  rest  relatively 
to  a  fixed  point,  are  fixed. 

11.  CtaeMmtica — The  comparison  of  motions  with  each  other, 
without  reference  to  their  causes,  is  the  subject  of  a  branch  of 
geonaetry  called  "  CinermUica,''* 

12.  Force  is  an  action  between  two  bodies,  either  causing  or 
tending  to  cause  change  in  their  relative  rest  or  motion. 

The  notion  of  force  is  first  obtained  directly  by  sensation;  for 
the  forces  exerted  by  the  voluntary  muscles  can  be  felt  The  ex- 
istence of  forces  other  than  muscular  tension  is  inferred  ^m  their 
efiectSk 

13.  E4«Uiikriniii  or  Balsace  IB  the  condition  of  two  or  more 
forces  which  are  so  opposed  that  their  combined  action  on  a  body 
produces  no  change  in  its  rest  or  motion. 

The  notion  of  balance  is  first  obtained  by  sensation;  for  the 
forces  exerted  by  voluntary  muscles  can  be  felt  to  balance  some- 
times each  other,  and  sometimes  external  pressures. 

14.  statics  aad  i^jmKmitm. — ^Forces  may  take  effect,  either  by 
balancing  other  forces,  or  by  producing  change  of  motion.  The 
former  of  those  effects  is  the  subject  of  Statics;  the  latter  that  of 
Dynamics;  these,  together  with  Cinematics,  ali*eady  defined,  form 
the  three  great  divisions  of  pure,  abstract,  or  general  mechanics. 

15.  Sfrnctanm  and  ]iffacliiBc» — The  works  of  human  art  to  which 
the  science  of  applied  mechanics  relates,  are  divided  into  two 
classes,  according  as  the  parts  of  which  they  consist  are  intended  to 
rest  or  to  move  relatively  to  each  other.  In  the  former  case  they 
are  called  Structures;  in  the  latter.  Machines,  Structures  are  sub- 
jects of  Statics  alone;  Machines,  when  the  motions  of  their  parts 
are  considered  alone,  are  subjects  of  Cinematics;  when  the  forces 
acting  on  and  between  their  parts  are  also  considered,  machines  are 
subjects  of  Statics  and  Dynamics. 
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16.  cicBcni  AmuigaBeBt  of  Hm  Sattieet. — ^The  subject  of  tihe  pre- 
sent treatise  will  be  arranged  as  follows : — 

L  FiBST  Principles  op  Static& 

IL  Thboey  op  Stbugtubes. 
IIL  FiBST  Pbinciples  of  Cinematics. 
IV.  Theory  op  Mechanisk. 

V.  FiBST  Principles  op  Dynamics. 
VI.  Theory  op  Machines. 
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PBINCIPLES  OF  STATICS. 


CHAPTER  L 

BALANCE  AHD  KEASUBEMZNT  OF  FOBCE8  AOnNO  HT  OHX  ^ 

17.  Fmccs  h«w  DeMrmined. — Although  eveiy  force  (as  has  been^**  ^  *^ 
stated  in  Art  12)  is  an  action  between  two  bodies,  still  it  is  con-  \^  IstV^^ 
ducive  to  simplicity  to  consider  in  the  first  place  the  condition  of  ciCf  -t^t  »^ 
one  of  those  two  bodies  alona  \  ^  ^^  * 

The  nature  of  a  force,  as  respects  one  of  the  two  bodies  between  ^^  J  , ' 
which  it  acts,  is  determined,  or  made  known,  when  the  following    .       ^  -  ' 
three  things  are  known  respecting  it: — first,  the  place,  or  part  of  '''|^h4i 
the  body  to  which  it  is  applied;  secondly,   the  direction  of  its  '^  v^rt^,' 
action;  thirdly,  its  mcignUude,  ; 

1 8.  Place  •f  AppUc«li«B— P^lat  of  AppUcatlMi.  — ^The  place  of  the 
application  of  a  force  to  a  body  may  be  the  whole  or  part  of  its  in- 
ternal mass;  in  which  case  the  force  is  an  attraction  or  a  repulsion, Ci'  cw^x 
according  as  it  tends  to  move  the  bodies  between  which  it  acts  <Cii^  «'.\ 
towards  or  frgBJ^g^^^f  ^«^^  ft®  place  of  application  may  be  the  f  ^  v  *^  •.  . 
surface  &irw5Qicn^wo^!fc<8es*^ouch  each  other,  or  the  bounding 
surfiu»  between  two  parts  of  the  same  body,  in  which  case  the  force 

is  a  tension  or  pull,  a  thrust  or  push,  or  a  lateral  stress^  according 
to  circumstances. 

Thus  every  force  has  its  action  distributed  over  a  certain  space, 
either  a  volume  or  a  surface;  and  a  force  concentrated  at  a  single 
point  has  no  real  existence.  Nevertheless  it  is  necessary,  in  treating 
of  the  principles  of  statics,  to  begin  by  demonstrating  the  properties 
of  such  ideal  forces,  conceived  to  be  concentrated  at  single  points. 
It  will  afberwards  be  shown  how  the  conclusions  so  arrived  at  re- 
specting single  forces  (as  they  may  be  called),  are  made  applicable  to 
llie  distributed  forces  which  really  act  in  nature. 

In  illustrating  the  principles  of  statics  experimentally,  a  force 
concentrated  at  a  single  point  may  be  represented  with  any  requii'cd 
degree  of  accuracy  by  a  force  distributed  over  a  veiy  small  space,  if 
that  space  be  made  small  enough. 
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18  PRINCIPLES  OP  STATICS. 

19.  SnpposittAii  Af  Perfect  BigicUtT. — In  reasoning  respecting 
forces  concentrated  at  single  points,  they  are  assumed  to  be  applied 
to  solid  bodies  which  are  perfectly  rigid,  or  incapable  of  alteration 
of  figure  under  any  forces  which  can  be  applied  to  them.  This 
also  is  a  supposition  not  realized  in  nature.  It  will  afterwards  be 
shown  how  its  consequences  are  appHed  to  actual  bodies. 

20.  1>lrcctioa— liine  of  Action. — The  DlBECTION  of  a  force  is  that 

of  the  motion  which  it  tends  to  produce.  A  straight  line  drawn 
through  the  point  of  application  of  a  single  force,  and  along  its 
direction,  is  the  line  op  action  of  that  force. 

21.  raagnitade— iTMit  of  Force. — The  magnitudes  of  two  forces 
are  equal,  when  being  applied  to  the  same  body  in  opposite  direc- 
tions along  the  same  line  of  action,  they  balance  each  other. 

The  magnitude  of  a  force  is  expressed  arithmetically  by  stating 
in  numbers  its  ratio  to  a  certain  unit  or  standard  of  force,  which  is 
tusuallythe  weight  (or  attraction  towards  the  earth),  at  a  certain 
latitude,  and  at  a  certain  level,  of  a  known  mass  of  a  certain 
matenaL  Thus  the  British  unit  of  force  is  the  atanda/rd  pound 
anmrdupois;  which  is  the  weight  in  the  latitude  of  London  of  a 
certain  piece  of  platinum  kept  in  the  Exchequer  office  (See  the  Act 
18  and  19  Vict.,  cap.  72;  also  a  paper  by  Professor  W.  H.  Miller, 
in  the  Philosophical  Transactions  for  1856). 

For  the  sake  of  convenience  or  of  compliance  with  custom,  other 
units  of  force  are  occasionally  employed  in  Britain,  bearing  certain 
ratios  to  the  standard  pound;  such  as — 

The  grain  =  rm  of  a  pound  avoirdupois. 

The  troy  pound  =  5,760  grains  =  0-82285714  pound  avoirdupois. 

The  hundredweight  =  112  pounds  avoirdupois. 

The  ton  =  2,240  pounds  avoirdupois. 

The  French  standard  unit  of  force  is  the  gramme,  which  is  the 
weight,  in  the  latitude  of  Paris,  of  a  cubic  centimetre  of  pure  water, 
measured  at  the  temperature  at  which  the  density  of  water  is 
greatest,  viz.,  4°-l  centigrade,  or  39°*4  Fal^nheit,  and  under  the 
pressure  which  supports  a  barometric  column  of  760  millimetres  of 
mercury. 

A  comparison  of  French  and  British  measures  of  force  and  of 
size  is  given  in  a  table  at  the  end  of  this  voluma 

22.  RemlcaM  of  Forres  Acilng  la  One  Straight  Use. — ^The  Ee- 
SULTANT  of  any  number  of  given  forces  applied  to  one  body,  is  a 
single  force  capable  of  balancing  that  single  force  which  balances 
the  given  forces ;  that  is  to  say,  the  resultant  of  the  given  forces  is 
equal  and  directly  opposed  to  the  force  which  balances  the  given 
forces ;  and  is  eguivaleifiJt  to  the  given  forces  so  far  as  the  balance  of 
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the  bodj  is  ooncerued     The  given  forces  are  called  GomfOfMfrds  of 
their  resultant. 

The  resiitant  of  any  number  of  forces  acting  on  one  body  in  the 
same  straight  line  of  action,  acts  along  that  line,  and  is  equal  in 
magnitude  to  the  sum  of  the  component  forces ;  it  being  under- 
stood, that  when  some  of  the  component  forces  are  opposed  to  the 
others,  the  word  '^  sum  "  is  to  be  taken  in  the  algebraical  sense ;  that 
is  to  say,  that  forces  acting  in  the  same  direction  are  to  be  added  to, 
and  forces  acting  in  opposite  directions  subtracted  from  each  other. 

23.  BepreacMiaUoB  •€  F«rcca  br  Uaes. — ^A  single  force  may  be 
represented  in  a  drawing  by  a  straight  line ;  an  extremity  of  the 
line  indicating  the  point  of 
application  of  the  force, — ^the  ^"^^^^Cs^  ^.-2- 
direction  of  the  Une,  the  direc- 
tion of  the  force, — and  the  length 
of  the  line,  the  magnitude  of  the 
force,  according  to  an  arbitrary 
scale.  F,g.  1. 

For  example,  in  fig.  1,  the 
fact  that  the  body  BBBB  is  acted  upon  at  the  point  Oj  by  a 
given  force,  may  be  expressed  by  drawing  from  O^  a  straight  line 
OiPj  in  the  direction  of  the  force,  and  of  a  length  representing  the 
magnitude  of  the  force. 

If  the  force  represented  by  OjlFi  is  balanced  by  a  force  applied 
either  at  the  same  point,  or  at  another  point  Oj  (which  must  be  in 
the  line  of  action  L  L  of  the  force  to  be  balanced),  then  the  second 
force  will  be  represented  by  a  straight  line  O2  F„  opposite  in  direc- 
tion, and  equal  in  length  to  OJFi,  and  lying  in  the  same  line  of 
action  LL. 

If  the  body  BBBB  (fig.  2),  be  balanced  by  several  forces  acting 
in  the  same  straight  line  L  L,  applied  at  points  O^  O2,  &c.,  and  re- 
presented by  lines  OiFj,  OjFji,  Ac. ;  then  either  direction  in  the 
line  L  L  (such  as  the  direc- 
tion towards  +  L)  is  to  be 
considered  as  positive,  and 
the  opposite  direction  (such 
as  the  direction  towards 
—  L)  as  negative;  and  if  the 
sum  of  all  the  lines  repre- 
senting forces  which  point 
positively  be  equal  to  the  ^K^,  % 

sum  of  aU  those  which  point 

negatively,  the  algebraical  sum  of  all  the  forces  is  nothing,  and  the 
body  is  balanced. 
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24.  PreMmn. — Most  writers  on  mechanioB,  in  treating  of  the 
first  principles  of  statics,  use  the  word  ^'pressure"  to  denote  cmff 
balanced  farce.  ^ 

In  the  popular  sense,  which  is  also  the  sense  generally  employed 
in  applied  mechanics,  tiie  word  pressure  is  used  to  denote  a  force, 
of  the  nature  of  a  thrust,  distributed  over  a  surfebce;  in  other  words, 
the  kind  of  force  with  which  a  body  tends  to  expand,  or  resista  an 
effort  to  compress  itb 

In  this  treatise  care  will  be  taken  so  to  employ  the  word  "  pres- 
sure'* that  the  context  shall  show  in  what  sense  it  is  used. 
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^4?HAPTER  II 

THBOBT  OF  COUPLES  AND  OP  THB  BALANCE  OP  PARALLEL   FORCES. 

Sbctiok  1. — On  Couples  wUk^  Some  Axis. 


25.  cmnrHm. — ^Two  forces  of  equal  magnittide  applied  to  the  same 
body  in  parallel  and  opposite  directions,  but  not  ia  the  same  line  of 
actioii,  constitute  what  is  called  a  " couple'*  ^ 

26.  Vmreemfm  €#«yle  Aim  •rlicvg— g«. — The  force  of  a  COUple  IS 
the  common  magnitude  of  the  two  equal  forces;  the  arm  or  leverage 
of  a  couple  ia  the  perpendicular  distance  between  the  lines  of  action 
of  the  two  equal  forces. 

27.  TwdleMcy  •fa  €««fI»— PIsm  •f  a  €««Fle— Biglil-hwidei  mUI 
i<eil-teadied  CMipies. — ^The  tendency  of  a  couple  is  to  turn  the  body 
to  which  it  is  applied  in  the  plane  of  the  couple — that  is,  the  plane 
which  contains  the  lines  of  action  of  the  two  force&  (The  plane  in 
which  a  bodj  turns,  is  any  plane  parallel  to  those  planes  in  the 
body  whose  position  is  not  altered  by  the  turning).  The  axis  of  a 
couple  is  any  Hue  perpendicular  to  its  plane.  The  turning  of  a 
body  is  said  to  be  ri^-handed^^^en  it  appears  to  a  spectator  to  *^. 
take  place  in  the  same  direction  .«^  Af.  /«  .  ^>-  /  ' 
with  that  of  the  hands  of  a  watch,  ^Q^  ^^  ^v  <  tt?,-— -^^  K. 
and  left-handed  when  in  the  opposite 
direction;  and  couples  are  desig- 
nated asright-handed  or  left-handed 
according  to  the  direction  of  the 
taming  which  they  tend  to  pro- 
duce. 

Thus  in  fig.  3,  the  equal  and 
opposite  forces  Oi  F|,  OjF„  whose 
leyerage  is  L,  L„  form  a  right- 
handed  couple;  and  the  equal  and 
opposite  forces  OjF„  O4  P4,  form  a  left-handed  couple. 

28.  K4«lT«leiit  Cmmw^m  •f  JBvial  F«rce  aad  lierenige. — ^Ll  Order 
that  two  couples  similar  in  direction,  and  of  equal  force  and  lever- 
age, may  be  exactly  alike  or  equwalerU  in  their  tendency  to  turn  the 
body,  it  is  necessary  and  sufficient  that  their  planes  should  be  either 
identical  or  paraUd. 
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Two  couples  applied^  to  the  same  body  in  the  same  plane,  or  in 
parallel  planes,  of  equal  force  and  leverage,  but  opposite  in  direction^ 
balance  each  other;   and  if  for  either  of  the  two  an  equivalent 
^^    couple  be  substituted,  the  equilibiiiun  will  not  be  disturbed. 

^"^  29.  uiomeMt  •f  a  Coopie. — The  momeJit  of  a  couple  means  the 
product  of  the  magnitude  of  its  force  by  the  length  of  its  arm.  If 
the  force  be  a  certain  number  of  pounds,  and  the  arm  a  certain 
number  of  feet,  the  product  of  those  two  numbers  is  called  the 
moment  in  foot-pounds,  and  similarly  for  other  measures. 

30.  AddilloM  of  CmiplM  of  Equal  Force. — LeMMA.      Two  COUples  of 

equal  force  acting  in  the  same,  direction,  with  the  same  axis,  are  equiva- 
lent to  a  couple  whose  moment  is  the  sum  of  their  moments.     Let  the' 
^      two  couples  be  denoted  by  A  and  B;  let  Fa  =  Fb  be  their  equal 
if»X     t_V     f  tW^    ^  (L  -t'L  \fJr^- forces;  let  L^  and  Lg  be  their 
\  ;    r^-'*^-^   '  '-^r  "\   *    *~li  ^    T  Respective  arms;  then  F^L^  and 

^  Fb  Lb  are  their  moments,  which, 
as  their  forces  are  equal,  are  pro- 
portional to  the  arms.  Li  fig.  4, 
let  the  forces  F^^  constituting  A 
be  applied  in  lines passingthrough 
a  and  c,  ac  or  L^^  being  perpen- 
dicular to  the  lines  of  action  of 
FJg-  4.  the  forces;  and  if  the  forces  con- 

stituting B  be  not  already  applied  as  shown  in  the  figure,  sub- 
stitute for  B  an  equivalent  couple  of  equal  force  and  arm,  having 
its  forces  Fd  applied  in  lines  parallel  to  the  lines  of  action  of  the 
forces  F^,  and  passing  one  through  the  point  c  aad  the  other  through 
6,  so  that  the  arm  c  6  or  Lb  shall  be  in  the  same  straight  line  with 
a  c  or  L^.  Then  the  equal  and  opposite  forces  F^,  Fg,  applied  at  c, 
balance  each  other,  and  there  remain  only  the  equal  and  opposite 
forces  Fa,  Fb,  applied  at  a  and  6,  which  form  a  couple  whose  force 
is  Fj,  =  Fb,  and  its  arm  oT  =  L^^  +  Lp,  being  the  sum  of  the  arms  of 
the  couples  A  and  B ;  so  that  its  moment  is  the  sum  of  their 
moments;  and  this  couple  is  equivalent  to  the  two  couples  A  and  B.  • 

31.  EqnlTalent  Coaples  of  Bqaal  Hlonient. — THEOREM.  Jfthe  mo- 
ments of  tu}o  couples  acting  in  the  same  direction  and  with  the  same  axis 
are  equal,  those  couples  are  equivalent  Let  one  of  the  couples  be  called 
A,  and  let  its  force,  arm,  and  moment  be  respectively  F^,  L^,  and 
Fa  La  ;  let  the  other  couple  be  called  B,  and  let  its  force,  arm,  and 
moment  be  respectively  Fb,  Lb,  and  Fb  Lr.  The  equality  of  the 
moments  of  those  couples  is  expressed  by  the  equation 

Fa  La  =  FdLb. 

If  the  forces  and  arms  of  the  two  couples  be  commensurable,  so 
that 
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Fj,  :  Fb  :  :  Lb  :  La  :  :  m  :  n 

{m  and  n  being  two  whole  Dumbers), 

let  /=^=Z-, 

m  n 

Then  the  oouple  A  is  equivalent  to  mn  couples  of  the  moment^  i; 
^  and  so  also  is  the  couple  B ;  therefore  the  couples  A  and  B  are 
equivalent  to  each  other. 

If  the  forces  and  arms  are  incommensurable,  it  is  always  possible 
to  find  forces  and  arms  which  shall  be  commensurable,  and  shall 
differ  finom  the  given  forces  and  arms  by  difierenoes  less  than  any 
given  quantity;  so  that  if  the  theorem  were  in  error  for  incommen- 
surable forces  and  arms,  it  would  also  be  in  error  for  certain  com- 
mensurable forces  and  arms ;  but  this  is  impossible ;  therefore  the 
theorem  is  true  for  incommensurable  as  well  as  for  commensurable 
forces  and  arms. 

32.  B«nlttuit  •f  CmiFica  wtlh  the  Sane  Ajcis.— CoROLLAAY.  A 
combifuUion  of  any  number  of  couples  having  ike  stme  axle  is  equivor 
lent  to  a  couple  v^aee  mometU  is  the  algebraical  sum  of  the  TruymerUs 
of  the  combined  couples,  \ 

33.  E^aflikriam  •f  Cmiplca  ksTing  the  Sane  Axl& — Two  opposite 
couples  of  equal  moment,  having  the  same  axis,  balance  each  other. 
Any  number  of  couples,  having  the  same  axis,  balance  each  other 
when  the  moments  of  the  right-handed  couples  are  together  equal 
to  the  moments  of  the  left-handed  couples ;  in  other  words,  when 
the  resultant  moment  is  nothing. 

34.  RepreMBtaUoa  af  Coaplce  by  Ums. — ^The  nature  and  amount 
of  the  tendency  of  a  couple  to  turn  a  body  are  completely  known 
when  the  moment  and  direction  of  the  couple,  and  the  position  of 
its  axis,  are  known.  These  circum-  ^  V  .  v 
stances  are  expressed  by  means  of  a 
line  in  the  following  manner. 

In  fig.  5,  from  any  point  O  draw  a 
straight  line  O  M,  parallel  to  the  axis 
(that  is,  perpendicular  to  the  plane)  of 
the  couple  to  be  represented,  and  in  such  -         p.    ^ 

A  direction,  that  to  an  observer  looking 
from  M  towards  0  the  couple  shall  seem  right-handed ;  and  make 
the  length  of  the  line  Oli  represent  the  moment  of  the  couple, 
accordi^  to  any  assigned  scale. 
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Section  2.^>n  Gou^lea  with  Different  Axes, 

35.  BcMdtrat  •€  Tw«  CmmpUm  wllk  l»i«BVMit  Axes. — TWEOBSM. 
If  the  two  sides  of  a  parallelogram  rqtreaent  the  -posUione  of  the  cuceSy 
and  tJte  directione  cmd  momenta,  of  two  couples  acting  on  the  scmhs 
body,  the  diagoTuU  of  the  parallelogram  mil  in  like  manner  represenl 
the  position  of  the  axis,  the  direction  a/nd  the  moment  of  the  resultant 
couple,  which  is  equivcUent  to  those  two, 

la  fig.  6,  let  the  plane  of  the  paper  represent  a  plane  which  con- 
tains the  axes  of  the  two  couples,  and  is  therefore  perpendicular  to 
both  their^ijJ^j^^  Let  ac,  cbhe  parts  of  the  lines  in  which  the 


[j     -E.    \rr*>r  *  ^Af   jtell§8  of  the  coujdes  A  B  respectiYelyixtersiect  ^ 
+T     "^f    ^6  ''^V^hijikne  of  the  j^^     K  the  couples  are  not 
*\v  ilreaHy  of  equal  force,  reduce  them  to  equiva- 

lent couples  of  equal  force ;  let  F  denote  the 
common  magnitude  of  their  forces,  and  let  L^^ 
Lb  denote  ^e  respective  arms  of  the  couples. 
From  c,  the  intersection  of  the  three  planes 
already  mentioned,  take  ca  =  L^,  cb  =  Lb, 
and  join  ab.     Conceive  the  couple  A  (or  an 
equivalent  couple)  to  consist  of  the  force  +  F 
acting  forwards  at  a,  and  the  equal  and  opposite 
force  —  F  acting  backwards  at  c  j  also  conceive 
the  couple  B  (or  an  equivalent  couple)  to  con- 
Fig.  6.  <^  o^  ^be  force  +  F  acting  forwards  at  c,  and 
the  equal  and  opposite  force  —  F  acting  back- 
wards at  b.     The  forces  +  F,  -  F,  at  c  balance  each  other;  ar' 
there  are  left  the  equal  and  opposite  forces  +  F  at  a,  and  -  F  at  5, 
forming  the  resultant  couple,  which  is  equivalent  to  the  two  couples 
A  and  B,  and  has  for  its  arm  the  third  side  a6  =  Lg  of  the  triangle 
abc. 

^ow  from  any  point  0  draw  OM^  perpendicular  to  ac,  and 
O  Mb  perpendicular  to  6  c,  and  representing  the  axes,  directions, 
and  moments  of  the  couples  A  and  B  :  complete  the  parallelogram 
of  which  those  lines  are  the  sides,  and  draw  its  diagonal  OMo- 
This  diagonal  will  be  perpendicular  to  ab,  and  will  therefore re- 
•ivj  present  the  axis  and  direction  of  the  resultant  couple ;  and  because 
of  the  similarity  of  the  triangles  abc,  OMoMb,  the  following  pro- 
portions will  exist : — 

OHa:OSb:OMo, 
::La  :Lb  :Lo; 

and  consequently  O  Mq  will  also  represent  the  moment  of  the  re- 
sultant couplea — Q.  £.  D. 


Digitized 


byGoogk 


PARALLEL  FOBCBS.  25 


36.  WtvdMkHmm  mi  ThMe  Cmi^Im  with  IMUftvMt  Jkmm  1 
piaae. — CoROLLART.  A  covjple  eqtiol  and  opposite  to  thai  repreiented 
by  the  diagonal  OMo  halcmcei  the  couples  represented  by  the  sides 
OM^  OMd-  In  other  words,  three  couples  represented  by  the  three 
sides  of  a  triangle  balance  each  other. 

37.  B^aflikitam  mt  any  TfmmAvt  mfCmmpim. — COROLLARY.       If  a 

number  of  couples  acUng  on  the  same  body  be  represented  by  a  series 

of  lines  joined  end  to  end,  so  as 

to  form  sides  of  a  polygon,  and  if 

the  polygon  is  dosed,  these  couples 

balance  each  oiher.     To  fix  the 

ideas  let  there  be  five  couples, 

whose  moments  are  respectiyely 

Ml,  Ml,  Ms,  Ml,  M«;   and  let 

them  be  represented  by  the  sides 

of  the  polygon  in  fig.  7  in  such  a 

manner  that 

Hi  b  represented  by  ^A,  and  seeniB  right-haDded  looking  from  A  towards  0. 
M9  —  AB,  —  —  from  B  towards  A. 

m^  -—  BC,  —  —  from  C  towards  B. 

M4  —  CD,  —  —  from  D  towards  C. 

M5  —  DO,  -—  —  from  0  towards  D. 

Then  by  the  theorem  of  Article  35,  the  resultant  of  Mi  and  M,  i? 
OB  j  the  resultant  of  this  and  M,  is  00  \  the  resultant  of  this  and 
M4  is  OD,  right-handed  in  looking  from  D  towards  O,  and  con« 
seqnently  equal  and  opposite  to  M^,  which  last  couple  balances  it, 
and  reduces  the  final  resultant  to  nothing. — Q.  K  D. 

This  proposition  evidently  holds  for  any  number  of  couples,  and 
whether  the  closed  polygon  be  plane  or  ganiche  (that  is  to  say,  not 
plane). 

The  resultant  of  the  couples  represented  by  all  the  sides  of  the 
polygon,  except  one,  is  equal  and  opposite  to  the  couple  represented 
by  the  excepted  side. 

Section  3. — On  Paralld  Forces. 

38.  BakiBc«d  Paranei  F«rcM  i«  Oenerai. — ^A  balanced  system  of 
parallel  forces  consists  either  of  pairs  of  directly  opposed  equal 
forces,  or  of  couples  of  equal  forces,  or  of  combinations  of  such 
pcdrs  and  couples. 

Hence  the  following  propositions  as  to  the  relations  amongst  the 
magnitudes  of  systems  of  parallel  forces  are  obvious  : — 

L  In  a  balanced  system  of  parallel  forces,  the  sums  of  the  forces 
acting  in  opposite  directions  are  equal ;  in  other  words,  the  alge- 
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braical  sum  of  the  magnitudes  of  all  the  forces  taken  with  their 
proper  signs  is  nothing. 

II.  The  magnitude  of  the  resultant  of  any  combination  of  par- 
allel forces  is  the  algebraical  sum  of  the  magnitudes  of  the  forces. 

The  relations  amongst  the  positions  of  the  lines  of  action  of 
balanced  parallel  forces  remain  to  be  investigated;  and  in  this 
inquiry,  all  pairs  of  directly  opposed  equal  forces  may  be  left  out  of 
consideration ;  for  each  such  pair  is  independently  balanced  what- 
soever its  position  may  be ;  so  that  the  question  in  each  case  is  to 
be  solved  by  means  of  the  theory  of  couples. 

39.  Bqnillkrinm  of  Three  PoraHel  Forces  tn  One  Plaae.  Prin- 
ciple of  the  liCTcr. — Theoreh     If  three  paraUd  forces  applied  to  one 

body  hakmce  each  other ,  tfiey 
must  he  in  owe  plane;  the  two 
eoctreme  forces  must  act  in  tJie 
same  direction;  the  middle  force 
must  act  in  the  opposite  direc- 
tion; amd  the  magnitude  of  each 
force  must  he  proportional  to 
tJie  dista/nce  hettoeen  the  lines  of 
a^ion  of  the  other  two.  Let 
a  body  (fig.  8)  be  maintained 
*^^'  ^'  in  equilibrio  by  two  opposite 

couples  having  the  same  axis,  and  of  equal  moments, 

F^  L^  =  Fb  Lb, 
according  to  the  notation  already  used ;  and  let  those  couples  be  so 
applied  to  the  body  that  the  lines  of  action  of  two  of  these  forces, 
—  F^,  —  Fb,  which  act  in  the  same  direction,  shall  coincide. 
Then  those  two  forces  are  equivalent  to  the  single  middle  force 
Fc  =  —  (Fa  +  Fb),  equal  and  opposite  to  the  sum  of  the  extreme 
forces  +  F^,  +  Fn,  and  in  the  same  plane  with  them ;  and  if  the 
straight  line  A  C  B  be  drawn  perpendicular  to  the  lines  of  action 
of  the  forces,  then 

XC=L^;  CB  =  Lb;  AB  =  L^  +  Lbj 

and  consequently 

F^  :  Fb  :  Fo  :  :  AC  :  CB  :  AB ; 

so  that  each  of  the  three  forces  is  proportional  to  the  distance 
between  the  lines  of  action  of  the  other  two ;  and  if  any  three 
parallel  forces  balance  each  other,  they  must  be  equivalent  to  two 
couples,  as  shown  in  the  figure. 

40.  Resnltaat  of  Two  Parallel  Forces. — The  resultant  of  any  two 
of  the  three  forces  F^,  Fb,  Fc,  is  equal  and  opposite  to  the  third. 

Hence  the  resultant  of  two  parallel  forces  is  parallel  to  them, 
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and  in  the  same  plane ;  if  they  act  in  the  same  direction,  then  their 
retmltant  is  their  sum,  acts  in  the  same  direction,  and  lies  between 
them ;  if  they  act  in  opposite  directions,  their  resoltant  is  their 
di^rence,  acts  in  the  direction  of,  and  lies  beyond,  the  prepon- 
derating force  'y  and  the  distance  between  the  lines  of  action  of  any 
two  of  those  three  forces — the  resultant  and  its  two  components 
— ^is  proportional  to  the  third  force. 

In  order  that  two  opposite  parallel  forces  may  have  a  single 
resultant,  it  is  necesBary  that  they  should  be  imequal,  the  resultant 
being  their  difference.  Should  they  be  equal,  they  constitute  a 
conple,  which  has  no  single  resultant. 

41.  BcMlUwt  •fa.  Couple  sad  a  SlBgle  F«vce  !■  JPandld  PUums.— 
Let  M  denote  the  moment  of  a  couple  applied  to  a  body  {^,  9) ; 
and  at  a  point  O  let  a  siogle 
force  F  be  applied,  in  a  pl»ie 
parallel  to  that  of  the  couple. 
For  the  given  couple  substitute 
an  eqidvalent  couple,  consisting 
of  a  force  —  F  equal  and  directly 
opposed  to  F  at  O,  and  a  force 
F  applied  at  A,  the  arm  AO 

being  =  -— ,  and  of  course  par- 

allel  to  the  plane  of  the  couple 

M.  Then  the  forces  at  O  balance  each  other,  and  F  applied  at 
A  is  the  resultant  of  the  single  force  F  applied  at  O,  and  the  couple 
M  ;  that  is  to  say,  that  if  to  a  single  force  F  there  be  added  a  couple 
M  whose  plane  is  parallel  to  the  force,  the  effect  of  that  addition  is 
to  shift  the  line  of  action  of  the  force  parallel  to  itself  through  a 

M 

distance  O  A  =:  ■=-; — ^to  the  left  if  M  is  right- 
handed — ^to  the  right  if  M  is  left-handed. 

42.  ]II«iiiciit  •£  a  F«rce  with  respect  to  mm  Axia. 
— ^Let  the  straight  line  F  represent  a  force  ap- 
plied to  a  body.  Let  O  X  be  any  straight  line 
j)erpendicular  in  direction  to  the  line  of  action 
of  the  force,  and  not  intersecting  it,  and  let  A  B 
be  the  common  perpendicular  of  those  two  lines. 
At  B  conceive  a  pair  of  equal  and  directly  op- 
posed forces  to  be  applied  in  a  line  of  action 
parallel  to  F,  viz.:  F=F,  and -F==-F.  The 
supposed  application  of  such  a  pair  of  balanced 
forces  does  not  alter  the  statical  condition  of  the 
body.    'Allien  the  original  single  force  F,  applied  in  a  line  tra- 
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versuog  A^  is  equivalent  to  the  force  F  applied  in  a  line  traversing  B^ 
the  point  in  O  X  which  is  nearest  to  A^  combined  with  the  couple 
composed  of  F  and  —  F,  whose  moment  is  F  •  AB.  This  is 
called  the  momenl  of  the  force  F  relatively  to  the  oasis  O  X,  and 
sometimes  also,  the  momerU  of  the  force  F  rdatively  to  the  plane 
which  contains  O  X,  and  is  parallel  to  the  line  of  action  of  the 
force. 

If  from  the  point  B  there  be  drawn  two  straight  lines  B  D  and 
B  Ey  to  the  extremities  of  the  line  F  representing  the  force,  the 
area  of  the  triangle  BDE  being  =  J  F  •  AB,  represents  one-half  of 
the  moment  of  F  relatively  to  O  X. 

43.  B^HlIilMrlnai  •£  any  SrMem  •f  PanOlel  Forces  i«  Oae  Phuw. 
— ^In  order  that  any  system  of  parallel  forces  whose  lines  of  action 
are  in  one  plane  may  balance  each  other,  it  is  necessary  and  suffi- 
cient that  the  following  conditions  should  be  fdlfilled  : — 

I.  (As  already  stat^  in  Art  38)  that  the  algebraical  sum  of 
the  forces  shall  be  nothing : — 

IL  That  the  algebraical  sum  of  the  moments  of  the  forces  rela- 
tively to  any  axis  perpendicular  to  the  plane  in  which  they  act 
shall  be  nothing : — 

two  conditions  which  are  expressed  symbolically  as  follows : — 
let  F  denote  any  one  of  the  forces,  considered  as  positive  or  nega- 
tive, according  to  the  direction  in  which  it  acts ;  let  ^  be  the  per- 
pendicular distance  of  the  line  of  action  of  this  force  from  an 
arbitrarily  assumed  axis  O  X,  ^  also  being  considered  as  positive  or 
negative,  according  to  its  direction ;  then, 

Sum  of  forces,        2  •   F  =  0 ; 
Sum  of  moments,    2  •  y  F  =  0. 

For,  by  the  last  Article,  each  force  F  is  equivalent  to  an  equal  and 
parallel  force  F  applied  directly  to  O  X,  combined  with  a  couple 
y  F ;  and  the  system  of  forces  F,  and  the  system  of  couples  y  F, 
must  each  be  in  equilibrio,  because  when  combined  they  are  equiva- 
lent to  the  balanced  system  of  forces  F. 

In  summing  moments,  right-handed  couples  are  usually  considered 
as  positive,  and  lefb-handed  couples  as  negative. 

44.  Beniltuit  mf  mmj  Nnmber  ^f  ParaUel  F«rc««  im  One  Plane. — The 
resultant  of  any  number  of  parallel  forces  in  one  plane  is  a  force  in 
the  same  plane,  whose  magnitude  is  the  algebraical  sum  of  the 
magnitudes  of  the  component  forces,  and  whose  position  is  such, 
that  its  moment  relatively  to  any  axis  perpendicular  to  the  plane  in 
which  it  acts  is  the  algebraical  sum  of  the  moments  of  tiie  com- 
ponent forcas.  Hence  let  F,  denote  the  resultant  of  any  number 
of  parallel  forces  in  one  plane,  and  y,  the  distance  of  the  line  of 
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action  of  that  restdtant  from  the  assumed  axis  O  X  to  wUflk  tiie 
poflitioiiB  of  forces  are  referred  :  then 

In  some  cases,  the  forces  may  have  no  single  resultant,  >  *  F 
being  =  0;  and  then,  unless  the  forces  balance  each  other  com- 
pletely, their  resultant  is  a  couple  of  the  moment  2  .  ^  F. 

45.  M— iff  •/ a  FOTce  wiik  ropcmt  !•  a  Pair  af  Bectaagator  Axm 

— ^In  fig.  11,  let  F  be  any  single 
force;  O  an  arbitrarily-assumed 
pointyCalled  the ''  originof  co-ordin- 
ates;]' -X  O  +  X,  -  Y  O  +  Y, 
a  pair  of  axes  traversing  O,  at 
light  angles  to  each  other  and  to 
the  line  of  action  of  F.  Let 
A  B  =  y,  be  the  common  perpen- 
dicular of  F  and  OX ;  let  AC  =  a?, 
be  the  common  perpendicular  of  F 
and  O  Y.  x  and  y  are  the  ''rectan- 
gular co-ordinates"  of  the  line  of 
action  of  F  relatively  to  the  axes 

-  XO  +  X,  -Y0+  Y,  re- 
spectively. According  to  the  ar- 
rangement of  the  axes  in  the 
figure,  a;  is  to  be  considered  as 
positive  to  the  right,  and  nega- 
tive to  the  left,  of  —  YO  +  Y ;  and  ^  is  to  be  considered  os 
positive  to  the  left,  and  negative  to  the  right,  of  —  XO  +  X ;  right 
and  left  referring  to  the  spectator's  right  and  left  hand.  In  the 
particular  case  represented,  x  and  y  are  both  positive.  Forces,  in  the 
figure,  are  considered  as  positive  upwards,  and  negative  downwards ; 
and  in  the  particular  case  represented,  F  is  positiva 

At  B  conceive  a  pair  of  equal  and  opposite  forces,  F  and  —  F, 
to  be  appHed ;  F  being  equal  and  parallel  to  F,  and  in  the  same 
direction.  Then,  as  in  Article  42,  F  is  equivalent  to  the  single  force 
F  =  F  applied  at  B,  combined  with  the  couple  constituted  by  F  and 

—  F  wifh  the  aim  y,  whose  moment  is  y  F ;  being  positive  in  the 
case  represented,  because  the  couple  is  right-handed.  INext,  at  the 
origin  O,  conceive  a  pair  of  equal  and  opposite  forces,  F"  and  —  F", 
to  be  applied,  F  being  equal  and  parallel  to  F  and  F,  and  in  the 
same  direction.  Then  the  single  force  F  is  equivalent  to  the 
single  force  F"  =  F  =  F  applied  at  O,  combined  with  the  couple 
constituted  by  F  and  —  F"  with  the  arm  OB  =  a;^  whose  moment  is 
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-  a:  F ;  being  negative  in  the  case  represented,  because  the  couple 
is  leffc-handed. 

Hence  it  appears  finally,  that  a  force  F  acting  in  a  line  whose 
co-ordinates  with  respect  to  a  pair  of  rectangular  axes  perpendicular 
to  that  line  are  x  and  y,  is  equivalent  to  an  equal  and  parallel 
force  acting  through  the  origin,  combined  with  two  couples  whose 
moments  are, 

y  F  relatively  to  the  axis  O  X,  and  —  x¥  relatively  to  the  axis 
O  Y ;  right-handed  couples  being  considered  positive  ;  and  +  Y 
lying  to  the  left  of  +  X,  as  viewed  by  a  spectator  looking  £rom 
+  X  towards  O,  with  his  hedd  in  the  direction  of  positive  forces. 

46.  EqaiUbriBim  mf  any  System  •€  Parallel  Forces. — In  order 
that  any  system  of  parallel  forces,  whether  in  one  plane  or  not,  may 
balance  each  other,  it  is  necessary  and  sufficient  that  the  three 
following  conditions  should  be  fulfilled : — 

I.  (As  already  stated  in  Art  38),  that  the  algebraical  sum  of  the 
forces  shall  be  nothing : — 

II.  and  III.  That  the  algebraical  sums  of  the  moments  of  the 
forces,  relatively  to  a  pair  of  axes  at  right  angles  to  each  other,  and 
to  the  lines  of  action  of  the  forces,  shall  each  be  nothing  : — 

conditions  which  are  expressed  symbolically  as  follows : — 
^  •F  =  0;  2-yF  =  0;  2'a;F  =  0; 
for  by  the  last  Ai-ticle,  each  force  F  is  equivalent  to  an  equal  and 
parallel  foi*ce  F"  applied  directly  to  O,  combined  with  two  couples, 
y  F  with  the  axis  OX,  and  — a;  F  with  the  axis  OY;  and  the 
system  of  forces  F",  and  the  two  systems  of  couples  y  F  and  —  x  F, 
must  each  be  in  equilibrio,  because  when  combined  they  are  equi- 
valent to  the  balanced  system  of  forces  F. 

47.  BeMiltaat  •fnuj  Number  •£  Parallel  Forces. — ^The  resultant  of 
any  number  of  parallel  forces,  whether  in  one  plane  or  not,  is  a 
force  whose  magnitude  is  the  algebraical  sum  of  the  magnitudes  of 
the  component  forces,  and  whose  moments  relatively  to  a  pair  of 
axes  perpendicular  to  each  other  and  to  the  lines  of  action  of  the 
forces,  are  respectively  equal  to  the  algebraical  sums  of  the  moments 
of  the  component  forces  relatively  to  the  same  axes.  Hence  let 
F,  denote  the  resultant,  and  x^  and  y,  the  co-ordinates  of  its  line 
of  action,  then 

F,  =  2  •     F, 

"^  "2^~F' 

_  ^-yF 

^'  ~2^~F' 

In  some  cases,  the  forces  may  have  no  single  resultant,  s  •  F 
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being  =  0 ;  and  then,  unless  the  forces  balance  each  other  com- 
pletely,  their  resultant  is  a  couple,  whose  axis,  direction,  and 
moment  are  found  as  follows  : — 

be  the  moments  of  the  pair  of  partial  resultant  couples  relatively  to 
the  axes  O  X  and  O  Y  respectively.  From  0,  along  those  axes, 
set  off  two  lines  representing  respectively  M,  and  M  according  to 
the  rule  of  Art  34 ;  that  is  to  say,  proportional  to  those  moments 
in  length,  and  pointing  in  the  direction  from  which  those  couples 
must  respectively  be  viewed  in  order  that  they  may  appear  right- 
handed  Complete  the  rectangle  whose  sides  are  those  lines ;  its 
diagonal  (as  shown  in  Art  35)  will  represent  the  axis,  direction, 
and  moment  of  the  final  resultant  couple.  Let  M^  be  the  moment 
of  thiB  couple )  then 


M, 


=  V  {  m!   +   1^   }; 


and  if  tf  be  the  angle  which  its  axis  makes  with  O  X, 

M. 

cos  ^  =  Trr  • 

Mr 

Section  4. — On  Centres  of  Parallel  Forces, 

48.  Centre  ef  a  J^alr  or  PanJlel  Forces. — ^In  fig.  12,  let  A  and 
B  represent  a  pair  of  points,  to  which  a  pair  of  parallel  forces,  F^ 
and  Fb,  of  any  given  ma^tudes,  are  applied.  In  the  straight  line 
joining  A  and  B  take  the  point  C  such, 
that  its  distances  &om  A  and  B  respec- 
tively shall  be  inversely  proportional  to  the 
forces  applied  at  those  points.  Then  from 
the  principle  of  Art  40  it  is  obvious  that 
the  resultant  of  F^  and  Fg  traverses  C.  It 
is  also  obvious  that  the  position  of  ^the  point 
C  depends  solely  on  the  proportionate  mag- 
nitude of  the  parallel  forces  F^  and  Fb,  and 
not  on  their  absolute  magnitude,  nor  on  the  angular  position  of 
their  lines  of  action;  so  that  if  for  those  forces  there  be  substituted 
another  pair  of  parallel  forces,  fay  A,  in  any  other  angular  position, 
and  if  those  new  forces  bear  to  each  other  the  same  proportion  with 
the  original  forces,  viz. ; — 

/.:/*::F^:Fb::BC:AC: 

the  point  C  where  the  resultant  cuts  A  B  will  still  be  the  same. 
This  point  is  called  the  Centre  o/FaraUel  Forces,  for  a  pair  of 
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fyrcn  appMed  at  A.  and  B  reBpectiyel7,  aad  lu»riBg  tibie  given 
ratio  BO  :  AC, 

49.    Ccirtre   •f  umf    »ftum    mf  VmwmUH 

J^^  F«««fc— Let  parallel  forces,  Fo,  Fi,    be 

^j  applied  at  the  points  Ao  Aj  ^fig.   13A 

Draw  the  straight  line  A^,  Ai,  m  which 
^At  take  Ci^  so  that 


Fo  :  F,  :  :  C,  A,  :  C,  Ao; 

then  will  Ci  be  the  centre  of  a  pair  of 
jj_  jg^        ^^    parallel  forces  applied  at  Ao  and  A„  and 
'  having  the  proportion  F©  :  F|.    At  a  third 

point,  A„  let  a  third  parallel  force,  Fj,  be  applied.  Then,  because 
the  forces  F©,  Fj,  are  together  equivalent  to  a  parallel  force,  Fo  +  Fi, 
applied  at  Ci,  draw  the  straight  line  C|  Ag,  in  which  take  Oj,  so  that 

Fo+F|:F,  ::^A.:^rcr; 

then  will  Ot  he  the  centre  of  three  parallel  forces  applied  at  Aq,  A  i, 
A2,  and  having  the  proportions  F©  :  Fi  :  Fj.  At  a  fourth  point, 
A«,  let  a  fourth  parallel  force,  Fj,  he  applied.  Then,  because  the 
forces  Fo,  Fi,  F.,  are  together  equivalent  to  a  parallel  force,  Fo  + 
Fi  +  Fs,  appHed  at  0^,  &&w  the  straight  line  C^  Ag,  in  which  take 

C|,  so  that  

Fo+  F»  +  F,  :  F,  :  :  CTA^  :  C,  C,; 

then  will  O3  he  the  centre  of  four  parallel  forces  applied  at  A^,  A|, 
A2,  A4,  and  having  the  proportion  Fo  :  F| :  Ft :  F,.  By  continuing 
this  process  the  centre  of  any  system  of  parallel  forces,  how  nume- 
rous soever,  may  be  foimd;  and  hence  results  the  following 

Theoreu:.  If  there  be  gi/oen  a  system  of  paints,  and  the  muttud 
ratios  of  a  syOem  of  paraUd  forces  applied  to  those  points^  then  there 
is  one  point,  and  one  only,  which  is  traversed  by  the  line  ofa^ion  of 
the  resiiUamt  of  every  system  of  pa/raUd  forces  hamng  the  given  mutual 
ratios  and  applied  to  the  given  system  of  points,  whatsoever  may  be 
the  absolute  magnitudes  of  those  forces,  and  the  angvlar  position  of 
their  lines  ofaedoTU 

50.  C«-«rdUuites  •£  €«iifn»  •f  Pasallel  FMrces. — The  method  of 
finding  centres  of  parallel  forces  described  in  the  preceding  Article, 
though  suitable  for  the  demonstration  of  the  theorem  just  stated, 
is  tedious  and  inconvenient  when  the  number  of  forces  is  great,  in 
which  case  the  best  method  is  to  find  the  rectangular  co-ordinates  of 
that  point  relatively  to  three  fixed  axes,  as  follows : — 

Let  O  be  any  convenient  point,  taken  as  the  origin  of  co-ordi- 
nates, and  OX,  O  Y,  OZ,  three  axes  of  co-ordinates  at  right  angles 
to  each  other. 
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Fig.  14. 


IJet  A  be  any  one  of  the  points  to  which  the  cfystem  of  parallel 
forces  in  question  are  applied.  From  A  draw  x  parallel  to  OX, 
and  perpendicular  to  the  plane  YZ, 
y  parallel  to  O  Y,  and  perpendicular 
to  the  plane  Z  X,  and  z  parallel  to 
O  Zy  and  perpendicular  to  the  plane 
X  Y.  Xy  yy  and  z  are  the  rectangu- 
lar co-ordinates  of  A,  which,  being 
kno-wn,  the  position  of  A  is  deter- 
mined. Let  F  denote  either  the 
magnitude  of  the  force  applied  at  A, 
or  any  magnitude  proportional  to 
that  magnitude.  Xy  y,  z,  and  F  are 
supposed  to  be  known  for  every  point  of  the  given  system  of 
points. 

Then  first,  conceive  all  the  parallel  forces  to  act  in  lines  parallel 
to  the  plane  Y  Z.  Then  the  sum  of  their  moments  relatively  to 
an  axis  in  that  plane  is 

s  •  aj  F; 

and  consequently  the  distance  of  their  resultant,  and  also  of  the 
centre  of  parallel  forces  from  that  plane  is  given  (as  in  Articles  44 
and  47),  by  the  equation  * 

s-a:F 

Secondly,  conceive  all  the  parallel  forces  to  act  in  lines  parallel 
to  the  plane  Z  X  Then  the  sum  of  their  moments  relatively  to  an 
ajds  in  that  plane  becomes 

i-yF; 

and  consequently  the  distance  of  their  resultant,  and  also  of  the 
centre  of  parallel  forces  from  that  plane  is  given  by  the  equation 

y*-     2 .  F  • 

Thirdly,  conceive  all  the  parallel  forces  to  act  in  lines  parallel  to 
the  plane  X  Y.  Then  the  sUm  of  their  moments  relatively  to  an 
axis  in  that  plane  becomes 

s-«Fj 

and  consequently  the  distance  of  their  resultant,  and  also  of  the 
centre  of  parallel  forces  from  that  plane  is  given  by  the  equation 

s  'zF 

^=-r:F"- 

Thus  are  found  x„  y^  z^  the  three  rectangular  co-ordinates  of 
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the  centre  of  parallel  forces,  for  a  system  of  forces  applied  to  anj 
given  system  of  points,  and  having  any  given  mutual  ratioa 

K  the  parallel  forces  applied  to  a  system  of  points  are  all  equal, 
then  it  is  obvious  that  the  distance  of  the  centre  of  parallel  forces 
from  any  given  plane  is  simply  the  mean  of  the  distances  of  the 
points  of  the  system  from  that  plane. 
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CHAPTER  in 


BALANCE  OF  INCLINED  FORCES. 


Section  1. — Inclined  Forces  applied  ai  One  Point 

51.  Parallelegram  of  Forces. — TheoreiT.  If  tWO  forces  whose  linet 
of  action  traverse  one  point  he  represented  in  direction  and  magnitude  by 
the  sides  of  a  parallelogram,  their  resultant  is  represented  by  the  diagoncU. 

Wint  ]»an«iMtnittoB. — ^Througli  the  point  0  (%  15),  let  two 
forces  act,  represented  in  direction 

and   magnitude  by  OA  and  OB.  ^^^'-^ 

Tho  resultant  or  equivalent  single 
force  of  those  two  forces  must  be  a 
force  such,  that  its  moment  relatively 
to  any  axis  whatsoever  perpendicu- 
lar to  the  plane  of  O  A  and  O  B,  is 
the  sum  of  the  moments  of  O  A  and 
OB  relatively  to  the  same  axia 

Now,  first,  the  force  represented  in 
direction  and  magnitude  by  the  dia- 
gonal O  C  of  the  parallelogram  A  B 

fulfila  this  condition.  For  let  P  be  any  point  in  the  plane  of  0  A 
and  O  B,  and  let  an  axis  perpendicular  to  that  plane  traverse  P. 
Join  PA,  PB,  PC.  Then,  as  already  shown  in  Art.  42,  the 
moments  of  the  forces  O  A,  OB,  O  C,  relatively  to  the  axis  P,  are 
represented  respectively  by  the  doubles  of  the  triangles  POA, 
POB,  POC.  Draw  AD  ||  BE  ||  OP,  and  join  PD,  PR 
Then  A  POD  =  A  POA,.  and  APOE  =  APOB;  but  bo- 
causeOD  +  0E  =  OC, .-.  A  POC  =  APOD  +  a  POE  = 
APOA+APOB;  and  the  moment  of  O  C  relatively  to  P  is 
equal  to  the  sum  of  the  moments  of  OA  and  O B ;  and  that 
whatsoever  the  position  of  P  may  be.     

Secondly.  The  force  represented  by  0  C  is  the  only  force  which 
fulfils  this  condition.  For  let  O  Q  represent  a  force  whose  moment 
relatively  to  P  is  equal  to  the  sum  of  the  moments  of  O  A  and  O  R 
JoinPQ.     ThenAOPQ  =  A  POC,  and  .-.  CQ  ||  PO;  so  that 


Fig.  15. 
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O  Q  fulfils  the  required  condition  for  those  axes  only  which  are 
situated  in  a  line  O  P  ||  C  Q,  and  not  for  any  other  axis. 

Therefore  the  diagonal  O  C  of  the  parallelogram  A  B  represents 
the  resultant,  and  the  only  resultant,  of  the  forces  represented  by 
OAandOB.~-Q.KD. 

SecMd  DcmonamttoB — Suppose  a  perpendicular  to  be  erected  to 
the  plane  O  A  B  at  the  point  O,  of  any  length  whatsoever;  call  the 
other  extremity  of  that  perpendicular  B. ;  and  at  R  conceive  two 
forces  to  be  applied,  respectively  equal,  parallel,  and  opposite  to 
0  A  and  O  B.  Then  O  B  is  the  arm  common  to  two  couples  whose 
axes  and  moments  are  represented  (in  the  manner  described  in  Art. 
34)  by  lines  perpendicular  and  proportional  respectively  to  O  A  and 
O  B.  On  the  Imes  so  representing  the  couples,  construct  a  paral- 
lelogram ;  then,  as  shown  in  Art.  35, -the  diagonal  of  that  parallelo- 
gram  represents  the  resultant  couple  constituted  by  the  resultant 
of  O  A  and  O  B  acting  at  O,  and  an  equal  and  opposite  force  at  It ; 
and  as  the  parallelogram  of  couples  has  its  sides  perpendicular  and 
proportional  to  O  A  and  0  B,  its  diagonal  must  be  perpendicular 
and  proportional  to  0  C,  which  consequently  represents  the  result- 
ant of  6  A  and  OB.— Q.  E.  D. 

[There  are  various  other  modes  of  demonstrating  the  theorem  of 
the  parallelogram  of  forces,  all  of  which  may  be  studied  with  ad- 
vantage :  especially  those  given  by  Dr.  Whewell  in  his  Eiemeniary 
Treatise  on  Mechanics,  and  by  Mr.  Moseley  in  his  Mechanics  of  En- 
gineering and  Architecture,] 

52.  Bqnlllbriant  •£  Three  Fmrcee  aeUng  through  One  Point  In  One 

Plane.— To  balance  the  forces  OA  and  OB,  ajbrce  is  required 
equal  and  directly  opposed  to  theii-  resultant  O  C.  This  mav  bo 
otherwise  expr^ed  by  saying,  that  if  the  directions  and  ma«. 
nitudes  of_^e  forces  be  represented  by  the  three  sides  of  a  tria^g^ 
(such  as  O  A  A  C,  C  O),  then  those  three  forces,  acting  through 
one  pomt,  balance  each  other.  ^ 

53.  B«»"«fcrt««of«nT8y««.nPorce..etin«ihro»«hOnePol«.._ 

r^'tfh  ^v  "*  """^r  ""f.  f^'''  "^^"^  ^'^^^9h  «''«  same  point  he 
represented  by  Imes  equal  and  paraUel  to  the  sides  of  a  closed  i^ygon, 

\^ a  those  forces  balance  each  other.     To  fix 

r^     ^^-'A  the  ideas,  let  there  be  fi  ve  forces  acting 

*^^"^>--^^'''^^''    -^  tlirough  the  point  0  {^g.  16),  and  re- 

^^    y— —^c  presented  in  direction  and  magnitude 

^y^  V_i::::>i>^      ^v  ^^^  ^^^  f„  p.,  p„  p„  f«,  which 

*^        ^A./      ^  *™  ®^^*^  ^^^  parallel  to  the  sides 

Fl^'ie.  of  the  closed  polygon  OABCDO; 

via. : — 
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F.  =  and||OAi 
F.=:and||  AB; 
•  F,  =  and  II  B  C  j 

F4  =  and  II  C  D  ; 
F,  =  and||DO. 

Then  bv  the  theorem  of  Art.  52,  the  resultant  of  F,  and  F,  is  0  B; 
the  lesultant  of  F^,  F ,  and  F,  is  O  C;  the  resultant  of  F„  F^  F„ 
and  F4  is  O  Dy  equal  and  opposite  to  F«,  so  that  the  final  resultant 
is  nothing. 
The  closed  polygon  may  be  either  plane  or  gauche. 

54.  Paniiictopip«d  ^f  F«rcoa. — The  simplest  gauche  polygon  is 
one  of  four  sides.  Let  O  A  B  C  E  F  G  H  (fig.  1 7),  be  a  parallelopiped 
whose  diagonal  is  OH.  Then  any  three 
sQGoessive  edges  so  placed  as  to  begin  at  O 
and  end  at  H,  form,  together  with  the  dia- 
gonal H  O,  a  closed  quadrilateral ;  conse- 
quently if  three  forces  F,,  F„  Fj,  acting 
through  O,  be  represented  by  the  three 
edges  OA,  OB,  OC',  of  a  parallelopiped, 
the  diagonal  O  H  represents  their  resultant, 
and  a  fourth  force  F4  equal  and  opposite  to 
OH  balances  thenL  ^S- 17. 

55.  RcMiiiti«B  •€  a  Forc«  Into  Tw«  C0mpmuemMm. — From  the  theo- 
rem of  Art  51,  it  is  evident  that  in  oi-der  that  a  given  single  force 
may  be  resolvable  into  two  components  acting  in  given  lines  inclined 
to  each  other,  it  is  necessary,  first,  that  the  lines  of  action  of  those 
components  should  intersect  the  line  of  action  of  the  given  force  in 
one  point ;  and  secondly,  that  those  three  lines  of  action  should  be 
in  one  plane.  

Returning,  then,  to  ^g.  15,  let  OC  represent  the  given  force, 
which  it  is  required  to  resolve  into  two  component  forces,  acting  in 
the  lines  O  X,  O  Y,  which  lie  in  one  plane  with  0  C,  and  intersect 
it  in  one  point  O, 

Through  C  draw  C  A  ||  O  Y,  cutting  O  X  in  A,  and  C  B  jj  O  X, 
cutting  O  Y  in  B.  Then  will  O  A  and  O  B  represent  the  com- 
ponent forces  required  

Two  forces  respectively  equal  to  and  dircctly  opposed  to  OA 
and  C)  B  will  balance  "0~C. 

56.  RcMlnltoM  of «  Force  Into  Three  CempeBeMs. — In  order  that  a 
given  single  force  may  be  resolvable  into  three  components  acting 
in  given  lines  inclined  to  each  other,  it  is  only  necessary  that  the 
lines  of  action  of  the  components  should  intersect  the  line  of  action 
of  the  given  force  in  one  point 
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Returning  to  fig.  17,  let  OH.  represent  the  given  force  whicH  it 
is  required  to  resolve  into  three  component  forces,  acting  in  the 
lines  OX,  O  Y,  O  Z,  which  intersect  O  H  in  one  point  O.    ^ 

Through  H  draw  three  planes  parallel  respectively  to  the  planes 
YOZ,  ZOX,  XO  Y,  and  cutting  respectively  O  X  in  A,  O  Y  in 
B,  0 Z  in 0.  Then  will  0  A,  OB,  O C,  represent  the  component 
forces  required. 

Three  forces  respectively  equal  to,  and  directly  opposed  to  OA, 

O B,  and  O C,  wiU  balance  OH. 

57.  Beetaagaiar  CMttpmnemu. — The  rectangular  Components  of  a 
force  are  those  into  which  it  is  resolved  when  the  directions  of 
their  lines  of  action  are  at  right  angles  to  each  other. 

For  example,  in  fig.  17,  suppose  O  X,  O  Y,  O  Z,  to  be  three  axes 
of  co-ordinates  at  right  angles  to  each  other.  Then  O  H  is  resolved 
into  three  rectangular  components  simply  by  letting  fall  from  H 
perpendiculars  on  O  X,  O  Y,  O  Z,  cutting  them  at  A,  B,  C, 
respectively.  

To  express  this  case  algebraically,  let  F=  O  H  denote  the  foroe 
to  be  resolved.     Let 

•=^i:XOH,  fi—^^YOK,  y=^i:ZOH:, 

be  the  angles  which  its  line  of  action  makes  with  the  three  rect* 
angular  axes.  Then,  as  is  well  known,  those  three  angles  are  con- 
nected by  the  equation 

C0S'«  +  COS^/8  +  008*7=1, (1.) 

Let 

Fi=oa;  f,=ob;  F3=oc; 

be  the  three  rectangular  components  of  F ;  then 

Fi  =  F-  cos  • ) 

Ft  =  F-cos/8 V(2.) 

F,  =  F-cosy j 

In  order  to  distinguish  properly  the  direction  of  the  resultant  F 
as  compared  with  the  directions  of  the  axes,  it  is  to  be  borne  in 
mind  that 

the  cosine  of  an{  ^  }  angle  ia   |  ^^^^  } 

From  a  well  known  property  of  right-angled  triangles  (also  em- 
bodied in  equation  1),  it  follows  that 

F=FJ  +  F!  4-  FJ (3.) 

To  express  algebraically  the  case  in  which  a  foroe  is  resolved  into 
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two  rectangalar  components  in  one  plane  with  it,  let  the  plane  in 
question  be  that  of  O  X  and  0  Y.  Then  the  angles  are  subject  to 
tiie  following  equations : — 

y  =  a  right  angle ;  «  +  /3  =  a  right  angle; 

co6y=rO  ;  cos/S  =  sin  <»;  cos  «  =  sin/8. (4.) 

andcon8equentljtheequations2and3are  reduced  to  the  following  :^-> 

F,  =F-cos«  =  F-sin/8; ) 

F,  =  F-  sin  »  =  F-  cos  /8; V(5.) 

F,  =  0;       F=F'  +  FJ- j 

In  using  these  equations,  the  rule  respecting  the  positive  and 
negative  signs  of  cosines  is  to  be  observed ;  and  it  is  also  to  be  borne 
in  mind,  that  the  angle  «  is  reckoned  from  O  X  in  the  direction 
towards  Y,  and  the  angle  /3  &om  0  Y  in  the  reverse  direction,  that 
is,  towards  X,  and  that 

«>eainesofangl.fro.{,3«:j^J««:}  a«  {  ,^«-  } 

If  a  system  of  forces  acting  through  one  point  balance  each  other, 
their  resultant  is  nothing ;  and  ther^ore  the  rectangular  components 
of  their  resultant,  which  are  the  resultants  of  their  parallel  systems 
of  rectangular  components,  are  each  equal  to  nothing;  a  case  re- 
presented as  follows  : — 

2'F|  =  0;  2-F,=:0;  2  •  F,  =  0 (6.) 

Section  2. — Inclined  Farces  Applied  to  a  System  of  Points, 

58.    F«rccs  acting  la  Oae  Plane OrapMe  Salatlan. — Let    any 

system  of  forces  whose  lines  of  action  are  in  one  plane,  act  together 
on  a  rigid  body,  and  let  it  be  required  to  find  their  resultant 

Assume  an  axis  perpendicular  to  the  plane  of  action  of  the  forces 
at  any  point,  and  let  it  be  called  O  Z.  According  to  the  principle 
of  Art  42,  let  each  force  be  resolved  into  an  equal  and  parallel 
force  acting  through  O,  and  a  couple  tending  to  produce  rotation 
about  O  Z;  so  that  if  a  force  F  be  applied  along  a  line  whose  per* 
pendicular  distance  from  O  is  L,  that  force  shall  be  resolved  into 

F  =  and||F        p'^^rj^ 

acting  through  0,  and  a  couple  whose  moment  is 

M  =  LF, 

and  which  is  right  or  left-handed  according  as  0  lies  to  the  right  or 
left  of  the  direction  of  F. 
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The  fnagnitude  and  direcHon  of  the  resultant  are  to  be  found  by 
forming  a  polygon  with  lines  equal  and  parallel  to  those  representing 
the  forces,  as  in  Art  53,  when,  if  the  polygon  is  closed,  the  forces 
have  no  single  resultant;  but  if  not,  then  the  resultant  is  equal, 
parallel,  and  opposite  to  that  represented  by  the  line  which  is 
required  in  order  to  close  the  polygon.  Let  K  be  its  magnitude 
if  any. 

The  position  of  the  line  of  action  of  the  resultant  is  found  as 
follows : — 

Let  2  *  M  be  the  residtant  of  the  moments  of  all  the  couples  M, 
distinguishing  right-handed  from  lefb-handed,  as  in  Arts.  27  and 
32.  If  3-M  =  0,  and  also  R  =0,  then  the  couples  and  forces 
balance  completely,  and  there  is  no  resultant.  If  2»M  =  0,  while 
K  has  magnitude,  then  the  resultant  acts  through  O.  If  s  *  M 
and  R  both  have  magnitude,  then  the  line  of  action  of  the  resultant 
R  is  at  the  perpendicular  distance  from  O  given  by  the  equation 

and  the  direction  of  that  perpendicular  is  indicated  by  the  sign  of 
2*M.  If  R  =  0,  while  s-M  has  magnitude,  the  only  resultant  of 
the  given  system  of  forces  is  the  couple  2-M. 

59,  Forces  acting  in  One  Plane— 8olntl«n  hy  Beclangnlar  Co-«i^ 
dinatec. — ^Through  the  point  O  as  origin  of  co-ordinates,  let  any  two 
axes  be  .assumed,  OX  and  OY,  perpendicular  to  each  other  and 
to  O  Z,  and  in  the  plane  of  action  of  the  forces ;  and  in  looking  from 
Z  towards  0,  let  Y  lie  to  the  right  of  X,  so  that  rotation  fixjm  X 
towards  Y  shall  be  right-handed  Let  F,  as  before,  denote  any  one 
of  the  forces ;  let  «  be  the  angle  which  its  line  of  action  makes  to 
the  right  of  0  X;  and  let  x  and  y  be  the  co-ordinates  of  its  pcnnt 
of  application,  or  of  any  point  in  its  line  of  action,  relatively  to  the 
assumed  origin  and  axes.  Resolve  each  force  F  into  its  rectangular 
components  as  in  Art.  57, 

Fi  =F  •  cos  »;  Fa  =  F  •  sin  «; 
then  the  rectangular  components  of  the  resultant  are  respectively 
paraUel  to  OX,  2 (F  cos  «)  =  Ri, )  ,n  ^ 

parallel  to  OY,s(F- sin  «)  =112,/ ^  ^^ 

its  magnitude  is  given  by  the  equation 

R»  =  RJ  +  R|; (2.) 

and  the  angle  et^  which  it  makes  to  the  right  of  O  X  is  found  by  the 
equations 

Ri      .          Rj  /o  \ 

oos«,=-j^* ;  sin»,=-jj^ (3.) 
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Hie  qtadrant  in  which  the  direction  of  B  lies  is  indicated  by  the 
^gefaraical  signs  of  Rj  and  B„  as  already  stated  in  Art*  57.  ,^ 

The  perpda4icular  distance  from  0  of  the  line  of  action  of  any      ^ 
foroe  F  is  \  ' 

^=:a5'sin« — y*eo8«  H^^-    •* 

irMch  is  positive  or  negative  according  as  O  lies  to  the  right  or  to 
the  left  of  that  line  of  action ;  and  hence  the  resultant  moment  of 
the  system  of  forces  relatively  to  the  axis  O  Z  is 
3-FL==3-F  (ajsin  m — y  cos  «) 

=  s(a:F,  — yF.) (4.) 

whence  it  follows,  that  the  perpendicular  distance  of  the  resultant 
force  Ois 

j^^^^JWFO ^^^ 

Let  x^  and  y,  be  the  co-ordinates  of  any  point  in  the  line  of  action 
of  the  r^ultant;  then  the  equation  of  that  line  is 
«,R,  — y,R,  =  RL,     ) 

which  is  equivalent  to  >  (6.) 

Xr  sin  «^  —  y^  cos  •,  =  L,  j 
As  in  Art  58,  if  2-F  L  =  0,  the  resultant  acts  through  the 
origin  O;  if  2*FL  has  magnitude,  and  K  r=  0  (in  which  case 
Rj  =  0,  Rs  ==  0)  the  resultant  is  a  couple.    The  conditions  of  equili- 
brium of  the  system  of  forces  are 


or  in  other 


R^mO;  R,  =  0;  3-FL  =  0;  ] 

symbols  >....(7.) 

2'F,  =  0;  3-F,  =  0;  s(a;F,  — yFO  =  0.  j 
The  moment  of  the  resultant  relatively  to  the  axis  0  Z  can  also 
be  arrived  at  by  considering  the  moment  F  L  of  each  force  as  the 
resultant  of  x  F„  which  is  right-handed  when  x  and  Fa  are  both 
positive,  and  of  —  y  Fj,  which  is  left-handed  when  y  and  F,  aro 
both  positiva 

60.  Any  STXcn  of  Forces. — ^To  find  the  resultant  and  the  con- 
ditions of  equilibrium  of  any  system  of  forces  acting  through 
any  system  of  points,  the  forces  and  points  are  to  be  referred  to 
three  rectangular  axes  of  co-ordinates. 

As  in  Art.  57,  let  O  denote  the  origin  of  co-ordinates,  and 
OX,  OY,  OZ,  the  three  rectangular  axes;  and  let  them  be 
arranged  (as  in  fig.  17),  so  that  in  looking  from 

X  ]  (  Y  towards  Z  ] 

Y  >  towards  O,  rotation  from  <  Z  towards  X  V 
Z)  (X  towards  Yj 

Ehall  appear  ri^t^handed. 
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Let  F  denote  any  one  of  the  forces;  x,  y,  z,  the  coordinates  of  a 
point  in  its'  line  of  action ;  and  »%  fi^  y,  the  angles  which  its  directioii 
makes  with  the  axis  respectivelj.  Then  the  three  rectangular 
components  of  F  being  as  in  Art  57, 

F,  =  F  •  cos  tf  along  OX,) 

F,  =  F  •  cos  /3  along  O  Y,  V (1.) 

F,  =;  F  -cos  y  along  0  Z,  j 

it  can  be  shown  hj  reasoning  similar  to  that  of  Art  59,  that  the 
total  moments  of  these  components  relatively  to  the  three  axes  are 
respectively 

yF,  —  «Fa  =  F-(yco8y — z  cos  /5)  relatively  to  O  X,  ) 
«Fi  — a;F,  =  F  («  cos  «  — a;  cos  y)  relatively  to  O  Y,  V(2.) 
ojF,  —  yFi  =  F(a;cosi9  —  y  cos  «)relatively  toOZ;  j 

so  that  the  force  F  is  equivalent  to  the  three  forces  of  the  formulae 
1  acting  through  O  along  the  three  axes,  and  the  three  couples  of 
the  formulie  2  acting  round  the  three  axe& 

Taking  the  algebraical  sums  of  all  the  forces  which  act  along  the 
same  axes,  and  of  all  the  couples  which  act  round  the  same  axes, 
the  six  following  quantities  are  found,  which  compose  the  resultant 
of  the  given  system  of  forces ; — 

Forec*. 

along  OX;  Ili=  a  •  F  cos  »,  ) 

„    O  Y ;  B,=  a  •  F  cos  /3,  V (3.) 

„    OZ;  B,=  a.  F  cosy,  j 


round  OX;  Mi  =  3 
„  OY;M,=  s 
„      OZ;M,=  s 


F  (y  cos  y  -  «  cos  / 

F  («  cos  »  -  a;cosy)]>  I (i.) 

F  («cos^  -  ycos»)] 

The  three  forces  Bi,  B^  B,,  are  eqtiivalent  to  a  single  force 

B=V(RJ+RI+I«), (5.) 

acting  through  O  in  a  line  which  makes  with  the  axes  the  angles 
given  by  the  equations 

«>s«,  =  g-.;  cos/3,=^;  cos  yr=^ (6.) 

The  three  couples  M„  Mj,  M,,  according  to  Article  37,  are  equi- 
val^it  to  one  couple,  whose  magnitude  is  given  by  the  equation 

M=^(M!+MJ+M,«) (7.) 
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and  whose  axis  makes  with  the  axes  of  co-ordinates  the  angles  given 
bj  the  equations 

M,                 Mj               M. 
cos^  =  jj-;  C08f4  =  g.;  cosf  =  _» (8.) 


in  which 


j  ^  \    denote  respectively  the  angles  J  n  v  I 
I  ^  J    made  by  the  axis  of  M  with    j  q  Z  I 


The  c«B«iiti«Ba  •€  E^nUibHBm  of  the  system  of  forces  may  be  ex- 
pressed in  either  of  the  two  following  forms  : — 

B.=:0;  R,=  0;  R,=  0:  M,  =  0;  M,  =  0;  M5  =  0...(9.) 

or  R  =  0;  M  =  0. (10,) 

When  the  system  is  not  balanced,  its  resultant  may  £Edl  under 
one  or  other  of  the  following  cases  : — 

Cmmt  I. — When  M  =  0,  the  resultant  is  the  single  force  R  acting 
through  O. 

Caae  II. — Wlien  the  aocia  o/Mis  at  right  angles  to  the  direction  of 
R, — a  case  expressed  by  either  of  the  two  following  equations : — 

cos  «,  cos  A  +  cos  /3^  cos  /«  +  cos  y,  COS  !>  =  Oj  )    r,  ,  ^ 

or  RiM,  +  R,M,  +  R»M,  =  0;  ] '\^H 

the  resultant  of  M  and  R  is  a  single  force  equal  and  parallel  to  R, 
acting  in  a  plane  perpendicular  to  the  axis  of  M^  and  at  a  perpen- 
dicular distance  from  O  given  by  the  equation 

"-=? p^ 

Cma^  m. — When  R  =  0,  there  is  no  single  resultant;  and  the 
only  resultant  is  the  couple  M. 

Cmmt  IT. — When  the  axis  o/M.  is  parallel  to  the  line  0/ auction  o/B^ 
that  is,  when  either 

7<  =  ar',   f*  =^  fir}    '  =  yn (13). 

or  X  =  —  «,;  A*  =  —  /9^;  »  =  —  y^\ (U). 

tiiere  is  no  single  resultant;  and  the  system  of  forces  is  eqtiiva- 
lent  to  the  force  R  and  the  couple  M,  being  incapable  of  being 
fEother  simplified 

Cmm  ▼. — W}uen  the  axis  of  "M.  is  oblique  to  the  direction  of  R^ 
making  with  it  the  angle  given  by  the  equation 

cos  ^  =  cos  X  cos  a^  +  cos  A*  cos  /3,  +  cos  y  cos  y^....(15). 

the  couple  M  is  to  be  resolved  into  two  rectangular  oomp^menta, 
viz,:— 
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0  R,  and  in ' 

(16.) 


M  sin  ^  round  an  axis  perpendicular  to  R,  and  in ' 
the  plane  containing  the  direction  of  K  and  of 
the  axis  of  M; 

M  cos  ^  round  an  axis  parallel  to  R 


The  force  R  and  the  couple  M  sin  ^  are  equivalent,  as  in  Case 
II.,  to  a  single  force  equal  and  parallel  to  R,  whose  line  of  action 
is  in  a  plane  perpendicular  to  that  containing  R  and  the  axis  of 
M,  and  whose  perpendicular  distsuice  from  O  is 

L  =  H^ (17.) 

The  couple  M  cos  $,  whose  axis  is  parallel  to  the  line  of  action  of 
R,  is  incapable  of  further  combinatioiL 

Hence  it  appears  finally,  that  every  system  of  forces  which  is  not 
self-balanced,  is  equivalent  either,  (A) ;  to  a  single  force,  as  in  Cases 
I.  and  II.  (B) ;  to  a  couple,  as  in  Case  III.  (C) ;  to  a  force,  com- 
bined with  a  couple  whose  axis  is  parallel  to  the  line  of  action  of 
the  force,  as  in  Cases  IV.  and  V.  This  can  occur  with  inclined 
forces  only,  it  having  been  shown  in  Article  47,  that  the  resultant 
of  any  number  of  parallel  forces  is  either  a  single  force  or  a  couple. 
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CHAPTER  IT. 

ON  FABALLEL  PBOJECTIONS  IN  STATICa 

61.  Famllel  PmgectloH  of  a  FIgvre  dcfloed. — If  tvo  figures  be  SO 
related;  that  for  each  point  in  one  there  is  a  corresponding  point 
in  tJie  other,  and  that  to  each  pair  of  equal  and  parallel  lines  in  the 
one  there  corresponds  a  pair  of  equal  and  parallel  lines  in  the  other, 
those  figures  are  said  to  be  parallel  projections  of  each  other. 

The  relation  between  such  a  pair  of  figures  may  be  otherwise 
expressed  as  follows : — Let  any  figure  be  referred  to  axes  of  co- 
ordyiates,  whether  rectangular  or  oblique ;  let  x,  y,  z,  denote  the 
co-ordinates  of  any  point  in  it,  which  may  be  denoted  by  A  :  let  a 
second  figure  be  constructed  from  a  second  set  of  axes  of  co-ordinates, 
either  agreeing  with,  or  difiering  irom,  the  first  set  as  to  rectan- 
gularity  or  obliquity ;  let  a/,  y,  2^,  be  the  co-ordinates  in  the  second 
figure,  of  the  point  A'  which  corresponds  to  any  point  A  in  the 
first  figure,  and  let  those  co-ordinates  be  so  relat^  to  the  co-ordi- 
nates of  A,  that  for  each  pair  of  corresponding  points.  A,  A',  in  the 
two  figures,  the  three  pairs  of  corresponding  co-ordinates  shall  bear 
to  each  other  three  constant  ratios,  such  as 

—  =a,  — -6,— -c, 

then  aie  these  two  figures  parallel  projections  of  each  other. 

62.  deoiuetrical  PMpcrtlcs  of  Pualld  ProJectlMM. — The  following 
are  the  geometrical  properties  of  parallel  projections  which  are  of 
most  importance  in  statics.  Being  purely  geometrical  propositions, 
they  are  not  here  demonstrated. 

I. — ^A  parallel  projection  of  a  i^stem  of  three  points,  lying  in 
one  straight  line  and  dividing  it  in  a  given  proportion,  is  also  a 
system  of  three  points,  lying  in  one  straight  line  and  dividing  it  in 
the  same  proportion. 

n. ^A  parallel  projection  of  a  system  of  parallel  lines  whose 

lengths  bear  given  ratios  to  each  other,  is  also  a  system  of  parallel 
lines  whose  lengths  bear  the  same  ratios  to  each  other. 

nX— A  parallel  projection  of  a  closed  polygon  is  a  closed 
polygon. 
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lY. — ^A  parallel  projection  of  a  parallelogram  is  a  parallel- 
ogranou 

Y. — A  parallel  projection  of  a  parallelopiped  is  a  parallelopiped 

YI. — ^A  parallel  projection  of  a  pair  of  parallel  plane  surfaces, 
whose  areas  are  in  a  given  ratio,  is  also  a  pair  of  parallel  plane 
surfaces,  whose  areas  are  in  the  same  ratio. 

YIL — ^A  parallel  projection  of  a  pair  of  volumes  having  a  given 
ratio,  is  a  pair  of  volumes  having  the  same  ratio. 

63.  Application  t«  Parallel  Farcer — It  has  been  shown  in  Chap. 
II.,  Sect.  3,  that  the  equilibrium  of  any  system  of  parallel  forces 
depends  on  the  mutual  propprtions  of  the  forces  and  on  those  of  the 
distances  of  their  lines  of  action  from  given  planes.  By  considering 
this  in  connection  with  the  principles  I.  and  IL  of  Article  62,  it  is 
evident,  that  if  a  balanced  system  of  parallel  forces  be  represented 
by  a  system  of  lines,  then  any  system  of  lines  which  is  a  parallel 
projection  of  the  first  system,  will  also  represent  a  balanced  system 
of  parallel  forces ;  and  also,  that  if  there  be  two  systems  of  parallel 
forces  represented  by  systems  of  lines  which  are  parallel  projections 
of  each  other,  then  are  the  respective  resultants  of  those  systems  of 
forces,  whether  single  forces  or  couples,  represented  by  lines  which 
are  parallel  projections  of  each  other  related  in  the  same  manner 
with  the  other  pairs  of  corresponding  lines  in  the  two  systems.  In 
applying  this  principle  to  couples,  it  is  to  be  observed,  that  they 
are  no^  to  be  represented  by  single  lines,  as  in  Art  34,  but  by  pairs 
of  equal  and  opposite  lines,  as  in  the  previous  articles,  or  by  areas, 
as  in  Articles  42  and  dl. 

64.  Appllcatlaa  la  Ceaim  af  PanOlel  Vmeem, — ^If  two  systems  of 
points  be  parallel  projections  of  each  other ;  and  if  to  each  of  those 
systems  there  be  applied  a  system  of  parallel  forces  bearing  to  each 
other  the  same  system  of  ratios,  then,  by  considering  the  principles 
I.  and  II.  of  Article  62  in  conjunction  with  those  of  Chap.  II.,  Sect, 
4,  it  is  evident  that  the  centres  of  parallel  forces  for  those  two 
systems  of  points  will  be  parallel  projections  of  each  other,  mutually 
related  in  the  same  manner  with  the  other  pairs  of  corresponding 
points  in  the  two  systems. 

65.  AppUcailan  ta  Inclined  Varces  acting  thrangh  One  Paint. — 
Prom  principles  III.,  lY.,  and  Y.,  of  Article  62,  taken  in  conjunc- 
tion with  the  principles  of  Chap.  III. ,  Sect  1 ,  it  follows,  that  if  a  given 
system  of  lines  represents  a  balanced  system  of  forces  acting  through 
one  point,  then  will  any  parallel  projection  of  that  system  of  lines 
also  represent  a  balanced  system  of  forces  acting  through  one  point ; 
and  also,  that  if  two  systems  of  forces,  each  acting  through  one 
point,  be  represented  by  two  systems  of  lines  which  are  parallel 
projections  of  each  other,  then  will  the  respective  resultants  of  those 
two  systems  of  forces  be  represented  by  a  pair  of  lines  which  are 
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psmllel  pTojectioius  of  eadti  other,  mutually  related  in  the  same 
maimer  with  other  pairs  of  coiresponding  linea 

66.  AppUcatioB  tm  any  Syataai  mt  Fmwca. — ^As  eveiy  system  of 
forces  applied  to  any  system  of  points  can  be  reduced,  as  in  Art.  60, 
to  a  system  of  forces  acting  through  one  point,  and  certain  systems 
of  parallel  forces,  it  follows  that  if  a  balanced  system  of  forces  acting 
through  any  system  of  points  be  represented  by  a  system  of  lines, 
then  will  any  parallel  projection  of  that  system  of  lines  represent  a 
balanced  system  of  forces ;  and  that  if  any  two  Gfystems  of  forces 
be  represented  by  lines  which  are  parallel  projections  of  each  other, 
the  lines,  or  sets  of  lines,  representing  their  resultants,  will  be  cor- 
responding parallel  projections  of  each  other : — ^it  being  still  ob- 
served, as  in  Article  63,. that  couples  are  to  be  ropresented  by  pairs 
of  lines,  as  pairs  of  opposite  forces,  or  by  areas,  and  not  by  single 
lines  along  their  axes. 
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HAPTER  T. 

ON  DISTBIBUTED  FORCES. 

67.  Bc«tricti«B  •€  the  8iri»j«ct. — In  Article  18  it  has  already  been 
explained,  that  the  action  of  eveiy  real  force  is  distributed  through- 
out some  volume,  or  over  some  surfince.  It  is  always  possible^ 
however,  to  find  either  a  single  resuItarUy  or  a  resvUamt  coupley  or  a 
combiruUion  of  a  single  force  with  a  couple  (like  that  described  in 
Art.  60),  to  which  a  given  distributed  force  is  equivalent,  so  far  as  it 
affects  the  equilibrium  of  the  body,  or  part  of  a  body,  to  which  it  is 
applied 

In  the  application  of  Mechanics  to  Astronomy,  Electricity,  and 
Magnetism,  it  is  often  necessary  to  find  the  resultant  of  a  d[istri- 
buted  attraction  or  repulsion,  whose  direction  is  sensibly  different 
at  different  points  of  the  body  to  which  it  is  applied ;  and  problems 
thus  arise  of  great  difficulty  and  complexity.  But  in  the  applica- 
tion of  Mechaiiics  to  Structures  and  Machines,  the  only  force  dis- 
tributed throughout  the  volume  of  a  body  which  it  is  necessary  to 
consider,  is  its  weighty  or  attraction  towards  the  earth ;  and  the 
bodies  considered  are  in  eveiy  instance  so  small  as  compared  with 
the  earth,  that  this  attraction  may,  without  appreciable  error,  be 
held  to  act  in  parallel  directions  at  each  point  in  each  body.  More- 
over, the  forces  distributed  over  surfaces,  which  have  to  be  consi- 
dered in  applied  mechanics,  are  either  parallel  at  each  point  of 
their  surfaces  of  application,  or  capable  of  being  resolved  into  sets 
of  parallel  forcea  Hence,  in  applied  mechanics,  paraUd  distributed 
forces  have  alone  to  be  considered ;  every  such  force  is  statically 
equivalent  either  to  a  single  resultant,  or  to  a  resultant  couple ; 
and  the  problem  of  finding  such  resultant  is  comparatively  smple. 

68.  The  Inlevaitf  of  a  DiMrlbutcd  Fiirce  is  the  ratio  which  the 
magnitude  of  that  force,  expressed  in  unite  of  force,  bears  to  the 
space  over  which  it  is  distributed,  expressed  in  units  of  volume,  or 
in  units  of  surface,  as  the  case  may  be.  An  unit  of  Lntensity  is  an 
unit  of  force  distributed  over  an  unit  of  volume  or  of  surface,  as  the 
case  may  be ;  so  that  there  are  two  kinds  of  units  of  intensity. 
For  example,  one  pound  per  cubic  foot  is  an  unit  of  intensity  for  a 
force  distributed  throughout  a  volume^  such  as  weight ;  and  ona 
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pound  per  square  foci  is  an  unit  of  intenaily  for  a  foioe  disitibuted 
over  a  Barfuie,  midi  as  pressure  or  fiicidoiL 

The  intensity  of  a  force  acting  at  a  sin^  point  would  be  infinite, 
if  sack  a  force  were  possible. 

Sectiok  L — Of  Weighty  and  Centres  ofGrwmly. 

69.  The  SpmMa  OmTiCf  of  a  body  is  a  number  proportional  to 
the  weight  of  an  unit  of  its  volume;  for  example,  the  wei^t  in 
pounds,  of  a  cubic  foot  of  the  volume  of  the  body.  The  pound  per 
cubic  foot  is  the  most  convenient  unit  of  specific  gravity  for  practi- 
cal purposes ;  but  in  tables  of  specific  gravity,  a  special  unit  is  usu- 
allj  employed,  viz.,  the  weight,  at  a  fixed  temperature,  of  unity  of 
Volume  of  water.  In  Britain,  that  fixed  temperature  is  usually 
62°  Fahrenheit;  in  France,  and  on  the  continent  of  Europe 
generally,  it  is  the  temperature  at  which  water  is  most  dense,  viz., 
3°-95  centigrade,  or  39°'l  Fahrenheit 

In  a  table  at  the  end  of  this  volume  are  given  the  specific 
gravities  of  such  materials  as  most  conmionly  occui*  in  structures 
and  machines.  So  far  as  this  and  similar  tables  I'elate  to  solid 
materials,  they  must  be  regarded  as  approximate  only;  for -the 
specific  gravity  of  the  same  solid  substance  varies  not  only  in 
<Merent  specimens,  but  frequently  even  in  difierent  parts  of  the 
same  specimen ;  still  the  approximate  values  are  sufiiciently  near 
the  truth  for  practical  purposes  in  the  art  of  construction. 

70.  The  CmMn  •f  OvaTitT  of  a  body,  or  of  a  system  of  bodies,  is 
the  point  always  traversed  by  the  resultant  of  the  weight  of  the 
body  or  system  of  bodies, — in  other  words,  the  ceviire  of  paraUd 
forces  for  the  weight  of  the  body  or  system  of  bodies. 

To  support  a  body,  that  is,  to  balance  its  weight,  the  resultant  of 
the  supporting  force  must  act  through  the  centre  of  gravity. 

71.  Ccatre  mt  OvaTlCf  of  a  n«ai«8«Be«»i  Badtr  Iwriag  a  Ceatra  af 
vicna. — Let  a  body  be  hoTrwgensovs,  or  of  equal  specific  gravity 
throughout ;  let  it  ^so  be  so  &r  symmrwlrioal,  as  to  have  a  centre  of 
figure;  that  is,  a  point  within  the  body,  which  bisects  every 
diameter  of  the  body  drawn  through  it;  then  it  is  self-evident, 
that  the  centre  of  figure  of  the  body  must  also  be  its  centre  of 
gravity. 

Amongst  the  bodies  which  answer  this  description  are,  the 
sphere,  the  ellipsoid,  the  circular  cylinder,  the  elHptic  cylinder, 
priams  whose  bases  have  centres  of  figure,  and  paiallelopipeds, 
whether  right  or  oblique. 

72.  VadUM  luiTtng  Plaacs  ar  Axes  ^  Syiametrr. — ^If  a  homogene- 
ous body  be  of  a  figure  which  is  symmetrical  on  either  side  of  a 
given  plane,  the  centre  of  gravity  must  be  in  that  plane.  If  two 
or  more  such  planes  of  symmetry  intersect  in  one  Hne,  or  ascis  of 

s 
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st/mme^,  the  centre  of  gravity  must  be  in  tliat  axis.  J£  three  ov 
more  planes  of  symmetry  intersect  each  other  in  a  point,  that  point* 
must  be  the  centre  of  gravity. 

The  following  are  examples  : — 

I.  In  fig.  18,  let  AB  C  be  an  equilateral  triangle,  the  base  of  a 
right  equilateral  triangvlar  prism.  This  prism  has  one  plane  of 
symmetry  parallel  to  its  bases  at  the  middle  of  its  length.  It  has 
aJso  three  planes  of  symmetry,  A  a,  B  6,  C  c,  each  traversing  one 
edge  of  the  prism  and  bisecting  the  opposite  side,  and  those  three 
planes  intersect  in  an  axis  G,  whose  perpendicular  distance  from. 
any  edge  is  two-thirds  of  the  distance  from  that  edge  to  the  opposite 

side,  that  is,  

GA       GB       GO        2 


Aa 


B6 


Cc 
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The  centre  of  gravity  of  the  prism  is  at  the  middle  of  this  axi& 


F!g.  IS. 


Fig.  19. 


II.  In  fig.  19,  let  A  B  0  D  be  a  regrdar  tetraedron,  or  triangular 
pyramid,  bounded  by  four  equilateral  triangles.  Bisect  any  edge 
D  C  in  E ;  then  the  plane  ABE  drawn  through  the  point  of  bisec- 
tion and  the  opposite  edge  is  a  plane  of  symmetry.  There  are  six 
such  planes,  and  they  intersect  each  other  in  one  point  G,  which  is 
therefore  the  centre  of  gravity  of  the  tetraedron- 

It  may  be  shown  by  geometry,  that  the  point  G  can  be  found  in 
the  following  manner.  From  any  summit,  such  as  B,  draw  B  E, 
bisecting  one  of  the  opposite  edges,  such  as  D  0.     In  B  E  take 

2 3 

BF  =  -r-BE.     Join  AP,  in  which  take  AG=»-t- AF;  then 

is  G  the  centre  of  gravity  sought 

73.  Syaicai  of  Sjniaieiricai  B«dica« — ^Let  a  connected  system  of 
bodies  whose  absolute  or  proportional  weights  are  known,  and 
whose  centres  of  gravity  are  also  known  by  reason  of  the  symmetry 
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ftnd  homogeneity  of  each  hody,  be  anunged  in  any  manner ;  then 
the  coininon  cerUre  of  gravity  of  the  whole  system  of  bodies  is  the 
same  with  the  cerUre  of  pcMralM  forces  for  a  system  of  forces  equal  or 
proportional  to  tlie  weights  of  the  bodies,  and  acting  through  their 
respective  centres  of  gravity. 

Consequently,  applying  to  this  case  the  principles  of  Chap.  IL, 
Section  4,  Article  50,  the  centre  of  gravity  is  found  in  the  following 
manner.  Let  yz  denote  any  fixed  plane,  x  the  perpendicular 
distance  of  the  centre  of  gravity  of  any  one  of  the  bodies  from  that 
plane,  aud  W  the  weight  of  that  body,  so  that  Wx  is  the  moment 
of  the  weight  of  the  body  in  question  with  respect  to  any  axis  in 
the  plane  y  2; 

Let  x^  denote  the  perpendicular  distance  of  the  common  centre 
of  gravity  from  the  plane  y  z.  Then  we  have,  total  moment  of  the 
system  relatively  to  any  axis  in  the  plane  yz, 

and  consequently^ 

a    Wx 

By  proceeding  in  a  similar  manner,  the  distances  of  the  common 
centre  of  gravity  of  the  system  of  bodies  from  two  other  fixed 
planes,  either  perpendiculiftr  or  oblique  to  yz  and  to  each  other,  are 
found  so  as  to  determine  its  position  completely. 

The  same  process  is  applicable  to  any  body  whose  figure  is  capable 
of  being  divided  into  symmetrical  figures. 

74.  nowogeBC^as  B«d7  of  any  FIjpnre. — Let  V)  be  the  specific 
gravity  of  a  homogeneous  body  of  any  figure,  V  its  volume,  and 
W  =  wY  its  weight  Conceive  three  fixed  co-ordinate  planes, 
yzyzx,  and  ary,  perpendicular  to  each  other,  and  let  Xo,yo,Zo,he 
the  co-ordinates  of  the  centre  of  gravity,  which  it  is  required  to 
find ;  so  that  wY  Xq,  wY  y^,  wV  z^,  ojce  the  moments  of  the  body 
relatively  to  the  three  co-ordinate  planes  respectively.  Conceive  the 
space  iu  and  near  the  body  to  be  divided  by  three  series  of  equi- 
distant planes  parallel  to  the  co-ordinate  planes  respectively,  into 
equal  and  similar  small  rectangular  molecules^  whose  dimensions^ 
parallel  to  a;,  y,  and  z,  res{)ectively,  are 

Ao;,  Ay,  az, 

^^  ^9  Vi  ^i  ^  tbe  co-ordinates  of  the  centre  of  one  of  these  molo- 
cules.     Then  its  volume  is 

AXAyAz; 
its  weight  to  ax  Ay  ^z, 
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and  its  moments  rel&tiyely  to  tlie  thtee  co-ordinftte  planeB  re- 
spectively, 

XWAXAf/AZ;  ytOAXAf/AZ;  ZUDAXAyAZ, 

Whatsoever  may  be  the  figure  of  the  body  whose  centre  of  gravity 
is  sought,  a  figure  approsdmaUng  to  it  may  be  buiU  by  putting 
together  a  proper  number  of  suitably  arranged  rectangular  mole- 
cules ;  so  that 

V=ra'Aa;AyA«  neovrly; 

'W=zwY=z.W'2'AXAyAZ', 

wY  XQ  =  wii'XAX  Ay  AZ  neoMrly; 
therefore  omitting  the  common  and  constant  factor  w,  • (1.) 

2'  X  AX  Ay  AZ  J 

Xq  = nearly; 

2'  ^XAy  az  ^' 

and  similar  approximate  formulae  for  ^o  ^'^^  ^ 


Now,  it  is  evident,  that  the  smaller  the  dimensions  ax,  Ay,  az, 
of  each  rectangular  molecule, — or  in  other  words,  the  more  minate 
the  subdivision  of  the  space  in  and  near  the  body  into  smaU 
rectangles,  the  more  nearly  will  the  approximate  figure,  built  up  of 
rectangular  molecules,  agree  with  the  exact  figure  of  the  body,  and, 
consequently,  the  more  nearly  will  the  jresults  of  the  approximate 
formulae  (1.)  agree  with  the  true  results ;  which,  therefore,  are  the 
limits  towards  which  the  results  of  these  formulee  continuaUy 
approach  nearer  and  nearer,  as  the  dimensions  A  a;,  Ayf  Az,  are 
diminished.  Such  limits  are  found  by  the  process  called  integroHonj* 
and  are  expressed  in  the  following  manner : — 


volume 
weight 

moments 


Y^  jfj  dxdydz;  "j 

W=:wY  z^w  j  j  j  dxdydz",       } 

Ylxo  =  io  j  j  j  xdxdydz; 
Wyo=:to  j  j  j  ydxdydz.) 
Wzo  =  w  J  J  J  zdxdydz; 


.(2.) 


(3.) 


*  For  fttrtber  ducidation  of  the  meaning  of  symbols  of  integration,  and  for  expUoa. 
tions  of  processes  of  approximately  compating  the  yalues  of  integrals,  see  Art.  81  u 
thesequeL 
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y^ 


.(4.) 


j'  j j  ydxdydz 
[  j  j  dxdydz 

j  I  J  zdxdydz 
J  J  I  dxdydz 

Such  are  the  general  formulsa  for  finding  the  centre  of  gravity  of 
a  homogeneous  body,  of  any  form  whai»oever. 

75.  Ceatv«  of  CiMTltf  fynuA  by  AddUttoo. — When  the  figure  of  a 
body  consists  of  parte,  whose  respective  centres  of  gravity  are  known, 
the  centre  of  gravity  of  the  whole  is  to  be  foimd  as  in  Article  73. 

76.  CeHtTO  of  QrsVitr  tmumA  hf  SobtvactioB. — When  the  figure  of 
a  homogeneous  body,  whose  centre  of  gravity  is  sought,  can  be 
made  by  taking  away  a  figure  whose 
centre  of  gravity  is  known  from  a  larger 
figure  whose  centre  of  gravity  is  known 
also,  the  following  method  may  be  used. 

Let  A  C  D  be  the  larger  figure,  Gi  its 
known  centre  of  gravity,  W,  its  weight. 
Let  A  B  E  be  the  smaller  figure,  whose 
centre  of  gravity  G,  is  known,  W,  its 
weight  Let  E  B  C  D  be  the  figure  whose 
centre  of  gravity  Gg  is  sought,  made  by 
taking  away  ABE  from  A  C  D,  so  that 
its  weight  is 

W,  =  Wj  —  W,. 

Join  G,  G, ;  Ga  will  be  in  the  prolongation  of  that  straight  line  be- 
yond Gi.  Li  the  same  straight  line  produced,  take  any  point  O  as 
origin  oi  co-ordinates,  and  an  axis  at  O  perpendicular  to  O  G,  G,  as 
axis  of  moments.  Make  OGi  =  a?i;  OGi  =  x^  O  Q^  (the  unknown 
quantity)  ==  x^ 
Then  the  moment  of  W,  relativeljr  to  the  axis  at  O  is 


Fig.  20. 


and  therefore 


»i  W»  -  aJiW, 


Xi'. 


W, -W. 
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Fig.  21. 


ermrUf  Altered  hr  ITnuispMiitoM. — ^In  fig.  21,  let 
A  B  C  D  be  a  body  of  the  weight  W^ 
whose  centre  of  gravity  G^  is  known.  Let 
the  figure  of  this  body  be  altered,  by  trans- 
posing a  part  whose  weight  is  W„  from  the 
position  E  C  F  to  the  position  F  D  H,  so 
that  the  new  figure  of  the  body  is  A  B  H  K 
Let  G|  be  the  original,  and  G,  the  new 
position  of  the  centre  of  gravity  of  the 
transposed  part  Then  the  moment  of  the 
body  relatively  to  any  axis  in  a  plane  per- 
pendicular to  G,  G,  will  be  altered  by  the 
amount  W,  -Gi  G,;  and  the  centre  of  gravity 
of  the  whole  body  will  be  shifted  to  Gj,  in  a 

direction  Go  G.  parallel  to  Gi  G,,  and  through  a  distance  given 

by  the  formula 

78.  Centra  •fChwTlty  ef  Priam*  a«d  Flat  PlateiL — ^Tho  general  foi> 
mulse  of  Article  74  are  intended  not  so  much  for  direct  use  in 
finding  centres  of  gravity,  as  for  the  deduction  of  formulae  of  a  more 
simple  form  adapted  to  particular  classes  of  cases.  Of  such  the  fol- 
lowing is  an  example. 

The  centre  of  gravity  of  a  right  prism  with  parallel  ends  lies  in 
a  plane  midway  between  its  ends  ;  that  of  a  fiat  plate  of  uniform 
thickness,  which  in  fact  is  a  short  prism,  in  a  plane  midway  between 
its  faces.     Let  such  middle  plane  be  taken  for  that  of  xy ;  any 

point  in  it  0  (fig.  22),  for  the  origin, 
and  two  rectangular  axes  in  it,  0  X 
and  O  T,  for  axes  of  co-ordinates,  to 
which  A  B,  the  transverse  section  of 
the  plate,  is  referred.  Conceive  the 
figure  A  B  to  be  divided  into  narrow 
bands,  by  equi-distant  lines  parallel  to 
one  of  the  axes  of  co-ordinates  0  Y, 
and  at  the  distance  a  x.  apart.  Let  x 
be  the  distance  of  the  middle  line  of 
one  of  these  bands  firom  0  Y,  and 
yi,  y.,  the  distances  of  the  two  extremities  of  that  middle  line  from 
0  X.  Then  the  band  is  approximately  equal  to  a  rectangular  band 
of  the  length  y,  -  y,,  and  breadth  A  x,  the  co-ordinates  of  whose 

centre  are  x,  and  --^^-     Consequently,  if  «  be  the  uniform  thick- 


Fig.  22. 
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necB  of  the  plate,  and  to  its  specific  gravity,  we  Lave  for  a  single 
band, 

area      =         (y>-yi)  ^«  w^of/y; 

volume  =      z  {Vi  —  yS^x  nearly ; 

weight  =zw  z  (y»-yi)  A  a  nearly; 

moment  relatively  to  O  Y, 

=zwzx(f/^-yi)  AX  nearly; 
moment  relatively  to  O  X, 

=  wz   — r —  AX  nearly; 
2 

and  for  the  whole  plate 

area  =  ^'(j/j-f/i)  ^  as  nearly; 

volume  Y  =     «  •  2  (yt- y,)  a  x  nearly; 

weight  W  =  wz'2  (y,-y,)  a  a?  nearly; 
moment  relatively  to  O  Y, 

x^W=zwz  •3«(y,-y,)  AjB 
moment  relatively  to  P  X, 


y^W  =  wz  -3    '^^  A  xnearly; 

oonsequently,  the  co-ordinates  of  the  centre  of 
gravity  of  i^e  plate  (omitting  the  common  factors 
ioz),  are 


SCo  = 


2  •  (y.-yi)^« 


y-  =  2.-(y,-y.)^a."^^^' 


.(1.) 


The  more  minutely  the  cross-section  AB  is  snhdivided  into 
hands,  the  more  nearly  do  these  approximate  formule  agree  with 
the  truth ;  so  that  the  tnie  results  are  the  limits  to  which  the 
results  of  the  approximate  formulee  (1.)  approach  continually  as 
A  2;  hecomes  smaller ;  that  is  to  say,  in  the  notation  of  the  integral 
calculus, 


area 


=  j(yf-yi)^«; 
volume  Y=  «J  (ys-yi) «?«; 
weight  t£?  Y  =  to «  /^(y, - y,)  dx; 


(3.) 
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PBIKGIFIXS  or  8TAXIG& 


.(3.) 


co-ordinates 

of  the 

centre  of  gravity 


...(4.) 


The  foregoing  process  is  what  is  usually  called  by  "writers  on. 
mechanics,  "Jinding  the  centre  of  gravity  of  a  plane  surface;''  but 
this  phrase  ought  always  to  be  understood  to  signify  ^^ finding  ike 
centre  ofgramty  of  a  Jujmageneous  plate  of  uniform  thicknesSy  the  faces 
of  which  arre  plame  surfaces  of  a  gi/oen  figure*' 

79.  Body  widi  flMmiiar  Cw»— occti— . — Let  all  the  cross-sections  of 
a  body  made  by  planes  parallel  to  a  given  p]jane  (say  that  of  x  y), 
be  similar  figures,  but  of  different  sizes.  The  areas  of  the  different 
cross-sections  are  to  each  other  as  the  squares  of  their  corresponding 
linear  dimensions.  Let  (  denote  some  definite  linear  dimension  of 
a  cross-section  whose  distance  from  the  plane  xy  \r  «;,  so  that  its 
area  shall  be 


at-.. 


.(1.) 


a  being  a  constant.     Let  aji,  y„  «,  be  the  co-ordinates  of  the  centre  of 
gravity  of  a  flat  plate  having  its  middle  plane  coincident  with  the 

fLven  cross-section.     Then,  by  reasoning  similar  to  that  of  Articles 
4  and  78,  we  find  the  following  results  for  the  whole  body ; — 


volume 
we 


moments 


V  afrf  dz] 

W^wafs^.  dz; 

x^W  =  waj  x^s^.dz; 
y^W  =zwajyi(^.dz; 
z^W  =zwaf  z  ^.dz; 


..(2.) 


.(3.) 
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»• 


—  Ill 


dz 


dz 


y«  = 


Zo  = 


jfidz 
fzfdz 


/=• 


0?^ 


.(4.) 


When  the  centree  of  all  the  croas-sectioiis  lie  in  one  straight  line, 
as  in  pyramids,  cones,  conoids,  and  solids  of  revolution  geneially, 
the  centre  of  gravity  lies  in  that  line,  which  may  be  taken  as  the 
axis  of  5?,  making  x^  =  0,  yo  =  0;  so  that  z^is^e  only  co-ordinate 
which  requires  to  be  determined 

80.  <!«rT«4i  lUd.— In  fig.  23,  let  R  R  represent  a  curved  rod  so 
dander,  that  its  diameter  may,  without  sensible  error,  be  neglected 
in  comparison  with  its  radius  of  curva- 
ture at  any  point ;  let  a  denote  its 
sectional  area,  unifoim  throughout,  and 
w,  as  usual,  its  specific  gravity ;  so  that 
the  weight  of  an  unit  of  length  of  the 
rod  is tt7a.  Let  OX,  OT,  OZ  be  rect- 
angular axes  of  co-ordinate&  Suppose 
the  rod  to  be  divided  into  arcs,  so  short 
as  to  be  nearly  straight ;  let  the  length  of 
any  one  of  these  arcs  be  denoted  by  a  f ; 
let  S  S  represent  it  in  the  figure,  and 
let  M  be  the  middle  of  its  lengttL    Then 

M  is  nearly  the  centre  of  gravity  of  a  f .  

perpendicular  distance  fix)m  M  to  the  plane  of  y  «. 
short  arc  S  S  we  have, 

weight  ==«;»  A  ;; 

moment  with  respect  to  an  axis  in  the  plane  y  z, 

=:wax  A  *  nea/rly; 
and  for  the  entire  rod, 

"W  =  t«7  a  2  •  A  $1 


Fig.  28. 

Let  MP  =  aj  be  the 
Then  for  the 


moment     .  x^W  =:w  a^  '  x  ^  t  nearly; 

dinateof      \  «.    _,   ^ '  ^  ^ '«^.«ju, . 
of  gravity  T-^'s-r^^^^ 


co-ordinate  of 
centre 


.(1.) 
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and  similar  equations  for  y^  and  z^     Proceeding  by  the  method  of 
limits  as  before^  we  obtain  as  the  exact  formulae — 


.(2.) 


and  similar  equations  for  y^  and  z^  The  foregoing  process  is  what 
is  often  called  by  writers  on  Mechanics,  ^^ finding  ike  centre  of 
gravity  of  a  cwrved  line;^^  but  what  ought  more  properly  to  be 
called,  ^^fimding  tlie  centre  of  gravity  of  a  slender  curved  rod  of 
uniform  thickness." 

81.  Approximate  c«nip«tatimi  of  integraii. — Frequent  reference 
having  been  made  to  the  process  of  integration,  as  being  essential 
to  the  solution  of  most  problems  connected  with  distributed  force, 
the  present  article  is  intended  to  afford  to  those  who  have  not 
made  that  branch  of  mathematics  a  special  study,  some  elementaiy 
information  respecting  it. 

The  meaning  of  the  symbol  of  an  integral,  viz.  :— 


I  udx, 


is  of  the  following  kind: — 

In  ^,  24,  let  AC  D  B  be  a  plane  area,  of  which  one  boundary,  AB, 

is  a  portion  of  an  axis  of  abscissse 
OX,  —  the  opposite  boundary, 
C  D,  a  curve  of  any  figm^, — and 
the  remaining  boundaries  A  C, 
B  D,  ordinates  perpendicular  to 
"^  O  X,  whose  respective  abscissae, 
or  distances  finom  the  origin  O,  are 


Fig.  24. 


O  A  =  a:  OB  =  6. 


Let  ET  =  tt  be  any  ordinate  whatsoever  of  the  curve  0  D,  and 
O'E  =  X  the  corresponding  abscissa.  Then  the  integral  denoted 
by  the  symbol, 


/    u  dx, 


means,  the  a^rea  of  the  figure  A  C  D  B.      The  abscissee  a  and  b 
which  are  the  least  and  greatest  values  of  x,  and  which  indicate 
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the  longitadinal  extent  of  the  area,  are  called  the  UmiiB  of  in- 
te^ratton.  /  but  when  the  extent  of  the  area  is  otherwise  indicated, 
ibe  STmbols  of  those  limits  are  Bometimes  omitted,  as  in  the  pre- 
ceding Articlea 

When  the  relation  between  u  and  a;  is  expressed  by  any  ordinaiy 
algebraical  equation,  the  value  of  the  integral  for  a  given  pair  of 
^ues  of  its  Umits  can  generally  be  found  by  means  of  formul» 
which  are  contained  in  works  on  the  Integral  Calculus,  or  by  means 
of  mathematical  tables. 

Crises  may  arise,  however,  in  which  u  cannot  be  so  expressed  in 
terms  of  x;  and  then  approximate  methods  must  be  employed. 
Those  approximate  methods,  of  which  two  are  here  described,  are 
founded  upon  the  division  of  the  area  to  be  measured  into  bands  by 
parallel  and  equi-distant  ordinates,  the  approximate  computation  of 
the  areas  of  those  bands,  and  the  adding  of  them  together ;  and 
the  more  minute  that  division  is,  the  more  near  is  t^e  result  to 
the  truth. 

FirH  ApproadmatUm, 

Divide  the  area  A  0  D  B,  as  in  fig.  25,  into  any  convenient 
number  of  bands  by  parallel  op- 
dinates,  whose  imiform  distance 
apart  is  ^  a;;  so  that  if  n  be  the 
number  of  bands,  n  -f  1  will  be  the 
number  of  ordinates,  and 


ng.  25. 


o — JU- 

h  —  a  =  n  A  a;, 
the  length  of  the  figure. 

Let  u,  «*,  denote  the  two  ordinates  which  bound  one  of  the 
bands  j  tiien  the  area  of  that  band  is 


vf  +  u' 
2      ' 


A  X,  neaHy; 


and  consequently,  adding  together  the  approximate  areas  of  all  the 
bands, — denoting  the  extreme  ordinates  as  foUows, — 

AC  =z=  w.;  BD  =  u  ; 

and  the  intermediate  ordinates  by  u<,  we  find  for  the  approximate 
value  of  the  integral — 

j\dx=  (^+^-f  S-«,)  A  -x, (1.) 
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Seo9nd  ApproosMnaiion, 

Divide  the  area  AC D B,  as  in  fig.  1%  iato  aji  eom  mimber  of 

bancb,  by  parallel  ordinates,  "whose 
uniform  distance  apart  is  A  0:^     The 
ordinates  are  marked  alternately  by 
plain  lines  and  by  dotted  lines,  so  as 
to  arrange  the  bands  in  pairs.    Con- 
_  sidering  any  one  pair  of  bands,  such 
B    X  as  E  F  H  G,  and  assuming  that  the 
Itg.  28.  curve  F  H  is  nearly  a  parabola,  it 

appears,  ftom  the  properties  of  that  curve,  that  the  area  of  that 
pair  of  bands  is 

o 
in  which  v!  and  w"'  denote  the  pkin  ordinates  E  F  and  GH,  and 
w"  the  intermediate  dotted  ordinate  ;  and  consequently,  adding 
together  the  approximate  areas  of  all  the  pairs  of  bands,  we  find, 
for  the  approximate  value  of  the  integral — 

[  u  d  x=  (u^  +  u^  +  2  "^  '  u^  (plain) 

+  4  2 -w,  (dotted))-^, (2.) 

It  is  obvious,  that  if  the  values  of  the  ordinates  u  required  in  these 
computations  can  be  calculated,  it  is  unnecessary  to  draw  the  figure 
to  a  scale,  although  a  sketch  of  it  maybe  useful  to  assist  the  memoiy. 

When  the  symbol  of  integration  is  repeated,  so  as  to  make  a 
dovhle  irUegraly  such  as 

u'dxdy. 


!!• 


or  a  triple  integral^  such  as 

/  /  I u'dxdj/dZf 
it  is  to  be  understood  as  follows  : — 


Let 


•  =   /  w 


dx 


be  the  value  of  this  single  integral  for  a  given  value  of  y.  Con- 
struct a  curve  whose  abscissae  are  the  various  values  of  y  witlun  the 
prescribed  limits,  and  its  ordinates  the  corresponding  values  of  r. 
Then  the  area  of  that  curve  is  denoted  by 


jv*c?y=//t«  '  dxdy. 
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Next^let  t=jv'dy 

be  the  vahie  of  this  double  iirtegral  for  a  given  value  of  z.  Con- 
struct a  cnrve  whose  abscissae  are  the  various  values  of  z  within  the 
prescribed  limits,  and  its  ordinates  the  corresponding  values  of  t. 
Then  the  area  of  that  curve  is  denoted  by 

/  t.dz^=f  iv'dydz  =  11  J  «*  'dxdydz; 

and  so  on  for  any  number  of  Bncoessive  integrations. 

^2.  C«ntve  iBf  OmvlCf  fmmmA  Wf  Vw^^evtimm* — According  to  the  geo- 
metrical  properties  of  parallel  projections^  as  stated  in  Obiap.  IV., 
Article  62,  a  parallel  projection  of  a  pair  of  volumes  having  a  given 
ratio  is  a  pair  of  volumes  having  the  same  ratio ;  and  hence,  if  a 
body  of  any  figure  be  divided  by  a  system  of  plane  or  other  sur- 
faces into  parts  or  molecules,  either  equal,  or  bearing  any  given 
system  of  proportions  to  each  otiber,  and  if  a  second  body,  whose 
figure  is  a  parallel  projection  of  that  of  the  first  body,  be  divided 
in  the  same  manner  by  a  system  of  plane  or  other  surfaces  which 
are  the  corresponding  projections  of  the  first  system  of  plane  or 
other  surfaces,  the  parts  or  molecules  of  the  second  body  will  bear 
to  each  other  the  same  system  of  ratios,  of  equality  or  otherwise, 
which  the  parts  of  the  first  body  do. 

Also,  the  centres  of  gravity  of  the  parts  of  the  second  body  will 
be  the  parallel  projections  of  the  centres  of  gravity  of  the  parts  of 
the  first  body. 

And  hence  it  follows  (acoordingto  Article  64),  that  iffh&figwres 
of  two  bodies  are  pcvrdud  prqfecUone  of  mck  oik&r^  the  oerUres  of 
gravity  of  these  tfwo  bodies  are  cwnrespondmg  poimJts  in  these  paavUd 
projections. 

To  express  this  symbolically, — as  im  Article  61,  let  Xy  y,  z,  be  the 
co-ordinates,  rectangular  or  oblique,  of  any  point  in  the  figure  of 
the  first  body ;  a/,  y',  z\  those  of  the  corresponding  point  in  the 
second  body ;  x^y  y^,  Zo,  the  co-ordinates  of  the  centre  o£  gravity  of 
the  first  body ;  as^„  \/^  s!^  those  of  the  centre  of  gravity  of  the 
second  body ;  tiien 

^___^.    ^ ^.    ^__   ^ 

«»""«'     Vo  '^    y'     «»    ""    « 

This  theorem  facilitates  much  the  finding  of  the  centres  of  gravity 
of  figures  which  are  parallel  projections  of  more  simple  or  more  sym- 
metrical figures. 

For  example : — ^it  appears,  from  symmetry,  as  in  Art.  72,  that 
the  centre  of  gravity  of  an  equilateral  triangular  prism  is  at  the 
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point  of  intersection  of  the  lines  joining  the  three  angles  of  the 
middle  section  of  the  prism  with  the  middle  points  of  the  opposite 
sides  of  that  section.  But  all  triangular  prisms  are  parallel  pro- 
jections of  each  other ;  hence  the  above  described  point  of  inter- 
section is  the  centre  of  gravity  of  any  triangular  prism. 

Also,  as  in  Art  72,  the  centre  of  gravity  of  a  regular  tetraedron 
is  at  the  point  of  intersection  of  the  planes  joining  each  of  the 
edges  with  the  middle  point  of  the  opposite  edga  But  all  tetrae- 
drons  are  parallel  projections  of  each  other ;  hence  that  point  of 
intersection  is  the  centra  of  gravity  in  any  tetraedron. 

As  a  third  example,  let  it  be  supposed  that  a  formula  is  known 
(which  will  be  given  in  the  sequel)  for  finding  the  centre  of  gravity 

of  a  sector  of  a  circular  disc,  and 
let  it  be  required  to  find  the  centre 
of  gravity  of  a  sector  of  an  elliptic 
disc.  In  fig.  27,  let  AB'  AF  be 
the  ellipse,  A  O  A  =  2  a,  and 
F  0  B'  =  2  6,  its  axes,  and  C  O  IX 
the  sector  whose  centre  of  gravity- 
is  required  One  of  the  parallel  pro- 
jections  of  the  ellipse  is  a  cirde, 
ABAB,whose  radius  is  the  semi-axis 
major  a.  The  ellipse  and  the  circle 
being  both  referred  to  rectangular 
co-ordinates,  with  their  centa:e  as 
origin,  x  and  y  denoting  the  co- 
ordinates parallel  to  O  A  and  O  B  respectively  of  a  point  in  the 
circle,  and  a/  and  ^  those  of  the  corresponding  point  in  the  ellipse, 
those  co-ordinates  are  thus  related : — 


X 


y 


Thi-ough  C  and  D'  respectively  di-aw  E  C  C  and  F  D'D,  parallel 
to  0  B,  and  cutting  the  circle  in  C  and  D  respectively ;  the  m- 
cular  sector  0  O  D  is  the  parallel  projection  of  the  elliptic  sector 
C  O  D'.  Let  G  be  the  centre  of  gravity  of  the  sector  of  iie  circular 
disc,  its  co-ordinates  being 

OH  =  a:,;  HG  =  y,- 

Then  the  co-ordinates  of  the  centre  of  gravity  G'  of  the  sector  of 
the  elliptic  disc  are 

"OH  =  0^0  =  ^c\ 

HG'  =  y'.=ly*^ 

a 
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Fnrfcher  examples  of  the  results  of  this  process  will  be  found  in  the 
next  Article. 

83.  BxampiM  •£  Cenires  •£  GniTity. — ^The  following  examples 
consist  of  formulae  for  the  weight,  the  moment  with  respect  to  some 
specified  axis,  and  the  position  of  the  centre  of  gravity,  of  homo- 
geneous bodies  of  those  forms  which  most  commonly  occur  in 
practice.  In  each  case,  as  in  the  formulee  of  the  preceding  Articles, 
w  denotes  the  specific  gravity  of  the  body,  W,  its  weight,  and  x^  &c., 
the  co-ordinates  of  its  centre  of  gravity,  which  in  the  diagrams 
is  marked  G,  the  origin  of  co-ordinates  being  marked  O. 

A. — Prisms  and  Ctundebs  with  Parallel  Bases. 

The  word  cylinder  is  here  to  be  taken  in  its  most  general  meaning, 
as  comprehending  all  solids  traced  by  the  motion  of  a  plane  curvi- 
linear figure  parallel  to  it8el£ 

The  examples  here  given  apply,  of  course,  to  flat  plates  of  uni- 
form thickness. 

In  the  formulae  for  weights  and  moments,  the  length  or  thickness 
is  supposed  to  be  tmiiy. 

The  centre  of  gravity,  in  each  case,  is  at  the  middle  of  the  length 
(or  thickness) ;  and  the  formulae  give  its  situation  in  the  plane 
figure  which  represents  the  cross-section  of  the  prism  or  cylinder, 
and  which  is  specified  at  the  commencement  of  each  example. 

L  Triangle,    (Fig.  28)  O,  any  angle.     Bisect         ^ 
opposite  side  B  C  in  D.     Join  A  D. 

a,  =  oG  =  I  od: 

W  =  tD'OB  •BOsin..^ODO 

■'  —     • 

2 

IL  Polygon,     Divide  it  into  triangles;  find 
the  centre  of  gravity  of  each;  then  find  their  pjg,  28. 

common  centre  of  gravity  as  in  Art  75. 

IIL  Trapezoid.     (Fig.  29.) 
A  B  II  C  E. 

Greatest  breadth,  A  B  =  B. 
Least  „        C  E  =  6. 

Bisect  AB  in  0,  OE  in  D; 
join  O  D. 

.r^r     OD/        1  B  —  h 
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IV.  Trapezoid.    (Second  solntion.)  (Fig.  30.) 
0,  point  where  inclined  sides  meet     Let  O  F 

3  'ai  — a{ 


««  =  • 


W  =  w' 


sin*  -<-::  0  P  R 


«;.W 


(ootaa-^OAB  +  cotan.^  OBA). 
«,-^T'^'8in«^0rB. 


(ootan  .^  O  A  B  +  cotan  .^  O  B  A). 


Y.  Pa/rabolic  Half- Segment 
(OAB,  fig.  3L)_0,  vertex  of 
diameter  OX;  0A=  «,;  AB 
=  y^  ordinate  ||  tangent  O  C  Y. 


«p 

^~* 

5 
3 

«i« 

y* 

= 

8 

Vi 

Rg.  81. 


2 


YL  Parabolic  JSpandnt.    (OBC,  fig.  31.)    G',  centre  of  gravity. 


3  3 


W  =  -J-  «7  • «!  yi  •  sm  . 


XOY. 


VIL  Circula/r  Sector.    (0  A  C,  &g.  32.)     Let  0  X  bisect  the 
angle  A  OC;  OYJLQX 

Eadius  0  A  =  r 

AC 
Half-arc, to  radius tmity,  o*Xo  ^^  ^* 

2       sin^ 


W 


Fig.  82. 


«^=-3-r-j-;  y.  =  0. 
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VJJ7.  Circular  Ealf'Segrnmt.    (A  B  X,  fig.  32.) 
2  sinW 

^       3      ^  -  sin^cos/ 


1 


4  ain*—  —  sin*  ^  oos  ^ 
3  (^  -  cos  ^  sin  eY* 


W  =  - tOT^(^-cos^siii^). 
IX.  Circulw  SpcmdrU.    (A  D  X,  fig.  32.) 

^"~3'"28m^-Bmtfcostf-  0' 

-     3  sin*  0-2  sin*  ^cos  ^  -  4  sin*  ^ 
yo=5  3''         2sin'^-sintfco8tf-/       * 

(1    ,  ^\ 

sin^—  c^sui^cos^  ""oj* 

X  Sector o/Emg.    (ACFEjfig.  32.)  OAz=r;  OE  =  r. 
2     t^  -  f^    sin  ^ 
^=3'  f^^^r'»  "T" 

■W  =  w(r*  -OA 

XL  EUiptic  Sector,  HcUf-SegrneTU,  or  Sparidril.  Centre  of  gravity 
to  be  found  by  projection  from  that  of  corresponding  circular 
figure,  aa  in  Article  82. 

R — Wedges. 

A  Wedge  is  a  solid  bounded  by  two  planes  which  meet  in  an 
edge,  and  by  a  cylindrical  or  prismatic  surface  {cylindrical,  as 
before,  being  used  in  the  most  general  sense). 

XII.  General  FormtUoB/or  Wedges.  (Fig.  33.)  All  wedges  may 
be  divided  into  parts  such  as  the  figure  here  represented.  GAY, 
OX  Y,  planes  meeting  in  the  edge  O  Y;  AX  Y,  cylindrical  (or  pris- 
matic) surface  i)erpendicular  to  the 
plane  OXY;  OX  A,  plane  triangle 
perpendicular  to  the  edge  O  Yj  O  Z, 
axis  perpendicular  to  XOY.   Let  OX 

=  «, :  X  A  =  ;eri.     Then  z  =  — ; 


xj      ^ 


Fig.  33. 
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/  xy  dx 

I  xf^dx 
2j  aydx 


^  ^=  2  * '     (^^^  ^t  equation  denoting 

that  G  ia  in  the  plane  which  traverses  O  T  and  bisects  A  X.) 

In  a  symmetrical  wedge,  if  0  be  taken  at  the  middle  of  the  edge 
yo  =  O.     Such  is  the  case  in  the  following  examples,  in  each  of 
which,  length  of  edge  =  2  yi. 

XIIL  Eectcmgular  Wedge.     (=  Triangular  Prism.)    (Kg.  34.) 

2 

Fig.84.  *^=    3    **• 

XIY.  Triangular  Wedge.     (=  Triangular  Pyramid,) 

Xa  —    2"  *!• 
XV.  Semicircutwr  Wedge.    (Kg.  36.) 

Radius  OX  =  OT  =  n 


F!g.  86, 


3t 


(ir  =  3  •  U16 
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XVL  Awnulw,  or  HdOow  Smieiniular  Wedge.    (Fig.  37.) 
Extenial  ladliu,  r;  internal,  /. 


^  =  _«,.(^_^)_ 


3i 


i'  — »^ 


*^— 16  V~f^ 

C. — Cokes  and  Ptbaxids. 


F^.  87. 


Let  O  denote  the  apex  of  the  cone  or  pyramid,  taken  as  the 
origin,  and  X  the  centre  of  gravity  of  a  supposed  prism  "whose 
middle  section  coincides  with  the  base  of  the  cone,  or  pyramid. 
The  centre  of  gravity  will  lie  in  the  axis  OX 

Denote  the  area  of  the  base  by  A^  and  the  angle  which  it  makes 
with  the  axis  by  9, 

XYIL  C<mfplae  Cane  or  Pyramid    Let  the  height  OX  =  A; 


^-    i 


3  A. 


^=i 


XvUi.  TrunecUed  Com  or  Pyramid. 
cated  =  A'. 


to  -  A  A  sin  ^. 

Height  of  portion  trim- 


^  =    4 


3     «  -  A'* 


A-  -  A'*' 
W=l«,AA.(l->^) 
D. — ^PoBTioini  OF  A  Sphere. 


smi. 


XIX.  Zone  or  Ring  of  a  Spherical  Shell,  bounded  by  two  conical 
sorfisuses  having  their  common  apex 
at  the  centre  O  of  the  sphere  (fig.  38). 

OX,  axis  of  cones  and  zone. 

^  external  radius  If^^U. 
/,  internal  radins  j 

^^  XO  A  =  «.hatf-angle  of  less  ) 

^XOB=/3,        „     greater  I '^'"^ 
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«,=    -r 


3      r'-r"    coss  +  ooB/S 


4      r"  -  r^ 


W=^ 


(r*  -  r**)  .  (cos  /3  -  cos  itj. 


XX.  Sector  of  a  Hermspherical  Shell.     (C  X  D,  fig.  39.)    O  Y 
bisects  angle  DOC;  -  DOC  =  ^. 


*6=i 

3 

8-  * 

7* 

yo 

3x 
~  16 

f* 

<   * 

Pig,  89. 

84.  HcusMgenMo*  BoAf. — K  a  body  consists  of  parts  of  definite 
figure  and  extent,  whose  specific  gravities  are  different,  although 
each  individual  part  is  homogeneous,  the  centres  of  gravity  of  tihe 
parts  are  to  be  found  as  in  Aiticle  74  and  the  subsequent  Articles, 
and  tlie  common  centre  of  gravity  of  the  whole  as  in  Article  73. 

85.  Ceatre  •£  GraTitr  foa«d  BxperlmeHteUy — The  centre  of 
gravity  of  a  body  of  moderate  size  may  be  found  approximately  by 
experiment,  by  hanging  it  up  successively  by  a  single  cord  in  two 
different  positions,  and  finding  the  single  point  in  the  body  which 
in  both  positions  is  intersected  by  the  axis  of  the  cord.  For  the 
resistance  of  the  cord  is  equivalent  sensibly  to  a  single  force  acting 
along  its  axis  ;  and  as  that  force  balances  the  weight  of  the  body 
when  hung  by  the  cord,  its  line  of  action  must,  in  all  positions  of 
the  body,  traverse  the  centre  of  gravity  of  the  body. 

Section  2. — 0/ Stress,  and  its  JiesuUants  cmd  Centres. 

86.  stMM,  tta  NatoN  aad  iBtewrttr^ — The  word  STRESS  has  been 
adopted  as  a  general  term  to  compi;ehend  various  forces  which  are 
exerted  between  contiguous  bodies,  or  pai-ts  of  bodies,  and  which 
are  distributed  over  the  surface  of  contact  of  the  masses  between 
which  they  act. 

The  Intensity  of  a  stress  is  its  amotmt  in  units  of  force,  divided 
by  the  extent  of  the  smface  over  which  it  acts,  in  units  of  area. 
The  French  and  British  units  of  intensity  of  stress  are  compared 
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in  a  table  annexed  to  this  volume^     The  fotlowing  table  shows  a 
comparison  between  different  British  units  of  intensity  of  stress  : — 

Ponnds  on  the     Ponndi  oo  the 
aqaoTB  foot.         iqiiare  Inch. 

One  pound  on  the  square  inch, 144  1 

One  pound  on  the  square  foot, 1  xir 

One  mch  of  mercury  (that  is,  weight  of  a 

column  of  mercury  at  32*^  Fam*.,  one 

inch  high), 70-78  O-4012 

One  foot  of  water  (at  39°'4  Fahr.), 62425         0-4335 

One  inch  of  water, 5-2021       0-036125 

One   atmosphere,   of  29*922   inches  of 

mercury, 2116-4  14-7 

87.  €!■■■«■  of  mtrem, — Stress  may  be  classed  as  follows  : — 

L  Thrust,  or  Pressvre,  is  the  force  which  acts  between  two  con- 
tiguous bodies^  or  parts  of  a  body,  when  each  pushes  the  other  from 
itself,  and  which  tends  to  compress  or  shorten  each  body  on  which 
it  acts,  in  the  direction  of  its  action.  It  \a  the  kind  of  force  which 
is  exerted  by  a  fluid  tending  to  expand,  against  the  bodies  which 
surround  it. 

Thrust  may  be  either  normal  or  oblique,  relative  to  the  surface 
at  which  it  acts. 

II.  PyUj  or  Tension,  is  the  force  which  acts  between  two  con- 
tiguous bodies,  or  parts  of  a  body,  when  each  draws  the  other 
towards  itself,  and  which  tends  to  lengthen  each  body  on  which  it 
acts,  in  the  direction  of  its  action. 

Pull,  like  thrust,  may  be  either  normoU  or  oblique,  relatively  to 
the  surface  at  which  it  acts. 

IIL  Shear,  or  Tangential  Stress,  is  the  force  which  acts  between 
two  contiguous  bodies  or  parts  of  a  body,  when  each  draws  the  other 
bideways,  in  a  direction  parallel  to  their  surface  of  contact,  and 
which  tends  to  distort  eadi  body  on  which  it  act& 

In  expressing  a  Thrust  and  a  Pull  in  parallel  directions  algebrai- 
cally, if  one  is  treated  as  positive,  the  other  must  be  treated  as 
negativa  The  choice  of  the  positive  or  negative  sign  for  either  is 
a  matter  of  convenience.  In  treating  of  the  general  theory  of 
stress,  the  more  usual  system  is  to  call  a  puU  positive,  and  a  thrust 
n^ative :  thus,  let  p  denote  the  intensity  of  a  stress,  and  n  a 
certain  number  of  pounds  per  square  foot  ]  p  ^n  will  denote  a 
pull,  and  p  =  —  n  a  thrust  of  the  same  intensity.  But  in  treating 
of  certain  special  applications  of  the  theory,  to  cases  in  which  thrust 
is  the  only  or  the  predominant  stress,  it  becomes  more  convenient 
to  reverse  this  system,  calling  thrust  positive,  and  pull  negative. 

The  word  "  Pressure,'*  although,  strictly  speaking,  equivalent  to 
"  thrust,'*  is  sometimes  applied  to  stress  in  general;  and  when  this 
is  the  case,  it  is  to  be  xmderstood  that  thrust  is  treated  as  positive. 
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88.  Wwift  •€  BiigMt  lis  liffimdc — If  to  a  plane  sui£su2e  of 
any  figure,  whose  area  is  S,  there  be  applied  a  stress,  either  normal, 
oblique,  or  tangential,  and  parallel  in  direction  at  all  points  of  the 
surface  (accorcUng  to  the  restriction  stated  in  Art  67),  then  if  the 
intensity  of  the  stress  be  uniform  over  all  the  surface,  and  denoted 
by  j9,  the  amount  or  magnitude  of  its  resultant  will  be 

P=i'S (1.) 

If  the  intensity  of  the  stress  is  not  uniform,  that  amount  is  to  be 

found  by  integration.     For  example,  in 

fig.  40,  let  A  A  A  be  the  plane  surface,  and 

let  it  be  referred  to  rectangular  axes  of 

co-ordinates  in  its  own  plane,  OX,  O Y. 

Conceive  that  plane  to  be  divided  into 

small  rectangles  by  a  network  of  lines 

parallel  to  O  X  and  O  Y  respectively,  and 

let  A  X,  ->  j/f  be  the  dimensions  of  any  one 

"^'  ^'  of  these  rectangles,  such  as  that  marked  a 

in  the  figura    Conceive  a  figure  approximating  to  that  of  the  given 

plane  suriacetobe  composedof  several  of  these  small  rectangles,  so  that 

S  =:  2'^x^ynecvrly; (2.) 

let  p  he  the  intensity  of  the  stress  at  the  centre  of  any  particular 
rectangle,  so  that  the  stress  on  that  rectangle  is 

p  Ax^y  rveanly. 

Then  the  amount  of  the  resultant  stress  is  given  approximately  by 
the  equation 

p  z=  2  *j9Aa;Ay  nearly (3.) 

Then  passing,  as  in  previous  examples,  to  the  integrals,  or  limits 
towards  which  the  sums  in  the  equations  2  and  3  approach  as  the 
minuteness  of  the  subdivision  into  rectangles  is  indefinitely  in- 
creased,  we  find^  for  the  exact  equations. 


The  meom  irUenaUy  of  the  stress  is  given  by  the  following  equation  :- 
p  I \ pdxdy 
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A  convenient  mode  of  representing  to  the  mind  the  foregoing 
process  is  as  follows: — ^In  fig.  41,  let  A  A  be  the  given  plane 
sur&oe;  O  X,  O  Y,  the  two  axes  of  co-ordinates 
in  its  plane ;  O  Z,  a  third  axis  perpendicular  to 
that  plane.  Conceive  a  solid  to  exists  bounded 
at  one  end  by  the  given  plane  surface  A  A, 
laterally  by  a  cylindrical  or  prismatic  surface 
generated  by  the  motion  of  a  straight  line  par- 
allel to  O  Z  round  the  outline  of  A  A,  and  at  i 
the  other  end  by  a  sur£ace  B  B,  of  such  a  figure, 
that  its  ordinate  z  at  any  point  shall  be  proportional  to  the  intensity 
of  the  stress  at  the  point  of  the  suiface  A  A  from  which  that 
ordinate  proceeds,  as  ^own  by  the  equation 


Rg.  41. 


w 


.(6.) 


The  volume  of  this  ideal  solid  will  lie 


V  =  /  /  z'dxdy., 


.(7.) 


So  that  if  it  be  conceived  to  consist  of  a  material  whose  specific 
gravity  is  w^  the  amount  of  the  stress  will  be  equal  to  the  weight 
of  the  solid,  that  is  to  say, 

P=wV (8.) 

If  the  stress  be  of  opposite  signs  at  different  points  of  the  plane 
snr&ce  A  A,  the  surface  B  B  and  the  solid  which  it  terminates 
will  be  partly  at  one  side  of  A  A  and 
partly  at  the  opposite  side,  as  in  fig.  42 ; 
and  in  this  case,  the  two  parts  into 
which  the  solid  A  B  A  B  is  divided  by 
the  plane  X  O  Y,  are  to  be  regarded  as 
having  opposite  signs,  and  Y  is  to  be 
held  to  represent  the  difference  of  their 
volumea 

The  meom  8tre88  of  equation  5  is  evidently 

Po  =  w^ (^0 

in  which  Zq  is  the  height  of  a  parallel-ended  prism  or  cylinder 
standing  on  the  base  AAA,  and  of  volume  equal  to  the  solid 
ABAR 

89.  The  CentM  ef  StMM,  me  of  Prti— me,  in  any  sur&ce,  is  the 
point  traversed  by  the  resultant  of  the  whole  stress,  or  in  other 
words,  the  Centre  of  Parallel  Forces  for  the  whole  stress.  From  the 
principles  already  proved  in  Chap.  IL,  Section  4,  it  follows,  that 


Flg.42. 
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the  position  of  this  point  does  not  depend  upon  the  direction  of  tihe 
stress,  nor  upon  its  absolute  magnitude ;  but  solely  on  the  form  of 
the  surface  at  which  the  stress  acts,  and  on  the  proportions  between 
the  intensities  of  the  stress  at  different  points. 

As  in  Article  88,  conceive  a  figure  approximating  to  that  of  the 
given  plane  surface  AAA  (fig.  40),  to  be  composed  of  several  small 
rectangles ;  let  «  ^  denote  the  angles  which  the  direction  of  the  stress 
makes  with  O  X,  O  Y  respectively.  Then  the  moments,  relative  to 
the  co-ordinate  planes,  Z  O  X,  Z  O  Y,  of  the  components  parallel 
to  those  planes  of  the  stress  on  ^x^y,  are  given  by  the  approxi- 
mate equations. 

Moment  relatively  to  Z O X,     vpaxav    mi  fi\         , 

Summing  all  such  moments,  and  passing  to  the  integral  or  limit  of 
the  sum,  as  in  former  examples,  we  find  the  following  expressions, 
in  which  Xq  and  y©  denote  the  co-ordinates  of  the  centre  of  stress ; 


Po  P-  sin  ^  =  sin  ^  j  j  yp  'dxdy] 
Xq  F ' an. »  =:  BUI  »  j  I  xp'dxdy  f 


:} 


ConsequeDtly  the  co-ordinates  of  the  centre  of  stress  are 

xp 'dxdy 


■w 


J  j p^dxdy 

I  \ yp'dxdy 

Vo  =  y. : 

/  / p'dxdy 

which  are  evidently  the  same  with  the  co-ordinates,  parallel  to 
OX  and  O  Y,  of  the  centre  ofyravUy  of  the  ideal  solid  of  fig.  41, 
whose  ordinates  z  are  proportional  to  the  intensity  of  the  pressure 
at  the  points  on  which  they  stand. 

When  the  intensity  of*  the  stress  is  positive  and  negative  at 
different  points  of  the  surface  AAA,  cases  occur  in  which  the 
positive  and  negative  parts  of  the  stress  balance  each  other,  so  that 
the  total  stress  is  nothing,  that  is  to  say, 

/  /  pdxdy=:  0. 

In  such  cases,  the  resultant  of  the  stress  (if  any)  is  a  couple,  and 
there  is  no  centre  of  stress.  This  case  will  be  further  considered 
in  the  sequel 
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90.  €c«m  •€  VmUknm  Mmm. — If  the  intensity  of  the  stress  be 
muform,  the  factor  p  in  equation  2  of  Article  89  becomes  constant, 
and  may  be  removed  from  both  numerator  and  denominator  of  the 
expressions  for  Xo  and  t/^  which  then  become  simply  the  co- 
ordinates of  the  centre  o/grcmty  qfaJlcU  plate  of  the  figure  AAA. 

This  also  appears  from  the  consideration,  that  the  surface  B  B 
in  fig.  41  becomes  a  plane  parallel  to  A  A,  and  the  solid  A  B  A  B^ 
a  parallel-ended  prism  or  cylinder. 

91.  HeaMBt  mi  UBlfMnaly  Ymrfbm  fltvna.— By  an  WMforndy 
vcvryvng  stress  is  xmderstood  a  stress  whose  intensity,  at  a  given 
point  of  the  sur&oe  to  which  it  is  applied,  is  proportional  to  the 
distance  of  that  point  fi-om  a  given  straight  lina  For  example,  let 
the  given  straight  line  be  taken  as  the  axis  O  Y ;  then  the  foUowing 
equation 

P  =  a«»  (1) 

a  being  a  constant^  represents  the  law  of  variation  of  the  intensity 
of  an  tmif ormly  varying  stress. 

The  amomit  of  an  uniformly  varying  stress  is  given  by  the  equa- 
tion 


P=5  I  f  p'dxdy=za  I  j  x'dxdy. 


.(2.) 


which,  if  the  axis  O  Y  traverses  the  cerUre  of  gravity  of  a  plcUe  of 
the  figure  of  the  w/rface  of  action  AAA,  becomes  equal  to  nothing, 
the  positive  and  negative  values  of  p  balancing  each  other.  In 
this  case,  O  Y  is  called  a  neutral  axis  of  the  suriace  AAA. 

In  fig.  43,  let  AAA  represent  the  plane  siuface  of  action  of  a 
stress;  let  O  be  its  centre  of  gravity  (that  is,  the  centre  of  gravity 
of  a  fiat  plate  of  which  AAA 

is  the  figure);  -YOY  the  "  -y 

neutral  axis  of  the  stress 
applied;  -XOX  perpendi- 
cular to  -YOY,  and  in  the 
plane  of  AAA;  — ZOZ 
perpendicular  to  that  plane. 
Conceive  a  plane  B  B  inclined 
to  AAA  to  traverse  the 
neutral  axis,  and  to  form, 
with  the  plane  AAA,  a  pair 
of   wedges    bounded    by    a 


-3C 


Fig.  48. 


cylindrical  or  prismatic  surface  parallel  to  —  ZOZ.  The  ordinate 
z,  drawn  from  any  point  of  AAA  to  BB,  will  be  proportional  to 
the  intensity  of  the  stress  at  that  point  of  A  A  A,  and  will  indicate 
by  its  upward  or  downward  direction  whether  that  stress  is  positive 
or  negative;  ond^e  nullity  of  the  total  stress  will  be  indicated  by 
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the  equality  of  the  positive  wedge  above  AAA,  and  the  negative 
wedge  below  AAA  The  resultant  of  the  whole  stress  is  a  coaple, 
whose  moment,  and  the  position  of  its  axis,  are  found  in  the 
following  manner,  by  the  application  of  the  process  of  Chap.  ITT., 
Sect  2,  Article  60. 

Let  »,  fi,  7)  be  the  angles  which  the  direction  of  the  stress  makes 
with  OX,  OY,  OZ,  respectively.  Let  Ax^y  denote,  as  before, 
the  area  of  a  small  rectajigular  portion  of  the  surface,  x,  y,  the  co- 
ordinates of  its  centre  (for  which  «  =  0),  and  p^ax,  the  intensity 
of  the  stress  on  it,  so  that 

a'B=pax  Ay  =  axAXAy 

is  the  force  acting  on  this  rectangle. 

The  moments  of  this  force  relatively  to  the  three  axes  of  oo-ordi' 
nates,  are  found  to  be  as  follows,  by  nutlring  the  proper  substitutions 
in  equation  2  of  Article  60 : — 

round  OX;  ^P'^oosy; 
„     OY; — AP'«cosy; 
„       OZ;  A^(xcoBfi  —  yooR»). 

Summing  and  integrating  those  moments,  the  following  are  found 
to  be  the  total  moments : — 

round  OX;  Mt  =  a  'cosy  f  j  aydxdy 

„       OY;M,  =  —  acoay  f  f  x^'dxdy  1(3.) 

„       OZ;  M,  =  a  jcos/8  f  f a^'dxdy  — cob tt  f  IxydxdyX 

For  the  sake  of  brevity,  let 

j  ja^'dxdy=zl;  f  f  xy'dxdy=zK; (3a.) 

then,  as  in  equation  7  of  Article  60,  we  find,  for  the  moment  of 
the  resultant  couple, 

M  =  a-  V(Mf  +  MJ+MJ) 
=  a-  V{(I'  +  K:«)co8*y  +  P-cos*/3  +  K«-cos«* 
~2IK*cos«-cos/3.} 
=:a  7(P  •  sin* «+  K»  •  sin'  /s—  2  I K  -cos  «  oos/3);...(4.) 
and  for  the  angles  x,  ^,  »,  made  by  the  axis  of  that  couple  with  the 

axes  of  co-ordinates,  we  $nd  the  angleswhose  cosines  are  as  follows: 

^      M,  M,  U. 

COSX  =  _;  COS^  =  ^^  COS,  =  -^ (5.) 
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The  foUoiHDg  equation  is  easily  verified : — 

GOS«COSX  +  0O6i9  008^  +  COS  y  COS  »  =  0 (5  a), 

This  indicates  what  is  of  itself  obvious;  that  the  axis  of  the  resul- 
tant couple  M  is  perpendicular  to  the  direction  of  the  stress. 

The  following  form  is  often  the  most  convenient  for  the  constant 
a,  liet  pi  be  the  intensity  of  the  stress  at  some  fixed  distance,  a^ 
from  the  neutral  axis;  then 

•  =  !' (6-) 

92.  ]il«BWBt  •€  BoBdUag  (Hmmi — ^If  the  uniformly  varying  stress 
be  normal  to  the  surface  at  which  it  acts ;  that  is  to  say  in  symbols, 

^  cos  »  =  0;  coe/3  =  0;  cosy  =J],". (L) 

then  it  is  evident  that 

M*=0;oost  =  0; (2.) 

or  in  words,  that  the  axis  of  the  resultant  couple  is  in  the  plane  of 
the  sur&ce  AAA.  Such  a  stress'  as  this  is  called  a  bending  ««r«w, 
for  reasons  which  will  be  explained  in  treating  of  the  strength  of 
materials.  The  equations  of  Article  91,  when  applied  to  this  case, 
become  as  follows : — 

M,=saK:;  M,=  — al, 

M  =  a- V(l'-rK-); 
cos  X  =  sin  ^  =        K 

coB/*  =  sinXss      — I 

•  *•  tan^= — —  ; 

If  the  figure  AAA  is  eymmetrical  on  either  side  of  the  axis 
OX,  then  for  every  point  at  which  y  has  a  given  positive  value, 
thei4  is  a  corresponding  point  for  which  y  has  a  negative  value  of 
equal  amount ;  so  that  for  such  a  figure 

Kl=  I  j  xy'dxdy=zOy 

and  the  same  equation  may  be  fulfilled  also  for  certain  imsymmc- 
trical  figures.     In  this  case  we  have 

Mi=0;  M  =  M2  =  — aI;A*  =  0; (4.) 

BO  tliat  the  axis  of  tbe  couple  coincides  with  the  neutral  axis. 


.(3.) 
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93.  niMiMM  •f  Twtettef  mtrem, — If  the  stress  be  tangential,  its 
tendency  is  dbviouslj  to  tioist  the  sur&ce  AAA  about  the  axis 
O  Z.     In  this  case  we  have 

cosy=rO;  cos«  =  sin3;  cos /3  =  siim  ; 
Mi  =  0;  M,=:0; 
M  =  M,  =  a  (I  sin  «  —  El  cos  «) ; 
cosA  =  0;  cos^  =  0;  cosy  =  l. 

In  the  cases  referred  to  in  Article  92,  for  which  K  =  0,  we  find 
M  =  al8in«; (2.) 

so  that  in  these  cases  it  is  only  the  component  of  the  stress  parallel 
to  the  neutral  axis  which  produces  the  twisting  couple. 

94.  Centre  of  iiBUbrmif  Taxrinf  sireM. — ^Wben  the  amount  of 
an  uniformly  varying  stress  has  magnitude,  that  stress  may  be  con- 
sidered as  made  up  of  two  parts,  viz. : — 

First,  an  uniform  stress,  whose,  intensity  is  the  mean  intensity  of 
the  entire  stress,  and  whose  centre  is  the  centre  of  gravity,  O,  of 
the  surface  of  action.  As  in  Article  88,  equation  5,  this  mean 
intensity  may  be  represented  by 

P         total  stress  ,-  . 

^«  =  IT  =  -^^^ ^^•> 

Sec<mdly,  an  uniformly-varying  stress,  whose  neutral  axis  tra- 
verses O,  whose  amount  is  =  0,  and  whose  intensity,  p',  at  a  given 
point,  is  the  deviation  of  the  intensity  at  that  point  from  the  mean ; 
so  that  the  intensity  of  the  entire  stress  is  given  by  the  equation 

p=Po  +  P^^Po  +  »«• (2.) 

Let  M  be  the  moment  of  this  second  part  of  the  stress;  its  effect, 
as  has  been  already  shown  in  Ai'ticle  60,  case  2,  is  to  shift  the 
resultant  P  parallel  to  itself  through  a  distance 

L  =  f (3.) 

to  the  opposite  side  to  that  whose  name  designates  the  tendency  of 
the  couple  M ;  and  the  direction  of  the  line  L  is  perpendicular  at 
once  to  that  of  the  stress,  and  to  that  of  the  axis  of  the  couple  M. 

The  CD-ordinates  relatively  to  the  point  O  of  the  centre  of  stress 
as  thViS  shifted,  being  the  point  where  the  line  of  action  of  the 
shifted  resultant  cuts  the  plane  of  AAA,  are  most  easUy  found  by 
adapting  the  equation  2  of  Art.  89  to  the  present  case,  as  follows: — 
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perpendicular  1^  j  jxp*'dxdy      ajjaf^dxdy      al 

neutral  axis  )  ^  P  P  ' 


along  the 
neutxtd  axis 


po  = 


/  /  yp''dxdy     aj  \  xy  dxdy 


aK 
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(^.) 


The  angle  i  which  the  line  joining  O  and  the  centre  of  stress 
makes  witii  the  neutral  axis  OY,  is  that  whose  cotangent  is 

cotan  $  =-^^  ^ (5.) 

This  line  will  be  called  the  axis  conjugate  to  the  neutral  axis 
—  Y  O  Y.    When  K  =  0^  it  is  perpendicular  to  the  neutral  axis. 

95.   mmmmmtm  of  ImtcIa  of  m  SvAmo. — The  integral  I  =  j   \   «* 

•dxdy  is  sometimes  called  the  moment  of  inertia  of  the  surface 
AAA  relatively  to  the  neutral  axis  —  YOY.  This  is  a  term 
adopted  from  the  science  of  Dynamics  for  reasons  which  will  after- 
waids  appear.  The  present  Article  is  intended  to  point  out  certain 
relations  which  exist  amongst  the  moments  of  inertia  of  a  plane 
b-ur&ce  of  a  given  figure  relatively  to  different  neutral  axes ;  a 
knowledge  of  which  relations  is  useful  in  the  determination  of  the 
moment  of  a  bending  or  twisting  stress. 

Let  A  A  in  fig.  44  represent  a  plane  surface  of  any  figure,  O  its 
centre  of  gravity,  YOY,  XOX^  a  pair  of  rectangular  axes  crossing 
each  other  at  O,  in  any  position. 

Taking  YOY  as  a  neutral  axis,  let 
the  moment  of  inertia  relatively  toit  be 

I  =  /  /  «*  'dxdy; 

let  the  moment  of  inertia  re- 
latively to  X OX  as  a  neutral 
axis  be 

^  ^  J  J  ^  '^^^y^ 

and  let 

Kl  =  /  /  xydxdy. 

Now  let  Y'O  Y',  X'OX',  be  a  new  pair  of  rectangular  axes,  in 
any  position  making  the  angle 


YOY'  =  XOX'  =  /8 
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with  the  original  pair  of  axes ;  and  let 

r  =  f  jx"'da!di/; 

J  =  fjt/''d^dy';      ^  (2.) 

K'  =z  j  jxy-dafd^. 

The  following  relations  exist  between  the  original  oo-ordinates, 
ar,  yy  of  a  given  point,  and  the  new  co-ordinates  a/,  y',  of  the  same 
point; 


a/  =zxcosfi  —  y  sin  /8;  1 

y^zzzxidnfi  +  yco8/8;> ,...(3.) 

a/*  +  ^  =zx*  +  f^.         ) 


(This  last  quantity,  which  is  the  square  of  the  distance  of  the 
given  point  from  O,  is  what  is  called  an  Isotropic  Function  of  the 
co-ordinates ;  being  of  equal  magnitude  in  whatsoever  position  the 
rectangular  co-ordiijates  are  placed) 

From  the  equations  ^3),  the  following  relations  are  easily  deduced 
between  the  original  mtegrals  I,  J,  K,   and  the  new  integrals 

r  =  I  -cos^/S  +  J-sin*/3—  2  K  •  cos  i9  sin/8;) 

J'  =  I  •  sin*  /3  +  J  •  cos*  /3  +   2  K  •  cos  fi'mnfi;  }  ...(4.) 

K:'  =  (I  — J)cos/8'sini8+  K  (cos jS  —  sin*  A)  j 

Also,  the  following  functions  of  those  integrals  are  found  to  be 
isotropic; 

I  +  J  =  r  +  J'  =  I J  (a;*  +  y»)  •  dxdy (5.) 

(called  the  polar  moment  of  inertia) ; 

.       IJ  —  K*  =  r  J'  —  K« (6.) 

Equation  5  may  be  thus  expressed  in  words  : — 

Theorem  I.  The  sum  of  the  moments  of  inertia  of  a  ew/ace 
reUuivdy  to  a  pair  of  rectan,guUvr  neutral  axes  is  isotropic. 

Equations  5  and  6  in  conjunction  lead  to  the  following  conse* 
quences.  Because  the  sum  I'  +  J'  is  constant,  T  must  be  a 
maximum  and  J'  a  minimum  for  that  position  of  the  rectangular 
axes  which  makes  the  difference  T  —  J'  a  maximum.     And  because 


(r  —  J7  =  (I'  +  J')*—  4  r  J', 

Q  of 
J'- 
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I'  —  J'  must  be  a  maximum  for  that  paction  of  the  axis  which 
makes  1!  3'  a  minimum.     But  by  equation  6, 1!  J'  —  K'*  is  constant 
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for  all  positions  of  the  axes;  therefore  when  K.'  =  0,  I' J'  is  a 

minimiim,  I' J'  a  TnaTii-nnni^  I'  a  TnATiTnnm^  and  J'  a  Tninimnni. 

Hence  follows,  in  the  first  place, 

Theobek  IL  In  every  plane  enrfaoe  there  is  a  pair  of  reU- 
angular  netUral  axes  /or  one  of  which  the  moment  of  inertia  is 
greaier,  and  for  the  oOier  less,  than  for  offiy  oUter  nefuiral  aads. 

These  axes  are  called  Principal  Axes.  Let  I|,  Ji,  he  the  maximum 
and  minimum  moments  of  inertia  relatively  to  them,  and  let  ^  be 
the  angle  which  their  position  makes  with  the  originally-assumed 
axes ;  then  because  K,  =  0,  we  have,  &om  the  third  of  the  equa- 
tions (4) 

.      o /.         2co8^sin^       — 2K  ,^. 

*^  2  ^  =  eo8'<»-aia'g  =  r^j (^O 

and  because  Ii  +  J,  =  I  +  J,  and  I,  J,  =  I J  —  K*,  we  have,  by 
the  solution  of  a  quadratic  equation. 


•{&) 


The  position  of  the  principal  axes,  and  the  values  of  I„  J„  being 
once  known,  the  integrals  P,  J',  K',  for  any  pair  of  axes  which  make 
the  angle  fi^  with  the  principal  axes,  are  given  by  the  eqi^tions 
r  =  I,  COS*  /flT  +  J,  8in«  fi;      ) 

J'=I,sin«/9r  +  Jjcos^/y;      } (9.) 

K'  =  (I,  —  J,)coa^mifif.    ) 

If  I,  =  Ji,  then  r  =  tT  =r  I„  and  K'  =  0,  for  all  axes  whatso- 
ever; and  the  given  figure  may  be  said  to  have  its  moment  of 
inertia  compUtdy  isotropic, 

Next,  as  to  Conjugate  Axes,  By  equation  5,  Article  94,  we  have 
for  the  angle  whidi  the  axis  conjugate  to  O  Y  makes  with  0  Y 

cotan  0  =r  -  - . 

I*or  the  principal  axes,  K  =  0,  cotan  ^  =  0,  and  ^  is  a  right 
angle ;  from  whidi  follows— 

Theorem  III.  The  principal  axes  are  conjugate  to  each  other: — 
that  is,  if  either  of  them  be  taken  for  neutol  axis,  the  other  will 
be  the  conjugate  axis. 

Eetuming  to  equation  4  of  the  present  Article,  let  us  suppose, 
that  the  axis  conjugate  to  the  originally  assumed  neutral  axis  Y  O  Y, 
has  been  determined,  and  that  its  position  is  Y'O  Y',  bo  that 

i9  =  A 
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Let  ihifl  conjugate  axis  be  assumed  as  a  new  neutral  axis.  Then  tHe| 
integrals  T,  J',  K',  belonging  to  it  are  detennined  hj  substituting 
^  for  /3  in  the  equation  4;  that  is,  by  substituting  for  cos  fi  aixol 
sin  fi,  the  values  of  cos  ^  and  sin  ^  in  terms  of  K  and  I,  viz. : — 


cos  ^  =  • 


sin  ^  = 


which  substitution  having  been  made,  we  find 

I(IJ-K') 
^ FT  K* 

^-     r  +  K* 

Now  let  it  be  required  to  find  the  angle  f,  which  the  new  eon- 
jugate  axis  makes  with  the  new  netUral  axis  Y'O  Y'.  This  angle 
is  given  by  the  equation 


.(10.) 


cotan  ^  =  -.=7-  =  - 


^  —  cotan  f, 


K 

r  — ^  I 

whence 

«'=-*, (11) 

or  in  words, 

Theorem  IT.  If  the  axis  conjugate  to  a  given  neutrai  axis  he 
taken  as  a  new  neutral  axis,  the  original  neutral  axis  will  he  the  new 
conjugate  axis. 

The  following  mode  of  graphically  representing  the  preceding 
theorems  and  relations  depends  on  well 
known  properties  of  the  ellipse. 

In  fig.  45,  let  O  Xj  O  Y,  perpendicular 
to  each  other,  represent  the  priQcipal  axes 
of  a  surface.     With  the  semi-axes, 


a  =  O  X,  =  Jl,   ) 
h  =  0Y,=  J3,) 

describe  an  ellipse,  so  that  the  square  of 
each  semi-axis  shall  represent  the  moment 
of  inertia  round  the  other. 

Let  the  semidiameter  OY'  be  drawn  in  the  direction  of  any 
aasimied  neutral  axis,  and  let  .^^  YjO  Y'  =  /3'.     Draw  00,  the 


Fig.  45. 
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Gemidiameter  conjugate  to  OT',  so  that  the  tangent  CT  shall  be 

parallel  to  OY'.  Let  CT  =  ^,  and  let  the  normal  OT  s=  n.  Then 
it  is  well  known  that 

?»«  =  »•  •COS* /J'  +  ft'sinV;    ) 

andtihat  I (13.) 

nt  =  (a*  —  ^•)«cos/9^*sini8';  j 

consequently^  comparing  this  equation  with  the  equation  9,  we  find, 

T=n''.  ] 

|=r'  (1^.) 

cotan  ^  =  -=-  =  -  =  cotan  Y'O  C; 
X         n  ) 

so  that  the  square  of  the  normal  O  T  represents  the  moment  of 
inertia  for  the  neutral  axis  O  y,  and  the  semidiameter  00  con- 
jugate to  OT'  is  also  the  conjugate  axis  of  the  neutral  axis  O  Y\ 
and  vice  versd. 

In  finding  the  moment  of  inertia  of  a  surface  of  complex  figure, 
it  may  sometimes  be  desirable  to  divide  it  into  parts,  each  of  more 
sinaple  figure,  find  the  moment  of  inertia  of  each,  and  add  the 
results  together. 

In  a  case  of  this  kind,  the  neutiul  axis  of  the  whole  surface  will 
not  necessarily  traverse  the  centre  of  gravity  of  each  of  its  parts, 
and  it  becomes  necessaiy  to  use  formulse  for  finding  the  moment  of 
inertia  of  a  figure  relatively  to  an  axis  not  traversing  its  centre  of 
gravity. 

Let  O  Y  denote  suchi  an  axis,  x  the  distance  of  any  point  of  the 
given  figure  fix)m  it,  and  Xq  the  distance  of  the  centre  of  gravity  of 
the  given  figure  from  the  axis  O  Y.  Through  that  centre  of  gravity 
conceive  an  axis  O'  Y'  to  be  drawn  parallel  to  O  Y  ;  the  point  which 
is  at  the  distance  x  from  O  Y,  is  at  the  distance 

sxf  ^=  X  —  Xo 
from  O'Y'. 

The  required  moment  of  inertia  is 

I  =  J  I  dfdxdyi 

but  ai  =  a:J  +  2aj^a/  +  iB"; 

th^^fore, 

1  =  0^8  +  2x0  j  j  of 'dxdy-\-  f  j  x'^'dxdy; 

and  because  O'Y'  traverses  the  centre  of  gravity  of  S, 

JJsif'dxdi/=0; 
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80  that  the  middle  term  of  the  expreasioiL  for  I  vanishes,  leaving 

l  =  aiB  +  fjaf^'dxdf/; (15.) 

or  in  words, — 

Theorem  Y.  Tlte  momeni  of  inertia  of  a  surface  reUUivdy  to  an 
axia  not  traversiruf  its  cerUre  of  gravity  is  greater  than  ike  moment  of 
iiMTtia  romid  a  parallel  axis  Praversvng  its  cerUre  of  gravity  ^  hy  the 
prodv/^  of  the  area  of  the  surface  itdo  the  sqva/re  of  ike  distance  between 
those  ttoo  aaces. 

The  following  is  a  table  of  the  principal  (or  maxima  and  minima) 
moments  of  inertia  of  surfaoes-of-action  of  stress  of  those  figures 
which  most  commonly  occur  in  practice  : — 

«s_^  Maximnm  I,  Minimnm  Ji 

*^«™^  (neatralaxisOTO.  (neutral  axia  OX). 

I.  Eectakgle. — ^Length  along  OX, )  It^b  kl^ 

A;  breadth  along  OY,  6 /  Y2'  12 


IL  Square. — Side  =  h. 


h^  ^ 
12  12 

III.  Ellipse. — Longer  axis,  h )         yA*6  rkV 

Shorter  axis,  6 j         ~Bi"  64 

lY.  Circle.— Diameter,  h ^  ^ 

Y.  Hollow  symmetrical  figures;  sub- 
tract I  or  J  for  inner  figure,  from 
I  or  J  for  outer  figure. 

YL  Symmetrical  assemblage  of  rec- 
tangles; dimensions  of  any  one 
^  II  ^  ^  II  y ;  distance  of  its  centre 
from  0  Y,  aii, ;  from  OX,  yo 


h*h  hV 

'•"12"        =-Tr 


Section  3. — Of  Internal  Stress,  its  Composition  and  Eesolvtion, 

96.  lMi0nwi  stMM  !■  GeHtcnO. — If  a  body  be  conceived  to  be 
divided  into  two  parts  by  an  ideal  plane  traversing  it  in  any 
direction,  the  force  exerted  between  those  two  parts  at  the  plane  of 
division  is  an  internal  stress.  The  finding  of  the  resultant,  and 
of  the  centre  of  stress,  for  an  internal  stress,  depend  upon  the 
principles  relating  to  stress  in  general,  which  have  been  explained 
in  the  last  section.  The  present  section  refers  to  a  different  class 
of  problems,  viz.,  the  relations  between  the  different  stresses 
which  can  exist  together  in  one  body  at  one  point 
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A  body  may  be  divided  into  two  parts  by  a  plane  traversing  a 
given  point,  in  an  indefinite  number  of  ways,  by  varying  £he  angular 
position  of  the  plane ;  and  the  stress  which  acts  between  the  two 
parts  may  vary  in  direction,  or  intensity,  or  in  both,  as  the  position 
of  the  plane  varies.  The  object  of  the  present  section  is  to  show 
the  laws  of  such  variation  ;  and  also  the  effect  of  applying  different 
stresses  simultaneously  to  one  body. 

The  investigations  in  this  section  relate  strictly  to  stress  of 
U7ii/hrm  intensity  ;  but  their  results  are  made  applicable  to  stress  of 
variable  intensity  to  any  required  degree  of  accuracy,  by  sufficiently 
contracting  the  space  under  consideration,  so  that  the  variations  of 
the  stress  within  its  limits  shall  not  exceed  the  assigned  limits  of 
deviation  from  uniformity. 

97.  Staiple  flCTMs  and  Its  BTemial  Inteasltir. — A  simple  stress  is  a 
pull  or  a  thrust  In  the  following  investigations  a  pull  will  be 
treated  as  positive,  and  a  thrust  as  n^ative. 

In  fig.  46,  let  a  prismatic  solid  body,  or  part  of  a 
solid  body,  whose  sides  are  parallel  to  the  axis  O  X, 
be  kept  in  equilibrio  by  a  pull  applied  in  opposite 
directions  to  its  two  ends,  of  uniform  intensity,  and 
of  the  amount  P. 

Liet  an  ideal  plane  A  A,  perpendicular  to  0  X, 
be  conceived  to  divide  the  body  into  two  parts,  and 
let  the  area  of  that  plane  of  section  be  S.  That 
each  of  these  parts  may  be  in  equilibrio,  it  is 
necessary  that  they  should  act  upon  each  other,  at 
the  plane  of  section  A  A,  with  a  pull  in  the  direction  Fig.  46. 

O  X,  of  the  amoxmt  P,  and  of  the  intensity 

P 

This,  which  is  the  intensity  of  the  stress  as  distributed  over  a  plane 
normal  to  its  direction,  may  be  called  its  normal  intensity, 

98.  BedacUon  of  Staple  SlreM  to  wm  OkUqno  Plane. — Next,  let 
the  plane  of  section  be  conceived  to  have  the  position  B  B,  oblique 
to  O  X ;  let  O  !N"  be  a  line  normal  to  B  B,  and  0  T  a  line  at  the 
intersection  of  the  planes  B  B  and  X  O  iN".  Let  the  obliquity  of 
the  plane  of  section  be  denoted  by 

^  =  ^XON=^TOA 

The  two  parts  into  which  B  B  divides  the  body  must  exert  on 
each  other,  as  in  the  former  case,  a  pull  of  the  amoimt  P,  and  in 
the  direction  0  X  3  but  the  area  over  which  that  pull  is  distributed 
is  now 
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areaBB  =  -^! 

consequently^  the  intensity  of  the  stress,  as  reduced  to  the  obliqve 
plane  ofsectiony  is 

Poostf 

jPr  = g =i?.-C0S^ 


99.  BcMlattoB  •r  ObU««e  Binm  iMt*  "KwrmA  mmA  Tmm^ewMtA 
C^m^vmemMM. — The  oblique  stress  P  on  the  plane  of  section  B  B  may 
be  resolved  by  the  principles  of  Articles  55^  57,  into  two  compo- 
nents, viz.  : — 

Normal  component  a- )  V  co&  S» 

long  ON, J  ' 

Tangential  component )  P  sin  ^  • 

along  OT, J  ' 

and  the  intensities  of  these  components  are, 

Normal ;       p^  =Pr  «>s  ^  =  j?^' cos*  $;       )  y,  ^ 

Tangential;  ^,=jp,. sin  ^=p,' cos ^ sin ^/ ^  '^ 

Suppose  another  oblique  plane  of  section  to  cut  the  body  at  right 
angles  to  B  B,  so  that  its  obliquity  is 

and  let  the  intensity  of  the  stress  on  the  new  plane  be  denoted  by 
accented  letters ;  then 

;?',  =  ;>^  •  cos V  =  p^  •  sin'  ^ ; )  .^  v 

Pt  =  Pi'>P»+P'n=PM;         )  ^  '^ 

so  that  we  obtain  the  following 

Theoreil  On  a  pair  of  platies  of  section  whose  oMiquUies  are 
together  eqtud  to  a  right  a/ngte,  the  tangential  components  of  a  simple 
stress  are  of  equal  intensity y  a/nd  tJie  intensities  of  the  Twrmal  cotnr 
ponents  are  together  eqtud  to  the  normal  intensity  of  the  stress. 

100.  c*mp«wid  BiNM  is  that  internal  condition  of  a  body  which 
is  made  by  the  combined  action  of  two  or  more  simple  stresses  in 
different  directions.  A  compound  stress  is  known  when  the  direc- 
tions and  the  intensities,  relatively  to  given  planes,  of  the  simple 
stresses  composing  it  are  known.  The  same  compound  stress  may 
be  analyzed  (as  the  ensuing  Articles  will  show)  into  groups  of  simple 
stresses,  in  different  ways ;  such  groups  of  simple  stresses  are  said 
to  be  equivalent  to  each  other.  The  problems  of  finding  of  a  group 
of  stresses  equivalent  to  another,  and  of  determining  the  relations 
which  must  exist  between  co-existing  stresses,  are  solved  by  con- 
sidering the  conditions  of  equilibrium  of  some  internal  part  of  the 
solid,  of  prismatic  or  pyramidal  figure,  bounded  by  ideal  planes. 
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101.  t^mhe  mf  Cma^t^gatB  Biiuwiji. — ^Thbobeil  If  the  8lre89  an  a 
given  plane  in  a  body  be  in  a  gwen  dtrediony  the  stress  an  any 
plane  pa/rattd  to  that  directium  must  he  in  a  dwrsction  parallel  to 
the  Jtrst-meTttioned  pUme. 

In  fig.  47,  let  YOY  represent,  in  section,  a  given  plane  tra- 
versing  a  body,  and  let  the  stress  on 
that  plane  be  in  the  direction  X  O  X« 
Consider  the  condition  of  a  prismatio 
portion  of  the  body  represented  in  sec- 
tion by  ABCD,  bounded  by  a  paur 
of  planes  AB,  D  C,  parallel  to  the  given 
plane,  and  a  pair  of  planes  A  D,  B  C, 
parallel  to  each  other  and  to  the  given 
direction  XOX,  and  having  for  its 
axis  a  line  in  the  plane  YOY,  catting  "^  Rg.  47. 

XOX  in  O. 

The  equal  resultant  forces  exerted  by  the  other  parts  of  the  body 
on  the  faces  AB  and  D  0  of  this  prism  are  directly  opposed,  their 
common  Une  of  action  traversing  the  axis  O  ;  and  they  are  there- 
fore independently  balanced.  Therefore  the  forces  exerted  by  the 
other  parts  of  the  body  on  the  faces  A  D  and  B  0  of  the  prism 
must  be  independently  balanced,  and  have  their  resultants  directly 
opposed;  which  cannot  be  unless  their  direction  is  parallel  to  the 
plane  YOY.     Therefore,  Ac.— Q.  E.  D. 

A  pair  of  stresses,  each  acting  on  a  plane  parallel  to  the  direction  of 
the  other,  are  said  to  be  conjugale.  In  a  rigid  body,  it  is  evident  that 
their  intensities  are  independent  of  each  other,  and  that  they  may 
be  of  the  same,  or  of  opposite  kinds : — a  pair  of  pulls,  a  pair  of 
thrusts,  or  a  pull  and  a  thrust 

In  those  cases  (of  frequent  occurrence  in  practice)  in  which  the 
planes  of  action  of  a  pair  of  conjugate  stresses  are  both  perpendi- 
colar  to  the  plane  which  contains  their  two  directions,  their  obh- 
qnity  is  the  same,  being  the  complement  of  the  angle  which  they 
make  with  each  other. 

102.  Three  €*^i«gaie  tSiiu—tie  may  act  together  in  one  body,  the 
direction  of  each  being  parallel  to  the  line  of  intersection  of  the 
planes  of  action  of  the  other  two;  and  in  a  rigid  body,  the  kinds 
and  intensities  of  those  stresses  are  independent  of  each  other. 
Thus,  in  fig.  47,  if  X  OX  and  YOY  represent  the  directions  of 
two  stresses,  each  acting  on  a  plane  which  traverses  the  direction 
of  the  other,  the  intersection  of  those  planes  (which  may  make  any 
angle  with  XOX  and  YOY),  will  give  a  third  direction,  being 
that  of  a  third  stress  of  either  kind  and  of  any  intensity,  which 
may  act  on  the  plane  X  O  Y,  and  will  be  conjugate  to  each  of  the 
other  two. 
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Three  is  the  greatest  number  of  a  group  of  conjugafce  stresses ;  foir 
it  is  evidently  impossible  to  introduce  a  fourth  stress  which  shall  be 
conjugate  at  once  to  each  of  the  other  three. 

The  relations  between  the  three  angles  which  the  directions  o£ 
three  conjugate  stresses  make  with  each  other,  the  three  obliquities 
of  those  stresses  (being  the  angles  which  they  make  with  the  per- 
pendiculars to  their  respective  planes  of  action),  and  the  three  angles 
which  those  perpendiculars  make  with  each  other,  as  found  by  the 
ordinary  rules  of  spherical  trigonometry,  are  given  by  the  following 
formulsB. 

General  Case.    Let  Xy  y,  z,  denote  the  directions  of  the  three 
conjugate  stresses; 

AAA,,.,..  _       , 

y  ZyZXy  xy,  their  inclinations  to  each  other; 

Uy  V,  w,  the  directions  of  the  peipendiculars  to  their  planes  of 
action,  so  that  u  -J-  plane  yZyV-^  plane  «  a;,  to  -J-  plane  xy, 

vWy  wuy  uVy  tho  incliiiations  of  those  perpendiculars  to  each 
other ; 

AAA 

uxy  vy,  wzy  the  respective  obliquities  of  the  stresses. 
Then  those  nine  angles  are  related  as  follows : — 

Let  1  — coeryz  —  co^  zx  —  cos'ajy  +  2  coa  yz  coa  zx  cos  xy 

^  =0; (1.) 

Then 

,  ^  AAA 

^  JC  A       cos;9;a;*cosa;^  —  cosy« 

«^^^=  .     A^    .     Al<^^^= .     A  A  i 

smzx'smxy  siD.zx*smxy 

,  „  AAA 

.     f^  JG  A       coaxv'coayz  —  cos«a?    i  /ei\ 

«^*<'^  =  TA  A-><^^^= A      A i    r(2-) 

emxyanyz  ahixy  ^anyz 

^  J  C  A       cos  y  z  '  cos  zx  —  cos  xy 

an  wt?  =-;—j^ X  >  ^8  ^^= A A ' 

smyz'Oiizx  amyz  '  anzx 

A          ^/0              A           /C             A            /C        ,,, 
coBux=:    ^  ^  ;  ooavyss    ^  ^  ;  coa  wz=    ^  -^ (3.) 

sin  2^  ;s;  sin  xr  a;  ain  xy 

KESTRicrrED  Case  L  Suppose  two  of  the  stresses,  for  example, 
those  parallel  to  x  and  y,  to  be  perpendicular  to  each  other,  and 
oblique  to  the  third.     Then 

A         ^      .     A 
cos  ic  y  =  0 ;  sm  a:y  =  1 ;  ]  /  <  v 

C  =  1  —  cos'y«  —  cos'««;/ ^ '' 
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Sin  t?  10 


.     A 


smzx 

JO   . 

".       A"' 
Bin  yz 


A  -^  COS  VZ 

Bmzx 

A 
008  ZX^ 


A 
008tOU  = 


A 
KUXUV 


.A       .      A   > 

amy^'Bin  zx 


am  y« 
A  A  A 


■■(«•) 


008  UX=z 


N^. 


A  ' 

urn  yz 


OOBV 


A  JC  A 

py  =  -^*^  ;  co8w«==^C...(6.) 


sin  Ji;x 


Eestricted  Casb  IL  Suppose  one  of  the  stresses  (such  as  z) 
to  be  perpendicular  to  the  other  two^  vhich  are  oblique  to  each 
other,     llien 


A        ^  A        ^ 

oosyz^O;  coszx  =  0; 
.A        ,      .     A        , 

A 
U  =  sin*  z  y» 

AAA 

am  v«?=:  1;  oos»tiy=  0;  (orrto=  90^; 

sintott  =  l;  cos«7tt  =  0:  (orwt*  =  90^: 

A  .      A  A 

am  tt  9  =  sm  X 3^;  cos  uv  =  —  cos  x y; 

{ar,uv  +  xy=  180^. 


.(7.) 


.(8.) 


A  ,       A  A  .       A 

COS  ux  =  ELtixy;  cos  i?^  =  smxy; 

A  A  A         A 

or^a;  =  vy  =  90"  —  xy;  «?«  =  0; 


A 
costo«  = 


^4  ••••(9) 


results  identical  with  those  given  at  the  end  of  Article  101. 

BEsrrRiGTED  Case  III.  All  three  stresses  perpendicular  to  each 
other.  In  this  case  the  normals  to  the  three  pk^es  of  action  are 
perpendicular  to  each  other^  and  coincide  with  the  directions  of 
the  stresses. 

103.  Mums  mf  B«mI  Shcttv,  w  Taaflmtlia  StrtM. — ^TheOBEIL  If 
the  stresses  on  a  given  pair  ofpUmes  he  tangential  to  those  planes^  and 
parallel  to  a  third  pUme  vMch  is  perpendicular  to  the  pair  of  planes, 
those  stresses  must  be  of  equal  intensity. 

Let  the  third  plane  be  represented  by  the  plane  of  the  paper  in 
fig.  48^  and  let  the  pair  of  planes  on  which  the  stresses  are  tangen- 
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tial,  and  parallel  to  the  plane  of  the  paper,  be  parallel  respectively 
to  AB  and  AD.  Conaider  the  condition  of  a  right  prism  of  any 
length,  represented  in  section  by  ABCD,  and 
bounded  by  a  pair  of  parallel  planes,  AB,  CD, 
and  a  pair  of  parallel  planes,  AD,  CB.  Let  2>t 
denote  the  intensity  of  the  shear  or  tangential 
stress  on  AB,  CD,  and  planes  parallel  to  them, 
and  y,  the  intensity  of  the  shear,  or  tangential 
_  stress  on  AD,  CB,  and  planes  parallel  to  them, 

*^'  The  forces  exerted  by  the  other  parts  of  the  body 

on  the  pair  of  fiujes  AB,  CD,  form  a  couple  (right-handed  in  the 
figure),  of  which  the  arm  is  the  perpendicular  distance  EF,  between 
AB  and  CD,  and  the  moment, — 

p,areaAB-EF. 

The  forces  exerted  by  the  other  parts  of  the  body  on  the  pair  o 
faces  AD,  CB,  form  a  couple  (left-handed  in  the  drawing),  of  which 
the  arm  is  the  perpendicular  distance  GH  between  AD  and  CB, 
and  the  moment 

p',«areaADGH. 
The  equilibrium  of  the  prism  requires  that  these  opposite  moments 
shall  be  equaL     But  the  products,  area  AB  *  EF,  and  area  AD  - 
GH  ara  equal,  each  of  them  being  the  volimie  of  the  prism;  there- 
fore the  intensities  of  the  tangential  stresses 

are  equal. — Q.  E.  D. 

The  above  demonstration  shows  that  a  shear  upon  a  given  plane 
cannot  exist  alone  as  a  solitary  or  simple  stress,  but  must  be  com- 
bined with  a  shear  of  equal  intensity  on  a  different  plana  The 
tendency  of  the  action  of  the  pair  of  shearing  stresses  represented 
in  the  figure  on  the  prism  A  B  C  D  is  obviously  to  distort  it,  by 
lengthening  the  diagonal  DB,  and  shortening  the  diagonal  AC,  so 
as  to  sharpen  the  angles  D  and  B,  and  flatten  the  angles  A  and  C. 

104.  SIMM  •■  Tluwe  ReclMiipilar  Pbuics. — THEOREM.  If  there  he 
oblique  stress  on  three  plcmes  at  right  angles  to  eacJi  other ,  the  tangential 
componeTits  of  tfie  stress  on  cmy  two  of  those  planes  in  direcUons 
parallel  to  tlie  third  plane  must  be  of  equal  intensity/. 

Let  yz,  zx,  xy,  denote  the  three  rectangular  planes  whose  intersec- 
tions are  the  rectangular  axes  of  x,  y^  and  z.  Consider  the  condition 
of  a  rectangular  portion  of  the  body,  having  its  three  pairs  of  feces 
parallel  respectively  to  the  three  planes,  and  its  centre  at  the  point 
of  intersection  of  the  three  axes.  Let  ABCD  (fig.  49),  represent 
the  section  of  that  nectangular  solid  by  the  plane  of  xy,  the  fex>es 
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AB,  CD  being  parallel  to  the  plane  yz,  and  the  faces  AD^  CB, 
to  the  plane  z  x.     Let  the  equal  and  parallel  lines  XR  represent 
the  intensities  of  the  forces  exerted  by  the  other  parts  of  the  body 
on  the  pair  of  fiewses  AB,  CD;  resolve  each  of 
these  forces  into  a  component  XN",  parallel  to  — 

the  plane  z  x,  and  a  tangential  component^  XT^ 
parallel  to  the  axis  of  y;  the  resultants  of  the 
components  X  N  will  act  through  the  axis  of  Zy  and 
will  produce  no  couple  round  fiiat  axis;  tiie  com-    ^  ^ 
ponents  XT  will  form  a  couple  acting  round  that      M 
axis.     In  the  same  manner  the  intensities  of  the     ^ 
forces  exerted  on  the  faces  AD,  CB,  beiog  re- 
presented by  the  equal  and  parallel  lines,  Yr, 

are  resolved  into  the  components,  Y»,  whose  resul-  

tants  act  through  the  axis  of  «,  and  the  compo-  ^.  ^ 

nents  Y^,  which  form  a  couple  acting  round  that 
axis,  which,  by  the  conditions  of  equilibrium  of  the  rectangular 
solid  A  BCD,  must  be  equal  and  opposite  to  the  former  couple ; 
and  by  reasoning  similar  to  that  of  Article  104,  it  is  shown  that 
the  intensities  of  the  tangential  stresses  constituting  these  couples, 

XT  =  Y^, 

must  be  equal;  and  similar  demonstrations  apply  to  the  other 
planes  and  stresses. 

To  represent  this  symbolically: — ^let  |>,  as  before,  denote  the 
intensity  of  a  stress;  and  let  small  letters  affixed  below  j»  be  used, 
the  first  smaU  letter  to  denote  the  direction  perpendicular  to  the 
plane  on  which  the  stress  acts,  and  the  second  to  denote  the  direc- 
tion of  the  stress  itself: — ^for  example,  let  p^  denote  the  intensity 
of  the  stress  on  the  plane  normal  to  y  (that  is,  the  plane  za^y  in  the 
direction  of  z.  Then  resolving  the  stress  on  each  of  the  three 
rectangular  planes  into  three  rectangular  components,  we  have  the 
following  notation : — 

Plaice.  Directiok. 


intensities. 


Then,  in  virtue  of  the  Theorems  of  Articles  101  and  102,  wo 
have  the  normal  stresses,  p^p^  Pw  conjugate  and  independent ;  and 


Digitized 


byGoogk 


/A 


90  PRINCIPLES  OF  SRTATIGaL 

in  virtue  of  the  theorem  of  this  Article^  there  are  (hr^  pairs  qf 
tangential  stresses  of  equal  intensity y 

Pr^Pf^i    P-=P«5  Pf=P9^ 

[The  reader  who  wishes  to  confine  his  attention  to  the  more 
simple  class  of  problems  may  pass  at  once  to  Article  108,  page  95.] 

105,  TccraedMB  •€  simm. — PROBLEM  L  The  intensities  of  three 
conjtigate  stresses  on  three  planes  traofersing  a  body  being  given,  it  is 
required  to  Jmd  the  direction  and  intensity  of  the  stress  an  a  fourth 
pUmSf  tra/versing  the  same  body  in  any  direction 

In  fig.  50,  let  YOZ,  ZOX^  XOY,  bethe 
three  planes,  on  which  act  conjtigate  stresses  in 
the  directions  O  X,  O  Y,  O  Z,  ef  the  intensities 
Pm9  Pft  Pr  Draw  a  plane  parallel  to  the  fourth 
plane,  cutting  the  tluree  conjugate  planes  in  the 
triangle  ABC,  so  as  to  form  with  them  ihe  tri- 
angular pyramid  or  tetraedron  O  A  B  0.  Then 
_     .    .  .    must  the  stresses  on  the  four  triangular  fiuies  of 

Fur.  60.  ^^^  tetraedron  balance   each  other ;  and  the 

total  stress  on  A  B  C  will  be  equal  and  opposite 
to  the  resultant  of  the  total  stresses  on  O  B  C,  O  C  A,  and  OAR 
On  O  X,  O  Y,  O  Z,  respectively  take 

OD  =  total  stress  on  OBC  =jp^  •  area  OBC, 

OE  =5  total  stress  on  OCA  =t I?,  -area  00  A, 

0F  =  total  stress  on  OABvsapM  -  areaOAB. 

Complete  the  parallelopiped  ODEFB.;  then  will  its  diagonal 
OB  represent  the  direction  and  amount  of  the  total  stress  on  an 
area  of  the  fourth  plane  equal  to  that  of  A  B  0 ;  and  the  intensity 

of  that  stress  will  be  ^^Wtt      Q.  E- I. 

area  ABC 

Hence  it  appears,  that  if  the  stresses  on  three  conjugate  planes 
in  a  body  be  given,  the  stress  on  any  other  plane  may  be  deter- 
mined ;  from  which  it  follows,  T?iat  every  postnhle  system  of  stresses 
which  can  co-^xist  in  a  body,  is  capable  of  being  resolved  into,  or  eso- 
pressed  by  means  of,  a  system  of  three  conjugale  stresses. 

Problem  II.  The  directions  and  intensities  of  the  stresses  on  ^ree 
rectanguUur  co-ordinate  planes  being  given,  it  is  required  to  find  the 
direction  and  intensity  of  the  stress  on  a  fovrth  jiane  in  any  posi- 
tion. 

Let  the  planes  YOZ,  Z  O  X,  XOY,  in  fig.  50,  represent  the 
rectangular  co-ordinate  planes,  so  that  O  X,  O  Y,  O  Z,  are  now  at 
right  angles  to  each  other  (instead  of  being,  as  in  Problem  L,  in 
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an  J  directions).  Eednce  ike  three  given  stresses,  as  in  Article  104^ 
to  rectangular  components,  with  the  notation  already  explained. 

Let  A  B  C,  as  in  Problem  I.,  be  a  triangle  parallel  to  the  fourth 
plane,  enclosing,  with  three  triangles  in  the  co-ordinate  planes,  the 
tetraedron  O  A  B  C.  The  total  stress  on  A  B  C  will  be  equal  and 
opposite  to  the  resultant  of  all  the  rectaugular  components  of  the 
total  stresses  on  O  B  C,  O  C  A,  and  O  A  R 

Therefore^  on  O  X,  O  T,  O  Z,  respectively,  take 

OD=^^'areaOBC  +;?^ -area  OCA  +  j9^  •  area  O A B, 
OE=p^'areaOBO  +jp„  "area  OCA  +  j9,«  -  area  O  A  B, 
OF=:p„-areaOB0  +p^ -area  OCA  +^„-areaOABj 

Complete  the  rectangle  O  D  £  F  R ;  then  will  its  diagonal  O  R  re- 
present the  direction  and  amount  of  the  total  stress  on  an  area  of 
the  fourth  plane  equal  to  A  B  C,  and  the  intensity  of  that  stress 

will  be        ^.\^     Q.E.L 

areaABa  AAA 

To  express  this  algebraically,  let  xn,  yny  z  n,  denote  the  angles 
which  a  normal  to  the  fourth  plane  makes  with  the  three  rectangu- 
lar axes  respectively ;  xr,  yr,  zr,  the  angles  which  the  direction 
of  the  stress  on  that  plane  makes  with  the  three  rectangular  axes 
respectively;  and  p,  the  intensity  of  that  stress.  Then,  it  is  well 
known  that  A 

area  OBC  =  area  ABC  'coso;?!^ 

areaOC A  =  area ABC  'cosyifi, 
area  O  A  B  =  area  ABC  '  ooBzn; 
8o  that  the  rectangular  components  of  the  intensity^,,  are 

AAA 

p^z=p„'COBxn  +  p^'ooayn  +  p„'coBzn 

AAA 

p^  =  Ptg'co8xn  +  p„'coRyn  +  ^^  •  cos  «  » 

AAA 

p^  =  p„'COBxn  +  p^'co&yn  +  p^'cos«?i 

The  resultant  intensity  of  the  stress  required  is  given  by  the 
equation 

i>,=  N/(pi  +Pi  +Pl) (2-) 

and  its  direction  by  the  equation 

A         p«,  A         p^  A         /)„  /ox 

cosarss  — ;   cosyr=— ]    cos«r=— y") 
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Hence  it  appears,  that  if  the  rectangular  components  of  the  stress 
on  three  rectangolar  planes  in.  a  body  be  given,  the  stress  on  any 
fonrth  plane  may  be  determined;  from  which  it  follows,  That  every 
possible  system  of  stresses  which  can  co-exist  in  a  body,  is  capable  of 
heing  resolved  into,  or  expressed  bymea/ns  of,  the  tlvree  normal  stresses^ 
and  the  six  pairs  (>ftangential  stresses,  on  tiwree  rectaaigvla/r  co-ordinate 
planes, 

106.  TmBaf«nMti*B  •f  binm. — For  the  direction  of  the  normal 
to  the  new  plane  of  action,  ABO,  which  direction  is  denoted  bj  vh 
in  Problem  IL  of  Article  105,  let  there  be  successively  assumed 
the  directions  of  three  neu)  rectamgida/r  axes  a/,  y',  z',  and  let  it  be 
required  to  express  the  rectangular  components,  pjj,  <fea,  of  a 
given  compound  stress  relatively  to  those  new  axes,  in  terms  of  the 
rectangular  components,  p^  &c.,  of  the  same  compound  stress 
relatively  to  the  original  rectangular  axes,  x,  y,  z. 

To  solve  this  question,  let  n  be  taken  to  denote  any  one  of  the 
three  new  axes.  The  three  components,  parallel  to  tiie  original 
axes,  of  the  stress  on  the  plane  normal  to  ra,  are  given  by  equation 
1  of  Article  105.  Each  of  these  components  being  further  resolved 
into  its  components  parallel  to  the  new  axes,  and  the  nine  com- 
ponents so  found  collected  into  three  sums  of  intensities  parallel  to 
the  new  axes,  the  following  results  are  obtained : — 

AAA, 

pJ=p^*ooaxaf  +  p^'coayx^  +  p^'coazx  ; 

AAA, 

P^=PnM'<x^xy +  p^' COR yy"  -^p^'ooazf/; 

A  A,  A, 

j?„'=p„-cosa5«'  -{•  p^'ooByz  -h  p^'coazz. 

For  n  are  now  to  be  substituted  successively,  both  in  pJJ,  &c.,  and 
in  the  values  of  jp^  <kc.,  according  to  equation  1  of  Article  105,  the 
symbols  a/,  y',  z' ;   and  thus  are  obtained  finally  the  following 
equations  of  transformation : — 
Formal  Stresses. — 

pJJ=PMMCos^xaf  +  p„co&*yocf+p„coa*za! 

in  ^  f  ^  I   t    a  ^»  ^  ^  A  A 

-r  Zp^co8yxcofizx  +  2p„coazafcoaxx'  +  2p^coaxaf  coayaf  ; 

p;,  =p„coa^xy+p„co&*yy'+p,,coB*zy 

+  2p^coByyQoazy  +  2p„coazy'coBxi/+2p^coaxy'Coayy  ; 

P.'s  =^Pmm  cos^ xsf']'p„  cos'y  a'  +^„  ooa^ zz' 

+  2p,,co3y z' coa zz +2 p„coBzz  COB xz+2p^ooaxz'coay^; 
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Tajsqvstlll  Stresses. — 

A  A,  A,  A,  A.  A. 

P,','  =  PMm'00SXf('Q08XSi'j'P„C0By^'C0Bys!+p„  COB  Z f/ COS  zsf 

A  A  A  A  ^  y         A  A,  A  A^ 

+  p    {coBzyooRysf  +  COS  yy'coBzsf)  -^ p„{coBxycoBZZ  +  cos^y'cosscar) 

A  A  A,  A, 

+  p^{coByy'coBxs^  +  cos  a:  y*  cosy*'); 

A,  A     ,  A  A  A  A, 

/>,V=jp«cosar«  cosaja'+p„cosy«'cosyiC4.p„cos«;?^co8  «aj 

^,         ^  ^,        ^r.  ,        ^,        ^.  A  A^ 

+  py.(cofi«2;co8ya;'  +  oo8y2rcos;3af)  +i'M(<^<^^^<'^^  +  cosaafoosase^ 
A  A  A  A^ 

+ p^  (cos  y  a' cos  a;  aj' +  cos  a  «' cos  y  aJ^  j 

A  A  A  A,  A  A 

p/,  =^«co8a5ai'co8a;y'+j9^cosyaJ'cosyy +  p„oos«aj'cos«y' 

A  A ,  ,  A  A  ,  ,        A  A,  A  A , 

-I-  Py.(co62;sB'co8y  y  +cosya:'cos«y') + |?„(cosasB'cos«y + oos«sb  008;?^) 

^,  '^  ,  A,  A^ 

H-l'x,  (cos  y  af  cos  a;  y  +  oos  a;  x  cos  y  y). 

The  two  systems  of  component  stresses,  p,,,  ifec.,  relative  to  the 
axes  X,  y,  z,  and  p//^  dE;c.y  relative  to  the  axes  of,  i/,  s/,  which  con- 
stitute the  same  compound  stress,  are  said  to  be  equivalent  to  each 
other. 

107.  Fitaeiptti  Asm  •f  BtteM.  —  THEOREM.  For  every  state  of 
stress  in  a  body,  there  is  a  system  of  three  planes  perpendiaUar  to  each 
other,  on  each  of  which  the  stress  is  wholly  normal. 

Referring  to  the  equation  3  of  Article  105,  it  is  evident  that  the 
condition,  that  the  direction  of  stress  on  a  plane  shall  coincide  with 
the  normal  to  that  plane,  is  expressed  by  the  equations 

A        «„  A  A       p^  A  '^ 

cosa;r  =  —  =  cosa;9»:  cosyr  =  —  =  cosyn; 

Pr  Pr 

^  PUM  ^  /I    \ 

cos«r  =  ^— =  cos«» (1.1 

Pr 

IntrodtLcing  these  values  into  the  equation  1  of  Article  105,  we 
obtain  the  foUowing  : — 


A  A  ^         r. 

(P«»— JPr)  COS  a;  n  +pj„cosyw  +p^cos«n  =  0; 

A  ^  X  A  '^  A 

i?^cos  a;  n  +  (p^  — p,)  cos  y  n +p,,  cos«  n  =  0  j 
p„  cos  ajn+p^  cosy  »+(p„-Pr)cos»w  =  0. 
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From  these  equations,  by  eliminatioiL  of  the  three  coednes,'  is 
obtained  the  following  cubic  equation  ; — 

Let  Pm,+P„+Pmm=^^} 

VnP»  -^P'rP^  +P^Pn  - JPA  -Ps.  -1?A  ==  B  j          ^  (3.) 
P>*PnP^'^^Pf'P''P'v''P''Vi»-PnP»''P«Pi^^'^  - 
Then  ^  -  AjpJ  +  B^, -C  =  0 (4.) 

The  solution  of  this  cubic  equation  gives  three  roots,  or  values  of 
the  stress  p^  which  satisfy  the  condition  of  being  normal  to  their 
planes  of  action;  and  according  to  the  properties  of  conjogate 
stresses  stated  in  Article  102,  the  directions  of  those  three  normal 
stresses  must  be  perpendicular  to  each  other. — Q.  E,  D. 

The  three  conjugate  normal  stresses  are  called  prmcipal  etreases, 
and  their  directions,  princtpal  axes  of  stress. 

Ifpr  denote  the  intensity  of  one  of  those  principal  stresses^  the 
angles  which  it  makes  with  the  originallj  assumed  axes  of  o^  y,  Zy  are 
found  by  means  of  the  following  equations,  deduced  by  elimination 
firom  the  equation  2  of  this  Article  : — 

ooAxn{p„p^-\^  0>r  -p«r)i?,*}  =  oos  y  n  {p^i?^  +  {Pr-p^pJ^ 
=  cos«nJjp^;>^+(p,-.^„)^^} (5.) 

Let|>i,jpt,  j9^  denote  the  three  values  of  j?,,  which  satisfy  equation 
4.  Then,  from  the  well  known  properties  of  equations,  it  follows 
that  the  co-eficients  of  that  equation  have  the  following  values : — 

^^P%Pt+PiPi+PiP^\  " (6.) 

Q^PiPtPt^ 

Hence  it  appears,  that  for  a  given  state  of  stress,  the  three  functions 
denoted  by  A,  B,  C,  in  the  equations  3  and  6,  are  the  same  for  all 
positions  of  the  set  of  rectangular  axes  of  x,  y,  z,  or  are  isotropicy  in 
the  sense  already  explained  in  Article  95. 

Let  the  principal  axes  of  stress  now  be  taken  for  axes  of  rectan- 
gular co-ordinates,  and  denoted  by  x,y,zi  and  let  it  be  required  to 
find  the  direction  and  the  intensity  p,  of  the  stress  on  a  plane  whose 

normal  makes  the  angles  xn^ynyzn,  with  those  axes.  For  this 
purpose  the  equations  1, 2,  and  3,  of  Article  105,  are  to  be  modified 

by  TTta.lri'ng 

P''=Piy  Pi^-PfiPMM-pz;  p^=^Pm,=p^^o. 
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Thus  we  obtaiii 

A  A  A  A 

p  ooBxp=piOOBxn;  poo%yp  =jp, cosyn; 

A  A 

pooazp  ==  p^coazn ••(7.) 

psz  J <  pi'oof?  xn  +pi  oos^ yn+pl'  cos^zn  V  ...(8.) 
The  equations  7  are  easily  transformed  into  the  following  :— 

A  A  A  A  A  A 

P  Pi  P  Pt  P  Pz        ^    ^ 

AYliich  equations  being  squared  and  added,  and  the  square  root  of 
the  sum  extracted,  give  the  following  value  for  the  reciprocal  of  the 
intensity  required  : — 


1=  J  J  co^xp     Qos'yp     Qo^zpX QO. 

p    \''~w^~pr''~pr] 


) 


the  well  known  equation  of  an  dlipsoid,  in  which  pi,  p„  p^,  denote 

the  three  semi-axes,  and  p  the  semi  diameter  in  any  given  direction. 

The  cosine  of  the  obliqwUy  of  the  stress  p  is  given  by  the  equation 

A  A  A  A  A     ,  A  A 

008  np  =:  cos  xncoB  xp  -i- COB  yn  cos  yp  +  cos  2;  n  cos  ;s;  j9 

=  p<  QOs'^P  I  <^s*yjp  ,  cos'gp  I. 
\     Pi  Pt  P»     ) 

1  /            ^                  ^ 
=  -(PiCos"«fi+|i,oo8*yn+|}|C08"«?n)> (11.) 

P 

and  this  cosine,  by  being 

positive  \  indicates  ( a  pidl     \ 
nothing  >  that  the  <  a  shear    V  - 
n^ative  j  stress^  is  (  a  thrust  j 

108.  SIMM  PiwaiiAi  t*  Omm  piMie. — In  most  practical  questions 
respecting  the  stress  in  structures,  the  directions  of  the  stresses 
chiefly  to  be.  considered  are  parallel  to  one  plane,  to  which  their 
planes  of  action  are  perpendicular,  the  remaining  stress,  if  any, 
being  a  principal  stress,  and  perpendicular  to  the  plane  to  which  the 
others  are  paiaUel 

The  problems  concerning  the  relations  amongst  stresses  parallel 
to  one  plane,  might  be  solved  by  considering  them  as  particular 
cases  of  the  more  general  problems  respecting  stresses  in  any  direo- 
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tion,  wliicli  have  been  treated  of  in  Articles  105^  106,  and  107  ^ 
but  the  complexity  of  the  investigations  and  results  in  thos^e 
Articles,  makes  it  preferable  to  demonstrate  the  principles  relation 
to  stresses  parallel  to  one  plane,  independently. 

Problem  I.  The  intensUies  and  directions  of  a  pair  of  comjfogat^ 
etresses,  pa/raUd  to  a  plane  which  is  perpendicular  to  their  planes  a/" 
action f  being  gvoen,  it  is  required  to  find  tfie  direction  and  intensity  q^ 
t/ve  stress  on  a  fourth  plane,  perpendicuUxr  also  to  the  first  mentioneci 
pUme, 

In  fig.  51,  let  the  plane  of  the  paper  represent  the  plane  to  whicli 

X  the  stresses  are  parallel  >  let  OX  and 

O  Y  represent  the  directions  of  the  pair 

of  conjugate  stresses,  whose  intensities 

are  p,  and  p^ ;  and  let  A  B  be  the  plane, 

the  stress  on  which  is  sought.   Ck)nsider 

the  condition  of  a  prism,  O  A  B,  bounded 

by  the  plane  A  B,  and  by  planes  parallel 

Fig.  61.  to  OX  and  OY  respectively.    The  force 

exerted  by  the  other  parts  of  the  body  on  the  fiw>e  O  A  of  the 

prism,  will  be  proportional  to 

_  F/OA; 

on  O  Y  take  OE  to  represent  that  foix5e.  The  force  exerted  by  the 
other  parts  of  the  body  on  the  face  O  B  of  the  prism,  will  be  pro- 
portional to 

_  F.OB; 

on  O  X  take  OD  to  represent  this  force.  The  force  exerted  by  the 
other  parts  of  the  body  on  the  face  A  B  of  the  prism,  must  balance 
the  forces  exerted  on  O  A  and  A  B ;  therefore  complete  the  paral- 
lelogram OD  R  E ;  its  diagonal  OR  will  represent  the  direction  and 
aTiwunl  of  the  stress  on  A  B,  and  the  iniensvfn^  of  that  stress  will  be 

OR 
^'  =  11 

OB'+ri  '  0A>  +  gp^jPf  -OB  '(TTcos^XOy) 
OB'+OA»-20BOAcos^XOY.  j 

The  parallelogram  marked  in  the  figure  with  the  capital  letters 
R,  E,  corresponds  to  the  case  in  which  p,  and  p^  are  of  the  saine 
kind,  both  pulls,  or  both  thrusts,  in  which  case/?^  is  of  the  same 
kind  also ;  the  parallelogram  marked  with  the  small  letters,  r,  e^ 
corresponds  to  the  case  in  which  p^  and  p^  are  of  opposite  kinds,  one 
being  a  pull  and  the  other  a  thrust ;  in  wnich  case  p^  agrees  in  kind 


^A^ 
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irith  that  one  of  the  giTen  conjugate  stresseB  whose  direction  falls 
to  the  same  side  of  A  B  with  it.  When  O,  is  parallel  to  A  B,  j>,  ifl 
a  shear,  or  tangential  stress. 

Problem  U.  The  xfdensUieB  arid  direetiona  of  the  stresees  an  a 
pair  of  planes  perpendicular  to  each  other  <md  to  a  plana  to  vMch  the 
sireseee  are  paraUel,  being' given^  it  is  required  to  find  the  inieneUy 
and  direction  of  the  stress  on  apiane  in  cmy  position  perpeTidicula/r  to 
thcU  plcme  to  which  the  stresses  areparaild. 

In  fig.  52,  let  the  plane  of  the  paper  represent 
tlie  phme  to  which  ike  stresses  are  parallel,  and 
O  Xy  O  Y,  the  pair  of  rectangular  planes  on 
which  the  stresses  are  given.  Let  those  stresses 
be  resolved,  as  in  Article  99,  into  rectangular 
normal  and  tangential  components.  Let  pxx  de- 
note the  intensity  of  the  normal  stress  on  the 
plajie  O  Y,  which  stress  is  parallel  to  O  X  ^  let 
p^  denote  the  intensity  of  the  normal  stress  on' 
the  plane  O  X,  which  stress  is  parallel  to  O  Y. 

In  virtue  of  the  Theorem  of  Article  103,  the  ^^• 

tangential  stresses  on  those  two  planes  must  be  of  equal  intensity; 
and  they  may  therefore  be  denoted  by  one  symbol,  p^^,  which  sym- 
bol may  be  read  as  meaning 

the  intensity  oi  ( x)   on  a  plane  /  y  1  , 
the  stress  along  (  y  j    normal  to    I  a;  J 

Let  O  N  be  a  line  normal  to  the  plane  the  stress  on  which  is 

sought^  majking  with  O  X  the  angle  X  O  N  =  a?  n.  Consider  the 
condition  of  a  prism  O  A  B,  of  the  length  unity,  bounded  by  the 
planes  OAj_y,  OB  J_a:,  ABxON.  The  areas  of  the  faces  of 
that  prism  have  the  following  proportions  : — 

O  B  =  AB  •  cos  SB w ;  O A  =  AB  •  sin  xn. 

The  forces  exerted  on  the  faces  O  A  and  O  B,  m  a  direction  parallel 
to  X,  consist  of  the  normal  stress  on  O  B,  and  the  tangential  stress 
on  O  A  ;  that  is  to  say, 

Pxx'OB-^ Pxg'OA  =  AB'  <pxx*ooaxn+  p^'  emxn  >  * 

"Let  this  be  represented  by  0  D. 

The  forces  exerted  on  the  faces  O  A  and  O  B,  in  a  direction  paral- 
lel to  y,  consist  of  the  normal  stress  on  OA,  and  the  tangential 
stress  on  O  B ;  that  is  to  say, 

—  —      (  A     .  .      A   ) 

Pxp'OB-t  Pn*OA  =  AB'  ipg^^coBxn  +  py^'siXixny' 

Let  this  be  represented  by  O  E. 
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Complete  the  rectangle  O  D  E  £ ;  the  amount  and  direction  of 
the  stress  on  A  B  will  be  represented  by  its  diagonal, 

0R=  ^(OD^  +  Ol?) 
and  the  irUensi^  of  that  stress  by 

OB  (  A  A 

+  2;?«y(p«t+i>w)<508a;n*sin«ni (1.) 

From  It  draw  R  P  perpendicular  to  the  normal  O  N;  then  the 
normal  and  the  tangential  components  of  the  total  stress  on  A  B  will 
be  represented  respectively  by 

OP  =  OD    cos^TO  +  OEsinfljn; 

PR  =5  OB  'COS  an  -  ODsina;»; 
and  the  inieneities  of  these  components  by 

Pn  =  "^^  ^  pxx' oo^  son +Ppp' BUT  xn-t^pg^*  COB  xw  em  xn; 
AB 

PR  A  A  A  A       ^^> 

Pi  =  ■=  =  {ppp-pxs)0Q»xn'emxn  +  px9{cos'xn''Binrxn)., 
AB  ^ 

The  oUiqivUi/,  .^^^  N  O  R  =  n  r^  of  the  stress  on  A  B  is  given  by 
the  equation 

tannr  «=  Xl.  ..--..* (3.) 

109.  rttedpid  Azea  mi  Bimm  PmOiel  tm  Om  FUum^-ThEOREIL 
For  every  condUion  qfetreaa  parallel  to  one  pkme,  there  are  two  planee 
perpendicular  to  each  other y  on  uHiich  there  is  no  toffigeniial  stress. 

As  in  Article  108,  let  the  three  rectangular  components,  pg^y 
Pm>  Pxyy  of  the  stress  on  two  rectangular  planes,  OY,  OX,  be  given. 
The  condition,  that  there  shall  be  no  tangential  stress  on  a  plane 
normal  to  O  N,  is  expressed  by  making  />f  =  0  in  the  second  of  the 
equations  2  of  that  Article;  and  in  orcbr  that  this  may  be  fulfilled^ 
we  must  have 

A       .     A 
cos  a?  n  •  gm  ag  f^    _      px^ 

oos'«»-sin'a;7ft      P^''fn 

or,  what  is  the  same  thing, 

tan2/n  =      ^^^    ; (1.) 
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Kow  for  two  values  of  xn,  differing  bj  a  right  angle^  the  values  of 

tan  2xn  are  equal;  hence  there  are  two  directions  of  the  normal 
ON  perpendicular  to  each  other,  which  fulfil  the  condition  of  having 
no  tangential  stress. 

Those  two  directions  are  called  principal  axes  of  ttress,  and  the 
stresses  along  them  (which  are  conjugate  to  each  other)  principal 
stresses. 

There  may  be  a  third  principal  stress,  conjugate  and  at  right 
angles  to  the  first  two;  but  as,  with  one  exception,  the  ensuing  in- 
vesti^tions  of  this  section  relate  to  stresses  upon  planes  parallel  to 
the  direction  of  this  third  principal  stress,  whidi  does  not  affect 
such  planes,  it  may  be  left  out  of  consideration. 

The  most  simple  mode  of  expressing  the  relations  amongst  inter- 
nal stresses  parallel  to  a  plane  is  obtained  hy  taking  the  two  prin- 
cipal axes  of  stress  in  that  plane  for  axes  of  co-ordinates;  and  this 
is  done  in  the  ensning  Articlea 

110.  B«m1  Prtadpid  mmmmu  WUM  Ptcmmm. — ^ThEOBEX  L  I/a 
pair  of  principal  stresses  he  of  the  same  kind  and  ofeqwd  intensity, 
every  stress  parallel  to  the  sameplame  is  of  the  same  kind,  ofeqwd  tn- 
tensUj/j  aind  normal  to  its  pkme  of  action. 

In  fig.  53,  let  OX,  OY,  be  the  direc- 
tions of  the  given  principal  stresses,  and 
p„  p^  their  intensities.  By  the  condi- 
tions of  the  question,  those  intensities  are 
equal,  or 

Let  it  be  required  to  find  the  direction 

and  intensity  of  the  stress  on  any  plane ' 

AB.     As  in  Article  108,  consider  the 

condition  of  the  triangular  prism  O  A  B; 

and  let  the  length  of  that  prism,  in  a 

direction    perpendicular    to    the    plane 

X  O  Y  be  unity.     Theo^the  total  stresses  ^*  **• 

on  the  &ces  OB  and  O  A  will  be  respectively — 

p,  •  O  B  and  p^  •  OA. 

On  O X  and  O  Y respectively,  take  OD  to  represent  p, •  OB,  and 
O  E  to  represent  p,  -  O  A;  complete  the  rectangle  O  D  R  E;  then 
its  diagonal  O  R  will  represent  the  amount  and  direction  of  the 
stress  on  the  &ce  AB  of  the  prism,  and  the  intensity  of  that  stress 

will  be  

OR 


X 
e         OBI 


AB    =    *'■" 
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Now,  because  p, = p^  we  liave 

OD    _    OE    _    OR^ 

OB    ~    Oi    "^    AB' 
and  consequently 

and  because  of  the  similarity  of  the  triangles  A  O  B,  O  E  R,  O  R 
is  perpendicular  to  A  R  Therefore,  the  stress  on  each  plane  per- 
pendicular to  X  O  Y  is  normal,  and  of  equal  intensity  in  aU  direc- 
tions.—Q.  E.  D. 

In  this  case  it  is  obvious,  that  every  direction  in  the  piano 
X  O  Y  has  the  properties  of  an  aacis  qfatress. 

CoROLLABY.    If  the  stress  in  all  directions  parallel  to  a  given  plane 
be  normal,  it  must  be  of  equal  intensity  in  all  those  directions. 

Theorem  II.     In  a  perfect  fluid,  the  presaiure  at  a  given  point 
is  normal  and  of  equal  intensity  in  all  directions. 

Fluid  is  a  term  opposed  to  solid,  and  comprehending  the  liquid 
and  gaseous  conditions  of  bodies,  which  have  been  defined  in  Article  4. 
The  property  common  to  the  liquid  and  the  gaseous  conditions  is 
that  of  Tiot  tending  to  preserve  a  definite  shape,  and  the  possession  of 
this  property  by  a  body  in  perfection  throughout  all  its  parts,  con- 
stitutes that  body  a  perfect  flvdd.  The  parts  of  a  body  i^esisting 
alteration  of  shape  must  exert  tangential  stress;  a  perfect  fluid  does 
not  resist  alteration  of  shape;  therefore  the  parts  of  a  perfect  fluid 
caimot  exert  tangential  stress ;  therefore  the  stress  exerted  amongst 
and  by  them  at  every  point  and  in  every  direction  is  normal ;  there- 
fore at  a  given  point,  it  is  of  equal  intensity  in  every  direction. 
— Q.  E.  D. 

This  theorem,  and  its  consequences,  form  the  branch  of  statics 
called  Hydrostatics,  which  is  sometimes  treated  of  separately,  but 
which,  in  this  treatise,  it  has  been  considered  more  convenient  to 
include  in  the  subject  of  the  statics  of  distributed  forces  in  general. 

Gaseous  fluids  always  tend  to  expand,  so  that  the  stress  in  them 
is  always  a  pressure.  Liquid  fluids  are  capable  of  exerting  to  a 
slight  extent  tension,  or  resistance  to  dilatation,  as  well  as  pressure; 
but  in  all  cases  of  practical  importance  in  applied  mechanics,  the 
only  kind  of  stress  in  liquids  which  is  of  sufficient  magnitude  to  be 
considered,  is  pressure. 

The  i^vm  fluid  pressv/re  is  used  to  denote  a  thrust  which  is  normal 
and  equally  intense  in  all  directions  round  a  point 

The  idea  of  perfect  fluidity  is  not  absolutely  realized  by  actual 
liquids,  they  having  all  more  or  less  a  tendency  in  their  parts  to 
resist  distortion,  which  is  called  viscosity,  and  which  constitutes  an 
approach  to  the  solid  condition ;  nevertheless,  in  problems  of  applied 
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hydrostatics^  the  assumption  of  perfect  fltdditj  gives  results  near 
enough  to  the  truth  for  practical  purposes. 

111.  Oyyiie  Piiacipoi  Mnmm. — Theobem.  If  a  pair  of  prin- 
cipal stresses  be  of  e^fual  intensities,  hU  of  opposite  hinds,  the  stress 
on  any  pLame  perpencUcidar  to  the  plane  of  the  directions  of  the 
principal  stresses  is  of  the  same  intensity,  and  the  angles  which  its 
direction  makes  with  the  Tiormal  to  its  plane  are  bisected  by  the  axes 
€}f  prmdpal  stress. 

In  fig.  53,  let  the  stresses  acting  along  the  rectangular  axes  OX, 
O  Y,  be  as  before,  of  equal  intensity;  but  let  them  now  be,  not  as 
before,  of  the  same  kind,  but  of  opposite  kinds,  one  being  a  thrust 
and  the  other  a  pull : — a  condition  expressed  by  the  equation 

and  let  it  be  required  to  find  the  direction  and  intensity  of  the  stress 

on  the  plane  A  B,  to  which  OR  is  normal  

In  this  case  OD  is  to  be  taken  as  before,  to  represent  j9,  •  OB, 
the  total  stress  on  the  fece  OB  of  the  triangular  prism  O  A  B; 
but  instead  of  taking  OE  in  the  direction  from  O  towards  B,  to 
represent  the  total  stress  on  O  A,  viz.,  p^  •  OA,  we  are  now  to  take 
0«  of  equal  length,  but  in  the  contrary  direction.  Complete  the 
recteai^le  ODre;  then  the  diagonal  Or  will  represent  the  total  stress 
on  AB.     The  intensity  of  this  stress  is  the  same  as  before,  viz., 

Pr=P,; 

but  its  direction  Or,  instead  of  being  perpendicular  to  AB,  makes  an 
angle  XOr  on  one  side  of  the  axis  OX,  equal  to  the  angle  XOR 
^w^hich  the  normal  OB  makes  on  the  other  side  of  that  axis;  and 
O  X  bisects  the  angle  of  obliquity  R  Or. — Q.  R  D. 

The  stress  Pr  agrees  in  kind  with  that  one  of  the  principal  stresses 
to  which  its  direction  is  nearest ;  and  when  it  makes  angles  of  45° 
-with  each  of  the  axes,  it  is  shearing  or  tangential;  so  that  a  pull 
and  a  thrust  of  equal  intensity,  on  a  pair  of  planes  at  right  angles  to 
each  other,  are  equivalent  to  a  pair  of  shearing  stresses  of  the 
same  intensity  on  a  pair  of  planes  at  right  angles  to  each  other, 
and  malring  angles  of  4t5''  with  the  first  pair. 

112.  BUipM  •rstrcM. — ^Pboblem  L  a  pair  of  prindpal  stresses 
ofanny  intensities,  amd  of  ike  same  or  opposite  kinds,  being  given,  it  is 
required  to  find  liie  direction  and  intensity  of  the  stress  on  a  plans  in 
any  position  at  rigJu  angles  to  the  plane  parallel  to  which  tlie  two 
principal  stresses  acL 

Let  O  X  and  O  Y  (figjs.  54  and  5S),  be  the  directions  of  the  two 
principal  stresses;  O  X  being  the  direction  of  the  greater  stress. 
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Let  p^  be  the  intensity  of  the  greater  stress  i 
and^,  that  of  the  less. 


—  T 


Q   T 


Fig.  54.  Fig;  55. 

The  kind  of  stress  to  which  each  of  these  belongs,  pull  or  thrust, 
is  to  be  distinguished  by  means  of  the  algebraical  signs.  If  a  pull 
is  considered  as  positive,  a  thrust  is  to  be  considered  as  negative, 
and  vice  verad.  It  is  in  general  convenient  to  consider  that  kind 
of  stress  as  positive  to  which  the  greater  principal  stress  belongs. 
Fig.  5i  represents  the  case  in  which  jp,  and  p,  are  of  the  same  kind ; 
fig.  65  the  case  in  which  they  are  of  opposite  kinds.  In  all  the 
following  equations,  the  sign  of  p,  is  held  to  be  implied  in  that 
symbol 

Consider  the  two  equations 


,—       2       + 


A  =  — 2-" 


2      ' 
P.  —  P,. 


From  these  it  appears,  that  the  pair  of  stresses,  p,  and  p^  may  be 
considered  as  made  up  of  two  pairs  of  stresses,  viz.: — a  pair  of 
stresses  of  equal  intensity  and  of  the  same  kind,  whose  common 

value  is  ■  "",  and  a  pair  of  stresses  of  equal  intensity,  but 

opposite  kinds,  whose  values  are  +  ^'  ^  *^, 

Now  let  A  B  be  the  plane  on  which  it  is  required  to  ascertain  the 
direction  and  intensity  of  the  stress,  and  OK  a  normal  to  that  plane, 
making  with  the  axis  of  greatest  stress  the  angle 


XON  =  xfu 
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On  ON  take  0M  =  ^'  ^*^';  tiiis  will  represent  a  norxnal  stress 

on  A  B  of  the  same  kind  with  the  greater  principal  stress,  and  of 
an  intensity  which  is  a  mean  between  the  intensities  of  the  two 
principal  stresses ;  and  this,  aooording  to  Article  110,  Theorem  L, 

will  be  the  effect  upon  the  plane  AB,  of  the  pair  of  stresses  ^'      "'- 

Through  M  draw  PMQ,  making  with  the  axis  of  stress  the  same 
ajsgles  which  ON  makes,  but  in  ^e  opposite  direction;  that  is  to 
say,  take  M  F  =  M  Q  =  MU.     On  the  line  thnsfonnd  set  off  from 

M  towards  the  axis  of  greatest  stress,  MR  =  "'  7  ^'.  This,  ac- 
cording to  Article  111,  will  represent  the  direction  and  the  intensity 
of  the  oblique  stress  on  AB,  which  is  the  effect  of  the  pair  of  stresses 

P'  —  Pf 
2      • 

Join  OR  Then  will  that  line  represent  the  resultant  of  the 
forces  represented  by  OM  and  MR;  that  is  to  say,  the  direction  and 
intensity  of  the  entire  stress  on  AB. — Q.  E.  I. 

The  algebraical  expression  of  this  solution  is  easily  obtained  by 
means  of  the  formuks  of  plane  ti'igonometry,  and  consists  of  the  two 
following  equations: — 

Intensity,  ORorp,  =  J  [jfi-cof^xn  +  jfi-an^xn] (1.) 

an  equation  which  might  have  been  obtained  by  making  p^  =  0  in 
equation  1  of  Article  108,  Problem  IL 

Obliquity,  ..^  N  O  R  or  nr. 


(Bm2A.&^) (2.) 


=  arc  sm     , 

5pr 

This  obliquity  is  always  towards  the  axis  of  greatest  stress. 

Infig.  54, p.and  p,  are  represented  as  being  of  the  same  kind; 
and  MR  is  consequently  less  than  OM,  so  that  OR  falls  on  the 

same  side  of  OX  with  ON,  that  is  to  say,  nr  .^x  n. In  fig.  55, 

p,  andp,  are  of  opposite  kinds,  MR  is  greater  than  OM,  and  OR 

falls  on  the  opposite  side  of  OX  to  OM;  that  is  to  say,  nr:p^xn. 
The  locus  of  the  point  M  is  obviously  a  circle  of  the  radius 

P'  ^  P',  and  that  of  the  point  R,  an  ellipse  whose  semi-axes  are 

2 
p,  and  p^  and  which  may  be  called  the  Ellipse  op  Stress,  because 
its  semidiameter  in  any  direction  represents  the  intensity  of  the 
stress  in  that  direction. 
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The  principal  stresses,  being  represented  hj  the  semi-axes  of  this 
ellipse^  are  respectively  the  greatest  and  least  of  the  stresses  parallel 
to  the  plane  XOY. 

The  direct  and  shearing ,  or  normal  and  tangential  components  oF 
Oil  ^  p^axe  found  by  letting  fidl  a  perpendicular  from  E  upon. 
0  N,  and  are  as  follows: — 

Direct,  p»  =  p,  '  cos'na;  +  p,  *  sin'ain; (3.) 

Shearing,  pt  =  {p»  —  Pr)  cos  a5n  •  sinajn; (4.) 

equations  which  might  have  been  deduced  from  the  equations  2  of* 
Ai-ticle  108,  Problem  IL 

From  equation  3  it  is  obvious,  that  the  swm,  of  the  normal  stresses 
on  a  pair  of  planes  at  right  angles  to  each  other  is  equal  to  ike  svan 
of  the  priiicipal  Stresses ;  and  from  equation  4  follows  the  principle, 
already  demonstrated  otherwise  in  Article  104,  of  the  equality  o£ 
the  shearing  stress  on  a  pair  of  planes  peipendicular  to  each  other. 

Peoblem  IL  A  pair  of  principal  stresses  being  given,  it  is  required 
to  find  the  positions  of  the  planes  on  which  the  shear,  or  tangential 
component  of  the  stress,  is  most  intense,  and  ifve  intensity  of  that  sfiear. 
It  is  evident  that  the  shear  is  greatest  when  M  R  is  perpendicular 
to  O  M;  and  then  M  R  itself  represents  the  intensity  of  the  shear; 
that  is  to  say, 

maximum  p,  =  ^-^-^ — '^  (5.) 

In  this  case,  A  B  is  either  of  the  two  planes  which  make  angles 
of  45°  with  the  axes  of  stress. 

Problek  III.  To  find  the  planes  on  iohicJh  the  obliquity  of  the 
stress  is  greatest,  the  intensity  of  that  stress,  and  the  angle  of  its 
obliquity. 

Case  1 .  Whenthe  pricinpal  stresses  are  of  the  same  kind,  (¥ig.  54.) 
In  this  case  M R  .^^  MO,  and  it  is  evident  that  the  angle  of 

obliquity,  .^MOR  =  wris  greatest,  when  M  R  is  perpendicular 
to  0  R,  and  that  its  value  is  given  by  the  equation 

A                .      MR 
maxmium  nr  ■=  arc  •  sm  • 


OM 


.£ 


=  arc  -em^ ^ (6.) 

T  to  the  plane  A  B,  we  have  to 
consider  that, 
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bnt^PMN  =  ^  MRO  +  ^  MOR 
oonseqnently  in  this  case. 


=  90®  +  max.  n  r; 


^       90°  +  max.  nr  ,^. 

«» 2 <^> 

(an  obtuse  angle). 

And  for  the  position  of  the  plane  AB  itself,  we  have 

^XOA  =  W-x\=^^-^'^r (8.) 

(an  acute  angle). 

These  equations  apply  to  a  pair  of  planes,  making  equal  angles 
At  opposite  sides  of  O  X. 

The  iniensity  of  the  most  oblique  stress  is  obviously 

=  J  {  (£4^'-<£^  }  =  J(p.p.). (9.) 

or  a  mean  proportional  between  the  principal  stresses.  This  is 
otherwise  evident  from  the  consideration,  that  when  O  E  J-  PRQ, 
then  oS  =  a/ 0^    RQ),  and  that  RQ  =  o^  PR  =  p^ 

Case  2.  When  the  principal  Presses  are  of  opposite  hinds  (fig.  55), 
it  is  evident,  that  the  most  oblique  stress  possible  is  a  tangential 
stress,  and  that  the  problem  amounts  to  finding  the  circumstances 
under  which  O  R  lies  in  the  plane  AB.  In  this  case  it  is  evident^ 
that  the  triangle  OMR  becomes  right-angled  at  O,  and  conse- 
quently, that  ^e  intensity  of  the  stress  is  given  by  the  equation 

=  V(-p-p,) (10.) 

being,  as  before,  a  mean  proportional  between  the  principal  stresses. 
The  product  —  p^  p,  is  a  positive  quantity,  notwithstanding  its 
negative  sign,  beoiuse  p,  in  this  case  is  implicitly  negative. 
The  position  of  the  normal  O  N  is  found  by  considering,  that 

«n  =  ^^PMN, 

and  that        .^  PMN  =  .<^  MO  R  +  .^  MRO 


90**  +  arc  •  sin 


Ji. 


byGoogk 


Digitized  b 


106 


PimrCIPLES  OF  8TAnc& 


90»  +  arc-Bin-8d:^l 
Pi±Pi\ 


90" 


-arc  -Bm* 


■P,f 


(11.) 


conaequently, 

A         1  / 

(an  obtuse  angle); 

^XOA=  90^  — a\  =  l| 

(an  acute  angle). 

In  these,  as  in  the  other  formube  applicable  to  the  case  in  which 
p,  and  p,  are  of  opposite  kinds,  it  is  t6  be  borne  in  mind  that  p, 
is  impHciUy  negative,  and  that  consequently  p,  +  p,  means  the 
difference,  and  p,  —  p,  the  swm,  of  the  a/rithmeUcal  values  of  the 
principal  stresses. 

Pboblek  rV.  The  intensiUee,  kinds,  cmd  MiqwJtMS,  of  any  two 
stresses  whose  planes  of  action  are  perpendicular  to  ths  pkme  of  their 
directions,  being  given,  it  is  required  to  find  the 
principal  stresses  and  asces  of  stress.  Case  1. 
When  the  given  stresses  are  qfthe  same  kind, 
and  unequal. 

In  fig.  56,  let  AB,  A'F,  represent  the 
given  planes,  O  N,  O  N',  their  normals,  OB, 
O  K',  the  stresses  upon  thenL 

Let  the  intensities  be  denoted  algebndcallj 
by 

p  =  OH;  p  =  OK, 

Fig.  56.  and  the  obliquities  by 

^  NOR  =  nr;  ^  N'OR'=  tj^V. 

In  fig.  57,  take  0  N  to  represent  at  once  the  normals  to  both 
planes. 

Make  ^NOR  =  n'V;  ^NOR'  =  n>'; 

OR=p;  OR'  =pr. 

Join  RR'^  bisect  it  in  S,  from  which  draw  SM  -L  RR',  cutting 

K  OMinM.  Join  MR,  MR', 
which  lines  are  evidently 
equal  Then  from  a  oom- 
parison  of  the  construction 
of  this  figure  with  the  gene- 
ration of  the  ellipse  of  stress, 
as  described  under  Ptoblem 
Fig.  67.  L,  is  evident,  that 
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and  Gonsequentlj  that  the  piiBcipal  streases  are 

l?,=0M  +  MR;p,=  (JM-.ff5; (12.) 

and  it  is  also  eyident,  that  the  angles  made  by  the  axis  of  greatest 
stresBy  ^th  the  two  normals  respectively,  are 

oTn— ^^NMR;x'i»'=y^NMR'; (13.) 

which  data  are  sufficient  to  detennine  the  position  of  the  azea — 
Q.RL 

Cass  2.  When  the  given  etreeeea  are  of  cppoeUe  kinds,  the  con* 
stmction  is  the  same  in  eveiy  respecty  except  that  the  leaser  of  the 
given  stresses  must  be  represented  in  fig.  57  by  a  line  in  the  pro- 
longcUion  of  its  direction  beyond  O,  making  an  obtuse  angle  with 
O  N,  equal  to  the  supplement  of  its  obliquity. 

In  either  of  the  two  cases  that  have  been  stated,  the  angle 
between  the  normals  to  the  two  given  planes  must  have  one  or 
other  of  the  two  following  values  ; — 


A,      f  either «n'+ «n=-*i:NMS)  ,,  . . 

****=>  A,       A  ^\ (1^0 

{or       «n -a?n=^^i^BMS  I 


M: 


according  as  the  two  normals  are  at  opposite  sides,  er  at  the  same 
side  of  the  axis  of  greatest  stress. 

The  solution  of  cases  1  and  2  is  expressed  algebiaicaUy  by  the 
following  equations,  which  are  deduced  from  the  geometrical 
solution  by  means  of  well  known  formube  of  trigonometry  : — 

H^=OM=  ^P;      ,    ; (15.) 

2  (p  cos  n  r  -  j/ cos  w  r^ 

^3-^'  =  srs  =  SO? 

„  ^|{ftlM+y._(p.+p,)poos»'V} 

=  V{(£^  +  p'«-(p.  +  p,)p<oos«V}; (16.) 


A 

„  A       2pcosnr-p,-p-. 
cos  2  a;  n  =  -^ ^- — "  ; 

A 
„  A       2  p' cos  n'r'-©,- jo- 
oos2a?n  =  -*- ^     ^'- 


.(17.) 
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In  using  these  equations^  it  is  to  be  observed  that  the  cosine  of 
an  obtuse  angle  is  negative. 

Simplified  Fottm  of  Cases  1  and  2. 
Case  3.  When  the  two  given  stresses  are  conju^aU,  they  are  of 
equal  obliquity;  and  the  points  O^  B!,  S,  E^  in  fig.  67,  are  in  one 
straight  line,  to  which  M  S  is  perpendicular ;  the  angle  between 
the  two  normals  vbeing 

^l^lAB  =  nn'  =  90''^nr (18.) 

In  this  case,  equation  15  becomes 

2  „     A (i»; 

2  cos  nr 
equation  16  becomes 

.l?-*-^-»'l « 


I  4  cos' nr  I 


eqiiations  17  are  modified  only  "by  the  equality  of  nV  to  nr. 

Case  4.  When  the  planes  of  action  of  the  two  given  stresses  a/re 
perpendicular  to  each  other ^  M  S  is  perpendicular  and  R  R'  parallel 
to  O  N,  in  ^.  57,  so  that  we  have,  for  the  tangential  component  of 
each  stress, 

— -  .A  .A 

MS^josinnr  =j/smn  r'z^pp 

Let  the  normal  components  of  the  given  stresses  be  denoted  by 

Pm,  =p COS  nr;  p , =p' cos n  r. 
Then  equation  15  becomes 

^^=^; (21.) 

equation  16  becomes 

^=^/{^-2^W} (22.) 

The  equations  17  become 

cos  2  a;  n  =  —  cos  2  xn'  =  ^•"P*  ! 
or,  what  is  equivalent, (23.) 

tan  2  an  =  -tan  2!C'n'=z  —P*—  . 

being  the  same  with  equation  1  of  Article  109. 
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Pbohleu  Y.  The  stress  in  every  direetion  being  a  thrustj  and  tite 
greatest  obliquity  being  given,  it  is  required  to  Jmd  the  ratio  of  two 
conjugate  thrusts  whose  common  obliquity  is  given. 

Let  ^  denote  the  giyen  greatest  obliquity.  Then  according  to 
Problem  III., 

Let  n  r,  which  must  not  exceed  0,  denote  the  common  obliquity 
of  a  pair  of  conjugate  thrusts,  so  that,  as  in  Problem  lY.,  case  3, 

90''  +  nr 

shall  be  the  angle  between  the  normals  to  their  planes  of  action, 
and 

9(f  —  nr 

the  angle  between  those  planes  themselves.  Let  p  be  the  intensity 
of  the  greater,  and  p'  that  of  the  less,  of  those  conjugate  thrusts 
whose  ratio  is  sought ;  then  dividing  equation  20  of  this  Article  by 
equation  19,  and  squaring  the  result,  we  find 

8in«a)=C£^'V=  l-iP-P:^J^ (24.) 

or  transposing 

(pH-pT,  cos'nr .gg. 

4:pp'  C08*(P  ^       ^ 

Hence  it  follows  that  the  ratio  of  the  conjugate  stresses,  p,  p',  is 
that  of  the  two  roots  of  a  quadratic  equation. 

tt»— 2co8nf«  +  cos'^=  0 (26.) 

that  is  to  say,  let  p  be  the  greater  thrust,  and  y  the  less,  then 

p^  _ cos  nr  —  J  (cos' nr  —  cos'  0) /27  \ 

P     cos  nr  +  ,y  (cos*  nr — cos*^) 
When  n  r  =  0,  this  becomes  the  ratio  of  the  principal  thrusts,  viz. : — 

PL  =  lzr^l: (28.) 

p,     1  +  sin  ^ 

when  nr=z0,  the  ratio  becomes  that  of  equality. 
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113.  c^MbiMdi  siKMM  ta  Om  Pfauie.r-PBOBLEic.  Given  th$  nCT^ 
mal  iiUensittea  and  directione  of  amy  nvanJber  ofdmpls  stresses  tchog^ 
directions  are  in  the  same  pUme;  required,  the  dvrecUons  amd  inten^ 
sities  of  the  pair  of  principal  stresses  resulting  from  their  ccmhinaiwit^ 

Distmguish  the  puUs  from  the  thrasts  bj  oonsideiing  the  kind, 
whose  sum  is  greatest  as  positive^  and  the  opposite  kind  as  negatiTe. 
Assume  two  planes  at  right  angles  to  each  other  (which  maj  b(% 
called  planes  of  reduction),  to  «ich  of  which,  by  the  process  of 
Article  98,  reduce  all  the  given  stresses ;  and  then  resolve,  as  m. 
Article  99,  each  of  the  reduced  stresses  thus  obtained  into  a  direct 
or  normal,  and  a  shearing  or  tangential  component.  Compute 
(attending  to  the  positive  and  negative  signs)  the  two  sums  of  the 
direct  component  stresses  on  the  two  planes  of  reduction  respectively  ; 
compute  also  the  sum  of  the  shearing  components,  which  will  be 
the  same  for  each  plane  of  reduction :  lastly,  from  the  pair  of  total 
direct  stresses,  and  the  total  shearing  stress,  thus  computed,  re- 
latively to  the  assumed  rectangular  planes  of  reduction,  determine^ 
as  in  Article  112,  Problem  IL,  case  4,  the  directions  and  intensities 
of  the  resultant  principal  stressea — Q.  £.  L 

The  algebrai(»l  expression  of  this  solution  is  as  follows : — ^Let  n. 
be  taken  to  denote  the  normal  to  one  of  the  rectangular  planes  of 
reduction. 

Letp  denote  the  wyrmal  mtensity  of  any  one  of  the  given  direct 

stresses,  and  np  the  angle  which  its  direction  makes  with  the 
normal  n.  The  symbol  :i^  as  in  previous  examples,  denotes  the 
operation  of  taking  the  sum  of  a  set  of  quantities,  with  due  r^pard 
to  their  algebraical  signs,  that  is  to  say,  adding  the  positive  and 
subtracting  the  negative  quantitie& 

The  diroct  and  shearing  components  of  a  single  stress  p,  as 
reduced  to  the  rectangular  planes  of  reduction  respectively,  accord- 
ing to  the  principles  of  Article  99,  are  as  follows  : — 

Normal  i  ^^  *^®  plane  normal  to  n,  jp  cos"  np ; 
(  on  the  other  plane,  p  sins  np ; 

.1  II  A      ,      A 

Tangential  on  each  plane,  p  cos  np  sm  np. 

Consequently,  the  total  direct  and  shearing  stresses  on  the  planes 
of  reduction,  are  as  follows : — 

(ptn=  ^  \p  ojQ*  np)  i 
Tangential,  p,=s  s  (p  cos  np  sin  np). 

Digitized  by  VjOOQIC 


OOKBIKED  ETTRESSBS  IN  ONE  FLAKE.  HI 

Introdncmg  these  Tallies  into  the  equations  21,  22,  and  23,  of 
ijiide  112,  and  observing  that 

cos"np  +  8m'np=l;  oorn/>  —  8in'fip=oo8  2.n|), 

A      .A      1   .    „  A 
cos  n/>  - smnp  =  -^ am 2 np, 

we  obtain  the  following  results : — 

^=^p 0) 

'''7^'=  -I  v^  {  (.  -p  cos  2  J^py+  (i .  p  Bin  2  n'V)}  -(^O 

nx='s  arc-tan— ^^ f (3.) 

i;pco8  2np 

The  equation  2  is  capable  of  being  esroressed  in  another  form,  as 
follows.     Let  fl,  flr  be  a«y  two  angles.     Then 

006  a  cos  a' +  BUI  a  sin  a' =  cos  (a — a'). 

Now  the  quantity  under  the  sign  J,  in  equation  2,  consists  of  the 
following  classes  of  terms : — 

•      .«  A 

1.  All  the  squares  p*  cor  2  np; 

/        «   A         ^  A 

2.  AUtheproducts  2 j>p  cos  2  np cos  2  np'; 

where  |7,p',  are  cmy  pcnr  of  the  given  stresses ; 

3.  All  the  squares  p*  sin*  2  np; 

.    «  A     .    ^  A 

4.  All  the  products  2pp'Bm2npsm2  ny. 

The  first  and  third  of  these  classes  being  added  together,  malce 

s(p^;  the  second  and  fourth  make  2  s(pp'*  cos  2 p//);  pj/ being 
the  angle  between  p  and  p'.     Equation  2  thus  becomes 

^^  =  i  ^/  t  (pV  2  3  (p^  cos2pV)}  (4.) 

Trom  the  equations  (1)  and  (4)  it  appears  that  the  irUeruUws  of 
the  prindpal  stresses  p,  and  p,  can  be  computed  without  assuming 
planes  of  reduction ;  for  the  only  angles  involved  in  this  pair  of 

equations  are  the  several  angles  pp^,  which  the  given  stresses  make 
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•with  each  other  when  compared  by  pairs  in  every  possible  oom- 
bination.  To  find  the  direcUans,  however^  of  those  principal  stresses^ 
planes  of  reduction  must  be  assumed. 

In  using  the  equation  (4),  it  is  to  be  remembered  that  when 

2pp*  exceeds  90°,  we  have 

cos2;?jp'  =  — cos  (l80°  — 2 ;>;/). 

SEonoN  4. — 0/the  Internal  EquxLibrivm  of  Stress  amd  Weighty 
and  tlie  PrmcipUa  of  Hydrostaiica, 

114.   Tarytag  latenul  simm. — The  investigations  of  the  preced- 
ing section  have  been  conducted  as  if  the  internal  stress,  whether 
simple  or  compound,  were  uniform  at  all  points  in  the  body  under 
consideration;  but  their  results  are  nevertheless  correctly  applicable 
to  internal  stress  which  varies  from  point  to  point  of  the  body ; 
for  those  residts  are  arrived  at  by  considering  the  conditions  of 
equilibrium  of  a  pyramidal  or  prismatic  portion  of  the  body  con- 
taining the  point  at  which  the  relations  amongst  the  components 
of  the  stress  are  to  be  determined;  and  when  the  stress  varies  from 
point  to  point,  then  by  supposing  the  pyramid  or  prism  to  be  small 
enough,  its  condition  of  stress  may  be  made  to  deviate  from  uni- 
formity to  an  extent  less  than  any  assigned  limit  of  deviation; 
but  the  truth  of  the  propositions  of  the  preceding  section  for  an 
uniform  stress  is  independent  of  the  size  of  the  prism  or  pyramid  ; 
therefore  they  can  be  proved  to  deviate  from  the  truth  for  a  vary- 
ing stress  by  less  than  any  assignable  error ;  therefore  they  must 
be  true  for  a  vaiying  as  well  as  for  an  uniform  stress. 

115.  Cmmmtm  •€  TarjUis  iMreM. — The  internal  stress  exerted 
amongst  the  parts  of  a  body,  may  vaiy  from  point  to  point,  from 
three  classes  of  causes,  viz. : — 

L  Mutual  attractions  and  repulsions  between  the  parts  of  the 
body ; 

IL  Attractions  and  repulsions  exerted  between  the  parts  of  the 
body  in  question  and  external  bodies ; 

IIL  Stress  exerted  between  the  body  in  question  and  external 
bodies  at  their  surfaces  of  contact. 

I.  The  first  of  these  classes  of  causes  may  be  left  out  of  consideia- 
tion  in  the  present  treatise ;  because  the  mutual  attractions  and 
repulsions  of  the  parts  of  an  artificial  structure  are  too  small  to  be 
of  practical  importance  in  the  art  of  construction. 

IL  Of  the  second  class  of  causes,  the  only  force  which  is  of 
sufficient  magnitude  to  be  considered  in  the  art  of  construction,  is 
iceight, 

TIL  The  consideration  of  the  third  class  of  causes  belongs  to 
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tilie  sabject  of  the  strength  of  mateiials,  which  will  be  treated  of  iu 
the  sequel. 

The  subject  of  the  present  section,  therefore,  is  the  relation  be- 
tween the  weight  of  the  parts  of  a  bodj,  and  the  variation  of  its 

oondition  of  stress  from  point  to  point. 

116.     0«H«na  Problem  •€  laienuil  KvdUbRtam. — Let  iO  denote 

the  weight  per  unit  of  volume  of  a  body,  or  part  of  a  body,  and  let 

it  be  required  to  determine  what  modes  of  variation  of  internal 

stress  are  consistent  with  that  specific  gravity. 
Ck>n£dder  the  condition  of  a  rectangular 

molecule  A  (fig.  58),  bounded  by  ideal 

planes,  whose  edges  are  parallel  to  three 

rectangular  axes,  OX,  OY,  OZ.     Tlie 

position  of  this  set  of  axes  is  immaterial 

to  the  result;  but  the  algebraic  formulee 

are  simplified  by  assuming  one  axis  to  be 

vertical;  let  O  Z,  then,  be  vertical,  and 

let  distances  along  it  be  positive  upwards. 

Then  weight  must  be  treated  as  a  nega- 
tive force  ;  and  the  weight  of  a  portion 

of  the  body  of  the  volume  V  will  be  denoted  by 

Let  the  dimensions  of  the  molecule  A  be 

A  a  parallel  to  OX, 

Ay     „        ,,     OY, 

A«     „        „     OZ. 

Then  its  weight  is  represented  by 

The  six  £Eu;es  will  be  designated  as  follows  : — 

Farthest  from  O. 
The  pair  parallel  to  Y  O  Z 


FI&58. 


ZOX 
XOY 


+  Ay  az 

+   AZ  AX 

+   AX  A 


NearattoO. 

-  Ay  AZ 

—  AZ  AX 


—   A 

(the  lower. 


a?Ay) 
)wer.)  j 


Y)        +  AX  Ay) 
(That  is,  the  horizontal  pair.)  J    (the  upper.)  J 

Let  the  six  intensities  of  the  components  of  the  stress  be  denoted 
as  in  Article  104,  viz. : — 

Normal,  pxx,  Pm  Pu', 
Tangential,  p^^,  p^x.  Par 
As  for  the  signs  of  normal  stress,  let  pull  be  positive  and  thrust 
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negative.  As  for  the  signs  of  tangential  stress,  let  those  stresses 
be  considered  as  <  ^^+:  /  which  tend  to  make  the  pair  of  cor- 
ners of  the  molecule  which  are  nearest  and   farthest  from  O 

( sharper ) 

\  flatter  f 

In  the  first  place,  let  the  rate  of  variation  of  the  stress,  of  what 
kind  soever,  fiom  point  to  point,  be  uniform;  that  is  to  say,  for 
example,  if  the  mean  intensity  of  any  one  of  the  components  of 
the  stress  'at  the  face  —  Ax  ^y  hep,  then  at  the  face  +  A  a;  A  ^, 
whose  distance  from  -^  Ax  Ai/  is  Az,  let  the  me»n  intensity  of 
the  same  component  be 

in  which  -r  -  is  a  constant  co-efficient  or  factor,  meaning  *'the  rcUe 
a  z 

of  variation  of  p  ahng  z,"  which  is  positive  or  negative,  according 
as  the  variation  of  p  is  of  the  same  or  of  the  contraiy  kind  to  that 
of  z.  Bates  of  variation  are  also  known  by  the  name  of  differential 
co-efficients.  As  there  are  six  components  in  the  stre&s,  and  three 
axes  of  co-ordinates,  there  are  eigJUeen  possible  differential  co- 
efficieuts  of  the  stress  with  respect  to  the  co-ordinates ;  but  it  will 
presently  appear  that  nine  only  of  those  co-efficients  are  concerned 
in  the  solution  of  the  present  problem. 

The  relations  amongst  the  weight  of  the  molecule  A,  and  the 
variations  of  the  intensities  of  the  component  stresses  on  its  differ- 
ent faces,  depend  on  this  principle,  that  the  force  arising  Jrom  tJte 
variations  of  stress  must  balance  the  weight  of  the  molecule;  that  is 
to  say,  the  resultant  force  parallel  to  each  of  the  horizontal  axes, 
which  arises  from  the  variation  of  stress,  must  be  nothing,  and  the 
resultant  force  parallel  to  the  vertical  axis,  which  arises  from  the 
variation  of  stress,  must  be  vpuxird,  and  equal  to  the  weight  of  the 
molecule — a  principle  expressed  by  the  three  following  equa- 
tions:— 

-^—AX'AVAZ  +  -^^AV'  AZAX  +  ~^AZ'AXAy  =  0:  ' 

dx  ^  dj/     ^  dz  ^        ' 

-^AX'AVAZ  +  -P^AV-AZAX  +  -£B  A  Z  '  AX  A  V  =  Ol 

dx  "  dy     "^  dz  ^        ' 


-^  AX'  Ay  AZ  ^-^  Ay  AZAZ  +  -^AZ'AXAK 

dbyGoogk 


^—  AX'  Ay  A  Z  +  —Y^  Ay'AZAZ  +  -v=  A  Z'  AX  Ay 

ax  "  dy     "  dz  ^ 

=  WAXAyAZ. 


.(1.) 
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Each  of  the  nine  terms  which  compose  the  left  sides  of  the  above 
equations  is  the  product  of  four  factors;  the  first  being  the  rate  of 
variation  of  a  streas,  the  second  the  distance  between  two  faces  on 
which  that  stress  acts,  and  the  third  and  fourth  the  dimensions  of 
those  &oes,  whose  product  is  their  common  area. 

£ach  term  of  those  three  equations  contains  as  a  common  factor 
the  volume  of  the  molecule,  ax  ^y^z;  dividing  by  this,  they  are 
redaced  to  the  following : — 

dx  dy  dz  ' 


.(2.) 


^P^    +    ^Pa    4-    iSs.    =    0* 
dx  dy  dz  ' 

^Pts      .     dPv'      .      ^P«    _    ,„ 
ax  dy  dz 

In  this  second  form,  the  equations  are  applicable  to  rates  of  varia- 
tion which  are  not  uniform  as  well  as  to  those  which  are  uniform. 
For  as  the  rectangular  molecule,  from  the  conditions  of  whose 
equilibrium  these  equations  are  deduced,  is  of  arbitrary  size,  it  may 
be  supposed  as  small  as  we  please;  and  when  the  rates  of  variation 
of  the  stress  are  not  uniform,  we  can  always,  by  supposing  the 
molecule  small  enough,  make  ^e  rates  of  variation  of  ilie  stresses 
throughout  its  bulk  deviate  from  uniform  rates  to  an  extent  less 
than  any  given  limit  of  error. 

The  equations  2  can  easily  be  modified  so  as  to  adapt  them  to 
any  different  arrangement  of  the  axes  of  co-ordinates.  Thus,  if  z 
be  made  positive  downwards  instead  of  upwards,  -  to  is  to  be  put 
for  w  in  the  third  equation.  If  x  or  y,  instead  of  z,  be  made  the 
vertical  axis,  tc?  is  to  be  substituted  for  0  in  the  first  or  the  second 
equation,  as  the  case  may  be,  and  0  for  w  in  the  third  equation. 
If  the  axes  of  x,  y,  and  z  make  respectively  the  angles  »,  /9,  and  y, 
with  a  line  pointing  vertically  upwards,  the  force  of  gravity  is  to 
be  resolved  into  three  rectangular  components,  each  of  which  must 
be  separately  balanced  by  variations  of  stress  ;  so  that  for 

0,  0,  to, 

in  the  first,  second,  and  third  equations  respectively,  are  to  be 
substituted 

IT  008  «,  tr  COB  /9,  II?  cos  y. 

The  equations  of  this  Article  are  not  in  general  sufficient  of 

Digitized  by  VjOOQIC 


116  PRINCIPLES  OF  STATICS. 

themselves  to  determine  the  mode  of  variation  of  the  intensity  of 
the  stress  in  a  solid  body,  because  of  their  number  not  being  &o 
great  as  that  of  the  number  of  unknown  quantities  to  be  determine<l. 
They  have  therefore  to  be  combined  with  other  equations,  deduced 
from  the  relations  which  are  found  by  experiment  to  exist  between 
the  alterations  of  figure,  which  the  parts  of  a  solid  body  under^go 
when  a  load  acts  on  it,  and  the  stresses  which  at  the  same  time  aet 
amongst  the  disfigured  parts.  These  relations  belong  to  the  buI>- 
ject  of  elasticity  and  of  the  strength  of  materials,  and  not  to  that 
of  the  principles  of  statics.  The  remainder  of  the  present  sectioo 
will  relate  to  those  more  simple  problems  which  can  be  solved  by- 
means  of  the  equations  2  aJone. 

117.  E^niiibriam  of  FhiMs. — It  has  already  been  explained  in 
Article  110,  that  in  a  fluid  the  only  stress  to  be  considered  in 
practice  is  a  thrust  or  pressure,  normal  and  of  equal  intensity 
in  all  directions.  This  is  expressed  symbolically  in  the  following 
manner : — 

P,.  =  0;  j?„  =:  0;  p^  =  0;^  .j  x 

P^  =  Pn^P«=P'>  S ^  '^ 

the  single  symbol  p  being  used,  for  the  sake  of  convenience  and 
brevity,  to  cfenote  the  itUensity  of  ilie  fluid  pressure  at  any  given  point 
in  the  fluid. 

In  adapting  the  equations  2  of  Article  116  to  this  case,  it  is  con- 
venient to  tc^e  X  to  denote  vertical  co-ordinates,  and  to  make  it 
positive  downwards.  Then,  bearing  in  mind  that  p  is  now  a  thrust, 
being  positive  (and  not  a  pull  when  positive  and  a  thrust  when 
negative,  as  in  the  genersd  problem),  we  obtain  the  following 
equations; — 

dp 


•  ==  w\ 


.(2.) 


dy  dz 

The  first  of  these  equations  expresses  the  fact,  that  in  a  balanced 
fluid,  the  pressure  increases  with  the  vertical  depth,  at  a  rate  expressed 
by  the  weight  of  the  fluid  per  unit  of  volume ;  and  the  second  and  third 
express  die  fact,  that  in  o  balanced  fluid,  the  pressure  has  no  variation 
in  any  horizontal  direction ;  in  other  words,  that  the  pressure  is  equal 
at  all  points  in  the  same  levd  surface, 

[The  exact  figure  of  a  level  surfEu^e  is  spheroidal ;  but  for  pur- 
poses of  applied  mechanics  it  may  be  treated  as  a  plane,  without 
sensible  error.] 
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Those  principles  may  also  be  proved  directly.     Let  fig.  59  re- 
present a  vertical  section  of  a  fluid;  ^ 

Y  O  Y  any  hoiizontaL  plane,  O  X  a        '  ^*" 

vertical  axis.     Let  BB  be  a  hori- 
amtal  plane  at  tiie  depth  x  below  O ;       b  a 

G  C  another  horizontal  plane  at  the  i  I- 

depth  X  -^  AX,     Let  A  be  a  small 
rectangular  molecule  contained  be- 
tween those  two  horizontal  planes;  Fig*  59. 
and  let  A  ^  and  a  2;  be  its  horizontal  dimensionSi  so  that  its  weight  is 

WAXApAZ. 

The  pressure  exerted  by  the  other  portions  of  the  fluid  against  the 
vertical  &ces  of  this  molecule  are  horizontal,  and  must  balance  each 
other;  therefore  there  can  be  no  variation  of  pressure  horizontally. 
Let  /^  then,  be  the  uniform  pressure  at  the  horizontal  plane  YO  Y^ 

p,  that  at  the  plane  B  B,  andp  +  ^  ^x  that  at  the  plane  C  0,  -~- 

being  the  rate  of  increase  of  pressure  with  depth.  The  molecule  is 
pressed  downwards  by  the  pressure  whose  amount  is 

and  upwards  by  the  pressure  whose  amount  is 
The  diflerence  between  those  forces,  viz. : — 


dp 


dx 


A1/AS: 


has  to  be  balanced  by  the  weight  of  the  molecule;  equating  it  to 
which,  and  dividing  by  the  common  factor  Ax^i/  ^z^we  obtain 
the  first  of  the  equations  2  of  this  Article. 

The  pressure  Pq  at  the  surface  Y  Y  being  given,  the  pressure  p 
at  any  given  depth  x  below  Y  Y  is  found  by  means  of  the  integral, 


Po  -^  I    wdx; 


(3) 


that  18  to  say,  it  is  equal  to  the  pressure  at  the  plane  Y  Y,  added  to 
the  weight  of  a  vertical  column  of  the  fluid  whose  area  of  base  is 
unity,  and  which  extends  from  the  plane  YY  down  to  the  given 
dep^  X  below  that  plane. 

It  is  obviously  necessary  to  the  equilibrium  of  a  fluid,  that  the 
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specific  gravity,  as  well  as  tbe  pressure,  should  be  the  same  at  aJI 
points  in  the  same  level  surface. 

The  preceding  principles  are  the  base  of  the  science  of  Hydro- 
statics. 

118.  E««ilibriwBi  of  a  liUnid. — A  liquid  is  a  fluid  whose  paits 
tend  to  preserve  a  definite  size ;  that  is  to  say,  a  i)ortion  of  a  liquid 
of  a  given  weight  tends  to  occupy  a  certain  definite  volume ;  and  to 
make  it  occupy  a  greater  or  a  less  volume,  tension  or  pressure,  as 
the  case  may  be,  must  be  applied  to  it.  The  volume  occupied  by  an 
unit  of  weight  is  the  reciprocal  of  the  weight  of  an  imit  of  volume; 
so  that  the  preceding  principle  might  otherwise  be  stated  by  say- 
ing, that  a  liquid  tends  to  preserve  a  definite  specific  gravity,  which 
may  be  increased  by  pressure,  or  diminished  by  tension. 

The  volume  which  a  given  weight  of  a  liquid  tends  to  occupy 
depends  on  its  temperature  according  to  laws  which  belong  to  the 
science  of  Heat. 

The  alterations  of  the  specific  gravity  of  liquids  produced  by  any 
pressures  which  occur  in  practice,  are  so  small,  that  in  most  pro- 
blems respecting  the  equilibriimi  of  liquids,  the  specific  gravity  v> 
may  be  treated  without  sensible  error  as  a  constant  quantity,  inde- 
pendent of  the  pressure  p.  In  the  case  of  water,  for  example,  the 
compression  of  volume,  and  increase  of  specific  gravity,  produced  by 
a  pressure  of  one  atrrvospherej  or  14*7  pounds  per  square  inch,  is  about 
7Tmnr,  or  aoAoy  for  each  pound  on  the  square  inch. 

If,  then,  the  specific  gravity  w  be  treated  as  a  constant  in  equation 
3  of  Article  117,  it  becomes  as  follows : — 

;>  =  /?o  +  «^»; (1) 

that  is  to  say : — let  p^  be  the  pressure  at  the  upper  surface,  Y  O  Y, 
(fig.  59)  of  a  mass  of  liquid ;  then  the  pressure  p  at  any  given  depth 
X  below  that  surface  is  greater  than  the  superficial  pressure  po  by 
an  amount  found  by  multiplying  that  depth  by  the  weight  of  an 
unit  of  volume  of  the  liquid. 

When  the  mass  of  liquid  is  in  the  open  air,  the  superficial  pres- 
sure Pq  is  that  arising  from  the  weight  of  the  earth's  atmosphere 
of  air,  and  at  places  near  the  level  of  the  sea,  is  estimated  on  an 
average  at  14*7  pounds  on  the  square  inch.  In  a  close  vessel, 
the  superficial  pressure  may  be  greater  or  less  than  that  of  the 
atmosphere. 

119.  K^nllltainm  of  dUTeroii  Vlalda  In  coalact  wtih  oRch  other.-— 
If  two  different  fluids  exist  in  the  same  space,  they  may  unite  so 
that  each  of  them  shall  be  distributed  throughout  the  whole  space, 
either  by  chemical  combination  or  by  di&sion;  but  in  such  cases 
they  form,  in  fact,  but  one  fluid,  which  is  a  compoimd  or  mixture, 

s  the  case  may  be.     The  present  Article  has  reference  to  the  case 
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when  fluids  of  different  kinds  remain  in  contact,  uncombined  and 
unmixedi  In  this  case,  the  condition  of  equilibrium  is,  that  the 
2>re68ures  of  two  fluids  at  each  point  of  their  8ur&.ce  of  contact  shall 
be  equal  to  each  other, — a  condition  which,  when  the  two  fluids 
are  of  diflerent  specific  gravities,  can  only  be  fulfilled  when  the 
surface  of  contact  is  horizontal 

If,  then,  two  or  more  fluids  of  different  speciflc  gravities,  which 
do  not  combine  nor  mix  with  each  other,  be  contained  in  one  vessel 
uninterrupted  by  partitions,  they  will  arrange  themselves  in  hori- 
zontal strata,  the  heavier  fluids  being  below  the  lighter. 

If  two  fluids  of  different  specific  giuvities  be  contained  in  the 
two  legs  of  a  tube  shaped  like  the  letter  XT  (and  called  an  "inverted 
tjiphon*'),  or  if  one  of  the  two  fluids  be  contained  in  a  vertical  tube 
open  below,  and  the  other  in  the  space  surrounding  that  tube ;  or, 
generally,  if  the  two  fluids  be  partially  separated  from  each  other  by 
2ft  vertical  or  nearly  vertical  partition,  below  which  there  is  a  com- 
munication between  the  spaces  on  either  side  of  it;  the  horizontal 
surface  of  contact  of  the  fluids  will  be  at  that  side  of  the  partition 
at  which  the  lighter  fluid  is  found,  so  that  it  may  be  above,  and  the 
heavier  fluid  below,  that  surface  of  contact. 

Let  jpo  denote  the  common  pressure  of  the  two  fluids  at  their  sur- 
face of  contact,  and  let  any  ordinate  measured  &om  that  surface 
vjywards,  be  denoted  by  x.  Let  %d  denote  the  specific  gravity,  and 
p'  the  pressure,  of  the  lighter  fluid;  t^"  the  specific  gravity,  and  p" 
the  pressure,  of  the  heavier  fluid.  Then  at  any  given  elevation  x 
above  the  surface  of  contact 


f  =Po—jl^''dx', 


.(1.) 


wbicb  equations,  when  the  fluids  are  liquids^  and  ufy  to",  constants, 
become 

p'  -  Po  -  ^^')  p"*  =  p^i-  «?"« (2.) 

As  in  the  case  of  the  barometer,  and  the  mercurial  pressure  gauge, 
the  height  at  which  a  liquid  stands  in  a  tube,  closed  and  empty  at 
the  upper  end,  above  its  surface  of  contact  with  another  fluid,  may 
be  used  to  determine  the  pressure  exerted  by  that  other  fluid  at  the 
sur£Etce  of  contact.     In  this  case,  p"  =  0,  or  nearly  so ;  consequently 

P^  =  ^oi, (3.) 

Let  ci,  0^,  be  two  heights  above  the  surface  of  contact  at  which 
the  respective  pressures  of  the  lighter  and  the  heavier  fluid  are 
either  equal  to  each  other,  or  both  equal  to  nothing;  then  p"  =  y, 
and  consequently^  for  fluids  in  general| 
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J'^^u/dx=J'Jurdx, (4.) 

If  the  ilnidB  be  both  liquids,  this  beoomes, 

v/x  =  fif  x", (5.) 

or,  the  heights  are  inversely  as  the  specific  gravities. 

If  the  heavier  fluid  be  a  liquid  (such  as  the  mercuiy  in  the  baro- 
meter) and  the  lighter  a  gas  (such  as  the  atmosphere)  the  equation, 
becomes 

'^''tddx^ufx"; (6.) 


/:■ 


and  on  this  last  formula  is  founded  the  method  of  determining 
differences  of  level  hj  barometric  observations  of  the  atmospheric 
pressure. 

120.  EvdlArliiM  •f  a  FlMitas  Badr* — ^THEOREM.  A  solid  body 
ftoaiing  <m  the  aurface  of  a  liquid  is  balanced,  wken  U  displaoeB  a 
volume  of  liquid  whose  weight  is  equal  to  the  weight  of  the  floating 
body,  amd  when  the  centre  of  graanty  of  the  floaliv/g  body,  and  that 
of  the  volume  from  which  the  liquid  is  displaced,  are  in  the  same 
vertical  line. 

Let  fig.  60  represent  a  solid  body  (such  as  a  ship),  floating  in  a 
liquid,  whose  horizontal  upper  surface  is  Y  Y.     Suppose,  in  the  first 

place,  that  there  is  no  pressure  on 
the  surface  YY.  Consider  a  small 
portion  S  of  the  surface  of  the  im- 
mersed part  of  the  solid  body.  The 
liquid  will  exert  against  S  a  normal 
pressure,  whose  amount  will  be  ex- 
pressed by 

Rg.  60.  Sp  =  Swx, 

where  S  is  the  area  of  the  small  portion  of  the  immersed  surface,  x 
the  depth  of  immersion  of  its  centre  below  the  level  surface  YY, 
and  w  the  weight  of  unity  of  volume  of  the  liquid. 

Let  «  denote  the  angle  of  inclination  of  the  area  S  to  a  horizontal 
plane,  or,  what  is  the  same  thing,  the  angle  of  inclination  of  the 
pressure  on  S  to  the  vertical  Conceive  a  vertical  prism  H  S  to 
stand  on  the  area  S ;  the  area  of  the  horizontal  transverse  section 
of  this  prism  is  what  is  called  the  horizontal  projection  of  the  area 
S,  and  its  value  is 

S  cos  «. 

Conceive  a  horizontal  prism  ST  to  have  its  axis  in  the  vertical 
plane  which  is  perpendicular  to  S,  and  to  have  the  area  S  for  an 
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oblique  section ;  the  vertical  transyerae  section  of  tbis  prism  is  wliat 
is  called  the  vertical  projection  of  the  area  S,  and  its  value  is 

Ssin^. 

This  horizontal  prism  cnts  the  immersed  surface  in  another  small 
area  T,  whose  projection  on  a  vertical  plane  perpendicular  to  the 
axis  of  the  prism  S  T  is  equal  to  that  of  S,  and  which  is  immersed 
to  the  same  depth,  and  sustains  pressure  of  the  same  intensity. 

Resolve  the  toted  pressure  on  S  into  a  horizontal  component  and 
a  vertical  component.     The  horizontal  component  is 

being  eqilal  to  the  product  of  the  intensity  p  by  the  vertical  projection 
of  S;  but  this  component  is  balanced  by  an  equal  and  opposite  com- 
ponent of  the  total  pressure  on  T;  and  the  same  is  the  case  for 
every  portion  such  as  S  into  which  the  immersed  surface  can  be 
divided ;  therefore  the  resultant  of  all  the  horizontal  components  of 
the  pressure  exerted  by  the  liquid  against  the  solid  is  nothing. 
The  vertical  component  of  the  pressure  on  S  is 

Sj7C0S«  =  BwxcoBm, 

being  equal  to  the  product  of  the  intensity  p  by  the  horizontal 
projection  of  S.  But  S  x  cos  m  is  the  volume  of  the  vertical  prism 
H  S,  standing  upon  the  small  area  S,  and  bounded  above  by  the 
horizontal  surface  YY,  and  to  is  the  weight  of  unity  of  volume  of 
the  liquid ;  therefore  Btox  cos  «  is  the  weight  of  liquid  which  the 
prism  H  S  would  contain ;  so  that  the  vertical  component  of  the 
pressure  on  S  is  an  upward  force,  eqtiol  and  opposite  to  the  tceightof  the 
liquid  displaced  hy  the  prismatic  portion  of  the  solid  body  which  stands 
vertkaUy  above  B.  Tnen  if  the  whole  of  the  immersed  surface  be 
divided  into  small  areas  such  as  S,  the  resultant  of  the  pressure  of 
the  liqidd  agahist  that  entire  surface  is  the  sum  of  all  the  vertical 
components  of  the  pressures  on  the  small  areas ;  that  is,  a  force 
equal  and  opposite  to  the  sum  of  the  weights  of  liqidd  displaced  by  all 
the  prisms  such  as  H  S;  that  is,  a  sum  equal  and  opposite  to  the 
weight  of  the  whole  volume  of  liquid  displaced  by  the  floating 
body;  and  the  line  of  action  of  that  resultant  traverses  the  centre 
of  gravity  of  the  volume  of  liquid  so  displaced. 

Let  0  denote  that  centre  of  gravity,  which  is  also  called  the 
Centre  of  Buoyancy,  Let  G  denote  the  centre  of  gravity  of  the 
floatdng  body.  Let  W  denote  the  weight  of  the  floating  body,  and 
V  the  volume  of  liquid  displaced  by  it. 

Then  the  conditions  of  equilibrium  of  the  floating  body  are  ob- 
viously the  following : — 

Firtt : — ^W  =  w  V ;  or  its  weight  must  be  equal  to  the  weight  of 
the  volume  of  liquid  displaced  by  it; — 
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Secondly: — its  centre  of  gravity  G,  and  the  centre  of  buoyancy 
C,  must  be  in  the  same  vertical  line. — Q.  E.  D. 

The  preceding  demonstration  has  reference  to  the  case  in  which 
the  pressure  on  the  horizontal  surface  Y  Y  is  nothing.  In  the  case 
of  bodies  floating  on  water,  that  STirface,  as  weU  as  the  non-immersed 
/part  of  the  surface  of  the  floating  body,  have  to  sustain  the  pressure 
of  the  air.  To  what  extent  this  fact  modifies  the  conclusions 
arrived  at  will  appear  in  the  next  Article. 

121.  PreMure  on  an  Immcned  Bodj. — ^TheOREIC.      If  a  solid  body 

he  wholly  immersed  in  a  fluid,  the  resultant  of  the  pressure  of  the  fluid 
on  the  solid  body  is  a  vertical  force^  equal  and  directly  opposed  to  the 
tDeight  of  the  portion  of  the  fluid  which  the  solid  body  displaces. 

Let  flg.  61  represent  a  solid  body  totally  immersed  in  a  fluid, 
whether  liquid  or  gaseous.  Conceive  a  small 
vertical  prism  SU  to  extend  fix)m  a  portion 
S  of  the  lower  surface  of  the  body,  to  the 
portion  TJ  of  the  upper  surface  which  is  ver- 
tically above  S.  Also  let  S  T  be  a  horizontal 
prism  of  which  S  is  an  oblique  section,  and 
UV  a  horizontal  prism  of  which  U  is  an 
pj    g-  oblique  section,  as  in  Article  120. 

Then,  as  in  Article  120,  it  may  be  proved 
that  the  horizontal  component  of  the  pressure  on  S  is  balanced  by 
an  equal  and  opposite  component  of  the  pressure  on  T,  and  the 
horizontal  component  of  the  pressure  on  U  by  an  equal  and  opposite 
component  of  the  pressure  on  V;  so  that  the  horizontal  component 
of  the  resultant  of  the  pressure  of  the  fluid  on  the  enth-e  body  is 
nothing,  and  that  resultaiit  is  vertical. 

The  vertical  component  of  the  pressure  on  S  is  upward,  and 
equal  to  the  weight  of  the  prismatic  portion  of  the  fluid  which 
would  stand  vertically  above  S  if  a  part  of  it  were  not  displaced  by 
the  solid  body.  The  vertical  component  of  the  pressure  on  U  is 
downward,  and  equal  to  the  weight  of  the  prismatic  portion  of  the 
fluid  which  stands  vertically  above  TJ,  The  vertical  force  arising 
from  the  pressures  on  S  and  on  U  together  is  upward,  and  equal 
to  the  difference  between  those  two  weights;  that  is,  it  is  equal 
and  directly  opposed  to  the  weight  of  the  portion  of  the  fluid  dis- 
placed by  the  prismatic  portion  S  TJ  of  the  immersed  body. 

Hence  the  resultant  of  the  pressure  of  the  fluid  over  the  entire 
surface  of  the  immersed  body  is  equal  and  directly  opposed  to  the 
weight  of  the  portion  of  fluid  displaced  by  that  body. — Q.  R  D. 

The  centre  of  gravity  C,  of  the  portion  of  fluid  which  would 
occupy  the  position  of  the  body  if  it  were  not  immersed,  is  called, 
as  before,  the  centre  of  buoyancy ,  and  is  traversed  by  the  vertical 
line  of  action  of  the  resultant  of  the  pressure  of  the  fluid,  which  is 
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Itself  called  the  buoyancy  of  the  immersed  body^  and  sometimes  the 
apparent  loss  ofvxighJt, 

To  TOftiTitAm  an  immersed  body  in  eqnilibrio,  there  must  be  applied 
to  it  a  force  or  couple,  as  the  case  may  be,  equal  and  direcdy  op- 
]K)8ed  to  the  resultant,  if  any,  of  its  downward  weight  and  upward 
buoyancy;  that  resultant  being  detepained  according  to  the  principles 
of  Articles  39  and  40. 

When  a  body  floats  in  a  heavier  fluid  (as  water)  haying  its  upper 
portion  surroimded  by  a  lighter  fluid  (as  air),  its  total  buoyancy  is 
equal  and  opposite  to  the  resultant  of  the  weights  of  the  two  portions 
of  the  respective  fluids  which  it  displacea 

In  practical  questions  relative  to  the  equilibrium  of  ships,  the 
buoyancy  arising  from  the  displacement  of  air  is  too  small  as  com- 
])ared  with  that  arising  from  the  displacement  of  water,  to  require 
to  be  taken  into  account  in  calculation. 

122.  AppwcHt  Wdghto. — The  only  method  of  testing  the  equality 
of  the  weights  of  two  bodies  which  is  sufficiently  delicate  for  exact 
scientific  purposes,  is  that  of  hanging  them  from  the  opposite  ends 
of  a  lever  with  equal  arms. 

If  this  process  were  performed  in  a  vacuum,  the  balancing  of  the 
bodies  would  prove  their  weights  to  be  equal ;  but  as  it  must  be 
performed  in  air,  the  balancing  only  proves  the  equality  of  the 
itpparent  veigJUs  of  the  bodies  in  air,  that  is,  of  the  respective  ex- 
cesses of  their  weights  above  the  weights  of  the  volumes  of  air  which 
they  displace.  The  real  weights  of  the  bodies,  therefore,  are  not 
equal  unless  their  volumes  are  equal  also.  If  their  volumes  are 
unequal,  the  real  weight  of  the  larger  body  must  be  the  greater  by 
an  amount  equal  to  the  weight  of  the  diflerence  between  the  volumes 
of  air  which  they  displace. 

The  weight  of  a  cubic  foot  of  pure  diy  air,  under  the  pressure  of 
one  atmosphere  (14*7  lbs.  on  the  square  inch),  and  at  the  temperature 
of  melting  ice  {S'j^  Fahrenheit)  is 

0*080728  pound  avoirdupois. 
Let  this  be  denoted  by  w©.     Then  the  weight  of  a  cubic  foot  of  air 
under  any  other  pressure  of  p  atmospheres,  and  at  the  temperature  t 
of  Fahrenheit*s  scale,  is  given  with  a  degree  of  accuracy  sufficient 
for  most  purposes,  by  the  formula, 

^  =  ^•^77461^2' : ^^'^ 

and  if  «?,  W,  be  the  weights  of  a  given  volume  of  air,  under  the 
respective  pressm-es/?,^,  and  at  the  temperatures  t,  tf,  of  Fahrenheit's 
bcale,  then 

^  _P   t  -f  461°'2  .2\ 

w""p'?  + 461^-2 ^'' 
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Let  Wi  denote  the  true  weight  of  a  bodj,  Y|  its  Tolame,  Wt  its  ^wei^fa  t 
per  unit  of  volume^  to  the  weight  of  unity  of  volume  of  aii^      Then 

and  the  apparent  weight  of  the  same  body  in  air  is 

W  =  («r.-tr)V.=?^LZirw. (a) 

Let  this  body  now  be  balanced  against  another  body  in  an  aocurate 
pair  of  scales,  and  let  their  apparent  weights  be  equal.  Then,  if 
W,  denote  the  true  weighty  and  v?t  the  weight  per  unit  of  Yoluzne, 
of  the  second  body,  we  have 

!fLIl^  W.  =  ^^LZli?  w, (4.) 

so  that  the  proportion  between  the  real  weights  of  the  bodies  is 

Wi      WiWi  —  w^w ^  '^ 

123.  Beiattre  SpMiiie  csmTitiM. — K  the  true  weight  of  a  solid 
body  be  known,  and  that  body  be  next  weighed  whUe  immersed  in 
a  liquid,  the  proportion  of  the  specific  gravities  of  the  solid  body 
and  of  the  liquid  can  be  deduced  from  the  apparent  loss  of  weighty 
which  is  the  weight  of  the  volume  of  liquid  displaced  by  the  body. 

Let  W„  as  in  equation  3  of  Article  122,  denote  the  true  weight 
of  the  solid  body,  w^  its  weight  per  unit  of  volume,  Wj  the  weight  of 
an  unit  of  volume  of  the  liquid  in  which  its  apparent  weight  is 
foimd,  and  W"  the  apparent  weight;  then  by  the  equation  already 
referred  to 

and  consequently 

v>i~'    W. ^■> 

Let  the  first  weighing  take  place  in  air  and  the  second  in  the  liquid, 
and  let  W  be  the  apparent  weight  in  air ;  then 


and  consequently 


w  —  w,  —  w' ; w 


>  that  if  —  is  known,  —  may  be  found  by  the  equation 
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Wi 


W  — W  — 


.(3.) 


IT,""    W  — W" 

When  the  object  of  weighing  of  this  kind  is  to  determine  the 
specific  gravities  of  solids,  the  liquid  usually  employed  is  pure  water; 
and  the  results  obtained  are  the  rcUios  of  the  specific  gravities  of 
solid  bodies  to  that  of  pure  water.  If  these  ratios,  or  relative  spe- 
cific gravities,  be  multiplied  by  the  weight  of  a  cubic  foot  of  pure 
water,  the  weight  of  a  cubic  foot  of  the  Holid  is  obtained. 

The  weight  of  a  cubic  foot  of  pure  water  at  the  temperature  of  its 
maximum  density  (being,  according  to  Playfair  and  Joule,  39°*  1 
Fahrenheit)  is,  according  to  the  best  existing  data, 

62*425  pounds  avoirdupoia 

For  any  other  temperature  t  on  Fahrei^heit*s  scale,  the  weight  of  a 
cubic  foot  of  pure  water  is 

62*42x5 (4) 

V 

where  v  denotes  the  volume  to  which  a  mass  of  water  measuring  one 
cubic  foot  at  39***!  expands  at  ^;  a  volume  which  may  be  computed 
for  temperatures  from  32°  to  77°  Fahrenheit,  by  means  of  the  follow- 
ing empirical  formula,  extracted  from  Prof.  W.  H.  Miller's  paper  on 
the  Standard  Pound  in  the  Philosophical  Transactions  for  1856 : — 

log.  t7=lt)*l  («— 39*1)2  — 0*0369  (<  — 39*1)8 -r  10,000,000.  (5.) 
The  relative  specific  gravities  of  two  liquids  are  determined  by 

weighing  the  same  solid  body  immersed  in  them  successively  and 

comparing  its  apparent  losses  of  weight. 

124.  PnMMve  •■  »n  immened  PhuM. — K  a  horizontal  plane  sur- 
face of  any  figure  be  immersed  in 

a  fluid,  the  pressure  on  that  sur- 

&ce  is  vertical,  and  uniformly 

distributed;  its  amount  is  the 

product  of  the  intensity  of  the 

pressure  at  the  depth  to  which 

the  plane  is  immersed  by  the  area 

of  the  plane;  and  the  centre  of 

pressure  (as  already  shown  in 

Art  90)  is  the  centre  of  gravity 

of  a  flat  plate  of  the  figure  of 

the  plane  surface,  or,  as  it  is 


Fig.  62. 


usually  termed,  the  centre  of  gravity  of  the  plane  surface. 

If  an  inclined  or  vertical  plane  surface  be  immersed  in  a  liquid, 
let  O  Y  {&g,  62),  represent  a  section  of  the  horizontal  plane  at 
which  the  pressure  is  nothing,  and  B  F  a  vertical  section  of  the 
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immersed  plane.     Let  aj^  =  BE  be  the  depth  to  which  the  lo-weir 
edge  of  this  plane  is  immersed  below  OY.     From  B  draw  BI>  = 
BEJ  and  -L  BE;  produce  the  plane  BE  till  it  cuts  the  horizontal 
plane  of  no  pressure,  OY,  in  the  line  represented  in  section  by  O; 
throiigh  O  and  I)  draw  a  plane  O  H  D,  and  conceive  the  pHusm. 
B  D  H  E  to  stand  normally  upon  the  base  B  E  and  to  be  bounded 
above  by  the  plane  D  H.     The  pressure  on  the  plane  BE  will  be 
normal;  its  amount  will  be  equal  to  the  weight  of  fluid  contained 
in  the  volume  BD H E;  that  is  to  say,  let  Xq  denote  the  depth,  of 
the  centre  of  gravity  of  the  plane  BE  below  O  Y,  and  w  the  weight 
of  unity  of  the  volume  of  liquid;  then  the  mean  irUendty  of  the 
pressure  on  B  E  is 

Po  =  w^Oo, (1.) 

and  the  amount  of  the  pressure 

P  =  wxo'foXA  BE (2.) 

Let  C  be  the  centre  of  gravity  of  the  volume  B  D  H  F;  then  the 
centre  of  pressure  of  the  surfia,ce  B  E  is  the  point  where  it  is  cut  by 
the  perpendicvdar  CP  let  fjBdl  on  it  from  C. 

As  the  intensity  of  the  pressure  on  any  point  of  BE  is  propor- 
tional to  its  depth  below  OY,  and  consequently  to  its  distance  from 
O,  this  is  a  case  of  uniforvdy  varying  stress^  and  the  formulae  of 
Article  94  are  applicable  to  it  La  the  application  of  those  formulse 
it  is  to  be  observed,  that  the  ordinates  y  are  to  be  measured  hori- 
zontally in  the  plane  BE,  whose  centre  of  gravity  is  to  be  taken  as 
the  origin;  that  the  co-ordinates  x  are  to  be  measxired  in  the  same 
plane,  along  the  direction  of  steepest  dedivity,  and  reckoned  ix)sitive 
downwards;  and  that  the  value  of  the  constant  a  in  the  equations  of 
Article  94  is  given  by  the  formula 

a  =  tosiuff (3.) 

where  «  is  the  angle  of  inclination  of  the  plane  B  F  to  a  horizontal 

plana 

125.  Prannue  Im  ut  ImdeflMlte  Vaiformlr  WLv^lmg  flolM. — Conceive 
a  mass  of  homogeneous  solid  mate- 
rial to  be  indefinitely  extended 
laterally  and  downwards,  and  to 
be  botmded  above  by  a  plane  sur- 
face, making  a  given  angle  of  de- 
clivity ^  with  a  horizontal  plane. 
In  fig.  63,  let  YOY  represent  a  ver 
tical  section  of  that  upper  sloping 
surface  along  its  direction  of  sreatest 
declivity,  and  OX  a  verticu  plane 
Hg.  68.  pexpendicular  to  the  plane  of  vertical 
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section  which  is  represented  hj  the  paper.  Let  w  be  the  imiform 
weight  of  unity  of  volume  of  the  substance.  Let  B  B  be  any 
plane  parallel  to,  and  at  a  vertical  depth  x  below  the  plane  Y  Y. 
If  the  substance  is  exposed  to  no  external  force  except  its  own 
weight,  the  only  pressure  which  any  portion  of  the  plane  B  B  can 
have  to  sustain  is  the  weight  of  the  material  directly  above  it. 
Hence  follows — 

Th£OBEH  L  In  an  ind^niie  homogeneous  solid  hounded  above  by 
a  sloping  plam,  the  preaeure  on  cmy  plane  paraUd  to  thai  sloping 
sur/ace  is  vertioal,  and  o/an  tmiform  intensity  equal  to  the  weight  of 
the  vertical  prism  which  stands  on  tmity  o/area  of  the  given  plane. 

The  area  of  the  horizontal  section  of  that  prism  is  cos  ^,  conse- 
quently, the  intensity  of  the  vertical  pressure  on  the  plane  B  B  at 
the  depth  x  is 

p,  =  wxco&lf (1.) 

Froni  the  above  theorem,  combined  with  the  principle  of  conjugate 
stresses  of  Article  101,  there  follows — 

Thkoreh  IL  The  stress,  if  amy,  on  a/ny  veHical  plcme  is  parallel 
to  the  eloping  swrfa>ce,  amd  conjugaite  to  the  stress  on  a  plane  parallel 
to  ihcU  surface. 

Consider  now  the  condition  of  a  prismatic  molecule  A,  bounded 
above  and  below  by  planes  B  B,  CO,  parallel  to  the  sloping  surface 
Y  Y,  and  laterally  by  two  pairs  of  parallel  vertical  planes.  Let 
the  common  area  of  the  upper  and  lower  surfaces  of  this  prism  be 
unity,  and  its  height  A  x ;  then  its  volume  is  A  a;  *  cos  ^,  and  its 
weight  wAx'cos0,  which  is  equal  and  opposite  to,  and  balanced 
by  the  excess  of  the  vertical  pressure  on  its  lower  face  above  the 
vertical  pressure  on  its  upper  fece.  Therefore,  the  pressures  paral- 
lel to  the  sloping  surface,  on  the  vertical  faces  of  the  prism,  must 
balance  each  other  independently ;  therefore  they  must  be  of  equal 
mean  intensity  throughout  the  whole  extent  of  the  layer  between 
the  planes  B  B,  0  C ;  whence  follows — 

Theorem  IIL  The  state  of  stress,  at  a  given  vm/orm  depth  below 
the  sloping  surface,  is  uniform, 

126.  Ob  the  VwawMml  Prcjeclimi  •f  StnM  mmd  Weight. — In  apply- 
ing the  principles  of  parallel  projection  to  distributed  forces,  it  is 
to  be  borne  in  mind  that  those  principles,  as  stated  in  Chapter  lY., 
are  applicable  to  Hnes  representing  the  cmuyunts  or  resultants  of 
distributed  forces,  and  not  their  intensities.  The  relations  amongst 
the  intensities  of  a  system  of  distributed  forces,  whose  resultants 
have  been  obtained  by  the  method  of  projection,  are  to  be  arrived 
at  by  a  subsequent  process  of  dividing  each  projected  resultant  by 
the  projected  space  over  which  it  is  distributed. 

SScamples  of  the  application  of  processes  of  this  kind  to  practical 
questions  will  appear  in  the  Second  Part 
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CHAPTER  VI 

Oy  STABLE  AMD  X7KSTABLE  EQUUJBBIUK. 

127.  aud»1e  nd  Unflttible  B«alUlnrtam  of  a  Free  Bodf. Sup- 
pose a  body,  which  is  in  equilibrio  under  a  balanced  system  of  forces, 
to  be  free  to  move,  and  to  be  caused  to  deviate  to  a  small  extent 
from  its  position  of  equilibrium.  Then  if  the  body  tends  to  deviate 
further  from  its  origmal  position^  its  equilibriimi  is  said  to  be  unr 
stable;  and  if  it  tends  to  return  to  its  original  position^  its  equi- 
librium is  said  to  be  stable. 

Cases  occur  in  which  the  equilibrium  of  the  same  body  is  stable 
for  one  kind  or  direction  of  deviation^  and  tmstable  for  another. 

"When  the  body  neither  tends  to  deviate  further,  nor  to  reooTer 
its  original  position,  its  equilibrium  is  said  to  be  indiffhrenL 

The  solution  of  the  question,  whether  the  equilibrium  of  a  given 
body  under  given  forces  is  stable,  unstable,  or  indifferent,  for  a 
given  kind  of  deviation  of  position,  is  effected  by  supposing  the 
deviation  made,  and  finding  the  resultant  of  the  forces  which  act 
on  the  body,  altered  as  they  may  be  by  the  deviation,  in  amount,  in 
position,  or  in  both.  If  this  resultant  acts  towards  the  same  direc^ 
tion  with  the  deviation,  the  equilibrium  is  imstable — if  towards  the 
opposition  direction,  stable — and  if  the  resultant  is  still  notlung, 
the  equilibrium  is  indifferent. 

The  disturbance  of  a  free  body  from  a  position  of  stable  equi- 
librium causes  it  to  oscillate  about  that  position. 

128.  mmhWtT  of  a  Fixed  Body. — The  term  "stability,"  as  ap- 
plied to  the  condition  of  a  body  forming  part  of  a  structure,  has,  in 
most  cases,  a  meaning  different  from  that  explained  in  the  last 
Article,  viz.,  the  property  of  remaining  in  eqvdlibrio,  without  sen- 
sible deviation  of  position,  notwithstanding  certain  deviations  of 
the  load,  or  externally  appHed  force,  from  its  mean  amount  or  posi- 
tion. Stability,  in  this  sense,  forms  one  of  the  principal  subjects  of 
the  second  part  of  this  treatise. 
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CHAPTER  L 

DEFDrmOKB  AND  OENEBAL  PBIKCIPLEa 


129.  StracnvM— Piece*— Joteta« — Structures  hare  already,  in 
Article  15^  been  distingaislied  from  machines.  A  structure  con> 
sists  of  two  or  more  solid  bodies,  called  its  pieces,  which  touch  each 
other,  and  are  connected  at  portions  of  their  surfaces  called  j<>tnto. 

130.  Savperto— FomdaUoaa, — Although  the  pieces  of  a  structure 
are  fixed  relatively  to  each  other,  the  structure  as  a  whole  may  be 
either  fixed  or  moveable  relatively  to  the  eartL 

A  fixed  structure  is  supported  on  a  part  of  the  solid  material  of 
the  earth,  called  the  foundoHon  of  the  structure ;  the  pressures  by 
which  the  structure  is  supported,  being  the  resistances  of  the  various 
parts  of  the  foundation,  may  be  more  or  less  oblique. 

A  moveable  structure  may  be  supported,  as  a  rfiip,  by  floating  in 
water,  or  as  a  carriage,  by  resting  on  the  solid  ground  through 
wheels.  "When  such  a  structure  is  actually  in  motion,  it  partakes 
to  a  certain  extent  of  the  properties  of  a  machine ;  and  the  deter- 
mination of  the  forces  by  which  it  is  supported  requires  the  con- 
sideration of  dynamical  as  well  as  of  statical  piinciples ;  but  when  it 
is  not  in  actual  motion,  though  capable  of  being  moved,  the  pres- 
sures which  support  it  are  determined  by  the  principles  of  statics ; 
and  it  is  obvious  that  they  must  be  wholly  vertical,  and  have  their 
resoltant  equal  and  directly  opposed  to  the  weight  of  the  structure. 

131.  The  C— Jirte»«  ef  Bqalllkvimift  of  ft  Sinicime  are  the  three 
following : — 

1.  That  the  forces  exerted  on  the  whole  structure  by  external  bodies 
shaU  balance  each  other.  The  forces  to  be  considered  under  this  head 
are — (1.)  the  Attraction  of  the  Earth,  that  is,  the  weight  of  the 
structure ;  (2.)  the  Eoctemal  Load,  arising  from  the  pressures  exerted 
against  the  structure  by  bodies  not  forming  part  of  it  nor  of  its 
foundation ;  (these  two  kinds  of  forces  constitute  the  gross  or  total 
load;  (3.)  the  Supporting  Pressv/res,  or  resistance  of  the  founda- 
tion. Those  three  classes  of  forces  will  be  spoken  of  together  as 
the  External  Forces, 
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II.  Thai  the  forces  exerted  on  each  pbsce  of  the  structure  shall 
halance  eaxh  other.  These  consist  of— (1.)  the  Weight  of  the  piece, 
and  (2.)  the  External  Load  on  it,  making  together  theGrossLoad;  and 
(3.)  the  Eesistances,  or  stresses  exerted  at  the  joints,  between  the 
piece  under  consideration  and  the  pieces  in  contact  with  it. 

III.  That  tlie  forces  exe7'ted  on  each  of  the  parts  into  which  the 
pieces  of  the  structure  can  he  conceived  to  be  divided  shall  hala/ftce 
eojch  other.  Suppose  an  ideal  surface  to  divide  any  part  of  any  one 
of  the  pieces  of  the  structure  from  the  remainder  of  the  piece;  the 
forces  which  act  on  the  part  so  considered  are — (1.)  its  weight,  and 
(2.)  (if  it  is  at  the  external  surface  of  the  piece)  the  external  stress 
applied  to  it,  if  any,  making  together  its  gross  load;  (3.)  the  stress 
exerted  at  the  ideal  surface  of  division,  between  the  part  in  ques- 
tion and  the  other  parts  of  the  piece. 

132.  0iaMUtr»  8trei^{th,  aad  stUTocM. — It  is  neccssaiy  to  the  per- 
manence of  a  structure,  that  the  three  foregoing  conditions  of 
equilibrium  should  be  fulfilled,  not  only  imder  one  amount  and 
one  mode  of  distribution  of  load,  but  under  all  the  variations  of  the 
load  as  to  amoimt  and  mode  of  distribution  which  can  occur  in  the 
use  of  the  structure. 

StahUity  consists  in  the  fulfilment  of  the  first  and  second  condi- 
tions of  equilibrium  of  a  structure  under  all  variations  of  load 
within  given  limits.  A  structure  which  is  deficient  in  stability 
gives  way  by  the  displacement  of  its  pieces  from  their  proper  poei- 
tionSi  ^ 

Strength  consists  in  the  fulfilment  of  the  third  condmon  of  equi- 
librium of  a  structure  for  all  loads  not  exceeding  prescribed  limits ; 
that  is  to  say,  the  greatest  internal  stress  produced  in  any  part  of 
any  piece  of  the  structure,  by  the  prescribed  greatest  load,  must  be 
such  as  the  material  can  bear,  not  merely  without  immediate  break- 
ing, but  without  such  injury  to  its  texture  as  might  endanger  its 
breaking  in  the  course  of  time. 

A  piece  of  a  structure  may  be  rendered  unfit  for  its  purpose  not 
merely  by  being  broken,  but  by  being  stretched,  compressed,  bent, 
twisted,  or  otherwise  strained  out  of  its  proper  shape.  It  is  neces- 
sary, therefore,  that  each  piece  of  a  structure  should  be  of  such 
dimensions  that  its  alteration  of  figure  under  the  greatest  load 
applied  to  it  shall  not  exceed  given  limits.  This  property  is  called 
stiffness,  and  is  so  connected  with  strength  that  it  is  necessary  to 
consider  them  together. 

From  the  foregoing  considerations,  it  is  evident  that  the  theory 
of  structures  may  be  divided  into  two  divisions,  relating,  the  first 
to  STABILITY,  or  the  property  of  resisting  displacement  of  the  pieces, 
and  the  second  to  strength  and  stiffness,  or  the  power  of  each 
piece  to  resist  fracture  and  disfigurement 


Digitized 


byGoogk 


131 


CHAPTER  IL 

STABILITY, 

133.  Bc^iltmat  C}MM  li«ad. — The  mode  of  distribution  of  the 
inteDsity  of  the  load  upon  a  given  piece  of  a  structure  affects  the 
strength  and  stiffness  only.  So  far  as  stability  alooie  is  concerned, 
it  is  sufficient  to  know  the  magnitude  and  position  of  the  reavUant 
of  that  load,  which  is  to  be  found  by  means  of  the  principles  ex- 
plained in  the  First  Part  of  this  work,  and  may  then  be  treated  as 
a  single  force. 

134.  Centre  of  BesiflCaace  of  a  SmimL — In  like  manner,  when 
stability  only  is  in  question,  it  is  sufficient  to  consider  the  position 
and  magnitude  of  the  reavltant  of  the  resistance  or  stress  exerted 
between  two  pieces  of  a  structure  at  the  joint  where  they  meet, 
and  to  treat  that  resultant  as  a  single  force.  The  point  where  its 
line  of  action  traverses  the  joint  is  called  the  cerUre  of  resistance  of 
that  joint^ 

135.  A'£tBe  of  Besietaaee  is  a  line,  straight,  angular,  or  curved, 
traversing  the  centres  of  resistance  of  the  joints  of  a  structura  It 
is  to  be  borne  in  mind,  that  the  direction  of  this  line  at  any  given 
joint  does  not  necessarily  coincide  with  the  direction  of  the  resist- 
ance at  that  joint,  although -it  may  so  coincide  in  certain  cases. 

136.  JoiBts  cinMedJ — Joints,  and  the  structures  in  which  they 
occur,  may  be  divided  into  three  classes,  according  to  the  limits  of  the 
variation  of  position  of  which  their  centres  of  resistance  are  capable. 

I.  Framework  joints  are  such  as  occur  in  carpentry,  in  frames  of 
metal  bars,  and  in  structures  of  ropes  and  chains,  fixing  the  ends 
of  two  or  more  pieces  together,  but  offering  little  or  no  resistance 
to  change  in  the  relative  angular  positions  of  those  pieces.  In  a 
joint  of  this  class,  the  centre  of  resistance  is  at  the  middle  of  the 
joint,  and  does  not  admit  of  any  variation  of  position  consistently 
with  security, 

II.  Blockwork  joints  are  such  as  occur  in  masonry  and  brickwork, 
being  plane  or  curved  surfaces  of  contact,  of  considerable  extent  as 
compared  with  the  dimensions  of  the  pieces  which  they  connect, 
capable  of  resisting  a  thrust  more  or  less  oblique,  according  to 
laws  to  be  afterwaids  explained^  but  not  of  resisting  a  pull  of  suf- 
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fident  intensity  to  be  taken  into  acooimt  in  practioe.  In  such 
joints  the  position  of  the  centre  of  resistance  may  be  varied  within 
certain  limits. 

IIL  Fastened  joirUs,  at  which,  by  means  of  some  strong  cement, 
or  of  bolts,  rivets,  or  other  &jBtenings,  two  pieces  are  so  connected 
that  the  joint  fixes  their  relative  angular  position,  and  is  capable  of 
resisting  a  piill  as  well  as  a  throst  In  this  case,  the  centre  of 
resistance  may  be  at  any  distance  from  the  centre  of  the  joint ;  and 
there  may  even  be  no  centi-e  of  resistance,  when  the  resultant  of 
the  stress  at  the  joint  is  a  couple,  as  explained  in  Articles  91,  92, 
and  93.  It  is  obvious  that  the  effect  of  a  joint  thus  cementcKi  or 
ftstened  is  to  make  the  two  pieces  which  it  connects  act  as  one 
piece,  and  that  the  resistance  which  it  is  capable  of  exerting  is 
a  question  not  of  stability  but  of  strengtL 

Section  1. — Equilibrium  and  StahilUy  of  Frames. 

137.  FmMe  is  iere  used  to  denote  a  structure  composed  of  bars, 
rods,  links,  or  cords,  attached  together  or  supported  by  joints  of 
the  first  class  described  in  the  last  Article,  the  centre  of  resistance 
being  at  the  middle  of  each  joint,  and  the  line  of  resistance,  con- 
^uently,  a  polygon  whose  angles  are  at  the  centres  of  the  joint& 
The  condition  of  a  single  bar  will  be  considered  first,  then  that  of  a 
combination  of  two  bars,  then  of  three  bars,  and  then  of  any  number. 
138.  Tto« — Let  fig.  64  represent  a  single  bar  of  a 
&ame,  L  the  centre  of  resistance  where  the  load  is  ap- 
plied, and  S  the  centre  of  resistance  where  the  support- 
ing force  is  applied  ;  so  that  the  straight  line  L  S  is  the 
"  line  of  resistance." 

The  bar  is  represented  as  being  straight  itself,  that 

being  the  figure  which  connects  the  points  L  and  S,  and 

gives  adequate  sti&ess  and  strength,  with  the  least  ex- 

Fi    fi4      P^iicU^iire  of  material    But  the  bar  may,  consistently 

^*  with  the  principles  of  this  Article,  be  of  any  other  figure 

connecting  those  two  points,  provided  it  is  sufficiently  strong  and 

stiff  to  prevent  their  distance  from  altering  to  an  extent  inconsistent 

with  the  purposes  of  the  structure. 

The  condition  of  the  bar  is  the  same  with  that  of  the  solid  in 
Article  23;  and  it  is  obvious  that  the  load  P,  and  the  supporting 
resistance  R,  must  be  equal  and  directly  opposed,  and  must  both 
a^t  along  the  line  of  resistance  L  S. 

In  the  present  case  those  forces  are  supposed  to  be  directed  out- 
ward, or  from  each  other.  The  bar  between  L  and  S  is  in  a  state 
of  tensiofif  and  the  stress  exerted  between  any  two  divisions  of  it  is 
a  pull,  equal  and  opposite  to  the  loading  and  suppoi-ting  forces.  A 
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bar  in  this  condition  is  called  &  tie.     It  is  obvious  that  a  rope  or 
ekam  will  answer  the  purpose  of  a  tie. 

The  equilibrium  of  a  de  is  stable ;  for  if  its  angular  position  be 
deviated,  the  equal  forces  P  and  R,  which' originally  were  directly 
opposed,  now  constitute  a  couple  tending  to  restore  the  tie  to  its 
original  position. 

1 39.  flivirt* — ^If  the  equal  and  opposite  forces  applied  to  the 
two  ends,  L  and  S,  of  the  line  of  resistance  of  a  bar  be  direct- 
ed (as  in  ^,  65)  vmoa/rds,  or  towa/rda  each  other,  the  bar,  be- 
tween L  and  S,  is  in  a  state  of  compression,  and  the  stress 
exerted  between  any  two  divisions  of  it  is  a  thrvat  equal  and 
opposite  to  the  loading  and  supporting  forcea  It  is  obvious 
that  a  flexible  body  will  not  answer  the  purpose  of  a  strut. 

The  eqnmbrittm  of  a  moveable  strut  is  tmstable;  for  if  its 
angular  position  be  deviated,  the  equal  forces  P  and  B, 
which  originally  were  directly  opposed,  now  constitute  a  pig^s, 
couple  tending  to  make  it  deviate  still  farther  from  its 
original  position. 

In  order  that  a  strut  may  have  stability,  its  ends  must  be  pre- 
vented from  deviating  laterally.  Pieces  connected  with  the  ends 
of  a  strut  for  this  purpose  are  called  stays. 

140.  TTCitfneni  of  the  Weight  of  s  ll«r« — ^In  the  two  preceding 
Articles,  the  weigbt  of  the  bar  itself  has  not  been  taken  into  ac- 
count. But  the  principles  of  those  Articles,  so  far  cts  they  reUxte  to 
the  equilibrium  of  the  bwr  as  a  whole,  continue  to  be  applicable  when 
the  weight^f  the  bar  is  treated  in  the  following  manner.  Resolve 
that  weight,  by  the  principles,  of  Articles  39  and  40,  into  two  paral- 
lel components,  acting  through  L  and  S  respectively.  Let  P  now 
represent  not  merely  the  external  load,  but  the  resultant  of  that 
load,  and  of  the  component  of  the  weight  which  acts  through  L, 
Let  R  represent  not  merely  the  supporting  force,  but  the  resultant 
of  that  force  and  of  the  component  of  the  weight  which  acts  through 
S.    Then  P  and  R,  as  before,  must  be  equal  and  directly  opposed. 

In  many  cases,  the  weight  of  a  strut  or  tie  is  too  small  as  com- 
pared with  the  load  applied  to  it  to  require  to  be  speciaDy  con- 
sidered in  practice. 

141.  Beam  vmAet  Panlid  Fovccs. — A  bar  supported  at  two 
points,  and  loaded  in  a  direction  perpendicular  or  oblique  to  its 
length  is  called  a  beamu  In  the  first  place,  let  the  supporting 
pressures  be  parallel  to  each  other  and  to  the 
direction  of  the  load ;  and  let  the  load  act 
between  the  points  of  support,  as  in  fig.  66 ; 
where  P  represents  the  resultant  of  the  gross 
load,  including  the  weight  of  the  beam  itself, 
L,  the  point  where  the  line  of  action  of  that  ^^-  ^^ 
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Fig.  67. 


resultant  intersects  the  axis  of  the  4)eam,  R^,  "R^  the  two  sup- 
porting pressures  or  resistances  of  the  props  parallel  to,  and  in  the 
same  plane  with  P,  and  acting  through  the  points  Si,  S..,  in  tlio 
axis  of  the  beam. 

Then,  according  to  the  Theorem  of  Article  39,  each  of  those 
three  forces  is  proportional  to  the  distance  between  the  lines  of 
action  of  the  other  two ;  and  the  load  is  equal  to  the  sum  of  the 
two  supporting  pressures ;  that  is  to  say, 

P  :  R,  :   B,  ::  STS,  :  l7^  ;  Ts,; (1.) 

and  P  =  Ri  +  R^ (2.) 

Next,  let  the  load  act  beyond  the  points  of 
support,  as  in  fig.  67,  which  represents  a  canti- 
lever or  projecting  beam,  held  up  by  a  wall  or 
other  prop  at  S„  held  down  by  a  notch  in  a  mass 
of  masonry  or  otheiwise  at  S^,  and  loaded  so  that 
P  is  the  resultant  of  the  load,  including  the 
weight  of  the  beam.  Then  the  proportional 
equation  (1)  remains  exactly  as  before;  but  the  load  is  equal  to 
the  difference  of  the  supporting  pressures ;  that  is  to  say, 

P  =  Ri  -  R, (3.) 

In  these  examples  the  beam  is  represented  as  horizontal ;  but  the 
same  piinciples  would  hold  if  it  were  inclined  ;  for  the  proportions 
amongst  the  distances  between  parallel  lines  in  the  same  plane  are 
the  same,  whether  they  be  measured  in  a  direction  perpendicular 
or  oblique  to  those  lines. 

142.  Beam  Bader  lacUaed  Varccs. — Let  the  directions  of  the 
supporting  forces  R,,  R^  be  now  inclined 
to  that  of  the  resultant  of  the  load,  P,  as 
in  fig.  68,  This  case  is  that  of  the  equili- 
brium of  three  forces  treated  of  in  Articles 
51  and  52 ;  and  consequently  the  following 
principles  apply  to  it. 

I.  The  lines  of  action  of  the  supporting 
forces  and  of  the  resultant  of  the  loietd  must 
^*fif*  6®*  be  in  one  plane. 

II.  They  must  intersect  in  one  point  (C,  fig.  68). 

III.  Those  three  forces  must  be  proportional  to  the  three  sides  of 
triangle  A,  respectively  parallel  to  their  directions;  or  in  other 
words,  to  the  sides  and  diagonal  of  a  parallelogram. 

Problem.  Given  the  resultant  of  the  load  in  rnagnitude  and 
position,  P,  tJie  line  o/ action  of  one  of  the  supporting  forces,  R„  and 
tlbs  centre  of  resistance  of  tJie  other,  Sj;  required  tlie  line  o^  actum  of 
the  second  supporting  force,  and  tJie  magnitudes  of  both. 
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Piiodiice  the  line  of  action  gf  R  till  it  cuts  the  line  of  action  of 
P  at  the  point  C ;  join  0  S2 ;  this  will  be  the  line  of  action  of  R,; 
construct  a  triangle  A  with  its  sides  respectively  parallel  to  those 
three  lines  of  action  ;  the  ratios  of  the  sides  of  that  triangle  will 
give  the  ratios  of  the  forces. — Q.  E.  I. 

To  express  this  algebraically,  let  t„  (3,  be  the  angles  made  by  the 
lines  of  action  of  the  supporting  forces  with  that  of  the  resultant 
of  the  load ;  then  because  each  side  of  a  triangle  is  proportional  to 
the  sine  of  the  angle  between  the  other  two, 

P :  Bi :  B2 :  :  sin  (i  -p  h)  :  sin  t, :  sin  i,. 

143.  I<mmI  aappOTted  hj  Throe  ParaUel  Forces. — TnEORSaL  If 
your  parallel  forces  balance  each  other,  let  their  lines  of  action  be  inter- 
sected by  a  plane,  and  let  the  four  points  of  intersection  be  joined  by 
six  straigld  lines  so  as  to  form  four  triangles;  each  force  vnll  be  pro- 
portional to  Hie  area  of  the  triangle  whose  angles  are  in  the  lirits  of 
action  of  the  (Oher  three. 

In  fig.  69,  let  the  plane  of  the  paper  represent  the  plane  which 
is  cut  by  the  lines  of  action  of  the  four  forces 
in  the  points  L,  S„  S2,  S,;  let  P,  R,,  R^,  R^, 
denote  the  four  parallel  forces.  Join  the  four 
points  by  six  lin^s  as  in  the  figure,  and  pro- 
duce each  of  the  three  lines  S  L  till  it  cuts  the 
opposite  line  S  S  in  one  of  the  points  B. 

Because  the  forces  balance  each  other,  the 
resultant  of  Bj  and  Rj,  whose  maguitude  is  Fig.  GO. 

R,  +  R,,  must  traverse  Bi ;  and  because  the 
resultant  of  that  resultant  and  Rj  is  equal  and  opposite  to  P,  we 
must  have  the  following  proportion : — 

P :  R, :  :  STSl :  LB, : :  a S^ 8. S, :  a S, L  S, ; 

and  applying  the  same  reasoning  to  the  forces  R^  R,,  we  find  the 
proportions, 

P:R,:R,:R,::ASiS,S3:AS2LSa:iiS,LSi:AS,LSa. 
— Q.E.D. 

By  the  aid  of  this  Theorem  may  be  determined  the  proportion 
in  which  the  load  of  a  given  body  is  distributed  amongst  three 
props,  exerting  parallel  supporting  forces. 

144.  JLead  nipperled  hy  Three  Inclined  Fercee. — ^The  case  of  a 
load  supported  by  three  inclined  forces  is  that  considered  in  Articles 
54  and  56.  The  lines  of  action  of  the  three  supporting  forces  must 
intersect  that  of  the  load  in  one  point ;  and  the  magnitudes  of  the 
three  supporting  forces  are  represented  by  the  three  edges  of  a 
parallelopiped,  whose  diagonal  represents  the  load. 
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lis.  FnuM«  arTw*  Bsn— B^HllibrtBHk-'PROBLEiL    Figures  70, 
71,  and  72  represent  three  cases  in  whicli  a  fiume  consisting  of  two 

p 


Fig.  70.  Fig.  ^1.  Ftg.  72. 

bars,  jointed  to  each  other  at  the  point  L,  is  loaded  at  that  point  with 
a  given  force,  P,  and  is  supported  by  the  connection  of  the  bars  at 
their  farther  extremities,  Sj,  S*,  with  fixed  bodies.  It  is  required 
to  find  the  stress  od  each  bar,  and  the  supporting  forces  at  Si  and  S^. 

Resolve  the  load  P  (as  in  Article  55)  into  two  components,  R,,  R*, 
acting  along  the  respective  lines  of  resistance  of  the  two  bars. 
Those  components  are  the  loads  borne  by  the  two  bars  respectively : 
to  which  loads  the  supporting  forces  at  S|,  Sj,  are  equal  and  directly 
opposed — Q.  B.  I. 

The  symbolical  expression  of  this  solution  is  as  follows : — ^let  i„  ij, 
be  the  respective  angles  made  by  the  lines  of  resistance  of  the  bars 
with  the  line  of  action  of  the  load ;  then 

P  :  R, :  R, : ;  sin  (ii  +  ij)  :  sin  i, :  sin  *,. 

The  inward  or  outward  direction  of  the  forces  acting  along  each 
bar  indicates  that  the  stress  is  a  thrust  or  a  pull,  and  the  bar  a 
strut  or  a  tie,  as  the  case  may  be.  Fig.  70  represents  the  case  of 
two  ties ',  fig.  71  that  of  two  struts  (such  as  a  pair  of  rafters  abutting 
against  two  walls) ;  fig.  72  that  of  a  strut,  L  S^,  and  a  tie,  L  Sj  (such 
as  the  gib  and  the  tie-rod  of  a  crane). 

146.  Frame  of  Two  Ban— CItabilttf. — ^A  frame  of  two  bars  is 
stable  as  regards  deviations  in  the  plane  of  its  lines  of  resistance. 

With  respect  to  IcUeral  deviations  of  angular  position,  in  a 
direction  perpendicular  to  that  plane,  a  frame  of  two  ties  is  stable ; 
so  also  is  a  frame  consisting  of  a  strut  and  a  tie,  when  the  direction 
of  the  load  inclines  ^rom  the  line  Sj  S,,  joining  the  points  of  support 

A  frame  consisting  of  a  strut  and  a  tie,  when  the  direction  of  the 
load  inclines  towards  the  line  S|  Sj,  and  a  frame  of  two  struts  id  all 
cases,  are  unstable  laterally,  unless  provided  with  lateral  stays. 

These  principles  are  true  of  any  pair  of  adjacent  bars  tokose  farther 
centres  of  resistance  are  fixed;  whether  forming  a  frame  by  them- 
selves, or  a  part  of  a  more  complex  frame. 

147.  Treatneat  of  ]>ii«rii^ated  ijoad/i. — Before  applying  the  prin- 
ciples of  Article  145,  or  those  of  the  following  .Aj:ticles,  to  frames 
in  which  the  load,  whether  external  or  arising  from  the  weight  of 
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the  ban,  is  distributed  over  .their  len^,  it  is  necessary  to  reduce 
that  distributed  load  to  an  equivalent  load,  or  series  of  loads,  applied  at 
the  centres  of  resistance.    The  steps  in  this  process  are  as  follows : — 
X.   Find  the  resultant  load  on  each  smgle  bar. 
XX.  Besolve  that  load,  as  in  Article  HI,  into  two  parallel  compo- 
nents acUngthroughthe  centresof  resistance  at  the  two  ends  of  the  bar. 
XXX.  At  each  centre  of  resistance  where  two  bars  meet,  combine 
the  component  loads  due  to  the  loads  on  the  two  bars  into  one 
resultant,  which  is  to  be  considered  as  the  total  load  acting  through 
that  centre  of  resistance. 

XV.  When  a  centre  of  resistance  is  also  a  point  of  support,  the 
component  load  acting  through  it,  as  found  by  step  IL  of  the  pro- 
ceasy  is  to  be  left  out  of  consideration  until  the  supporting  force 
required  by  the  system  of  loads  at  the  other  joints  has  been  deter- 
mined ;  with  this  supporting  force  is  to  be  compounded  a  force 
equal  and  opposite  to  the  component  load  acting  directly  through  the 
point  of  support,  and  the  resultant  will  be  the  total  supporting  force. 
Xn  the  following  Articles  of  this  section,  all  the  frames  will  be 
supposed  to  be  loaded  only  at  those  centres  of  resistance  which 
are  not  points  of  support ;  and  therefore,  in  those  cases  in  which 
components  of  the  load  act  directly  through  the  points  of  support 
also,  forces  equal  and  opposite  to  such  components  must  be  com- 
bined with  the  supporting  forces  as  determined  in  the  following 
Articles,  in  order  to  complete  the  solution. 

148.    Trtauigiilar  Frame. — Let  fig.   73  represent  a  triangular 
frame,  consisting  of  the  three  bars  A,  B,  C,  con-  / 

nected  at  the  three  joints  1,  2,  3,  viz. :  C  and  A  at 

1,  A  and  B  at  2,  B  and  0  at  3.     Let  a  load  P,  be  ^^ 
applied  at  the  joint  1  in  any  given  direction ;  let 
supporting  forces,  P„  P„  be  applied  at  the  joints        pj    ^g 

2,  3 ;  the  lines  of  action  of  those  two  forces  must 

be  in  the  same  plane  with  that  of  Pj,  and  must  either  be  parallel 
to  it  or  intersect  it  in  one  point.  The  latter  case  is  taken  first, 
because  its  solution  comprehends  that  of  the  former 

The  three  external  forces,  in  viitue  of  Article 
131,  condition  L,  halance  each  other,  and  are 
therefore  proportional  to  the  three  sides  of  a  tri- 
angle respectively  parallel  to  their  directions.  In 
fig.  73*  let  A  B  6  be  such  a  triangle,  in  which 

CA  represents  Pj, 

XB       ...        P„ 

BC^       ,•.       P„ 
Then  by  the  conditions  of  equilibrium  of  a  frame  of  two  bars 
(Article  145),  the  external  force  P,  applied  at  the  joint  1,  and  the 
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resistances  or  stresses  along  the  bars  C  and  A  which  meet  at  tba,t 
joint,  are  represented  in  magnitude  by  the  sides  of  a  triangle  re- 
spectively parallel  to  their  directions.     Therefore,  in  fig.  73*,  dra^v 
CO  parallel  to  the  bar  C,  and  AO  parallel  to  the  bar  A,  meeting 
in  the  point  O,  and  those  two  lines  will  represent  the  stresses  on 
the  bars  G  and  A  respectively.     In  the  same  manner  it  is  proved, 
that  B  O  represents  the  stress  on  the  bar  B.     The  three  lines  C  O, 
A O,  BO,  meet  in  one  point  O,  because  the  components  along  the 
line  of  direction  of  a  given  bar,  of  the  external  forces  applied  at 
its  two  extremities,  are  equal  and  directly  opposed. 
Hence  follows  the  following 

Theorem.  If  three  forces  be  represeifUed  hy  the  three  sides  of  a 
triangle,  and  iftfiree  straiglu  lines  radiating  front  one  point  he  dranyn 
to  the  three  angles  of  that  triangle,  then  a  triatigtUar  fra/me  whose 
lines  of  resistance  are  parallel  to  the  three  radiating  lines  loill  be  in 
equUibrio  under  the  three  given  forces,  each  force  being  applied  to  the 
joint  wJiere  tits  two  lines  of  resistance  'meet,  which  are  paraUd  to  iJie 
radiating  lines  contiguous  to  that  side  of  Hie  original  triangle  whicl^ 
represerds  tlue  force  in  question. 

Also,  the  lengths  of  tlie  three  radiating  lines  imll  represent  the 
stresses  on  the  bars  to  which  they  are  respectively  parallel. 

149.   Triangnlar  FrasM  Mder  Parallel  Forces. — When  the  three 
external  forces  are  parallel   to  each  other,  the 
triangle  of  forces  A  B  C  of  fig.   73*  becomes  a 
straight  line  C  A,  as  in  fig.  74*,  divided  into  two 
_  segments  by  the  point  B.    Let  straight  lines  radiate 

p.     ^^  ^^*    from  O  to  A,  B,  0 ;  and  let  fig.   74  represent  a 
*^'      '  triangular  frame  whose  sides  1  2  or  A,  2  3  or  B, 

3  1  or  C,  are  respectively  parallel  to  O  A,  O  B,  0  C ; 
then  if  the  load  CA  be  applied  at  1  (fig.  74),  AB  applied 
at  2,  and  B  C  applied  at  3,  are  the  supporting  forces 
required  to  balance  it ;  and  the  i-adiating  lines  OA, 
vB  OB,  00,  represent  the  stresses  on  the  bars  A,  B,  0, 
respectively. 

From  O  let  fall  OH  perpendicular  to  C  A,  the  com- 

p.     .^/^    mon  direction  of  the  external  forces.     Then  that  line 

*^-  '     •      will  represent  a  component  of  the  stress,  which  is  of 

equal  amount  in  each  bar.     When  CA,  as  is  usually  the  case,  is 

vertical,  OH  is  horizontal;   and  the  force  represented  by  it  is 

called  the  «  hyrizoniaL  thrust"  of  the  frame.     Horizontal  Stress  or 

Resistance  would  be  a  more  precise  term ;  because  the  force  in 

question  is  a  pull  in  some  parts  of  the  frame,  and  a  thrust  in  others. 

In  fig.  74,  A  and  C  are  stnUs,  and  B&  tie.    If  the  frame  were 
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exactly  inverted,  all  the  forces  would  bear  the  same  proportions  to 
each  other  3  but  A  and  0  would  be  ties,  and  B  a  strut. 

The  trigonometiical  expression  of  the  relations  amongst  the  forces 

acting  in  a  triangnlai*  frame,  under  parallel  forces,  is  as  follows  : — 

Xiet  a,  by  c,  denote  the  respective  angles  of  inclination  of  the  bars 

A,  B,  C,  to  the  line  O  H  (that  is,  in  general,  to  a  horizontal  line). 

Tlien,  Load  CA  =  OH  *  (tan  c  dt:  tan  a) ;  ' 

Supporting]  AB  =  011  •  (tan a z^  tan  6) ;    (1.) 

Forces     |  BC  =  OH -(tan  5  =±z  tan  c) ;  J 
gy.       .      I  4-  )  is  to  be  used  when  the  two  )  opposite  directions 
©  »ig"  I  _  j         inclinations  are  in         j  the  same  direction. 


inclinations  are  in 

OA  =  OH  •  sec  a 
Stresses  -|  o"b  =  OH  •  sec  b 
00  =  0~H  •  sec  c 
CA 


.(2.) 


0H  = 


tan  c  : 


;  tan  a 


,.(3.) 


150.  PoiygoMi  Fniiiie-B^HiiibriwB.— The  Theorem  of  Arbiclo 
148  is  the  simplest  case  of  a  general  theorem 
respecting  polygonal  frames  consisting  of  any 
number  of  bars,  which  is  arrived  at  in  the  fol- 
lowing manner.  In  ^g.  75,  let  A,  B,  C,  D,  E,  be 
the  lines  of  resistance  of  the  bars  of  a  polygonal 
frame,  connected  together  at  the  joints,  whose 
centres  of  resistance  are,  1  between  A  and  B,  2 
between  B  and  C,  3  between  C  and  D,  4  between 
L>  and  E,  and  5  between  E  and  A  In  the  figure, 
the  frame  consists  of  five  bars;  but  the  demonstra- 
tion is  applicable  to  any  number.     From  a  point 

O,  in  fig.  75*  (which  may  be  called  the  Diagram 

0/  Farces),  draw  radiating  lines  OA,  OB,  00,  OD,  OE,  pamllel 

respectively  to  the  lines  of  resistance  of  the  bara;  and  on  those 

radiating  lines  take  any  lengths  whatsoever,  to  represent  the  stresses 

on  the  several  bars,  which  may 

liave  any  magnitudes  within  the 

limits  of  strength  of  the  material. 

Join  the  points  thus  found  by 

straight  lines,  so  as  to  form  a 

closed  polygon  A  BODE  A ;  then 

it  is  evident  that  A  B  is  the  ex- 


Fig.  76: 
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ternal  force,  which  being  applied  at  the  joint  1  of  A  and  B,  ^will 
produce  the  stress  O  A  on  A  and  OB  on  B ;  that  BO  is  the  external 
force  which  being  applied  at  the  joint  2  of  B  and  C,  will  produce 
the  stress  OB  on  B  (already  mentioned)  and  OO  on  C;  and  so 
on  for  all  the  sides  of  the  polygon  of  forces  A  B  0  D  E  A.  Hence 
follows  this 

Theobem.  If  lines  radioHng  from  apoirU  he  drawn  pcuraU^  to 
tlie  lines  of  resistance  of  the  bars  of  a  polygonal  framney  then  the  sides 
of  amy  polygon  whose  angles  lie  in  those  radiating  lines  vnll  represent 
a  system  of  forces^  which,  being  applied  to  the  joints  oftheframe^  urUX 
balance  each  other  ;  each  such  force  being  ajyplied  to  tJie  joint  betiveen 
the  ba/rs  whose  lines  of  resista/nce  arepa/raJM  to  the  pair  of  radiating 
lines  that  enclose  the  side  of  the  polygon  of  forces,  representing  the  force 
in  question.  Also,  the  lengths  of  the  radiating  lines  will  represent  the 
stresses  along  the  bars  to  whose  lines  of  resistance  they  are  respectively 
parallel, 

151.  OpeM  Pol7g«aal  Frante.^ When  the  polygonal  frame,  instead 
of  being  closed,  as  in  fig.  75,  is  converted  into  an  Open  firame,  by 
the  omission  of  one  bar,  such  as  E,  the  corresponding  modification 
is  made  in  the  diagram  of  forces  by  omitting  the  lines  O  E,  D  E, 
E  A.  Then  the  polygon  of  external  forces  becomes  A  B  C  D  O  A ;  and 
D  0  and  0  A  represent  the  supporting  forces  respectively,  equal  and 
directly  opposed  to  the  stresses  along  the  extreme  bars  of  the  fi:ame, 
D  and  A,  which  must  be  exerted  by  the  foundations  (called  in  tlds 
case  almtmerUs),  at  the  points  4  and  5,  against  the  ends  of  those 
bars,  in  order  to  maintain  the  equilibrium. 

152.  PoiTgoaai  Fnune— Stability.— The  stability  or  instability  of 
a  polygonal  frame  depends  on  the  principles  already  stated  in 
Articles  138  and  139,  viz.,  that  if  a  bar  be  free  to  change  its 
angular  position,  then  if  it  is  a  tie  it  is  stable,  and  if  a  strut, 
unstable  \  and  that  a  strut  may  be  rendered  stable  by  fixing  its 
ends. 

For  example,  in  the  frame  of  fig.  75,  E  is  a  tie,  and  stable ;  A,  B, 
0,  and  D,  are  struts,  free  to  change  their  angular  position,  and 
therefore  unstable. 

But  these  struts  maybe  i*endered  stable  in  the  plane  of  the  frame 
by  means  of  stays ;  for  example,  let  two  stay-bars  connect  the  joints 

1  with  4,  and  3  with  5 ;  then  the  points  1,  2,  and  3,  are  all  fixed, 
so  that  none  of  the  struts  can  change  their  angular  positions.  The 
same  effect  might  be  produced  by  two  stay-bai-s  connecting  the  joint 

2  with  5  and  4. 

The  frame,  as  a  whole,  is  unstable,  as  being  liable  to  overturn 
laterally,  unless  provided  with  lateral  stays,  connecting  its  joints 
with  fixed  points. 
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XoWy  sappoae  the  frame  to  be  exactlj  inyerted,  the  loads  at  1,  2, 
and  3,  and  the  supporting  forces  at  4  and  5,  being  the  same  as 
before.  Then  E  becomes  a  strut ;  but  it  is  stable,  because  its  ends 
are  fixed  in  position ;  and  A,  B,  C,  and  D  become  ties,  and  aro 
stable  Tidthout  being  stayed. 

An  open  polygon  consisting  of  ties,  such  as  is  formed  by  A,  B,  C, 
and  I>  when  inverted,  is  called  by  mathematicians  a,/unicula/r  poly- 
fjorij  because  it  may  be  made  of  rope& 

It  is  to  be  observed,  that  the  stability  of  an  unstayed  polygon  of 
ties  is  of  the  kind  described  in  Article  127,  and  admits  of  ascMation 
to  and  fro  about  the  position  of  equilibrium.  This  oscillation  may 
Le  injurious  in  practice,  and  stays  may  be  required  to  prevent  it. 

153.    P«l7imHd    Fnuae   mdor   PanOlel   Fmrcca. — 
'When  the  external  forces  are  parallel  to  each  other,  > 

the  polygon  of  forces  of  fig.  75*  becomes  a  sti-aight  y^ 

line  AD,  as  in  ^g.  75**,  divided  into  segments  by       >/.---- 
the  radiating  lines ;  and  each  segment  represents  the  o^™-- 
extemal  force  which  acts  at  the  joint  of  the  bars      V\ 
whose  lines  of  resistance  are  parallel  to  the  radiating        \   x^ 
lines  that  bound  the  segment.     Moreover,  the  seg-  \ 

ment  of  the  straight  A  D  vrhich  is  intercepted  be-  \ 

tween  the  radiating  lines  parallel  to  the  lines  of  > 

resistance  of  any  two  bars  tvliether  covUigiuma  or  not, 
represents  the  resultant  of  the  external  forces  which      Fig.  76**. 
act  at  points  between  the  ha/rs. 

Thus,  AD  represents  the  total  load,  consisting  of  the  three  por- 
tions AB,  B  C,  C  D,  applied  at  1,  2,  3  respectively.  DA  represents 
the  total  supporting  force,  equal  and  opposite  to  the  load,  consist- 
ing of  the  two  portions  D  E,  E  A,  applied  at  4  and  5  respectively. 
A  C  represents  the  resultant  of  the  load  applied  between  the  bars 
A  and  C;  and  similarly  for  any  other  pair  of  bai'S. 

From  O  draw  O  H  perpendicular  to  A  D ;  then  that  line  re- 
presents a  component  of  the  stress,  whose  amount  is  the  same  in 
each  bar  of  the  frume.  When  the  load,  as  is  usually  the  case,  is 
vertical,  that  component  is  called  the  ^^ horizontal  thrust"  of  the 
frame,  and,  as  in  Article  149,  might  more  correctly  be  called  hori- 
zonial  stress  or  resistance,  seeing  that  it  is  a  pull  in  some  of  the 
bars  and  a  thrust  in  others. 

The  trigonometrical  expression  of  these  principles  is  as  follows: — 
Let  the  force  O  H  be  denoted  simply  by  H. 
Let  t,  t',  denote  the  inclinations  to  O  H  of  the  lines  of  resistance 
of  any  tux>  ha/rs,  contiguous  or  not. 

Let  H,  R',  be  the  respective  stresses  which  act  along  those  bars. 
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Let  P  be  the  resultant  of  the  external  forces  acting  throngh  tlifl 
joint  or  joints  between  those  two  bars. 

Then  R  =  H  •  sec  i;   B'  =  H  •  sec  t^  ; 

P  =  H  (tan  i  z+z  tan  i^ 
mi     f      sum      )  of  the  tangents  of  the  inclinations  is  (  opposite  ) 

®  (  difference  J     to  be  used  according  as  they  are     (  similajr  /  ' 

154.  Open  Polrgoaal  Frame  nnder  Parallel  Forces- — Wlien  th  ■ 
frame  becomes  an  open  polygon  by  the  omission  of  the  bar  E,  thf 
diagram  of  forces  75**  is  modified  by  omitting  the  line  O  EL 

Then  the  supporting  forces  exerted  by  the  abutments  at  4  and  o, 
are  no  longer  represented  by  the  segments  D  E  and  E  A  of  the  lin« 
A  D,  but  by  the  inclined  lines  jD  O  and  O  A,  equal  and  directly 
opposed  respectively  to  the  stresses  along  the  extreme  bars  of  tLe 
frame,  D  and  A 

Let  ia  and  i^  denote  the  angles  of  inclination  of  those  barsL 

Let  Rj  =  O  i)  and  R^  =  O  A  be  the  stresses  along  them. 

Let  2  '  P  =  A  D  denote  the  total  load  on  the  frame.  Then  by 
the  equations  of  Article  153, 

H^        .^^      .• 

tan  ii  +  tan  ij 

R<i  =  H  •  sec  t^;  R.  =  H  '  sec  i.. 

155.  Bvaciag  •f  Frames. — A  brace  is  a  stay-bar  on  which,  ther* 
is  a- permanent  stress.  When  the  external  forces  applied  to  a  poly- 
gonal frame,  although  balancing  each  other  as  an  entire  ^Btem,  aiv 
(listributed  in  a  manner  not  consistent  with  the  equilibrium  of  eacL 
bar  separately,  then  by  connecting  two  or  more  joints  together  br 
means  of  braces,  which  may  be  either  struts  or  ties,  the  resistanct^ 
of  those  bi-aces  may  be  made  to  supply,  at  the  joints  which  tht} 
connect,  the  forces  wanting  to  produce  equilibrium  of  each  bar. 

The  resistance  of  a  brace  introduces  a  pair  of  equal  and  opposdtt- 
forces,  acting  along  the  line  of  resistance  of  the  brace,  \ipon  tk' 
pair  of  joints  which  it  connects.  It  therefore  does  not  alter  tht 
remUavt  of  the  forces  applied  to  that  pair  of  joints  in  amount  nor 
in  position ;  but  only  the  distribution  of  the  components  of  that 
resultant  on  the  pair  of  joints. 

The  same  remark  applies  to  any  number  of  joints  connected  by  a 
system  of  braces. 

To  exemplify  the  use  of  braces  and  the  mode  of  determining  the 
stresses  on  them,  let  fig.  76  represent  a  frame  such  as  frequently 
occurs  in  iron  roofs,  consisting  of  two  struts  or  rafters,  A  and  E 
and  three  tie-bars,  B,  C,  and  D,  forming  a  polygon  of  five  sidttv. 
jointed  at  1,  2,  3,  4,  5,  loaded  vertically  at  1,  and  supported  by  tL» 
vertical  resistance  of  a  pair  of  walls  at  2  and  5.     The  joints  3  and 
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ikftTing  no  loads  applied  to  them,  are  connected  with  1  bj  the 


Fig.  76* 


Fig.  76. 
braces  1  4  and  13.     It  is  required  to  find  the  stresses  on  tliose 
braces,  and  on  the  other  pieces  of  the  frame. 

To  make  the  diagram  of  forces  (fig.  76*),  draw  as  before  from  a 
point  O,  radiating  lines  OE,  OD,  OC, 

0  B,  O  A,  parallel  to  the  bars  forming  the 
external  polygon  of  the  firame ;  and  across 
those  lines  draw  the  vertical  line  £  A,  as 
in  Article  153,  to  represent  the  direction 
of  the  load  and  of  the  supporting  forces. 

The  two  extreme  segments  of  this  line 
AB  and  D  E,  are  to  be  taken  to  represent 
the  supporting  forces  at  2  and  5 ;  and  their  sum  'ED  +  B  A,  will 
represent  the  acttLol  load  at  1.     E  A  represents  what  the  load  at 

1  aught  to  be,  to  fulfil  the  conditions  of  equilibrium  of  the  bars 
A  and  E;  therefore  D  B  represents  the  de/icienq/ of  the  actual  load 
at  1,  or  the  additional  downward  force,  to  be  supplied  at  1  by  means 
of  the  bracing.  Also  B  D,  equal  and  opposite  to  D  B,  represents 
the  resultant  deficiency  of  supporting  pressure  at  the  joints  3  and  4, 
where  the  actual  external  force  applied  is  nothing;  and  this  has  to 
be  supplied  by  means  of  the  bracing. 

In  the  diagram  offerees,  draw  D  C  parallel  to  the  brace  1  4,  and 
C  B  parallel  to  the  brace  1  3,  intersecting  the  radiating  line  O  G  in 
C.  Then  will  DC  represent  the  pull  along  the  brace  1  4,  acting 
obliquely  upwards  at  4,  and  obliquely  downwards  at  1 ;  and  CB 
will  represent  the  pull  along  the  bra^e  1  3,  acting  obliquely  upwards 
at  3^  and  obliquely  downwards  at  1.  The  resultant  of  the  additional 
forces  thus  applied  at  1  is  D  B,  a  vertical  downward  force,  equal  to  the 
deficiency  before-mentioned ;  and  the  oblique  upward  forces  at  3 
and  4  complete  a  polygon  of  forces  A  B  C  D  E  A,  whose  angles  are 
on  the  radiating  lines  parallel  to  the  bars  of  the  frame,  and  which 
therefore  fulfils  the  conditions  of  the  Theorem  of  Article  150. 

The  stresses  on  the  external  bars  of  the  frame  are  represented  as 
before  by  the  lengths  of  the  radiating  lines  in  fig.  76*. 

The  method  of  arranging  the  positions  of  braces,  and  determining 
the  stresses  along  them,  of  which  an  example  has  been  given,  may 
be  thus  described  in  general  terms. 
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If  the  distribution  of  tlie  loads  on  the  joints  of  a  polygonal  frame, 
though  consistent  with  its  equilibrium  as  a  whole,  be  not  consistent 
with  the  equilibrium  of  each  bar,  then,  in  the  diagram  of  forces, 
upon  attempting  to  construct  a  polygon  of  external  forces,  having 
its  angles  on  the  radiating  lines,  gaps  wiU  be  left  in  the  outline  of 
that  polygon.  The  lines  necessary  to  fill  up  those  gaps  wiU  indicate 
the  forces  to  be  supplied  by  means  of  the  resistance  of  braces. 

156,  Bigiditj  •f  a  TniM.— The  word  truss  is  applied  in  carpentry 
and  iron  framing  to  a  triangular  frame,  and  to  a  polygonal  frame  to 
which  rigidity  is  given  by  staying  and  bracing,  so  that  its  figure 
shall  be  incapable  of  alteration  by  turning  of  the  bars  about  their 
joints.  If  each  joint  were  absolutely  of  the  kind  described  as  the 
first  class  in  Article  136,  that  is,  like  a  hinge,  incapable  of  offering 
any  resistance  to  alteration  of  the  relative  angular  position  of  the 
bars  connected  by  it,  it  would  be  necessary,  in  order  to  fulfil  the 
condition  of  rigidity,  that  every  polygonal  frume  should  be  divided 
by  the  lines  of  resistance  of  stays  and  braces  into  triangles  and  other 
polygons  so  arranged,  that  every  polygon  of  four  or  more  sides 
should  be  surrounded  by  triangles  on  all  but  two  sides  and  the 
included  angle  at  ferthest.  For  every  unstayed  polygon  of  four  sides 
or  more,  with  flexible  joints,  is  flexible,  unless  all  the  angles  except 
one  be  fixed  by  being  connected  with  iarianglea 

Sometimes,  however,  a  certain  amount  of  stiffiiess  in  the  joints  of 
a  frame,  and  sometimes  the  resistance  of  its  bars  to  bending,  is  relied 
upon,  to  give  rigidity  to  the  frame,  when  the  load  upon  it  is  sub- 
ject to  small  variations  only  in  its  mode  of  distribution.  For 
example,  in  the  truss  of  fig.  81  (for  wliich  see  Article  161,  farther 
on),  i^e  tie-beam  A  A  is  made  in  one  piece,  or  in  two  or  more 
pieces,'  so  connected  together  as  to  act  like  one  piece ;  and  part  of 
its  weight  is  suspended  fkom  the  joints  C,  C,  by  the  rods  C  B,  C  B. 
These  rods  also  serve  to  make  the  resistance  of  the  tie-beam  C  C  to 
being  bent,  act  so  as  to  prevent  the  struts  AC,  C C,  C  A,  from 
deviating  from  their  proper  angular  positions,  by  turning  on  the 
joints  A,  0,  C,  A.  If  A  B,  B  B,  and  B  A,  were  three  distinct 
pieces,  with  flexible  joints  at  B,  B,  it  is  evident  that  the  frume 
might  be  disfigured  by  distortion  of  the  quadrangle  B  C  C  R 

157'  Vaviatioiu  •f  i<«ad  •a  Tnus.— The  object  of  stiffening  a 
truss  by  braces  is  to  enable  it  to  sustain  loads  variously  distributed ; 
for  were  the  load  always  distributed  in  one  way,  a  frame  might  be 
designed  of  a  figure  exactly  suited  to  that  load,  so  that  there  &liould 
be  no  need  of  bracing. 

The  variations  of  load  produce  variations  of  stress  on  all  the 
pieces  of  the  frame,  but  especially  on  the  braces ;  and  each  piece 
must  be  suited  to  withstand  the  greatest  stress  to  which  it  is  liable. 

Some  pieces,  and  especially  braces,  may  have  to  act  sometimes  as 
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struts  and  sometames  as  ties,  according  to  the  mode  of  distribution 
of  the  load. 

158.  Bar  c«auB«B  f  ■ereni  Ftubm. — ^When  the  same  bar  forms 
at  the  same  time  part  of  two  or  more  different  frames,  the  stress 
iilong  it  is  determined  by  the  aid  of  the  following 

Tii£OR£iL  The  stress  on  a  bar  common  to  two  or  more  frames^  is 
the  resuttant  of  the  different  stresses  to  wkkh  it  is  subject,  in  virtue  of 
its  position  in  the  different  frames. 

Illustrations  of  this  will  be  found  in  the  following  Articles. 

159.  8ec«iidarT  TnMdtes. — A  Secondary  truss  is  a  tmss  which  is 
supported  by  another  tras& 

"When  a  load  is  distributed  over  a  great  number  of  centres  of 
resistajice,  it  may  be  advantageous,  instead  of  connecting  all  those 
centres  by  one  polygonal  frame,  to  sustain  them  by  means  of  several 
small  trusses,  which  are  supported  by  larger  trusses,  and  so  on,  the 
whole  structure  of  secondary  trusses  resting  finally  on  one  large 
truss,  which  may  be  called  the  fyrimary  tmss.  In  such  a  combina- 
tion, the  same  piece  may  often  form  part  of  different  trusses ;  and 
then  the  stress  upon  it  is  to  be  determined  according  to  the  Theorem 
of  Article  158. 

Example  I.  Fig.  77  represents  a  kind  of  secondary  trussing  com- 
mon in  the  framework  of  iron  roofs. 


The  entire  frame  is  supported  by  pillars  at  2  and  3,  each  of  which 
sustains  in  all,  half  the  weight. 

1  2  3  is  the  primary  truss,  consisting  of  two  rafters  1  3,  1  2,  and 
a  tie-rod  2  3. 

The  weight  of  a  division  of  the  roof  is  distributed  over  the 
rafters. 

The  middle  point  of  each  rafter  is  supported  by  a  secondary  truss; 
one  of  those  is  marked  1  4  3 ;  it  consists  of  a  strut,  1  3  (the  rafter 
itself),  two  ties  4  1,  4  3,  and  a  strut-brace,  5  4,  for  transmitting  the 
load,  applied  at  5,  to  the  point  where  the  ties  meet 

£ach  of  the  two  larger  secondary  trusses  just  described  supports 
two  smaller  secondary  trusses  of  similar  form  and  construction  to 
itself;  two  of  thase  are  marked  1  7  5,  5  6  3;  and  the  subdivision  of 
the  load  might  be  carried  still  farther. 

In  determining  the  stresses  on  the  pieces  of  this  structure,  it  is 
indifferent,  so  far  as  mathematical  accuracy  is  concerned,  whether  wo 
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commence  with  the  primary  truss  or  with  the  secondary  trusses ; 
but  by  commencing  with  the  primary  truss,  the  process  is  rendered 
more  simple. 

(1.)  Primary  Truss  12  3.  Let  W  denote  the  weight  of  the  roof ; 
then  ^  W  is  distributed  over  each  rafter,  the  resultants  acting 
through  the  middle  points  of  the  rafters.  Divide  each  of  those 
resultants  into  two  equal  and  parallel  components,  each  equal  to 
\  W,  acting  through  the  ends  of  the  rafter  j  then  i  W  is  to  be 
considered  as  directly  supported  at  3,  ^  W  at  2,  and  i  W  +  ^  W 
=  ^  W  at  1 ;  therefore  the  load  at  the  joint  1  is 

Let  %  be  the  inclination  of  the  rafters  to  the  horizon ;  then  by  the 
equations  of  Article  149 

H-i^-^^-  (1) 

2tant""4tani' ^  '^ 

This  is  the  pull  upon  the  horizontal  tie-rod  of  the  primary  truss, 

2  3 ;  and  the  thrust  on  each  of  the  rafters  13,  1  2,  is  given  by  the 

equation 

.       Wcosect  ,^. 

K  =  Hsect  = J (2.) 

(2.)  Secondary  Truss  14  3  5.  The  rafter  1  3  has  the  load  ^  W 
distributed  over  it;  and  reasoning  as  before,  we  are  to  leave  two 
quarters  of  this  out  of  the  calculation,  as  being  directly  supported 
at  1  and  4,  and  to  consider  one-half,  or  ^  W,  as  being  the  vertical 
load  at  the  point  5.  The  truss  is  to  be  considered  as  consisting  of 
a  polygon  of  four  pieces,  5 1, 1  4,  4  3,  3  5,  two  of  which  happen  to  be 
in  the  same  straight  line,  and  of  the  strut-brace,  5  4,  which  exerts 
obliquely  upwards  against  5,  and  obliquely  downwards  against  4,  a 
thrust  equal  to  the  component  perpendicular  to  the  rafter  of  the 
load  i  W;  which  thrust  is  given  by  the  equation 

R,^  =  iWcost (3.) 

Then  we  easily  obtain  the  following  values  of  the  stresses  on  the 
rafter  and  ties,  in  which  each  stress  is  distinguished  by  having  affixed 
to  the  letter  B  the  numbers  denoting  the  two  joints  between  which 
it  acts. 

Pulls     (^  T,  Ri^4  1   „       ,        . 

on  ties  i  I^»  =  R*i  =  21S7  =  S  W<^*«^*; 


Thrusts 

on 

rafter 


Bi  1  =  2^  -  i  W  am  t  =  1  W(ooflec  t  -  2  sin*) 


(4.) 
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The  diflTerenoe  between  the  thruffts  on  the  two  divmons  of  the 
rafter, 

E3,  — R„=iW8mt, 

is  the  oomponent  akmg  the  rqfler  of  the  load  at  the  point  5. 

(3.)  Smaller  Secondary  Tmeses,  17  5,  5  6  3.— These  trusses  are 
similar  in  every  respect  to  the  larger  secondaiy  trusses,  except 
that  the  load  on  each  point  is  one-half,  and  consequently  each  of 
the  stresses  is  reduced  to  one-half  of  the  corresponding  stress  in  the 
equations  3  and  4. 

(4.)  SesuUant  Stresaea.  The  pull  on  the  middle  division  of  the 
great  tie-rod  2  3  is  simply  that  due  to  the  primary  truss,  12  3.  The 
poll  on  the  tie  4  7  is  simply  that  due  to  the  secondaiy  truss  14  3. 
The  pidlB  on  the  ties  5  7,5  6,  are  simply  those  due  to  the  smaller 
seoondaiy  trusses,  15  7,563.  But  agreeably  to  the  Theorem  of  Art. 
158,  the  pull  on  the  tie  1  7  is  the  sum  of  those  due  to  the  larger 
secondary  truss  14  3,  and  the  smaller  secondary  truss  17  5.  The 
pull  on  6  4  is  the  sum  of  those  due  to  the  primary  truss  12  3  and  to 
the  larger  secondaiy  truss  143.  The  pull  on  6  3  is  the  sum  of  those 
due  to  the  primary  truss  1  2  3,  to  the  larger  secondary  truss  143,  and 
to  the  smaller  secondary  truss  5  6  3.  The  thrust  on  each  of  the  four 
divisions  of  the  rafter  1  3,  is  the  sum  of  three  thrusts,  due  re- 
spectively to  the  primary  truss,  the  larger  secondaiy  truss,  and  one 
or  other  of  the  srualler  secondaiy  trusses. 

Example  II.  Fig.  78  represents  another  form  of  truss  common  in 
roo&.     Let  W  be  the  weight  of  the  roof,  as  before,  distributed  over 


the  rafters  1  2,13.  2  3  is  the  great  tie-rod;  1  7,  6  5,  8  9,  suspension- 
rods;  7  6,  7  8, 5  4,  9  10,  struts. 

(l.)  Primary  Trues  1 2  3.  The  load  at  1,  as  before,  is  to  be  taken 
as  =  iW. 

(2.)  Secondary  Trusses  7  6  3,  7  8  2.  The  load  at  6  is  to  be  held  to 
consist  of  one-half  of  the  load  between  6  and  1,  and  one-half  of  the 
load  between  6  and  3 ;  that  is,  one-half  of  the  load  between  1  and 
3,  or  ^  W.  The  trusses  are  triangular,  each  consisting  of  two  struts 
and  a  tie,  and  the  stresses  are  to  he  found  as  in  Article  149. 

The  suspension-rod  1  7  supports  two-thirds  of  the-load  on  7  6  3, 
and  two-thirds  of  the  load  on  7  8  2;  that  is,  t'i'W  =  i  W;  and 
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this,  together  with  i  W  which  rests  direcUy  on  1,  makes  up  tlie 
load  of  i  Wy  abead  J  mentioned 

(3.)  Smaller  Secondary  TruseesSid,  9  10  2.  Each  of  the  points 
4  and  10  sustains  a  load  of  i  W,  from  which  the  stresses  on  the  bans 
of  those  smaller  trusses  can  be  determined. 

One-half  of  the  load  on  4,  that  is  A  W,  hangs  by  the  suspension- 
rod  6  5}  and  this,  together  with  i  W,  which  rests  directly  on  6, 
makes  up  the  load  of  I W  on  that  point,  formerly  mentiimed.  The 
same  remarks  apply  to  the  suspension-rod  8  9. 

(4.)  ReevJUamJt  Stresees,  The  pull  between  5  and  9  is  the  sum  of 
those  due  to  the  primaiyand  larger  seoondaiy  trusses;  that  between 
6  and  3,  and  between  9  and  2,  is  the  sum  of  the  puUs  due  to  the 
primaiy,  larger  secondaiy,  and  smaller  secondary  trusses. 

The  thrust  on  1  6  is  due  to  the  primary  truss  alone ;  that  on  6  4 
to  the  primary  and  larger  secondary  truss ;  that  on  4  3  to  the 
ptimaiy,  larger  seoonduy,  and  smaller  secondary  trusses;  and 
similarly  for  the  divisions  of  the  other  rafter. 

Examj^^e  IIL  Suppose  that  instead  of  only  three  diyisions,  there 
are  n  divisions  in  each  of  the  rafters  1  3,  1  2,  of  fig.  78 ;  so  that  be- 
sides the  middle  suspension-rod  1  7,  there  are  n  —  2  suspension-rods 
tmdei*  each  rafter,  or  2  n  —  4  in  all ;  and  n  —  1  sloping  struts 
nnder  each  rafter,  or  2  n  —  2  in  aJl.  There  will  thus  be  2  n  —  1 
centres  of  resistance ;  that  is,  the  ridge-joint  1,  and  n  —  1  on 
each  rafter ;  and  the  load  direm^  my^parted  on  each  of  these 

points  wiQ  be  ;r-« 

^  2n 

W 

The  total  load  on  the  ridge-joint^  1,  will  be  as  before,  -5- ;  that 

W                                           W  /         1\ 
IS  to  say,  —  directly  supported,  and  -^  (1 J  hung  by  the 

middle  suspension-rod. 

The  total  load  on  the  upper  joint  of  any  secondary  truss,  distant 

from  the  ridge-joint  by  m  divisions  of  the  rafter,  will  be,  -^ W; 

4n 

that  is  to  say,  —  directly  supported,  and  .  W  hung  by 

a  suspension-rod. 

The  stresses  on  the  struts  and  tie  of  each  truss,  primary  and 
secondary,  being  determined  as  in  Article  149,  are  to  be  combined 
as  in  the  preceding  examplea 

160.  CMFMrnd  TnMMs. — Several  frames,  without  being  distin- 
guishable into  primary  and  secondary,  may  be  combined  and  con- 
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nected  in  such  a  manner,  that  certain  pieces  are  common  to  two  or 
more  of  them,  and  requizfi  to  have  their  stresses  determined  by  the 
Theorem  of  Article  158. 

Example  I.  In  %.  79,  8  9  represents  part  of  the  horizontal  plat- 
form of  a  suspension  bridge,  supported  and  balanced  by  being  hung 
firom  the  top  of  a  central  pier,  1,  by  pairs  of  equally  inclined  rods  or 
ropes,  Tiz. :— 1  8  and  1  9;  1  6  and  1  7;  14  and  1  5;  1  2  and  1  3. 


Hg.  79. 

Here  8  1  9  is  to  be  considered  as  a  distinct  triangular  frame, 
consisting  of  a  strut  8  9,  and  two  ties  1  8  and  1  9,  loaded  with 
equal  weights  at  8  and  9j  and  supported  at  1.  Let  x  denote  the 
height  of  the  point  of  suspension  1  above  the  level  of  the  loaded 
points,  yg  =  y^  the  distance  of  those  points  on  either  side  of  the 
middle  of  the  pier,  P  the  load  at  each  point,  Be  =  Rq  the  pull  on 
each  of  the  ties^  1  8, 1  9,  T,,,  the  thrust  between  8  and  9  along  the 
platlbrm«     Then  we  have 


JLflo  = 


Py. 


'S;  R,  =  ll^jtji. 


and  similar  equations  for  each  of  the  other  distinct  frames  6  17, 
4  1  5,  3  1  3. 

Then  usiug  a  similar  notation  in  each  case,  the  thrust  along  the 
platform 

between  8  and  6  \  .   -,      ,  «, 

'  IS  ±^   +    107 


7  and  9 
6  and  4 
5  and  7 


-isT8a  +  T„  +  T 


i« 


and  so  on  for  as  many  pairs  of  divisions  as  the  platform  consists  of. 
Example  IL  Fig.  80  represents  the  framework  for  supporting 


one  fflde  of  a  timber  bridge,  resting  on  two  piers  at  1  and  4.     It 
coDsistd  of  four  distinct  trusses,  viz.. 
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12  3  4  loaded  at  2  and  3, 
15  6  4  „  5  ,f  6f 
17  84        „        7    „   8, 

194       „       9; 
but  all  those  trusses  have  the  same  tie-beam,  1  4;  and  the  pull 
along  that  tie-beam  is  the  sum  of  the  pulls  due  to  the  four  trusses. 

161.  BcalMuice  •f  Frune  at  a  Sectlaa. — THEOREM.  If  a  frame 
be  acted  upon  by  amy  system  of  eoctemal  forces,  ami  if  that  frame  be 
conceived  to  be  comj^etdy  divided  into  two  parts  by  an  ideal  surface^ 
the  stresses  along  the  bars  which  are  intersected  by  that  surface,  balance 
the  external  forces  which  act  on  each  of  the  two  parts  of  the  frame. 

This  theorem,  which  requires  no  demonstration,  furnishes  in 
some  cases  the  most  convenient  method  of  determining  the  stresses 
along  the  pieces  of  a  frame.  The  following  consideration  shows  to 
what  extent  its  use  is  limited. 

Case  1.  When  the  lines  of  resistance  of  the  bars,  and  the  lines 
of  action  of  the  external  forces,  are  all  in  one  plane,  let  the  frame 
be  supposed  to  be  intersected  anywhere  by  a  plane  at  right  angles 
to  its  own  plane.  Take  the  line  of  intersection  of  these  two  planes 
for  an  axis  of  co-ordinates ;  say  for  the  axis  of  y,  and  any  convenient 
point  in  it  for  the  origin  O ;  let  the  axis  of  a;  be  perpendicular  to 
this,  and  in  the  plane  of  the  frame,  and  the  axis  of  z  perpendicular 
to  both,  and  in  tiie  plane  of  section. 

The  external  forces  applied  to  the  part  of  the  frame  at  one  side 
of  the  plane  of  section  (either  may  be  chosen)  being  treated  as  in 
Article  59,  give  three  data,  viz.,  the  total  force  along  a;  =  F,;  the 
total  force  along  y  =  F^  and  the  moment  of  the  couple  acting 
round  z  =  'M.;  and  the  bars  which  are  cut  by  the  plane  of  section 
must  exert  resistances  capable  of  balancing  those  two  forces  and 
that  coupla  If  not  more  than  three  bars  are  cut  by  the  plane  of 
section,  there  are  not  more  than  three  unknown  quantities,  and 
three  relations  between  them  and  given  quantities,  so  that  the 
problem  is  determinate ;  if  more  than  three  bars  are  cut  by  the 
plane  of  section,  the  problem  is  or  may  be  indeterminate. 

The  formuliB  to  which  this  reasoning  leads  are  as  follows  : — ^Let 
X  be  positive  in  a  direction  frrom  the  plane  of  section  towards  the 
part  of  the  structure  which  is  considered  in  determining  F„  F^  and 
M ;  let  +  y  lie  to  the  right  of + as  when  looking  from  z ;  let  angles 
measured  fix>m  O  x  towards  +  y,  that  is,  towards  the  right,  be 
positive ;  and  let  the  lines  of  resistance  of  the  three  bars  cut  by  the 
plane  of  section  make  the  angles  i|,  ti,  %»  ^th  x.  Let  n,,  ^  n,,  be 
the  perpendicular  distances  of  those  three  lines  of  resistance  from 
O,  distances  towards  the 

a*}ofO«beingconHide«daa{^«-}. 
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Let  Bi,  Eg,  E3,  be  tlie  resistances,  or  total  stresses,  along  the 
three  liars,  pulls  being  positive,  and  thrusts  negative.  Then  we 
Jjave  the  following  three  equations  : — 

P,  =  R,  cos  ti  +  R,  cos  1,  +  K3  cos  ij; 

Py  =  Ri  sin  ii  +  R,  sin  t,  +  R,  sin  4  j 
-M  =  RiWi  +  RsW,  +  R3  7i,j 

from  which  the  three  quantities  sought,  Ri,  R,,  R3,  can  be  found. 
Speaking  with  reference  to  the  given  plane  of  section,  F,  may  be 
called  the  normal  stress,  F,  the  shea/ring  stress,  and  M  the.  moment 
of  flexure  or  bending  stress;  for  it  tends  to  bend  the  frame  at  the 
section  under  consideration. 

Casb  2.  When  the  bars  of  the  £rame,  and  the  forces  applied  to 
them,  act  in  any  direction^  the  forces  applied  to  one  of  the  two 
divisions  of  the  frame  are  to  be  reduced  to  rectangular  components; 
Mud  the  three  resultant  forces  along  these  rectangular  axes,  F,,  F,, 
F«,  and  the  three  resultant  couples  round  these  three  axes,  M,,  M,, 
M,,  are  to  be  found  as  in  Article  60.  Those  forces  and  couples 
must  be  equal  and  opposite  to  the  corresponding  forces  and  couples 
arising  from  the  stresses  along  the  bars  cut  by  the  section ;  and 
thus  are  obtained  six  equations  between  those  stresses  and  known 
quantities ;  so  that  if  the  section  cuts  not  more  than  six  bars,  the 
problem  is  determinate;  if  more,  it  is  or  may  be  indeterminate. 

The  equations  are  obtained  as  follows  : — Let  R  denote  the  stress 
along  any  one  of  the  bars,  pull  being  positive  and  thrust  negative. 
Let  «,  /3,  y,  be  the  inclinations  of  the  line  of  resistance  of  that  bar 
to  the  axes  of  x,  y,  z.  Let  n  be  its  perpendicular  distance  from  O. 
Conceive  a  plane  to  pass  through  O  and  through  the  line  of  resistance 
of  the  bar,  and  a  normal  to  be  drawn  to  that  plane  in  such  a  direc- 
tion, that  looking  from  the  end  of  that  normal  towards  O,  the  bar 
is  seen  to  lie  to  the  right  of  O,  and  let  x,  ^,  y,  be  the  angle»  of 
inclination  of  that  normal  to  the  three  axes.  Let  s  denote  the 
summation  of  six  corresponding  quantities  for  the  six  bars.  Then 
the  six  equations  are, 

F,=  2  •  R  cos  « ;  Py  =  a  •  R  cos  i3 ;  F,  =  s  •  R  cos  7  j 

—  M,  =  2  •  R  w  cos  X ;  —  My  =  2  •  R  w  cos  A* ;         }-  (2). 
—  M,  =  s  •  R  n  cos  » ; 

from  which  the  six  stresses  sought  can  be  computed  by  elimination. 

The  plane  of  ^  « being  as  before,  that  of  the  section,  F,  is  the  total 
direct  stress  on  it;  P  and  F«  are  the  total  shearing  stresses ;  M,  and 
M,  are  bending  couples,  and  M,  a  twisting  couple, 

Remabks. — Every  problem  respecting  the  equilibrium  of  frames 
which  can  1^  solved  by  the  mAkod  of  sections  explained  in  this 
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Article,  can  also  be  solved  by  the  mOJuxl  o/polpg(m8  explained  in 
the  previous  Articles;  and  the  choice  between  the  two  methods  is 
a  question  of  convenience  and  simplicity  in  each  particular  case. 

The  following  is  one  of  the  simplest  examples  of  the  solution  of 
a  problem  in  both  ways.     Fig.  81  represents  a  truss  of  a  form  very 
p  common  in  carpentry  (already  referred 

to  in  Article  156),  and  consisting  of 
three  struts,  A  C,  C  C,  0  A,  a  tie- 
beam  A  A,  and  two  suspension-rods, 
C  B,  C  B,  which  serve  to  suspend  part 
of  the  weight  of  the  tie-beam  from 
^'  ^^-  the  joints  0  C,  and  also  to  stiffen  the 

truss  in  the  manner  mentioned  in  Article  156. 

Let  i  denote  the  equal  and  opposite  inclinations  of  the  rafters 
AC,  CA,  to  the  horizontal  tie-beam  AA;  and  leaving  out  of 
consideration  the  portions  of  the  load  directly  supported  at  A  A, 
let  P,  P,  denote  equal  vertical  loads  applied  at  C  0,  and  —  P, 
—  P,  equal  upward  vertical  supporting  forces  applied  at  A  A,  by 
the  resistance  of  the  props.  Let  H  denote  the  pull  on  the  tie- 
beam,  R  the  thrust  on  each  of  the  sloping  rafters,  and  T  the  thrust 
on  the  horizontal  strut  C  0. 

Proceeding  by  the  method  of  polygons,  as  in  Article  153,  we  find 
at  once, 

H  =  — T  =  Pcotani;) 

\ (3.) 

R  =  —  P  cosec  t.       j 

(Thrusts  being  coneidered  as  negative.) 

To  solve  the  same  question  by  the  method  ofaectionsy  suppose  a 
vertical  section  to  be  made  by  a  plane  traversing  the  centre  of  the 
right  hand  joint  C ;  take  that  centre  for  the  origin  of  co-ordinates; 
let  X  be  positive  towards  the  right,  and  y  positive  downwards ;  let 
^i>  yi>  be  the  co-ordinates  of  the  centre  of  resistance  at  the  right 
hand  point  of  support  A.  When  the  plane  of  section  traverses  the 
centre  of  resistance  of  a  joint,  we  are  at  liberty  to  suppose  either 
of  the  two  bars  which  meet  at  that  joint  on  opposite  sides  of 
the  plane  of  section  to  be  cut  by  it  at  an  insensible  distance  from 
the  joint. 

First,  consider  the  plane  of  section  as  cutting  C  A.  The  forces 
and  couple  acting  on  the  part  of  the  frame  to  the  right  of  the 
section  are 

F.  =  0;  F,  =  — P 
M=— Pajj. 
Then,  observing  that  for  the  strut  A  C,  w  =  0,  and  that  for  the  tie 
A  A,  w  =  yi,  we  have,  by  the  equations  1  of  this  Article 
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Ecosf  +  H  =  F;sO; 

Rfflnt  =  — P; 
Hyi  =  — M=:  +  Pa^; 
▼hence  we  obtain^  from  the  last  equation, 

H  =  ^  =  Pcotanf 
from  the  fiist,  or  from  the  second 

cost 


R  = 


-.  =  —  P  eoeec  t. 


.(4.) 


Next^  conceive  the  section  to  cat  C  C  at  an  insenaible  distance 
to  the  left  of  C.  Then  the  equal  and  opposite  applied  forces  +  P 
at  Cy  and  —  P  at  A,  have  to  be  taken  into  account ;  so  that 

from  the  first  of  which  equations  we  obtain 


H  +  T  =  P.  =  0,  and 
T  =  -  H  =  -Pcotani. 


.(5.) 


In  the  example  just  given,  the  method  of  sections  is  tedious  and 
complex  as  compared  with  the  method  of  polygons,  and  is  intro- 
duced for  the  sake  of  illustration  only;  but  in  tike  problems  which 
are  to  follow,  the  reverse  is  the  case,  the  solution  by  the  method  of 
sections  being  by  fiu:  the  more  simple. 

162.  A  H»ii^iAiiice  cuvder,  sometimes  called  a  ''Warren  Girder,** 
is  represented  in  fig.  %%  It  consists  essentially  of  a  honggjitaljipper 
bar,  a  horizontal  lower  bar,  and  a  series  of  diagonal  bars  sloping 
alternately  in  opposite  direc- 
tions,  and  dividing  the  space 
between  the  upper  and  lower 
bars  into  a  series  of  trianglea 
In  the  example  to  be  consi- 
dered, the  girder  is  supposed 
to  be  supported  by  the  vertical  resistance  of  piers  at  its  ends  A  and 
B,  and  loaded  with  weights  acting  at  or  through  the  joints  at  the 
angles  of  the  several  triangles. 

This  girder  might  be  treated  as  a  case  of  secondary  trussing,  by 
considering  the  upper  and  lower  and  endmost  diagonal  bimi  as 
forming  a  polygonal  truss  like  fig.  81,  but  inverted,  supporting  a 
smaller  erect  truss  of  the  same  kmd,  which  supports  a  s^  smaller 
inverted  truss,  which  supports  a  still  smaller  erect  truss,  and  so  on 
to  the  smallest  truss,  which  is  the  middle  triangle.    But  it  is  more 


A 

O                                              » 

1 

VAAAAAyVA>§ 

Fig.  82. 
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simple  to  proceed  by  the  method  of  sections,  which  mast  be  applied 
successively  to  each  division  of  the  girder. 

The  load  at  each  joint  being  known,  the  two  supporting  forces 
at  A  and  B,  are  to  be  determined  by  the  principles  of  the  equili- 
brium of  parallel  forces  in  one  plane  (Articles  43,  44).  Let  P^y 
Pb,  denote  those  supporting  forces,  upward  forces  being  treated  as 
positive,  and  downward  as  negative ;  and  let  —  P  denote  the  load 
at  any  joint,  which  may  be  a  constant  or  a  varying  quantity  for 
different  joints. 

Suppose  now  that  it  is  required  to  find  the  stress  along  any  one 
of  the  diagonals,  such  as  C  E,  along  the  top  bar  immediately  to  the 
right  of  C,  and  along  the  bottom  bar  immediately  to  the  left  of  £L 
Conceive  the  girder  to  be  divided  by  a  vertical  plane  of  section 
C  D,  at  an  insensibly  small  distance  to  the  right  of  C ;  take  the 
intersection  of  this  plane  with  the  line  of  resistance  of  the  top  bar 
for  the  origin  of  co-ordinates,  which  sensibly  coincides  with  C. 

Let  X  denote  the  distance  of  any  one  of  the  joints  to  the  left  of 
the  plane  of  section,  from  that  plane.  Let  Xi  be  the  distance  of  the 
point  of  support  A  to  the  left  of  the  same  plane.  Let  y  be  positive 
upwards ;  so  that  for  the  joints  of  the  upper  bar,  y  =  0,  and  for 
those  of  the  lower  bar,  y  =  —  h,  h  denoting  the  vertical  depth 
between  the  lines  of  resistance  of  the  upper  and  lower  bars. 

Let  %  be  the  inclination  of  the  diagonal  CE  to  the  horizontal 
axis  of  X,  In  the  present  instance  this  is  positive ;  but  had  C  £ 
sloped  the  other  way,  it  would  have  been  negative. 

Let  the  symbol  —  2^  •  p  denote  the  sum  of  the  loads  acting  at 
the  joints  between  the  plane  of  section  and  the  point  of  support  A, 
tJie  load  (U  the  joint  C  being  indvded.  Then  for  the  total  forces  and 
couple  acting  on  the  division  of  the  girder  to  the  left  of  the  plane 
of  section,  we  have, — direct  force,  F,  =  0,  because  the  applied 
forces  are  all  vertical ; — dheaning  force,  P^  =  P^  --  25  •  p ;  a  force 

"^^^^  ^  {  n?^tive^OT  d^C^  }  ^^>^g  ^  *^e  Pl^^«  0^  s^o^ 
^^^  1  farther  from  \  ^®  P^^*  ^^  support  A,  than  a  plaiie  which 

divides  the  load  into  two  portions  equal  respectively  to  the  support- 
ing pressures; — bending  couple  M  =  Pa  ^1  ~  1q'Vx\  which  is 
upioa/rd,  and  right-handed  with  respect  to  the  axis  of  a. 

Now  let  R,  denote  the  sti^ess  along  the  upper  bar  at  C,  Rj  that 
along  the  lower  bar  at  D,  and  Rj  that  along  the  diagonal  CE; 
then  the  equations  1  of  Article  161  become  the  following  : — 

Ri  +  R,  +  R,  cos  i  =  0 ;  or  Ri  +  Rj  cos  *  =  —  R,...(a.) 

that  is,  the  stress  along  the  upper  bar,  and  the  horizontal  component 

Digitized  by  VjOOQIC 


HALF-LATTICE  OIBDEB.  155 

of  the  stress  along  the  diagonal^  are  equal  and  opposite  to  the  stress 
along  the  lower  bar ; 

Rs  sin  »  =  P,  =  P^—  2$  •  P; (6.) 

that  is,  the  vertical  component  of  the  stress  along  the  diagonal^ 
balances  the  shearing  force ; 

-.R5y  =  Il,A  =  M=:PAai  —  35*  Tx; (&) 

that  is,  the  couple  formed  by  the  equal  and  op^yosite  horizontal 
stresses  of  equation  (a),  acting  at  the  ends  of  the  arm  A,  balances 
the  bending  couple. 

Finally,  from  the  equations  (a),  (6),  (c),  are  deduced  the  following 
values  of  the  stresses : — 

FuU  on  lower  bar,  j 

Stre^  on  diagonal. 


E,  =  -(P^iCi  — 2^Pa;); 


(1.) 


R,=  cosect(PA  — 2JP); 
Thrust  on'Upper  bar, 

Ri  =  —  R,  —  II3  cos  t 

=  —  |(PAaJi— sS -Pa:)— cotant  (P^  — 2S -P), 

Another,  and  sometimes  a  more  convenient  form,  can  be  found 
for  the  second  and  third  of  those  expressions.  Let  s  denote  the 
length  of  the  diagonal  C  E,  and  x^  the  horizontal  distance  of  its 
lower  end  E  from  the  point  of  support  A;  then 

*=V(A'  +  W-«.)'), 

and  also  ^  / 

cosec  »  =  -ri  cotan  i  =-^— r — ^ ; (2.) 

which  substitutions  having  been  made,  give 


h 


B,  = --i  {p^«,-5S-Pa!  +  (a:.'-».)(PA-2S-P)} 


_l(P^x.'-J8PaO 


(3.) 
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in  which  a/  is  taken  to  denote  the  horizonial  dUtcmce  of  any  Joint 
to  the  left  of  a  verticai  plane  traversing  £.  The  hist  expresaioii  for 
Ki  is  exactly  what  would  have  been  obtained  hj  supposing  the 
plane  of  section  to  traverse  E  instead  of  C. 

Any  given  diagonal  is  {  ^**^^  }  according asitslop^ 

the  direction  of  the  shearing  force  F,  acting  on  a  plane  of  section 
traversing  it 

163.  Hair-iiiutioe  ciiv^Mr— VMirMM  liMd.— Case  1.  Every  joint 
loaded.  When  -the  joints  of  a  half-lattice  girder  are  at  equal  dis- 
tances apart  horizontally^  and  loaded  with  equal  weights,  the 
equations  take  the  following  form : — 

Let  N  denote  the  even  number  of  divisions  into  which  vertical 
lines  drawn  through  the  joints  divide  the  total  length  or  span 
between  the  points  of  support.  Let  I  be  the  length  of  one  of  these 
divisions,  so  that  N  ^  is  the  total  span.  The  total  number  of 
loaded  joints  is  N  — 1 ;  this  must  be  an  odd  number,  and  there 
must  be  a  middle  joint  dividing  the  girder  into  two  halves,  sym- 
metrical to  each  other  in  every  respect,  figure,  load,  support^  and 
stress,  so  that  it  is  sufficient  to  consider  one  half  only;  let  the  left 
hand  half  be  chosen.  Let  the  middle  joint  be  denoted  by  O,  and 
the  other  joints  by  numbers  in  the  order  of  their  distances  from  the 
middle  joint,  so  that  the  joint  numbered  n  shall  be  at  the  distance 
n  I  from  O.  The  even  numbers  denote  joints  on  the  same  horizontal 
bar  with  O ;  the  odd  numbers  those  on  the  other. 

The  total  k)ad  on  the  girder  is 

-{N-1)P, 
of  which  one-half  is  supported  on  each  pier  ;  that  is  to  say, 

N-1 

p,  =  p.  =  £L_ip. (1.) 

The  stress  on  the  upper  bar  is  eveiywhere  a  thrust ; — ^that  on 

the  lower  bar  a  pulL     Diagonals  which  <  ^f  >  fiom  the  middle 

r  ties    ) 
towards  the  ends  are  <  ^l^^  \  •     By  these  principles  the  hind  of 

stress  on  each  piece  is  determined ;  it  remains  only  to  compute  the 
a/mount. 

Let  n  be  the  number  of  any  joint ;  it  is  required  to  find  the  stress 
along  the  diagonal  which  runs  from  that  joint  towards  the  middle 
of  the  girder,  and  the  stress  along  that  part  of  either  of  the  hori- 
zontal bars  which  is  opposite  the  joint. 

Suppose  a  vertical  section  to  be  made  at  on  insensible  dista&oe 
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from  the  joint,  intersecting  tbe  diagonal  in  question  and  the  hori- 
zontal bars. 

N 
Between  O  and  either  pier  there  are  -^ 1  loaded  joints ;  be- 

tween  O  and  the  plane  of  section  in  question,  there  are  n — 1 

joints  ;  hence  between  the  plane  of  section  and  the  pier  there  are 

N  .  .  z. 

~  —  w  joints.     Ck)nsequently 

and  the  shearing  force  is 

F,  =  Pa  -  '^P  =  («-^)  •  P; (2.) 

So  that  it  increases  at  an  uniform  rate  from  the  middle  towards 
the  ends. 

The  distance  of  the  w***  joint  £it)m  the  pier  is  o^i  =  ( -^ —  n\  •  I. 

Henoe  the  upward  moment  of  the  supporting  foroe  is 

'—(f-i)  (?-»)" 

The  downward  moment  of  the  load  at  the  joints  between  the 
plane  of  section  and  the  pier  is  found  from  the  consideration,  that 
the  leverage  of  the  nearest  portion  of  that  load  is  nothing,  and 

that  of  the  farthest  T— —  1  —  n\  ly  so  that  the  mean  leverage  is 

2\^ —  ^  — ^)  ^ >  which  being  multiplied  by  the  load  a  •  P  aa 
found  above,  gives  for  the  moment 

-^o'^"  =  -2(j-^-^V(j— )-^^ 
hence  the  bending  couple  is 

M  =  P..,-.^P.4(f+„)(f_n).PI 

=  i(t-'*')'^^' W 

that  is  to  say,  it  is  proportional  to  the  product  of  ike  segmerds  trUo 
iohidb  the  plcme  of  section  divides  the  length  qf  the  girder,  and  is 

greatest  at  the  middle,  where  it  is  -5-  •  P  i 

o 
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The  imiform  inclination  of  the  diagonals,  in  one  direction  or  the 
other,  being  denoted  by  t,  we  have 

.     s      J¥T7. 

cosec  I  =  —  =  -2L_ ; 

h  h 

and  hence  the  amounts  of  the  stresses  are, 

Along  the  diagonal y 

Il'  =  F,-cosec*=i(w— i)p; 

Along  the  horizorUal  bar,  (4.) 

^      M       /N-         \Tl 

These  stresses  are  stated  irrespective  of  their  signs,  which  are  to 

be  determined  by  the  rules  laid  down  after  equation  1. 

The  least  value  of  B!  is  for  the  diagonals  next  the  middle  point, 

«P 
for  which  »=1,  and  E'  =  5-7.     Its  greatest  value  is  for  the  dia- 

gonals  next  the  piers,  for  which  n  =  -^,  and  R'= ^ — ^ — j  in  fact, 

these  diagonals  sustain  the  entire  load. 

The  least  value  of  the  horizontal  stress  It  is  at  the  divisions  of 

one  of  the  horizontal  bars  next  the  piers,  for  which  «=  -rr  —  1,  and 

(N-l)PZ 

The  greatest  value  of  H  is  at  the  division  of  one  of  the  horizontal 

bars  opposite  the  middle  joint,  for  which  w  =  0,  and  R  =  . 

o  A- 

Case  2.  Fvery  alternate  joint  loaded.    Suppose  those  joints  only 

to  be  loaded  which  are  distant  by  an  even  number  of  divisions  from 

N 
the  pier&     The  total  number  of  loaded  joints  is  ~  —  1,  the  load 

on  the  girder  —  f  -5 —  1  j  P,  and  the  supporting  pressures 

^^=^-=(1-1)^ ^'-^ 

Let  n  be  the  number  of  any  loaded  joint,  n  —  1  that  of  the 
ui  "^ed  joint  nearest  to  it  on  the  side  next  the  middle  of  the 
girder,  O.    If  a  plane  of  section  traverse  the  giixier  at  an  insensible 
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disimnce  from  either  of  those  joints  on  the  side  next  O^  the  shearing 
force  is  the  same,  being  the  excess  of  the  supporting  pressure,  F^ 
(equation  5)  above  the  load  on  n,  and  the  other  loaded  joints 
between  it  and  A^  whose  number  is  one-half  of  what  it  was  in 

N      n 
case  1,  that  ^  t  "  "o'    Hence  we  find 


F,  =  ^.P (6.) 


7>~    1 

2     ' 
The  upward  moment  of  the  supporting  force  is 

at  the  joint  n,?^  a?,  =  (—  -  -  j  ^-^  -n)-PZ; 

at  the  joint  n  -  1,  Pa  (ah+ 0  =  ( j  -  "I)  (~  -n  +  l)  •  PZ. 

The  downward  moment  of  the  load  from  the  joint  n  inclusive  to 
the  pier,  relatively  to  the  plane  of  section  near  that  joint,  is  found 
by  considering  that  the  leverage  of  the  nearest  portion  of  that  load 

is  nothing,  and  that  of  the  farthest  (-^  —  ^  ^  ^]  ^9  ^  ^^^  ^^^ 
mean  leverage  is  -5-  f -^  -  2  -  » j  ?,  which  being  multiplied  by 
the  load  -  f  —  -  -5- j  P,  gives  for  the  moment, 

-,s.p.=->(|.».„).(^-.).p. 

The  corresponding  moment  for  the  joint  n  —  1  is 

Hence  the  bending  couples  are — 
At  the  loaded  joint  n^ 

"=i(T+«)(i-»)-'=r(?--)-^ 

At  the  unloaded  joint  n  —  1, 
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Using  these  data,  we  obtain  for  the  stress  alUyn^  the  diagonal  oon- 
necting  the  joints  n  and  n  —  1, 

R'=F,<xMeci=!L:=ll .  1^ (8.) 

(The  stress  along  the  diagonal  connecting  the  joints  n  —  1  and 
n  —  2  is  of  equal  amount  and  opposite  kind). 


Along  the  hofir  opposite  Uie  loaded  joint  n, 

^       M      1/N*        APZ 

-4^071^  the  bar  opposite  the  unloaded  joint  n  —  1, 


..(9.) 


The  last  two  stresses  are  of  opposite  kinds ;  and  the  kind  of  eaoli 
stress  is  to  be  determined,  as  before,  by  the  rule  given  after  equa- 
tion 1  of  this  Article. 

164.  lAttice  Oiidci^-JjiT  l«Mi4r— In  a  lattice  girder,  as  in  a  half- 
lattice  girder,  there  are  a  hon- 
^  zontal  upper  and  lower  bar: 


K>\ywsJ^y\ywwi         butwhereasa  half-lattice  girder 


.,    —    ----  contains  but  one  zig^rag  set  of 

I       J  ^  I       J   diagonal  bars,  a  lattice  girder 

I      \  I      \    contains  two  or  more  sets,  oties- 

]^,  33.  ing  each  other,  usually  at  equal 

inclinations  to  the  honzon 
Fig.  83  represents  the  simplest  form  of  a  lattice  girder,  in  which 
there  are  two  sets  of  diagonals,  crossing  each  other  midway 
between  the  upper  and  lower  horizontal  bars. 

The  load  is  supposed  to  be  applied  at  the  joints. 

Suppose  the  girder  to  be  cut  by  a  vertical  plane  of  section  0  D, 
traversing  one  of  the  joints  where  the  diagonals  cross.  The  shearmg 
force  and  bending  couple  at  this  plane  of  section  are  to  be  deter- 
mined exactly  in  the  same  manner  as  for  a  half-lattice  girder,  in 
Article  162. 

In  the  present  case,  because  the  plane  of  section  O  D  cuts  fiAtr 
bars,  the  problem,  in  a  strict  mathematical  sense,  is  indeterminate, 
according  to  the  principles  stated  in  Article  161 ;  but  it  is  solved 
by  taking  for  granted  what  is  the  fact  in  well-constnicted  lattice 
girders,  tibat  each  of  the  two  diagonals 'which  cross  each  other  at 
the  section  C  D  bears  one-half  of  the  shearing  force ;  and  in  like 
manner,  when  several  pairs  of  diagonals  cross  each  other  at  the 
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same  cross  section,  it  is  assumed  that  the  resistance  to  the  shearing 
force  is  equally  distributed  amongst  them. 

To  fulfil  this  condition  where  a  pair  of  diagonals^  as  in  fig.  83, 
cross  each  other,  with  equal  and  opposite  inclinations,  the  stresses 
along  them  must  be  equ^,  and  of  opposite  kinds.  Then  let  R'  and 
—  R'  be  the  stresses  along  the  pair  of  diagonals,  and  i  and  —  i 
their  inclinations  to  the  horizon,  we  shall  have  for  the  yertical 
component  of  the  force  sustained  by  them 

F,=  R'  sin  »  —  R'  sin  (— 1)=  2  R'  sint; (1.) 

and  for  the  horizontal  component, 

K  cos  t  —  R'  cos  (—  i)  =  0 ; 

so  that  the  horizontal  components  of  the  stresses  along  the  two 
diagonals  at  the  plane  of  section  balance  each  other. 

Let  2  m  be  the  number  of  diagonal  bars  which  cross  each  other 
at  a  given  vertical  section,  the  amount  <^  the  stress  along  each  bar  is 

^'  =  ^1^^ (^.) 

^^^  ^  ^Itw}^""' ^^  ^^^  ^""i^lajS^^ 
force. 

The  pull  along  the  lower  bar,  and  the  thrust  along  the  upper  bar, 
at  the  given  vertical  section,  must  constitute  a  couple  which  balances 
the  bending  couple  M ,  hence  their  common  amount  is 

^-T « 

165.  iittttice  CMrder^lTHilbnii  l.Mid. — If  N  denote  the  even  num- 
ber of  equal  divisions  into  which  the  length  of  a  lattice  girder  is 
divided  by  vertical  lines  traversing  all  the  jcMnis,  whether  of  meeting 
of  diagonal  and  horizontal  bars,  or  of  crossing  of  diagonal  bars,  and 
I  the  length  of  one  of  those  divisions,  so  that  N  Z,  as  before,  is  the 
span  of  the  girder,  then  the  efiect  of  a  load  equally  distributed 
amongst  all  those  vertical  lines,  or  amongst  the  alternate  lines, 
inay  be  found  by  means  of  the  formulse  for  a  half-lattice  girder, 
Article  163,  as  follows :— - 

L  When  the  load  is  distributed  over  all  the  vertical  lines,  the 
fonnule  for  cAe  1,  equations  1,  2,  3,  4,  are  to  be  applied  to  vertical 
sections,  sudi  as  0  D,  traversing  the  joints  of  crossing  of  diagonals ; 
observing  only,  that  the  resistance  to  the  shearing  force  ia  distributed 
amongst  the  diagonak  aa  shown  by  equation  2  of  Article  164 
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II.  When  the  load  is  distributed  over  those  vertical  lines  only 
which  traverse  joints  of  meeting  of  diagonal  and  horizontal  bars, 
the  formulsB  of  case  2,  equations  5,  6,  7,  8,  9,  so  far  out  they 
rdaie  to  secUons  made  <U  unloaded  joints,  are  to  be  applied  to  vertical 
sections,  such  as  C  D,  traversing  the  joints  of  crossing  of  diagonals; 
attending  as  before  to  the  distribution  of  the  sti*ess  amongst  the 
diagonals  by  equation  2  of  this  Article. 

166.  Tnwsfomiattoii  •€  FnuBOk — The  principle  explained  in 
Article  66,  of  the  transformation  of  a  set  of  lines  representing  one 
balanced  system  of  forces  into  another  set  of  lines  representing 
another  system  of  forces  which  is  also  balanced,  by  means  of  what 
is  called  "  Parallel  Projection,"  being  applied  to  the  theory  of 
frames,  takes  obviously  the  foDowing  form  : — 

Theorem.  If  a  frame  whose  lines  of  resistance  constitiae  a  given 
figure,  he  baiUmced  under  a  system  of  external  forces  represented  by  a 
given  system  ofUnes,  then  unU  a  frame  whose  lines  of  resistance  con- 
stUvie  a  figure  which  is  aparalld  prcjection  of  the  original  figure,  be 
balanced  under  a  system  of  forces  represented  by  the  corresponding 
parallel  projection  of  the  given  system  of  lines;  and  the  lines  repre- 
senting the  stresses  along  the  bars  of  die  new  frame,  will  be  tfie 
corresponding  parallel  projections  of  the  lines  representing  the  stresses 
along  the  bars  of  the  original  frame. 

This  Theorem  is  called  the  "  Principle  of  the  Transformation  of 
Frames."  It  enables  the  conditions  of  equilibrium  of  any  unsym- 
metrical  firame  which  happens  to  be  a  parallel  projection  of  a 
symmetrical  frame  (for  example,  a  sloping  lattice  girder),  to  be 
deduced  from  the  conditions  of  equilibrium  of  the  symmetrical 
frame, — a  process  which  is  often  much  more  easy  and  simple  than 
that  of  finding  the  conditions  of  equilibrium  of  the  unsymmetrical 
frame  directly. 

SBcnoir  2. — Equilihrivm  of  Chains^  Cords,  Itibs,  and 
Linear  Arches, 

167.  E^Miiibrtam  9t  m  €«*d« — ^Let  D  A  0  in  fig.  84  represent  a 

flexible  cord  supported  at 


^-M 


/ 


the  points  C  and  D,  and 
loaded  by  forces  in  any 
direction,  constant  or  vary- 
ing, distributed  over  its 
whole  length  with  con- 
Pi  IT  fii  '^^  ..«.  -  ■  gtant  or  varying  intensity. 
^'  "*  Let  A  and-B  ^be  any 

two  points  in  this  cord ;  from  those  points  draw  tangents  to  the 
eord,  A  P  and  B  P,  meeting  in  P.  The  load  acting  on  the  cord 
between  the  points  A  and  B  is  balanced  by  the  pulls  along  the 
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cord  at  those  two  points  respectively;  those  pulls  must  respectively 

act  along  the  tangents  A  P,  B  P ;  hence  follows — 

Theobem  L  The  resultant  of  the  load  between  two  given  points 
in  a  bala/need  cord  acts  tfirough  the  point  o/intersectian  of  the  tangents 
to  the  cord  at  those  poirUs;  and  that  resuUant,  and  ikepvUs  along  the 
cord  at  the  ttoo  given  points,  are  proportional  to  the  sides  of  a  triangle 
vMch  a/re  respedivdy  pwraJXd  to  their  directions. 

The  more  the  number  of  loaded  points  in  dkfanicfulofr  polygon  (as 
defined  in  Article  150)  is  increased,— or,  in  other  words,  the  more 
the  number  of  sides  in  the  polygon  is  multiplied, — the  more  nearly 
does  it  approximate  to  the  condition  of  a  cord  continuously  loaded; 
while  at  the  same  time,  the  number  of  lines  radiating  from  the 
point  O  in  the  diagram  of  forces  (exemplified  in  fig.  75'"^  increases 
with  the  number  of  sides  of  the  funicular  polygon,  and  the  polygon 
of  external  forces  of  fig.  16*  approximates  to  a  continuous  Ime, 
curved  or  straight. 

A  diagram  of  forces  for  a  continuously  loaded  cord  may  be  con- 
structed in  the  following  manner  (fig.  84*).  Let  radiating  lines  be 
drawn  from  the  point  O  parallel  to  the  tangents  of  the  cord  at  any 
points  which  may  be  under  consideration : — ^for  example,  let  O  C, 
0  D,  be  parallel  to  the  tangents  at  the  points  of  support,  and  0  A, 
O  B,  parallel  to  the  tangents  at  the  points  A  and  B  of  fig.  84  re- 
spectively. Let  the  lengths  of  those  radiating  lines  represent  the 
pulls  along  the  cord  at  the  points  to  whose  tangents  they  are 
parallel ;  and  let  a  line  D  A  B  C,  curved  or  straight,  as  the  case 
may  be,  be  drawn  so  as  to  pass  through  the  extremities  of  all  the 
ranting  lines  which  represent  the  pulls  along  the  cord  at  different 
points.  Then  from  Theorem  L  it  appears,  that  a  straight  line 
drawn  from  B  to  A  in  fig.  84*  will  represent  ia  magnitude  and 
direction  the  resultant  of  the  load  on  the  cord 
between  A  and  B  (fig.  84).  Now,  suppose  the 
point  marked  A  in  fig.  84  to  be  taken  gradually 
nearer  and  nearer  to  B;  then  will  0  A  in  ^g.  84* 
approach  gradually  nearer  and  nearer  to  OB; 
and  while  the  direction  of  the  straight  line  drawn 
from  B  to  A  gradually  approaches  nearer  and 
nearer  to  the  direction  of  the  tangent  at  the  point 
B  to  the  line  OB  AD  in  fig.  84*  the  resultant 
load   between   B  and  A  represented  by  that  p.     g^,^ 

straight  line  gradually  approaches  nearer  and 
nearer  in  direction  to  the  durection  of  the  load  at  the  point  B  in  fig. 
84;  therefore,  the  direction  of  the  load  at  any  point  B  of  the  cord 
(fig.  84),  is  represented  by  the  direction  of  a  tangent  at  B  (^g.  84*), 
to  the  fine  C  B  A  D.     Hence  follows — 
Thboseu  IL    If  Of  line  {caUed  a  line  of  loads)  he  drawn,  such 
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168.  cwd 


ihai  U)hile  Us  nuKus-vectarJirom  a  given  paini  is  paraUd  to  a  tangent 
to  a  loaded  cord  at  a  given  paint,  its  own  tangent  is  pardUd  to  the 
{iirection  o/the  load  at  tJie point  in  the  oord;  then  toiU  the  length  of 
a  radius-vector  of  the  line  of  loads  r^preeeni  the  puU  at  the  eorre- 
eponding  point  of  the  eord;  amd  a  straight  Una  drawn  between  any  two 
points  in  the  Une  of  loads  toiU  represent  in  magnitude  and  direction 
the  resultant  load  between  the  two  corresponding  points  in  the  cord. 

The  supporting  foroes  required  at  the  points  C  and  D  (^g.  84), 
are  ob^oualy  represented  in  magnitude  and  direction  by  the  ex- 
treme radiating  lines,  (JC,  OD. 

A  loaded  oord,  hanging  freely,  is  obviously  stable,  but  capable  of 
oscillation. 

■dcp  Panilel  iLmuU. — ^If  the  direction  of  the  load  be 
everywhere  parallel  and  vertical,  the  line  of  loads  be- 
comes a  vertical  straight  line,  as  C  B  A  D  (fig.  84**). 
To  express  this  case  algebraically,  let  A  in  fig.  84 
be  the  lowest  point  of  the  cord,  so  that  the  tangent 
_^  AP  is  horizontal  Then  in  ^g.  84*»,  O  A  will  be 
horizontal,  and  perpendicular  to  C  D.     Let 

H  ^  OA  =  horiaowtal  tension  along  the  oord  at  A; 

E  =  OB  =  pull  along  the  cord  at  B; 

Fig.  84*»  ^     p  _-  Xb  =  load  on  the  oord  between  A  and  B; 

i  =  ^^  XPB  (fig.  84)  =  -«-::  AO  B  (fig.  84**)  =  inclination 
of  cord  at  B; 
then, 

P  =  Htant;  R  =  ^  (I*' +  H*)  =  Hsect (1.) 

To  deduce  from  these  formulae  an  equation  by  w&ich  the  form  of 
the  curve  assumed  by  the  cord  can  be  determined  when  the  distri- 
bution of  the  load  is  known,  let  that  curve  be  referred  to  rectangular 
horizontal  and  vertical  co-ordinates,  measured  from  the. lowest  point 
A,  the  co-ordinates  of  B being,  AX  =  a?,  X B  =  y ;  then 

dy^ 


whence  we  obtain 


tant  = 

dy 
dx 


dx' 


P 


.{±) 


a  differential  equation  which  enables  the  form  assumed  by  the  cord 
to  be  determined  when  the  distribution  of  the  load  is  known. 

169.  Cord  vnder  Vniferai  T«rtte»i  i^Mid. — Bj  An  uniform  vertical 
load  is  here  meant  a  vertical  load  uniformly  distributed  along  a 
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honamtal  straight  line;  80  that  if  A  (fig.  85),  be  the  lowwt  point  of 
the  rope  or  oorI,  the  load  si^penided  between  A  and  B  ahall  be 


^^ 


Fig.  85. 


proportional  to  AX  =  a^  the  horizontal  distance  between  those 
points,  and  capable  of  being  expressed  by  the  equation 

^^px; (1.) 

where^  is  a  constant  quantity,  denoting  the  intensUy  of  ths  had  in 
umta  of  weight  per  tmU  of  horizorUal  length:  in  pounds  per  lineal 
foot,  for  example.  It  is  required  to  find  the  torm  of  the  curre 
D  A  B  C,  and  the  relations  amongst  the  load  P,  the  horizontal  pull 
at  A  (H),  the  pull  at  B  (B),  and  the  co-ordinates  AS  =  x,  BX  »  y. 

First  SoluUon. — ^Because  the  load  between  A  and  B  is  uniformly 
distributed,  its  resultant  bisects  A  X ;  therefore,  the  tangent  B  P 
bisects  A  X :  this  is  a  property  characteristic  of  a  paaaboul  whose 
vertex  is  at  A>  therefore,  the  curve  assumed  by  the  cord  is  such  a 
parabola. 

Also,  the  proportions  of  the  load,  and  the  horizontal  and  oblique 
tensions  are  as  follows : — 

P:H:R::BX:XP:FB::y:|:^(y»  +  ^ 


pa? 


^'A'^B- 


(2.) 


Second  Solviiork — In  the  present  case  equation  2  of  Article  168 
becomes 


dx 


px 


.(3.) 


which  being  integrated  with  due  regard  to  the  condition  that  when 
a:  =  0,  y  =  0,  gives 

pa? 
y^SH 


.(4.) 


the  equation  of  a  parabola  whose  focal  distance  (or  modtdtu,  to  use 
the  term  adopted  in  Dr.  Booth's  paper  on  the  "Trigonometry  of  the 
Parabola,"  Reports  of  the  British  Association,  1856),  is, 

fn  =  f  =  ^ (5.> 
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For  a  parabola  we  have  also  the  inclination  i  to  the  Horizon  re- 
lated to  ^e  co-ordinates  by  the  following  equations :— - 

^_  ^ 2y. 

dx       2m        a' 

whence  we  have  the  proportions 


tan  t  =  -T^  =  g —  =  — : 
dx       2m         x' 


(6.) 


P;H:R::taDt:l:8ect::^:l:j(l+^ 


-P«:g':l'»V(l+^) (7-) 


as  before. 

The  following  are  the  solutions  of  some  useful  problems  respecting 
uniformly  loaded  cords. 

Fbobleh  L  Given  the  elevations,  yi,  yj,  o/the  two  paints  of  support 
of  the  cord  above  its  lowest  point,  arid  also  the  Iwrizontal  distance,  or 
span  a,  between  those  points  of  svpport;  it  is  required  to  find  the 
?u)rizontal  distances,  Z],  Xj,  of  the  lowest  point  from  the  two  points  of 
support;  also  the  niodulus  nu 

Li  a  parabola, 

therefore, 

When  ^points  qf  support  are  at  the  same  level, 

y.  =  y..x,=  |;m  =  ^ (10.) 

Problem  II.     Gfiven  the  same  data,  to  find  the  inclinations  i„  i 
qfthe  cord  at  the  points  of  support* 
By  equations  6,  we  have, 


also 


when  yi  =y^  tantj  =  tan  i,  =  -^ (12.) 
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Problem  III.  Owen  the  swine  data,  cmd  the  had  per  unU  of 
length;  required  the  hortzorUal  tension  lEL,  and  the  tensions  B^  E^ 
at  the  poirUs  of  support. 

By  equation  5,  ve  find, 

'H.  =  2pm  =  ^  .   ,   ^^"f  ^    ^         ; (13.) 

and  by  the  proportional  equation  7, 

Hi  =  Hsecii  =  H  V  (l  +^) J  »■  =  H  sec i, 

=  Hv(i+^) (u.) 

When  yi  =  yi,  those  equations  become 

H=||;B.  =  E.  =  H8eci.  =  Hv(l  +  ^) 

=  Hv(n-i^. m 

Problem  IV.  Given  the  same  data  as  in  Problem  I.,  to  find  the 
length  of  the  cord 

The  following  are  two  well  known  formulse  for  the  length  of  a 
parabolic  arc,  commencing  at  the  vertex,  one  being  in  terms  of  the 
co-ordinates  x  and  y  of  the  farther  extremity  of  the  arc,  and  the 
other  in  terms  of  the  modulus  m,  and  the  inclination  i  of  the  ferther 
extremity  of  the  arc  to  a  tangent  at  the  vertex. 

2 
=  mjtan  t  •  sec  *  +  hyp.  log.  (tan  t  +  sec  t)}»..(16.) 

The  length  of  the  cord  is  «,  +  *«,  where  «i  is  found  by  putting  a^ 
and  yi  in  the  first  of  the  above  formula,  or  ti  in  the  second,  and 
St  by  putting  a%  and  y^  in  the  first  formula,  or  t,  in  the  second. 

The  foUowing  approximate  formula  for  the  length  of  a  parabolic 
arc  is  in  many  cases  sufficiently  near  the  truth  for  practical  purposes ; 

2t/* 
«  =  «  +  ^  nearly; (17.) 

V  X 

which  gives  for  the  total  length  of  the  cord 
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..  +  «.  =  a +  |(^+g)«aa»<y (1&) 

and  when  ^  =  y^  this  becomes 

2*i=a+-5-  '^nearly; (19.) 

Probleh  Y.  Given  the  same  data,  to  find,  apprcmmaidyy  the  email 
dangatian  of  the  cord  d  (si  +  Sj)  rehired  to  produce  a  given  small 
depression  ^y  of  the  louxst  point  A,  and  cowoersdy. 

Differentiating  equation  18^  we  find 


''("+'*)=  j^'+S)''^ <''•> 


which  seryes  to  compute  the  elongation  from  the  depression  \  and 
conversely. 


Xi       x^ 


which  serves  to  compute  the  depression  of  the  lowest  point  from 
the  elongation  of  the  cord     When  yi  =  y^  those  foimulflB  become. 


3) 


The  preceding  formulse  serve  to  compute  the  depression  which 
the  middle  point  of  a  suspension  bridge  undergoes  in  consequence 
of  a  given  elongation  of  the  cable  or  chain,  whether  caused  by  heat 
or  by  tension. 

170.  8«spciiai«H  Bridge  wick  Tcvflcsl  Bodifc — ^In  a  Suspension 
bridge  the  load  is  not  continuous,  the  platform  being  hung  by  rods 
from  a  certain  number  of  points  in  each  cable  or  chain  :  neither  is 
it  uniformly  distributed  ;  for  although  the  weight  of  the  platform 
per  unit  of  length  is  uniform  or  sensibly  so,  the  load  arising  from 
the  weight  of  &e  cables  or  chains  and  of  the  suspending  rods  is 
more  intense  near  the  piers.  Nevertheless,  in  most  eases  which 
occur  in  practice,  the  condition  of  each  cable  or  chain  approaches 
sufficiently  near  to  that  of  a  cord  continuously  and  uniformly 
loaded  to  enable  the  formulse  of  Article  169  to  be  applied  without 
material  error. 
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When  the  piers  of  a  suspension  bridge  are  slender  and  yerfeical 
(as  is  xtsnaUj  tiie  case),  the  resultant  pressure  of  the  chain  or  cable 
on  the  top  of  the  pier  ought  to  be  vertical  aJsa  Thus,  let  C  E,  in 
%.  85,  represent  the  vertical  axis  of  a  pier,  and  C  G  the  portion  of 
the  chain  or  cable  behind  the  pier,  which  either  su{^rts  another 
division  of  the  platform,  or  is  made  fast  to  a  mass  of  rock,  or  of 
masonry,  or  otherwise.  If  the  chain  or  cable  passes  over  a  curved 
plate  on  the  top  of  the  pier  called  a  mdcUe,  on  which  it  is  free  to 
slide,  the  tensions  of  the  portions  of  the  cludn  or  cable  on  either 
side  of  the  saddle  will  be  equal ;  and  in  order  that  those  tensions  may 
compose  a  vertical  pressure  on  the  pier,  their  inclinations  must  be 
equal  and  opposite.  Let  i  be  the  common  vslue  of  those  indina- 
tions  ;  B  the  common  value  of  the  two  tensions ;  then  the  vertical 
presaore  on  the  pier  is 

V=i2R8int  =  2Htani=2jpa:; (1.) 

that  is,  twice  the  weight  of  the  portion  of  the  bridge  between  the 
pier  and  the  lowest  point,  A,  of  the  curve  C  B  A  D. 

But  if  the  two  divisions  of  the  chain  or  cable  D  A  0,  C  G,  which 
meet  at  C,  be  made  fast  to  a  sort  of  truck,  which  is  supported  by 
rollers  on  a  horizontal  cast  iron  platform  on  the  top  of  the  pier, 
then  the  pressure  on  the  pier  will  be  vertical,  whether  the  inclina- 
tions of  the  two  divisions  of  the  chain  or  cable  be  equal  or  unequal; 
and  it  is  only  necessary  that  the  luxrizorUal  components  of  their  ten- 
sion should  be  equal ;  that  is  to  say,  let  i,  if,  be  the  inclinations  of 
the  two  divisions  of  the  chain  or  cable  in  opposite  directions  at  G, 
and  R,  'R',  their  tensions,  then 

R  =  Hsecf;  R'  =  Hsect'; 
V  =  Rgint-fR'sini'  =  H(tani  +  tan  i) (2.) 

171.  Fiflzibto  Tie. — ^Let  a  vertical  load,  P,  be  applied  at  A,  fig.  86| 


1,.    o«  Hg.  8S«. 

Rg.  S6.  ^ 

and  sustained  by  means  of  a  horizontal  strut,  A  B,  abutting  against 
a  fixed  body  at  B,  and  a  sloping  rope  or  chain,  or  other  flexible  tie, 
ADC,  fixed  at  C.  The  weight  of  the  strut,  A  B,  is  supposed  to 
be  divided  into  two  components,  one  of  which  is  supported  at  B, 
while  the  other  is  indudsd  in  the  load  P.    The  weight,  W,  of  the 
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flexible  tie,  A  B  C,  is  supposed  to  be  known,  and  to  be  considered 
separately ,  and  with  these  data  there  is  proposed  the  following 

FaoBLEM.  W  being  smaU  compared  wUh  P,  to  find  approxiTruUelf/ 
the  vertictd  depression  "J^D  of  die  flexible  tie  below  the  elraighi  line 
AG,  the  pulls  along  U  at  A,!),  and  Q,  amd  the  horizoTital  thrust 
along  A  B. 

Because  W  is  small  compared  with  P,  the  curvature  of  the  tie 
will  be  small,  and  the  distribution  of  its  weight  along  a  hori- 
zontal line  may  be  taken  as  approxvnuUely  uniform ;  therefore  its 
figure  will  be  nea/rly  a  parabola ;  the  tangent  at  D  '^inll  be  senaibly 
parallel  to  A  0,  and  the  tangents  at  A  and  C  will  meet  in  a  point 
which  will  be  near  the  vertical  line  E  D  F,  which  line  bisects  A  O, 
and  is  bisected  in  D,    Hence  we  have  the  following  construction : — 

Draw  the  diagram  of  forces^  ^^,  86*  in  the  following  manner. 

W     

On  the  vertical  line  of  loads  b  c,  take  6/=P;  be  =  F  +  —}  be 

=  P  +  W.  From  b  draw  6  0  parallel  to  the  strut  A  B ;  that  is, 
horizontal ;  from  e  draw  e  O  parallel  to  0  A,  cutting  6  O  in  O  ; 
join  c  0,  /O. 

In  fig.  86,  bisect  A  0  in  £,  through  which  draw  a  vertical  line  ; 
through  A  and  C  respectively  draw  A  F  ||  0/,  C  F  ||  O  c,  cutting 
that  vertical  line  in  F ;  bisect  E  F  in  D.  Then  will  A  F  and 
C  F  be  tangents  to  the  flexible  tie  at  A  and  C,  D  will  be  its  most 
depressed  point,  and  DE  its  greatest  depression;  and  the  pulls 
along  the  tie  at  0,  D,  and  A,  and  the  thrust  along  the  strut  A  B, 
will,  in  virtue  of  the  principle  of  Article  168,  be  represented  by 
the  radiating  lines  0  c,  O  c,  O/,  and  O  6,  in  fig.  86* 

This  solution  is  in  general  sufficiently  near  the  truth  for  practi- 
cal purposes  To  express  it  algebraicaJly,  let  R„  R^,  'R„  be  the 
tensions  of  the  tie  at  A,  D,  C,  respectively,  and  H  the  horizontal 
thrust;  then 


B'C' 


B.=  \/(h'  +  (P  +  W)'}; 


•(!•) 
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The  difference  of  length  between  the  curve  ADC  and  the  straight 
line  A  E  0  is  found  veiy  nearly,  by  substituting,  in  the  second 

ABDE. 

term  of  equation  19,  Article  169,  AC  for  a,  and  — === —  ^^^  yj 

that  is  to  say, 


8  AB«-DE«      1     AB'BO' 


ADC-AEC=--=^=^-^^-  ^^:i3^...(2.) 


|^|'...(2.) 


172.  Snapemton  lirid«e  wiik  WopiHg  Bod»^ — ^Let  the  uniformly- 
loaded  platfonn  of  a  suspension  bridge  be  hung  from  the  chains  by 
parallel  sloping  rods,  making  an  uniform  angle  j  with  the  vertical 
The  condition  of  a  chain  thus  loade<^  is  the  same  with  that  of  a 
chain  loaded  vertically,  except  in  the  direction  of  the  load;  and 
the  form  assumed  by  l^e  cham  is  a  parabola.,  having  its  axis  paral- 
lel to  the  direction  of  the  suspension  rods. 

In  fig.  87,  let  C  A  represent  a  chain,  or  portion  of  a  chain,  sup- 
ported or  fixed  at  C,  and  horizontal  at 
A,  its  lowest  point.  Let  AH  be  a 
horizontal  tangent  at  A,  representing 
the  platform  of  the  bridge;  and  let 
the  suspension  rods  be  all  parallel  to  4« 
C  E,  which  makes  the  angle  .^  E  C  H 
=  j  with  the  vertical.     Let  B  X  re-  ^'  ^^• 

present  any  rod,  and  suppose  a  vertical  load  v  to  be  supported  at 
the  point  X.  Then,  by  Ae  principles  of  the  equilibrium  of  a  frwrna 
of  two  bars  (Article  145),  this  load  will  produce  a  p^lUf  p,  on  the  rod 
X  B,  and  a  thrust,  q,  on  the  platform  between  X  and  H ;  and  the 
three  forces  v,  p,  q,  will  be  proportional  to  the  sides  of  a  triangle 
parallel  to  their  directiona,  such  as  the  triangle  C  E  H  ;  that  is  to 

say,  -     

vipiqw  CH:CE:EH::  1:  secj.-tan/ (1.) 

Next,  instead  of  considering  the  load  on  one  rod  B  X,  consider  the 
entire  vertical  load  V  between  A  and  X  This  being  the  sum  of 
the  loads  supported  by  the  rods  between  A  and  X,  it  is  evident 
that  the  proportional  equation  (1)  may  be  applied  to  it;  and  that 
if  P  represent  the  amount  of  the  pull  acting  on  the  rods  between 
A  and  X,  and  Q  the  total  thrust  on  the  platform  at  the  point  X, 
we  shall  have 

V  ;  P  :  Q  J :  CH  :  CE ;  EH  ::  1 :  sec  j :  tan^. (2.) 

The  oblique  load  P  =:  T  sec  J  is  what  hangs  from  the  chain  between 
A  and  B.  Being  uniformly  distributed,  its  resultant  bisects  A  X 
in  P,  which  is  also  the  point  of  intersection  of  the  tangents  A  P, 


Digitized 


byGoogk 


172  XHEOBT  OF  STKUCTUREB. 

B  P;  and  ike  ratio  of  the  obliqae  load  P,  tilie  horLsontal  tension 
H  along  the  chain  at  A,  and  the  tenfoon  B  along  the  chain  at  B; 
is  that  of  the  sides  of  the  triangle  BX  P ;  that  is  to  say, 

A~X       

P  :  H  :  It  ::  B^  :  XP  =  ==  :  BP. (3.) 

Comparing  this  with  the  case  of  Article  169  and  fig.  85,  it  is  evi- 
dent that  the  form  of  the  chain  in  fig.  87  must  be  similar  to  that 
of  the  chain  in  fig.  85,  with  the  exception  that  the  ordinate  X  B 
=  y  IB  oblique  to  the  abscissa  AX  =  x,  instead  of  perpendicular  ; 
that  is  to  say,  OB  A  is  a  parabola,  having  its  aads  parallel  to  the 
inclined  suspension  rods. 

The  equation  of  such  a  parabola,  referred  to  its  oblique  co-ordi- 
nates, with  the  origin  at  A,  is  as  follows  : — 

»=^^'-^ w 

where  m,  as  in  Article  169,  denotes  the  modulus  of  the  parabola, 
given  by  the  equation 

'^=— 47^ <^-) 

X  and  y  being  the  co-ordinates  of  any  known  point  in  the  curve. 
The  length  of  the  tangent  B  P  =  <  is  given  by  the  following  equa- 
tion:— 

< = \/(i  +  *^ + *^ '  '^•') ^^-^ 

Hence  are  deduced  the  following  foimulsB  for  the  relations 
amongst  the  forces  which  act  in  a  suspension  bridge  with  inclined 
rods.  Let  v  now  be  taken  to  denote  the  intensUy  of  the  vertical 
load  per  unit  of  length  of  horizontal  platform — ^per  foot,  for  ex- 
ample ;  p  the  intensity  of  the  oblique  load ;  q  the  rate  at  which  the 
thrust  sdong  the  platform  increases  from  A  towards  SL     Then 

Y  =  vx;  T=:px  =  vx'aeGJ;)  ,^. 

Q  =  qx=zvx'  tanj;  / *' 

H  =  ^=|f'  =  !^-=^2«m  .«c.i (a) 

B  =  li-il5=^ (9.) 
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The  horizoiital  pull  H  at  the  point  A  may  be  Bustained  in  three 
different  ways,  viz. : — 

L  The  cham  may  be  amhored  or  made  fSajst  at  A  to  a  mass  of 
rock  or  masonry. 

XL  It  may  be  attached  at  A  to  another  equal  and  similar  chain, 
similarly  loaded  by  means  of  oblique  rods,  sloping  at  an  equal 
angle  in  the  direction  opposite  to  that  of  the  rods  B  X,  &c.,  so  that 
A  may  be  in  the  middle  of  the  span  of  the  bridge. 

IlL  The  chain  may  be  made  &st  at  A  to  the  horizontal  platform 
A  B[,  so  that  the  pidl  at  A  shall  be  balanced  by  an  equal  and  op- 
posite thrust  along  the  platform,  which  must  be  strong  enough  and 
stiflT  enough  to  sustain  that  thrust.    In  this  case,  the  total  thrust  at  , 
any  point,  X,  of  the  platform  ia  no  longer  simply  Q  =  ^  a^  but 

=  v(27ifsec»y  +  aj*  tanj) (10.) 

The  length  of  the  pcuraholie  a/rc,  A  B,  is  given  exactly  by  the 
following  formulse.  Let  i  denote  the  inclination  of  the  parabola 
at  the  point  B  to  a  line  perpendicular  to  its  axis.     Then 


*  =  arc  -cos  (^  -cosn (11.) 


which,  when  B  coincides  with  A,  becomes  simply  i  =  /     Then 
from  ihe  known  formuls  for  the  lengths  of  parabolic  arcs,  we  have 

parabolic  arc  A  B  s=  w  <  tani  sec  t— tan  j  sec  j 

+  hyp.  log.  t?54+^l (12.) 

^^     *  tanj+sec;j  ^     ^ 

In  most  cases  which  occur  in  practice,  however,  it  is  suficient  to 
use  the  following  approximate  formula : — 

areAB  =  a:  +  ysini  +  |-^'^--^,nearly. (13.) 

The  formulfid  of  this  Article  are  applicable  to  Mr.  Dredge's  sus- 
pension bridges,  in  which  the  suspending  rods  are  inclined,  and 
although  not  exactly  parallel,  are  nearly  so. 

173.  ExindM  and  ininidM.— When  a  cord  is  loaded  with  parallel 
vertical  forces,  and  ordinates  are  drawn  downwards  from  the  cord, 
of  lengths  proportional  to  the  intensity  of  the  vertical  load  at  the 
points  of  the  cord  from  which  they  are  drawn,  a  line,  straight  or 
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curved  as  the  case  may  be,  wliich  traverses  the  lower  ends  of  all 
these  ordinates,  is  called  the  extradoa  of  the  given  load.  The  curve 
formed  by  the  cord  itself  is  called  the  irUrados.  The  load  suspended 
between  any  two  points  of  the  cord  is  proportional  to  the  vertical 
plane  area,  bounded  laterally  by  the  vertical  oitiinates  at  those  two 
points,  above  by  the  cord  or  intrados,  and  below  by  the  extrados  ; 
and  may  be  regarded  as  equal  to  the  weight  of  a  flexible  sheet  of 
some  heavy  substance,  of  uniform  thickness,  bounded  above  by  the 
intrados,  and  below  by  the  extrados.  The  following  is  the  alge- 
braical expression  of  tiie  relations  between  the  extiudos  and  the 
intrados. 

Assume  the  horizontal  axis  of  a;  to  be  taken  at  or  below  the  level 
of  the  lowest  point  of  the  extrados;  and  let  the  vertical  axis  of  y, 
as  in  Articles  168,  169,  and  170,  traverse  the  point  where  the 
intrados  is  lowest  For  a  given  abscissa  «,  let  ^  be  the  ordinate  of 
the  extrados,  and  y  that  of  the  intrados,  so  that  y  —  y  is  the  length 
of  the  vertical  ordinate  intercepted  between  those  two  lines,  to 
which  the  intensity  of  the  load  is  proportional  Let  to  be  the 
weight  of  unity  of  area  of  the  vertical  sheet  by  which  the  load  is 
considered  to  be  represented.  Then  we  have  for  the  load  between 
the  axis  of  y  and  a  given  ordinate  at  the  distance  x  from  that  axis. 


T  =  v,fy-j/)dx; (1.) 


the  integral  representing  the  area  between  the  axis  of  y,  the  given 
ordinate,  the  extrados  and  the  intrados.  Combining  this  equation 
with  equation  2  of  Article  168,  we  obtain  the  following  equation : — 

an  equation  which  affords  the  means  of  determining,  by  an  indirect 
process,  the  equation  of  the  inti^dos,  when  the  horizontal  tension  H, 
and  the  equations  of  the  extrados  are  givfn,  and  also,  by  a  some- 
what more  indirect  process,  the  equation  of  the  intrados  and  the 
horizontal  tension,  when  the  equation  of  the  extrados  and  one  of 
the  points  of  the  intrados  are  given.  Both  these  processes  are  in 
general  of  considerable  algebraical  intricacy. 

H 

—  obviously  represents  the  area  of  a  portion  of  the  sheet  above 

mentioned,  whose  weight  is  equal  to  the  horizontal  tension.  Let 
that  area  be  the  square  of  a  certain  line,  a;  that  is,  let 
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Then  that  line  is  called  the  pcvrameter  of  the  intrados,  or  curve  in 

irhich  the  cord  hangs. 
When  the  vertical  load  is  of  nniform  intensity,  as  in  Article 

1 69,  so  that  the  intrados  is  a  parabola,  it  is  obvious  ^lat  the  extrados 
is  an  equal  and  similar  parabola,  situated  at  an  uniform  depth 
below  the  intrados. 

[The  reader  who  has  not  studied  the  properties  of  exponential 
functions  may  pass  at  once  to  Article  176.] 

174.  CmHL  with  K«rimmitia  Bztmd#«. — If  the  extrados  be  a 
horizontal  straight  line,  that  line  may  itself 
be  taken  for  the  axis  of  as.  Thus,  in  fig. 
87  A,  let  OX  be  the  straight  horizontal 
extrados,  A  the  lowest  point  of  the  intrados, 
and  let  the  vertical  line  O  A  be  the  axis  of 
y.  Denote  the  length  of  O  A,  which  is  the 
least  ordinate  of  the  intrados,  by  y^  Let 
B  X  =  y  be  any  other  ordinate,  at  the  end  '  *f"  ^^  ^ 

of  the  abscissa  OX  =.  x.  Let  the  area  0  A  B  X  be  denoted  by 
a.     Then  equations  1  and  2  of  Article  172  become  the  following : — 


'2  zzzwu^zw  i'ydx] 


dy  _  ^u 
dx      d  af 


H 


u 


.(1.) 


The  general  integral  of  the  latter  of  these  equations  is 

«=  Ae^—  B  c""^ (*^ 

in  which  A  and  B  are  constants,  which  are  determined  by  the 
special  conditions  of  the  problem  in  the  following  manner.     When 

«==  0,  6»  =e     •  =  1;  but  at  the  same  time  «  =  0,  therefore 
A  =  B,  and  equation  (a.),  may  be  put  in  the  form, 

t*  =  aU« — e"  •) {h.) 

This  gives  for  the  ordinate^ 

y=^(,r  +  ,-f) (a) 


2  A 
whidi,  for  »  =  0,  t>ecome8  yo  =?  — ;  "id  therefore 


.{d.) 
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which  value  being  introduoed  into  the  various  preceding  equations, 
gives  the  following  results,  as  to  the  geometrical  properties  of  the 
intrados : — 

Area,  w  =  ?^He"^  —  «"  " )  i 
Ordinate,  y  =  ^°  («  *  +  «     *  ) ; 

Deviation,  ^  =  J  =  ^  (^^  +  «  ""^X 

The  relations  amongst  the  forces  which  act  on  the  cord  are  given 
bj  the  equations 


(2.) 


ax 


E (tension at B)  =  ^P+H*  =  H  a/  1  +  j^ 


(3.) 


In  the  course  of  the  application  of  these  principles,  the  following 
problem  may  occur : — given,  the  extradoa  OX,  die  vertex  A  of  the 
vrUrados,  arid  a  point  of  support  B;  it  ia  required  to  complde  the 
figwre  of  the  intrados.  For  tlus  purpose  it  is  necessary  and  sufficient 
to  find  the  parameter  a;  so  that  the  problem  in  fact  amounts  to 
this ;  given  the  least  ordinate  y^,  and  the  ordinate  y  corresponding 
to  one  given  vaiue  of  the  abscissa  x^  it  is  required  to  find  a,  so  as  to 
fulfil  the  equation 


yo  2 

=  hyperbolic  cosine  of  -, 


.(4.) 


as  this  function  is  called.     Supposing  a  table  of  hyperbolic  cosines 
to  be  at  hand,  -  is  found  by  its  being  the  number  whose  hyp6^ 


bolic  cosine  is  —  :  so  that 


number  to  hyp.  cos.  — 

yo 


•(«•) 
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hut  8ach  a  table  is  rarely  to  be  met  'with;  and'  in  its  absenoe  a  is 
found  as  follows : — 
The  Yalue  of  x  is  given  in  terms  of  y  by  the  equation. 


'^■'^'^(l+Vh-')" 


,.(6.) 


and  henoe 


a  = 


i^i^C^+VFv' 


-co 


175.  Ctet0MUT  is  the  name  given  to  the  curve  in  which  a  oord  or 
chain  of  uniform  material  and  sectional  area  (so  that  the  weight  of 
any  part  is  proportional  to  its  length). hangs  when  loaded  with  its 
own  weight  alone. 

Let  fig.  87  Ay  serve  to  represent  this  curve ;  but  let  A  be  taken  as 
the  origin  of  co-ordinates,  so  that  the  axis  of  a;  is  a  horizontal  tangent 
at  A.  Let  a  denote  the  length  of  any  given  arc  A  B.  Then  if  p 
be  the  weight  of  an  unit  of  length  of  the  cord  or  chain,  the  load 
suspended  between  A  and  B  is  T==  p8.  The  inclination  i  of  the 
curve  at  B  to  a  horizontal  Une  is  expressed  by  the  equations 


OOSi  = 


dx 
dJ 


smt: 


'-l?=V'- 


d^ 
d^' 


...„(1.) 


dx 

Let  the  horizontal  tension  be  equal  to  the  weight  of  a  ceriavn, 
length  qfcham,  m,  so  that 

H  z=zpm (2.) 

From  these  equations,  and  from  the  general  equation  2  of  Article 
168,  we  deduce  the  following : — 


tani  =: 


..  V'- 


da^ 
d? 


dx 
dT 


H 


s 
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which,  by  a  few  reductioiiB,  is  brought  to  the  following  form 
dx  m* 


(4.) 


da       JWIT? 

the  integral  of  which  (paying  due  regard  to  the  conditions  that 
when  «  =  0,  aj  =  0)  is  known  to  be 

<«  =  mhyi.log.(^+>y/l+^) (5.) 

This  equation  gives  the  abscissa  x  of  the  extremity  of  an  arc  A  B 
=  8y  when  the  poA'omveter  of  the  catenary  (as  m  is  (»dled)  is  known. 
Transforming  the  equation  so  as  to  have  a  in  terms  of  a;,  we  obtain 

«=2(<»"-«"") («•) 

The  ordinate  y  is  found  in  terms  of  x  by  integrating  the  equation 
dy  /~d?     T     8        1  /  -         _?\ 

rf  =  V  5^-^=«=20— *  -)' ^^-^ 

■which  gives 

y  =  ^  ^e'+e-':-i^  =  J-fTHf  -  n  ■  -,...  (8.) 

the  term  —  2  being  introduced  in  order  that  when  x  =  O^y  may 
be  also  =  0.  This  is  the  equation  of  the  catenary,  so  far  as  its  form 
is  concerned.     The  mechanical  condition  is  given  by  the  equations 


(9.) 


BO  that  the  tendon  at  cmy  poiwt  is  equal  to  the  weight  of  a  piece  of 
the  chain,  whose  length  is  the  ordimoUe  added  to  the  parameter. 

Suppose  the  axis  of  x,  instead  of  being  a  tangent  at  the  vertex 
of  the  curve,  to  be  situated  at  a  depth  A  O  =  m  below  the  vertex, 
and  let  i/  denote  any  ordinate  measured  from  this  lowered  axis; 
then 

y  =  y  +  m  =  ^  («-+«--); (10.) 

which,  being  compared  with  the  expression  for  the  ordinate  amongst 
equations  2,  Article  173,  shows,  that  the  intradoa/or  a  horizontal  ex- 
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tradoB  when  the  lead  ordinate  is  equal  to  the  parameter  (j,i  =  a),  becomes 
identical  with  a  caitenary^  honing  ike  same  parcnneter  (m  =  a  =  y,,). 

Probleil  Given,  two  points  in  a  catenary,  amd  the  length  of 
chain  between  them;  required  the  remainder  of  the  curve. 

Let  k  be  the  horizontal  distance  between  the  two  points,  v  their 
difference  of  level,  I  the  length  of  chain  between  them.  Those  three 
quantities  are  the  data. 

The  unknown  quantities  may  be  expressed  in  the  following 
manner.  Let  Xi,  yi,  be  the  co-ordinates  of  the  higher  given  point, 
and  Si  the  arc  terminating  at  it,  all  measured  £rom  the  yet  unlmown 
vertex  of  the  catenary,  and  x„  y„  s„  the  corresponding  quantities 
for  the  lower  given  point  (The  particular  case  when  the  points 
are  at  the  same  level  will  be  afterwards  considered).     Also  let 

Xi  +  Xg  =  h  (an  unknown  quantity). 
Then  we  have 

«,  =  *  +  *;«,  =  *=^* (11.) 

Putting  these  values  of  a;  in  the  equations  6  and  8,  we  find 

P=  81  —  89  =  m  (e^  +  e "»")•(« •*—  e~ "^^ 

v=:y,  —  y^  =  m  Ttf  ^  +  e""«^y^e«^  — «"-«^^ 

Square  those  two  equations  and  take  the  difference  of  the  squares ; 
then, 

Jl^—rf  =  m(e  Ai_  e""'"^); (13.) 

In  this  equation  the  only  unknown  quantity  is  the  parameter  m, 
which,  is  to  be  determined  by  a  series  of  approximations. 

Next,  divide  the  sum  of  tiie  equations  (12)  by  their  difference. 
This  gives 

;^  ^+^ 

and  consequentiy 

A  =  «» •  hyp.  log.  ^—^ (14.) 

Either  or  both  of  the  abscisssB  Xi  and  x^  being  computed  by  the 
equations  11,  we  find  the  position  of  the  vertical  axis.  Then  com- 
puting by  equation  8,  either  or  both  of  the  ordinates,  yx^  y^,  we  find 
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the  vertex  of  the  catenary,  which,  together  ^th  the  parameter, 
being  known,  completely  determines  the  curve. — Q.  R  L 

When  the  given  points  are  at  the  same  level,  that  is,  when  v^O, 
the  vertical  axis  must  be  midway  between  them,  so  that 

k 

Xi  z^  "-^  fl^  =  —-■  h  ssz  0 ,« ...(lO.) 

In  this  case  equation  13  becomes 

Z  =  m/«A_«-i^\ (16.) 

from  which  m  is  to  be  found  by  successive  approximations.  Then 
the  computation  of  f/i  =  y,  by  means  of  equation  8  determines  the 
vertex  of  the  curve,  and  completes  the  solution. 

The  following  are  some  of  the  geometrical  properties  of  the 
catenary: — 

I.  The  radius  of  curvature  at  the  vertex  is  equal  to  the  para- 
meter, and  at  any  other  point  is  given  by  the  equation 

r=im  '  sec«i (17.) 

IL  The  length  of  a  normal  to  the  catenary,  at  any  point,  cut  off 
by  a  horizontal  line  at  the  depth  m  below  the  vertex,  is  equal  to  the 
radius  of  curvature  at  that  point 

III.  The  involute  of  a  catenary  commencing  at  its  vertex,  is  the 
tractory  of  the  horizontal  Hne  before  mentioned,  with  the  constant 
tangent  rn. 

lY .  If  a  parabola  be  rolled  on  a  straight  line,  the  focus  of  the 
parabola  traces  a  catenary  whose  parameter  is  equal  to  the  focal 
distance  of  the  parabola. 

176.  C«Hire  •£  OniTitr  •€  a  Flexible  flmictnc. — In  every  case  in 
which  a  perfectly  flexible  structure,  such  as  a  cord,  a  chain,  or  a 
funicular  polygon,  is  loaded  with  weights  only,  the  figure  of  stable 
equilibrium  in  the  structure  is  th^t  which  corresponds  to  tiie  lowest 
jx>S8ible  position  of  the  centre  of  gravity  of  the  entire  load  This 
principle  enables  all  problems  respecting  the  eqidUbrium  of  ver- 
tically loaded  flexible  structures  to  be  solved  by  means  of  the 
"  Calculus  of  Variations." 

177.  Tniaar«raiallmi  •€  C«rds  ■■«  CIhJm*.  —  The  principle  of 
Trunsformation  by  ParaUd  Projection  is  applicable  to  continuously 
loaded  coi'ds  as  well  as  to  polygonal  frames :  it  being  always  borne  in 
mind,  that  in  order  that  forces  may  be  correctly  transformed  by 
parallel  projection,  their  magnitudes  must  be  represented  by  the 
lengths  of  straight  lines  parallel  to  their  directions^  so  that  if  in  any  case 
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the  magnitade  of  a  force  is  represented  by  an  area  (as  in  Articlea 
173  and  174)  or  by  the  length  of  a  curve  (as  in  Article  175), 
we  must,  in  transforming  that  force  by  projection,  first  consider 
what  len^h  and  positLpn  a  straight  line  should  have  in  order  to 
represent  it. 

Some  of  the  cases  already  given  might  have  been  treated  as  ex- 
amples of  transformation  by  parallel  projection*  For  instance,  the 
bridge-chain  with  sloping  rods  of  Article  172  might  be  treated  as 
a  parallel  projection  of  a  bridge-chain  with  vertical  rods,  made  by 
substituting  oblique  for  rectangular  co-ordinates;  and  the  intrados 
for  a  liorizontal  extrados  of  Article  174,  where  the  least  ordinate  ^o 
and  parameter  a  have  any  ratio,  might  be  treated  as  a  parallel 
projection  deduced,  by  altering  the  proportions  of  the  rectangular 
co-ordinates,  from  the  corresponding  curve  in  which  the  least  co- 
ordiuate  is  equal  to  the  parameter;  tiiat  is,  from  the  catenary. 

The  algebraical  expressions  for  the  alterations  made  by  parallel 
projection  in  the  co-ordinates  of  a  loaded  chain  or  cord,  and  in  the 
forces  applied  to  it,  are  as  follows  : — 

In  the  original  figure,  let  y  be  the  rertical  co-ordinate  of  any 
point,  and  x  the  horizontal  co-ordinate.  Let  P  be  the  y^ical  load 
applied  between  any  point  B  of  the  chain  and  its  lowest  point  A; 

let  p  =  -r-:  be  its  intensity  per  horizontal  unit  of  length;  let  H  be 
ax 

the  horizontal  component  of  the  tension;  let  B  be  the  tension  at 
the  point  £. 

Suppose  that  in  the  transformed  figure,  the  vertical  ordinate  ^, 
and  the  vertical  load  F,  which  is  represented  by  a  vertical  line,  are 
unchanged  in  length  and  direction,  so  that  we  have 

y'  =  y;P  =  P; (1.) 

but  for  each  horizontal  co-ordinate  x,  let  there  be  substituted  an 

oblique  co-ordinaie  a/,  inclined  at  the  angle  j  to  the  horizon,  and 

a/ 
altered  in  length  by  the  constant  ratio  -  =  ck     Then  for  the  hori- 

^  X 

zontal  tension  H,  there  will  be  substituted  an  oblique  tension  H', 
{larallel  to  a/,  and  altered  in  the  same  proportion  with  that  co- 
ordinate; that  is  to  say, 

si  =  ax;B!  =  aH (2.) 

The  original  tension  at  B  is  the  resultant  of  the  vertical  load  P 
and  the  horizontal  tension  H.  Let  K  be  its  amount,  and  i  its  in- 
clination to  H;  then  

R  =  ^  F  +  H'> (3.) 

Digitized  by  VjOOQIC 


182  THEOBY  OF  STRUCTUBES. 

and  the  ratios  of  those  three  forces  are  expressed  by  the  proportion 
P:H:R:  :tani:l:seci: : sin i: cost :1 (4.) 

Let  B'  be  the  amount  of  the  tension  at  tjie  point  B  in  the  new 
structui-e,  corresponding  to  B,  and  let  i'  be  its  inclination  to  the 
Mique  co-ordinale  a/;  then 

R'  =  ^  (F«  +  ff"  It  2  FH'  sin j) (5.) 

F  :  H' :  B  : :  sin t  :  cos(i'=izj)  :  cmj (6.) 

The  alternative  signs  =±:  are  to  be  used  according  as  i'  and  J 
|^}mdire«jtion. 

The  intensity  of  the  load  in  the  transformed  structure  per  unit  of 
oblique  length  measured  along  daf,is 

P=d^-  -a' (^-^ 

but  if  the  intensitj  of  the  load  be  estimated  per  umt  of  horizonUU 

length,  it  becomes 

P 

p'  secj'= (8.) 

^        "       a-cos^  ^   ^ 

178.  itiHcar  AxeUm  mr  riIm. — Conceive  a  cord  or  chain  to  be 
exactly  inverted,  so  that  the  load  applied  to  it,  unchanged  in  direc- 
tion, amount,  and  distribution,  shall  act  inwards  instead  of  out- 
wards; suppose,  further,  that  the  cord  or  chain  is  in  some  manner 
stayed  or  stiffened,  so  as  to  enable  it  to  preserve  its  figure  and  to 
resist  a  thrust ;  it  then  becomes  a  linear  arch,  or  equUibrcUed  rib  ; 
and  for  the  pull  at  each  point  of  the  original  cord  is  now  substi- 
tuted an  exactly  equal  thruet  along  the  rib  at  the  corresponding 
point 

Linear  arches  do  not  actually  exist;  but  the  propositions  respect- 
ing them  are  applicable  to  the  lines  of  resistance  of  real  arches  and 
arched  ribs,  in  thcNie  cases  in  which  the  direction  of  the  thrust  at 
each  joint  is  that  of  a  tangent  to  the  line  of  resistance,  or  curve 
connecting  the  centres  of  pressure  at  the  joints. 

All  the  propositions  and  equations  of  the  preceding  Articles, 
respecting  cords  or  chains,  are  applicable  to  Imear  arches,  substi- 
tuting only  a  thrufi,  for  a  pndl,  as  l^e  stress  along  the  line  of  resist- 
ance. 

The  principles  of  Article  167  are  applicable  to  linear  arches  in 
general,  with  external  forces  applied  in  any  direction. 

The  principles  of  Article  168  are  applicable  to  linear  arches 
under  paroRd  loads;  and  in  such  arches,  the  quantity  denoted  by 
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H  in  the  formtdae  repreflents  a  coTista/nt  thirust,  in  a  direction  per- 
pendicular to  that  of  the  load. 

The  form  of  equilibrium  for  a  linear  arch  under  an  uniform  load 
is  Bk  parabola,  similar  to  that  described  in  Article  169. 

In  the  case  of  a  linear  arch  under  a  vertical  load^  intradas  denotes 
the  figure  of  the  arch  itself,  and  extrados  a  line  traversing  the  upper 
ends  of  ordinates,  drawn  tipwards  from  the  intrados,  of  lengths  pro- 
portional to  the  intensities  of  the  load;  and  the  principles  of 
Article  173  are  applicable  to  relations  between  the  intrados  and 
the  extrados. 

The  curve  of  Article  174  is  the  figure  of  equilibrium  for  a  linear 
arch  with  a  horizontal  extrados ;  and  from  Article  175  it  appears, 
that  the  figures  of  all  such  arches  may  be  deduced  from  that  of  a 
catenary,  by  inverting  it  and  altering  its  hoiizontal  and  vertical 
co-ordinates  in  given  constant  proportions  for  each  case. 

The  principles  of  Article  17t,  relative  to  the  transformation  of 
cords  and  chains,  are  applicable  also  to  linear  arches  or  ribs.  This 
subject  will  be  fiirther  considered  in  the  sequel 

The  preceding  Articles  of  this  section  contain  propositions  which, 
though  applicable  both  to  cords  and  to  linear  arches,  are  of  impor- 
tance in  practice  chiefly  in  relation  to  corda  or  chains.  The  follow- 
ing Articles  contain  propositions  which,  though  applicable  also  to 
cords  as  well  as  linear  arches,  are  of  importance  in  practice  chiefly 
in  relation  to  linear  arches. 

179.  CMradar  Arch  ft  Vmtfinm  Flald  PreMore- — It  is  evident 
that  a  linear  arch,  to  resist  an  uniform  normal  pressure  from  with- 
out, should  be  circular ;  because,  as  the  force  to  which  it  is  sub- 
jected is  similar  all  round,  its  figure  ought  to  be  similar  to  itself 
all  round — a  property  possessed  by  the  circle  alone. 

In  fig.  88,  let  A  B  A  B  be  a  circular  linear  arch,  rib,  or  ring, 


Fig.  88. 


whose  centre  is  O,  pressed  upon  from  without  by  a  normal  pressure 
of  uniform  intensity. 

In  order  that  the  intensity  of  that  pressure  may  be  conveniently 
expressed  in  units  of  force  per  unit  of  area^  conceive  the  ring  in 
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qnestion  to  represent  a  vertical  section  of  a  cylincbical  shell, -wliose 
length,  in  a  direction  perpendicular  to  the  plane  of  the  figure,  is 
WMJty.  Let  jE7  denote  the  intensily  of  the  external  pressure,  in 
units  of  force  per  unit  of  area  ;  r  the  radius  of  the  ring ;  T  the 
thrust  exerted  round  it,  which,  because  its  length  is  unity,  is  a 
thrust  j^er  wmI  of  length. 

The  tmiform  normal  pressure  p,  if  not  actually  caused  by  the 
thrust  of  a  fluid,  is  similar  to  fluid  pressure ;  and,  according  to 
Article  110,  it  is  equiyalent  to  a  pair  of  conjugate  pressures  in  any 
two  directions  at  right  angles  to  each  other,  of  equal  intensity. 
For  example,  let  a;  l^  vertical,  y  horizontal,  and  let  p^  p^  be  the 
intensities  of  the  vertical  and  horizontal  pressure  respectively,  then 

p^^p^^p; (1.) 

and  the  same  is  true  for  any  pair  of  rectangular  pressures. 

To  find  the  thrust  of  the  ring,  conceive  it  to  be  divided  into  two 
parts  by  any  diametral  plane,  such  as  C  C.  The  thrust  of  the  ring 
at  the  two  ends  of  this  diameter,  of  the  amount  2  T,  must  balance 
the  component,  in  a  direction  perpendicidar  to  the  diameter,  of  the 
pressure  on  the  ring;  the  normal  intensity  of  that  component  is  p, 
as  already  shown ;  and  the  area  on  which  it  acts,  projected  on  the 
plane,  C  C,  which  is  normal  to  its  direction,  is  2r ;  hence  we  have 
the  equation 

2T  =  2pr;  or  T=pr (2.) 

for  the  thrust  all  round  the  ring ;  which  is  expressed  in  words  by 
this 

Theorem.  The  tkrust  round  a  circular  ring  under  an  uniform 
normal  pressure  is  the  prodwA  of  the  pressure  on  am,  WMi  ofcircwmr 
ference  by  the  radius, 

180.  BUipticai  Arches  fw  iTaif*rai  p>g— >«■. — ^If  a  Linear  arch 
has  to  sustain  the  pressure  of  a  mass  in  which  the  pair  of  conjugate 
thrusts  at  each  point  are  uniform  in  amount  and  direction,  but  not 
equal  to  each  other,  all  the  forces  acting  parallel  to  any  given  direc- 
tion will  be  altered  &om  those  which  act  in  a  fluid  mass,  by  a  given 
constant  ratio ;  so  that  they  may  be  represented  by  paraUd  projec- 
tions of  the  lines  which  represent  the  forces  that  act  in  a  fluid  mass. 
Hence  the  figure  of  a  linear  arch  which  sustains  such  a  system  of 
pressures  as  that  now  considered,  must  be  a  parallel  projection  of  a 
circle ;  that  is,  an  ellipse.  To  investigate  tlie  relations  which  must 
exist  amongst  the  dimensions  of  an  elliptic  linear  arch  under  a  pair 
of  conjugate  pressures  of  uniform  intensity,  let  A'  F  A'  F,  B"  A"B'', 
in  fig.  88,  represent  elliptic  ribs,  transformed  firom  the  circular  rib 
A  B  A  B  by  parallel  projection,  the  vertical  dimensions  being  un- 
'^hanged,  and  the  horizontal  dimensions  either  expanded  (as  W  B"), 
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or  eonfaracted  (as  F  B^,  in  a  giyen  tmiform  ratio  denoted  by  e ;  so 
that  r  shall  be  the  vertical  and  cr  the  horiaontal  semi-axiB  of  the 
ellipse  ;  and  if  a;,  y,  be  respectively  the  vertical  and  horizontal  co- 
ordinates of  any  point  in  the  circle,  and  o^  f/,  those  of  the  corre- 
sponding point  in  the  ellipse^  we  shall  have 

afz=x;  t/  =  cy. (1.) 

If  C  C,  D  D,  be  any  pair  of  diameters  of  the  circle  at  right  angles 
to  each  other,  their  projections  mU  be  a  pair  of  conjugate  diameters 
of  the  ellipse,  as  C  C,  D'  D'. 

Let  P,  be  the  total  vertical  pressure,  and  P,  the  total  horizontal 
pressure,  on  one  quadrant  of  the  circle  A  B. 

Then 

P.  =  P,  =  T=r|?r. 

Let  P'x  be  the  total  vertical  pressure,  and  P,  the  total  horizontal 
pressure,  on  one  quadrant  of  the  ellipse,  as  A'  F,  or  A"  B" ;  and  let 
T,  be  the  vertical  thrust  on  the  rib  at  B'  or  B',  and  T,  the  hori- 
zontal thrust  at  A'  or  A". 

Then,  by  the  principle  of  transformation, 

T',  =  F.  =  P,  =  T=pr^          )  .,v 

r,  =  F,  =  c  P,  =cT  =  cpr;/ ^"'^ 

or,  the  total  tkrusta  are  as  (he  axes  to  which  they  are  parallel. 

Further,  let  F  =  TT  be  the  total  pressure,  parallel  to  any  semi- 
diameter  of  the  ellipse  (as  (X  !>  or  O"  D")  on  the  quadrant  D'  C  or 
D"  C",  which  force  is  also  the  thrust  of  the  rib  at  C  or  C",  the  ex- 
tremity of  the  diameter  conjugate  to  C  D'  or  O"  D";  and  let  O' D' 
orO''D''  =  r';  then 

F«T'  =  ^P=l>r'; (3.) 

or,  the  total  thrusts  a/re  as  the  diameters  to  which  they  are  parallel. 

Next,  let  p„  p',,  be  the  intensities  of  the  conjugate  horizontal  and 
vertical  pressures  on  the  elliptic  arch ;  that  is,  of  the  "  principal 
stresses"  (Articles  109,  112).  Each  of  those  intensities  being  found 
by  dividing  the  corresponding  total  pressure  by  the  area  of  the 
plane  to  which  it  is  normal,  they  are  given  by  the  following  equa- 
tion : — 


cr 


F 
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SO  that  the  intensitiea  of  the  principal  pressiMres  are  as  ths  aqtiores  of 
tJie  aax8  of  the  elliptie  a/rch  to  whidi  they  are  parallel. 

Hence  the  *'  ellipse  of  stress  "  of  Article  112  is  an  ellipse  whose 
axes  are  proportional  to  the  squares  of  the  axes  of  the  elliptic  arch ; 
and  to  suiapt  an  elliptic  arch  to  uniform  vertical  and  horizontal 
pressures,  the  raiio  o/the  axes  o/the  arch  must  he  the  square  root  qf 
the  ratio  of  the  irUensUies  of  the  priTicipdl  pressfwres  ;  that  is. 


-Vfc 


'^  (5.) 


p. 

The  external  pressure  on  any  point,  D*  or  D",  of  the  elliptic  arch, 
is  directed  towards  the  centre,  (>  or  O",  and  its  intensity,  per  unit 
of  area  of  the  plane  to  which  it  is  conjugate  (CX  O  or  O"  Q%  is  given 
by  the  following  equation,  in  which  r'  denotes  the  semidiameter 
(O'  D'  or  O"  D")  parallel  to  the  pressure  in  question,  and  f^  the  con- 
jugate semidiameter  ((X  O  or  O"  CT)  : — 

/  =  ^=p>; <«•) 

that  is,  the  iniensUy  of  the  pressure  in  the  direction  of  a  given  dia- 
meter is  direcUy  as  that  diameter  and  inversely  as  the  conjugate  dia- 
meter. 

Let  p"  he  the  intensity  of  the  external  pressure  in  the  direction 
of  the  semidiameter  /.     Then  it  is  evident  that 

p'  :p'::  ^:  r'.; (7.) 

that  is,  the  intensities  of  a  pair  ofconjugcUe  pressures  are  to  each  other 
as  the  squares  of  tlie  conjugate  diameters  of  the  elliptic  rib  to  whuJ^ 
tlvey  are  respectively  parallel. 

These  results  might  also  have  been  arrived  at  by  means  of  the 
principles  relative  to  the  ellipse  of  stress,  which  have  been  explained 
in  Article  112. 

181.  n^^rted  EiUpttc  Areh. — To  adapt  an  elliptic  linear  arch 
to  the  sustaining  of  the  pressure  of  a  mass  in  which,  while  the  state 
of  stress  is  uniform,  the  pressure  conjugate  to  a  vertical  pressure  is 
not  horizontal,  but  iuclmed  at  a  given  angle  j,  the  figure  of  the 
elli]jse  must  be  derived  from  that  of  a  circle  by  the  substitution  of 
inclined  for  hoiizontal  co-ordinates. 

In  fig.  89,  let  BAG  be  a  semicircular  arch  on  which  the  ex- 
ternal pressures  are  normal  and  uniform,  and  of  the  intensity  p,  as 
before;  the  radius  being  r,  and  the  thrust  roimd  the  arch,  and  load 
on  a  quadrant,  being  as  before,  P  =  T  =  jt)r.  Let  D  be  any  point 
in  the  circle,  whose  co-ordinates  are,  vertical,  O  E  =  05,  horizontal, 
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E  P  =  y.     Let  B'  A'  C  be  a  semi-elliptic  arch,  in  which  the  verti- 
cal oidinates  are  the  same  with  those  of  the  circle,  while  for  each 


Fig.  89. 

horizontal  ordinate  is  substituted  an  ordinate  inclined  to  the  hori- 
zon by  the  constant  angle  y,  and  bearing  to  the  corresponding  hori- 
zontal ordinate  of  the  circle  the  constant  ratio  c ;  that  is  to  say, 
let  

O'  K  =  a^  =  a?  3 

WW=i/=^cy;  [  (1.) 

Then  for  the  vertical  semidiameter  of  the  circle  O  A  =  r,  will  be 
substituted  the  equal  vertical  semidiameter  of  the  ellipse  O  A'  = 
r ;  and  for  the  horizontal  diameter  of  the  circle  C  B  =  2  r,  will  be 
substituted  the  inclined  diameter  of  the  ellipse  CB'  =  2cr,which 
is  conjugcUe  to  the  vertical  semidiameter. 

The  forces  applied  to  the  elliptic  arch  are  to  be  resolved  into 
vertical  and  inclined  components,  parallel  to  CK  A'  and  C  B,  instead 
of  vertical  and  horizontal  components.  Let  P«  denote  the  total 
vertical  pressure,  and  F^  the  total  inclined  pressure,  on  either  of  the 
elliptic  quadrants,  O  A',  A'  B'  3  T,  the  inclined  thrust  of  the  arch 
at  A,  T'.  the  vertical  thrust  at  B'  or  C.     Then 


T.  =  F,  =  T  =  P  =  pr;         ]^ 
T,  =  F,  =  cT  =  cP  =  cpr;  j 


.(2.) 


that  is  to  say,  those  forces  are,  as  before,  proportional  to  tJie  dia^ 
meters  to  which  they  are  parallel. 

Let  p,  be  the  intensity  of  the  vertical  pressure  on  the  elliptic 
arch  per  unit  of  area  of  the  inclined  plane  to  which  it  is  conjugate, 
CF  ;  let  p',  be  the  intensity  of  the  inclined  pressure  per  imit  of 
area  of  the  vertical  plane  to  which  it  is  conjugate ;  then 
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p. 

= 

or 

= 

p. 

c' 

Jl. 

= 

r 

= 

op; 

-V5 


(3.) 


SO  that,  as  before,  the  intensities  of  the  conjugate  preegures  we  as 
tite  squares  of  the  diaTneters  to  which  they  areparaUel, 

The  thrust  of  the  arch  at  any  point  D'  is  as  before,  proportional 
to  the  diameter  conjugate  to  O'  IK. 

It  is  sometimes  convenient  to  express  the  intensity  of  the  verti- 
cal pressure  per  unit  of  area  of  the  horizontal  projection  of  the  space 
over  which  it  is  distributed ;  this  is  given  by  the  equation 

p,  'secj  =  — ?— (4.) 

It  is  to  be  borne  in  mind,  that  this  is  not  the  pressure  on  unity 
of  area  of  a  horizontal  plane  (which  pressure  is  inversely  aa  the 
horizontal  diameter  of  the  ellipse  and  directly  as  the  diameter  con- 
jugate to  that  diameter,  to  which  latter  diameter  it  is  parallel),  but 
the  pressure  on  that  area  of  a  plane  inclined  at  the  angle  j,  whose 
horizontal  projection  is  unity. 

The  following  geometrical  constniction  serves  to  determine  the 
major  and  minor  axes  of  the  ellipse  R  A'  C. 

Draw  Of  a-^  and  =  C  A' ;  join  F  a,  which  bisect  in «» ;  in  B'a 
produced  both  ways  take  w;>  =  mq  =  (ym ;  join  (yp^  O'gr ;  these 
Hnes,  which  are  perpendicular  to  each  other,  are  the  c^trac^um^  of 
the  axes  of  the  ellipse,  and  the  lengths  of  the  semiaxesare  respectively 
equal  to  the  segments  of  the  line  p  q,  viz.,  '&p  —  aq,'&q  =:  a  p. 

The  following  is  the  algebraical  expression  of  this  solution.  Let 
A  denote  the  major  and  B  the  minor  semi-axis  of  the  eUipse. 

Then  

A  +  B  =  2  0'w  =  r,y(l+c*  + 2c- cos  j); 

A-B  =  Fa  =  r^/(l+c«-2c-co8i); 
whence  we  have  for  the  lengths  of  the  semi-axes, 

A  =  ^|  V(l  +  c«  +  2c-co8i)+  ^(l+(J'-2c-cosy)|; 

B=2{  >/(l+c»  +  2c-cosi)-V(l+c»-2c-cosi)}; 
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The  angle  ^i:!  B'  O/?  =  ky  whicli  the  nearest  axis  makes  with  the 
diameter  O  B'^  is  found  by  the  equation 

according  as  that  axis  is  the  longer;      the  shorter. 

The  axes  of  the  elliptic  arch  are  parallel  to,  and  proportional 
to  the  square  roots  of,  the  axes  of  the  ellipse  of  stress  in  the 
pressing  mass ;  so  that  they  might  be  found  by  the  aid  of  case 
3  of  Problem  IV.,  Article  112. 

182.  ArckM  Urn  if^nwl  Ptcmw«  fat  OeMraL — The  condition  of 
a  linear  arch  of  any  figure  at  any  point  where  the  pressure  is  nor- 
mal, is  similar  to  that  of  a  ciixular  arch  of  the  same  curvature 
under  a  pressure  of  the  same  intensity;  and  hence  modifying  the 
Theorem  of  Article  179  to  suit  this  case,  we  have  the  following : — 

Thxobem  L  The  thrust  at  any  fwrmaUy  pressed  point  of  a  linear 
arch  is,  the  prodtu^  of  the  radius  of  curvature  hy  tfts  intensity  of 
the  pressure;  that  is,  denoting  the  radius  of  curvature  by  f,  the 
normal  pressure  per  unit  of  length  of  curve  by  p,  and  the  thrust 
byT, 

'^=Pt (1.) 

Example,  This  Theorem  is  verified  by  the  vertically  and  hori- 
zontally pressed  elliptic  arches  of  Artide  180;  for  the  radii  of 
curvature  of  an  ellipse  at  the  ends  of  its  two  axes,  r  and  c  r,  are 
respectively, 

At  the  ends  of  r ;  e,  =  —  =  (?r ; 


r*       r 
At  the  ends  of  c  r ;  e.  =  —  =  -  > 
'       cr      e 


.(2.) 


(3.) 


Introducing  these  values  into  the  equations  of  Article  180,  and  into 
equation  1  of  this  Article,  we  find, 

T',  =  j/,^,  =  cp  ' "  =  pr  as  before; 
c 

T',  =  j/,^,  =  -  '  <fr  -  cpr  SB  before. 

It  is  further  evident,  that  if  the  pressure  be  normal  at  every  point 
of  the  arch  (which  it  is  not  in  the  cases  cited),  the  thrust  must  be 
constant  at  every  point ;  for  it  can  vary  only  by  the  application  of 
a  tangential  pressure  to  the  arch ;  and  hence  follows 
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Theorem  1L  In  a  linear  a/rch  sugtainmg  a  fyressv/re  which  is 
everywhere  normal^  the  tlwust  is  imi/orm,  and  the  radius  of  Cfwroa^ 
lure  is  inversely  as  the  pressure — a  theorem  expressed  symbolicallj 
thus : — 

T  =  pf  =  constant (4.) 

The  only  arch  of  this  class  which  has  hitherto  been  considered  is 
the  circular  arch  under  uniform  normal  pressure.  Another  instance 
will  be  given  in  the  following  Article. 

183.  Th»  MydfteUc  Arch  is  a  linear  arch  suited  for  sustaining 
normal  pressure  at  each  point  proportional,  like  that  of  a  liquid  in 
repose,  to  the  depth  below  a  given  horizontal  plane ;  and  is  some- 
times called  "  the  arch  of  Yvon- Villarceaux,"  from  iiie  name  of  the 
mathematician  who  first  thoroughly  investigated  the  properties  of 
its  figure  by  the  aid  of  elliptic  Mnctions. 

The  radius  of  curvature  at  a  given  point  in  the  hydrostatic  arch 
being,  in  virtue  of  Theorem  II.  of  the  last  Article,  inversely  propor^ 
tional  to  the  intensity  of  the  pressure,  is  also  inversely  proportional 
to  the  depth  below  the  horizontal  plane  at  which  vertical  ordinates 
representing  that  intensity  commence. 

In  £g.  90,  let  Y  O  Y  represent  the  level  surface  from  which  the 


T O TT 


Fig.  90. 

pressure  increases  at  an  imiform  rate  downwards,  so  as  to  be  similar 
to  the  pressure  of  a  liquid  having  its  upper  surface  at  Y  O  Y.  Let 
A  be  the  crown  of  the  hydrostatic  arch,  being  the  point  where  it  is 
nearest  the  level  surface,  and  consequently  horizontal  Let  co-ordi- 
nates be  measured  from  the  point  O  in  the  level  surface,  directly 
above  the  crown  of  the  arch ;  sojhat  OX  =  Y  0  =  x  shall  be  the 
vertical  ordinate,  and  O  Y  =  XC  =  y  the  horizontal  ordinate,  of 
any  point,  C,  in  the  arch.  Let  O  A,  the  least  depth  of  the  arch 
below  the  level  surface,  be  denoted  by  x^,  the  radius  of  curvature 
at  the  crown  by  r^  and  the  radius  of  curvature  at  any  point  C  by  r. 
Let  w  be  the  weight  of  an  unit  of  volimie  of  the  liquid,  to  whose 
pressure  the  load  on  the  arch  is  equivalent  Then  the  intensities  of 
the  external  normal  pressure  at  the  crown  A,  and  at  any  point  C, 
are  expressed  respectively  by 
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Po  =  waj^;  p  =r  fvx. (1.) 

The  thrust  of  the  arch,  which,  in  virtue  of  the  principles  of  Ai-ticle 
182,  is  a  constant  quantity,  is  given  by  the  equation 

T  =  jPo*o  =  •^^o^o  =  pr  =  wxr; (2.) 

from  -which  follows  the  following  geometrical  equation,  being  that 
which  characterizes  the  £gure  of  the  arch : — 

«^  =  «o^<r (3.) 

When  a;,  and  r^  are  given,  the  property  of  having  the  radius  of 
curvature  inversely  proportional  to  the  vertical  ordinate  from  a 
given  horizontal  axis  enables  the  curve  to  be  drawn  approximately, 
by  the  junction  of  a  number  of  short  circular  arcs.  It  is  found  to 
present  some  resemblance  to  a  trochoid  (with  which,  however,  it  is 
by  no  means  identical).  At  a  certain  point,  B,  it  becomes  vertical, 
beyond  which  it  continues  to  tium,  until  at  J)  it  becomes  horizontal; 
at  this  point  its  depth  below  the  level  sur&ce  is  greatest,  and  its 
radius  of  curvature  least  Then  ascending,  it  forms  a  loop,  crosses 
its  former  course,  and  proceeds  towards  E  to  form  a  second  arch 
similar  to  B  A  B.  Its  coils,  consisting  of  alternate  arches  and  loops, 
all  similar,  follow  each  other  in  an  endless  seriea 

It  is  obvious  that  only  one  coil  or  division  of  this  curve,  viz., 
from  one  of  the  lowest  points,  D,  through  a  vertex,  A,  to  a  second 
point,  D,  is  available  for  the  figure  of  an  arch ;  and  that  the  por- 
tion BAB,  above  the  points  where  the  curve  is  vertical,  is  alone 
available  for  supporting  a  load. 

Let  «i,  yi,  be  ^e  co-ordinates  of  the  point  B.  The  vertical  load 
above  the  semi-arch  A  B  is  represented  by 


wj  'xdy; 
•^  0 


and  this  being  sustained  by  the  thrust  T  of  the  arch  at  B,  must 
obviously  be  equal  to  that  thrust ;  whence  follows  the  equation 


xr  =  x^r. 


=  r^'dy (4.) 


That  is  to  say,  ^  a/rea  of  the  Jigwre  between  the  shortest  vertical 
ardincUe,  and  (he  vertical  tangent  ordinate,  is  equal  to  the  constant 
product  of  the  vertical  ordiruUe  and  radius  ofcwrvatwre. 
The  vertical  load  above  any  point,  C,  is 


w\    xdy; 
•'  0 
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and  this  is  sustained  by  and  equal  to  the  vertical  component  of  the 
thrust  of  the  arch  at  0,  which  is  T  *  sin  t  (i  being  the  indination  of 
the  arch  to  the  horizon). 
Hence  follows  the  equation 

f'^xdy  =  «^r^-8in»=  >y/i  +  ^; (5.) 

That  is  to  b&j,  ths  a/rea  of  the  Jigure  hetv)em  the  shortest  vertical 
ordinate  and  any  vertical  ordinate,  varies  as  the  sine  of  the  cmgU  of 
inclination  to  the  horizon  of  the  curve  ajt  the  latter  ordinate. 

The  horizontal  external  pressure  on  the  semi-arch  £rom  B  to  A 
is  the  same  with  that  on  a  vertical  plane,  AF,  immeraed  in  a 
liquid  of  the  specific  gravity  to  with  its  upper  edge  at  the  def^ 
x^  below  the  sui&oe  (see  Article  124);  so  that  its  amount  is 

wl     pdx  =  w'  -^ — ?• 


T~' 


and  this  is  balanced  by  the  thrust  of  the  arch,  T,  at  the  crovn. 
Hence  follows  the  equation 

xr  =  x,r,  =  ^ (t) 

That  is  to  say,  half  the  difference  of  the  sqiux/res  of  the  leasi  verdod 
ordinate  and  of  the  tangent  vertical  ordinate  is  e^^ual  to  the  constaat 
prodttct  of  the  vertical  ordinate  and  radius  ofdunxOwre. 

Equation  6  gives  for  the  value  of  the  vertical  tangent  ordinate, 

«x  =  ^/i5T2^, (7.) 

The  horizontal  external  pressure  between  B  and  any  point,  G,  is 
equal  to  the  pressure  of  a  liquid  of  the  specific  gravity  «o  on  a  vo^ 
tical  plane  X  F  with  its  upper  edge  immersed  to  the  depth  x,  so 
that  its  amount  is 


/*!  jp> Q^ 

pdxs=iO  •  -i-g — ; 


2 

and  this  is  balanced  by  the  horizontal  component  T  *  cos  »  of  the 
thrust  of  the  arch  at  0 ;  whence  follows  the  equation 

—2~  =  ^o**o  '  ^^  * ^ (^^ 

which  gives  for  the  value  of  any  vertical  ordinate. 
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x=  V(a^— 2a;^,rj^-co8i)=  7|a5  +  2afor,j(l— oost)l 

=  \y  ifo  +  ^^.r^'fAi.^'^ (9.) 

Liet  a?,  a/,  be  any  two  vertical  ordinates.  Then  from  equation  8 
it  follows  that 

a^ —  a?  =  ^x^ff^  (cos  i  —  cos  t') (10.) 

or,  tAe  difference  of  the  eqtiaree  ofifioo  ordinates  varies  as  the  difference 
of  the  cosines  of  the  respective  indvnations  of  the  arc  at  their  lower 
ends, 

From  equation  9  is  deduced  the  following  expression  of  the  in- 
clination in  terms  of  the  vertical  ordinate  : — 

1 

2  8in» -^  =  1  —  cos  t  =  1  -  A /7T^«^' ==  ^=^....(11.) 

The  various  properties  of  the  figure  of  the  hydrostatic  arch  ex- 
pressed by  the  preceding  equations  are  thus  summed  up  in  one 
formula : — 

^^^^=^^=L^^y=-^r=-'-r^=i^i'A^^') 

To  obtain  expressions  for  the  horizontal  co-ordinate  y,  whose 
maximum  value  is  the  half-span  y^,  and  also  for  the  lengths  of  arcs 
of  the  curve,  it  is  necessary  to  use  elliptic  functions. 

[The  reader  who  has  not  studied  elliptic  fimctions  may  here  pass 
at  once  to  Article  184.1 

In  the  use  of  elliptic  functions  the  notation  employed  will  be 
that  of  Legendre ;  and  the  classes  of  functions  referred  to  will  be 
those  called  by  that  author  the  first  and  second  kind  respectively, 
and  tabulated  by  him  in  the  second  volume  of  his  treatise. 

Let  0  denote  a  constant  angle,  called  the  modulus  of  the  func- 
tions j  (p,  a  variable  angle  called  the  amplitude  y  then  an  elliptic 
function  of  the  first  kind  is  expressed  by 

/^               d^ 
,V(1  — sm'^-sin'^) («^> 

and  an  elliptic  function  of  the  second  kind  is  expressed  by 

E  (^,^)  =  rV(l— 8in«^-sin'f)rf^... (6.> 
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The  values  of  those  functions,  when  the  upper  limit  of  integra- 
tion is  ^  =  ^,  or  90  degrees,  are  called  complete  functions,  and  de- 

noted  respectively  by 

Pj  (^  and  Ex  (^. (c) 

In  order  to  apply  those  functions  to  the  case  of  the  hydrostatic 
arch,  let  the  amplitude  be  half  the  supplement  of  the  inclination  of 
the  curve;  that  is,  let 

^  =  9o«-|; W 

so  that  at  D,  f  =  0,  at  B,  f  =  45^  and  at  A,  ^  =  90^  Let  the 
vertical  ordinate  and  radius  of  curvature  at  the  point  D  be  denoted 
respectively  by  X,  R ;  then 

X=  ^(a5  +  4ro«b);aELd 

ItX  =  r«  =  ro«o; 

for  the  modulus  4  take  an  angle  such  that 


} (13-) 


sin»*=*J=-4^^«L_ (^) 


Theu  equation  9,  the  espresaioa  for  the  vertical  ordinate^  becomes 

The  values  of  this  for  the  points  B  and  A  are  respectively 

«.  =Xy' (l-^*)  ;  ^=  X^(l_sin-*) 

=  X  •  COS  fi. (14  A.) 

Introducing  the  above  value  of  « into  equation  5,  we  obtain  for  the 
area  between  O  A  and  any  other  verticid  ordinate, 

/    xdysntc^ro  *Binf  =  2XR*oos^  sin^ 

X'-sin'^ 
= o cos^sin^ (15.) 

The  value  of  this  expression  for  the  point  B  is 

J^xdy  =  Xoro  =  XB,= j— ^. (15  a.) 

Now  di^erentiate  the  area  (15)  with  respect  to  the  amplitude  ^, 
ana  divide  by  a; ;  this  gives 
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rf y ~    sin* S        oot^0  —  siii'^ 

This  differential  being  integrated  between  the  limits  0  =  90^, 
which  oonresponds  to  y^  ==  0,  and  ^  =  90** — 5,  which  corresponds 
to  the  required  Talne  of  y,  gives 

y  =  x{(l-??-')(p.(#)-F(<,f))-E,(#)  +  B(*,»)}(17.) 

For  the  point  B^  this  gives  for  the  half-span  o/tJia  arch 

y.=  X  •  {  (l-^*)  (f.(^-F(*,45^)  -B.(#)+E(<,45^  }  (18-) 

Let  s  denote  the  length  of  any  arc  of  the  curve,  A  0,  commenc- 
ing at  the  crown.     Then 


8 


=f*rdi  =  2  ["^rrff (19.) 


The  value  of  the  radius  of  curvature  r  in  terms  of  the  modulus 
and  amplitude  is 

„_»1« Xj_mn^^___,  ^2^. 

X  ""4^(1  — sin' ^- sin*  f)' ^    '^ 

and  ibis  being  introduced  into  the  integral  (19),  gives  for  the  arc 
AC, 

,=^:f5l?{p.(#)-F(^,f)} (21.) 

The  length  of  the  semi-arch  A  B  is 

:  —p^  {  P.  (<)  -  P  (*,  45^  } (22.) 

Such  are  the  formulsek.  expressing  the  geometrical  properties  of 
the  hydrostatic  arcL  Numerical  results  can  easily  be  computed 
&om  them  by  the  aid  of  Legendre's  tables  of  the  functions  F 
andK 

The  relation  between  the  thrust  of  the  arch,  the  specific  gravity 
of  the  load,  and  the  modulus  is  given  by  the  equation 
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184.  0«4Mtatie  ArehM.— It  is  proposed,  by  the  term  "Geostatic 
Arch"  to  denote  a  linear  arch  of  a  figure  suited  to  sustain  a  pressure 
similar  to  that  of  earth,  which  (as  will  be  shown  in  Section  3  of 
this  Chapter)  consists,  in  a  given  vertical  plane,  of  a  pair  of  con- 
jugate pressures,  one  vertical,  as  in  Article  125  of  Part  I.,  and 
proportional  to  the  depth  below  a  given  plane,  horizontal  or  sloping^^ 
and  the  other  parallel  to  the  horizontal  or  sloping  plane,  and  bearing 
to  the  vertical  pressure  a  certain  constant  ratio,  depending  on  the 
nature  of  the  material,  and  other  circumstances  to  be  explained  in 
the  sequel.  In  what  follows,  the  horizontal  or  sloping  plane  will 
be  called  the  conjitgcUe  plane,  and  ordinates  parallel  to  its  line  of 
steepest  declivity,  when  it  slopes,  or  to  any  line  in  it,  when  it  is 
horizontal,  conjugate  ordinates.  The  intensity  of  the  vertical  pres- 
sure will  be  estimated  per  unit  of  area  of  the  conjugate  plane;  and 
the  pressure  parallel  to  the  line  of  steepest  declivity  of  that  plane, 
when  it  slopes,  or  to  any  line  in  it,  when  it  is  horizontal,  will  be 
called  the  conjugate  pressure,  and  its  intensity  will  be  estimated  per 
unit  of  area  of  a  vertical  plane. 

Let  the  origin  of  co-ordinates  be  taken  at  a  point  in  the  conju- 
gate plane  vertically  above  the  crown  of  the  proposed  arch ;  let  x' 
denote  the  vertical  co-ordinate  of  any  point,  and  y'  the  conjugate 
co-ordinata  Let  j  be  the  angle  of  inclination  of  the  conjugate  plane 
to  the  horizon.  Let  vf  be  the  weight  of  unity  of  volimie  of  the 
material  to  which  the  pressure  is  due,  and  whose  upper  suiface  is 
at  the  conjugate  plane.  Then  the  intensity  of  the  vertical  pressure 
at  a  given  depth  of,  according  to  Theorem  I.  of  Article  125,  is 

p'^=z7jtf  x'  'cosj; (1.) 

and  that  of  the  conjugate  pressure 

P'f  =  ^  P'»  =  c' vf  of  *  coa  j ; (2.) 

c*  being  a  constant  ratio,  expressed  in  the  form  of  a  square,  for  a 
reason  which  will  afterwards  appear. 

Conceive  a  hydrostatic  arch,  whose  vertical  and  horizontal  co- 
ordinates are  x  and  y,  and  which  is  subjected  to  the  pressure  of  a 
material  whose  weight  per  cubic  foot  is 

w  =  ctty  COS  j (3.) 

Then  at  any  given  point  in  that  hydrostatic  arch,  whose  depth 
below  the  surface  is  a:  =  ic',  we  shall  have  for  the  intensities  of  the 
vertical  and  horizontal  pressures 

r 

Ps=  p,  =  wx  =  cv/ocf'coaj  =  cp\  =  ^ (4.) 

c 

Now  let  the  figure  of  an  arch  be  Wansform&i  from  that  of  the 
hydrostatic  arch  by  parallel  projection,  in  such  a  manner  that  the 
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vertical  co-ordinate  of  any  point  in  the  new  arch  shall  be  the 
same  "with  that  of  the  corresponding  point  in  the  hydrostatic  arch, 
and  that  the  conpigcUe  co-ordincUe  of  any  point  in  the  new  arch 
shall  bear  to  the  horvsontal  co-ordinate  of  the  corresponding  point 
in  the  hydrostatic  arch  the  constant  ratio  c;  that  is  to  say,  let 

of  =  x;  f^  =  c  y (5.) 

The  total  vertical  and  horizoTUal  pressures  on  the  arc  between 
two  given  points  in  the  hydrostatic  arch  ai-e  respectively 

Ps^  f  P.  dtf;  P,=  f  p,dx, (6.) 

The  total  vertical  and  conjugate  pressures  on  the  arc  between  the 
two  corresponding  points  in  the  new  arch  are  respectively 

V.=  jp,d^i  T',=:  f  y,dx'i (7.) 

and  if  into  these  two  expressions  we  introduce  the  values  of  ^'^  p',, 
<la^,  and  d^,  deduced  fix>m  equations  4  and  5,  viz.  : — 

P'm  =  ^  ;  p9==  ^Pf>  daf  =  dx;  d^f  =  cdy; 

C/ 

we  find  the  following  relations  between  the  total  vertical  and 
horizontal  pressures  in  a  given  arc  of  the  hydrostatic  arch,  and  the 
total  vertical  and  conjugate  pressTires  on  the  corresponding  arc  of 
the  transformed  arch, 

F,=  P.;F,  =  cP,j (8.) 

being  the  same  with  the  relations  which,  according  to  equation  5, 
exist  between  the  co-ordinates  respectively  parallel  to  the  pressures 
in  question.  Therefore  the  transformed  arch  is  a  parallel  projection 
of  the  original  arch  under  forces  represented  by  Imes  which  are  the 
coiTesponding  parallel  projections  of  the  lines  representing  the 
forces  acting  on  the  original  arch:  therefore  it  is  in  equilibrio. 
The  conclusions  of  the  preceding  investigation  may  be  summed  up 
in  the  following 

Theorem.  A  geostoitic  arch,  transformed  from  a  hydrostatic  arch 
by  preserving  the  vertical  co-ordinates,  and  Substituting  for  ike  hori- 
zontal co-ordiruUes,  conjugate  co-ordinates,  either  horizontal  or  inclined, 
and  altered  in  a  given  ratio,  suMains  vertical  a/nd  conjugate  pressures, 
the  rcUio  of  the  intensity  of  the  conjugate  pressure  to  that  of  the  verticcd 
pressure  being  tlie  square  of  tlie  ratio  of  the  conjugate  co-ordinates  to 
t/ie  original  horizontal  co-ordinates. 

This  transfonnation  is  exactly  analogous  to  that  of  a  circular 
arch  into  an  elliptic  arch,  in  Articles  180,  181. 

Let  To  be  the  thrust,  horizontal  or  inclined  as  the  case  may  be, 
at  the  crown  of  a  geostatic  arch^  and  Tj  the  vertical  thrust  at  the 
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points  where  the  arch  is  vertical,  which  in  this,  as  in  other  cases, 
is  the  vertical  load  of  the  semi-arch;  then 

To  =  cT (10.) 

All  the  equations  relative  to  the  co-ordincUea  of  a  hydrostatic  arch, 
given  in  Article  183,  are  made  applicable  to  a  geostatic  arch,  by 

substituting  af  for  Xy  and  ^  for  y.   This  principle^  however,  is  appli- 
c 

cable  to  co-ardinatea  only,  and  not  to  angles  of  inclination,  radii  of 

curvature,  nor  lengths  of  arcs.     The  modulus  ^,  and  amplitude  f , 

are  therefore  to  be  considered  as  functions,  not  of  inclinations,  nor 

of  radii  of  curvature,  but  of  vertical  ordiiiates ;  that  is  to  say,  let 

Xq  be  the  least  vertical  ordinate  at  the  crown,  Xi  tiie  vertical  tangent 

ordinate,  and  X  the  greatest  vertical  ordinate  at  the  loop  (which 

are  the  same  in  both  kinds  of  arch),  then 


0  =  arc  cos 


Xo 


arc  cos 


ab 


^  =  arcsm 


JX'^a^ 


X-sin^ 


arc  sin 


^"2^  —  4' 


(11.) 


and  ^is  the  same  function  of  4  and  ^  for  a  geostatic  arch,  that  y 

is  for  a  hydrostatic  arcL 

185.  scevMMrtitfle  Areli. — This  term  is  employed  to  denote  a  linear 

arch  sustaining  the  pressure  of  a 
material  in  which,  at  any  given 
point,  there  are  a  pair  of  conjugate 
preasures,  one  vertical,  and  the 
other  in  a  fixed  direction,  hori- 
zontal or  inclined,  but  not  bearing 
to  each  other  any  constant  propor- 
tion, nor  following  any  invariable 
law  as  to  their  intensities,  except 
that  of  being  of  the  same  intensity 
throughout  each  plane  which  is 
,  conjugate  to  the  vertical  pressure, 
— a  condition  which  involves  the 
symmetrical  distribution  of  the  vej> 
tical  load  on  either  side  of  a  verti- 
cal axis  traversing  the  crown  of  the 
arch. 

The  principal  questions  which 
^«-®^'  arise   respectmg  any  stereostatic 

arch  are  comprehended  under  the  following 
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PsoBLEiL  Gioen^  the  mode  of  digtrQyulion  of  the  vertical  pressure, 
and  the  figwre  of  the  a/rch;  required,  the  mode  of  dielribuJtAon  of  the 
eonjugtUe  presswre  necesswry  in  order  to  produce  eguilibriv/m,  and 
also,  the  thrust  at  eachpoiTU  of  the  arch. 

Case  1.  When  the  direction  of  the  conjugate  pressure  is  horizontal 
Tina  case  is  represented  by  the  upper  diagram  in  fig  91.  Let  O, 
the  crown  of  the  arch,  be  taken  as  the  origin  of  co-ordinates;  let 
0  X  be  vertical  and  Y  O  Y  horizontal  Bo^  the  figure  of  the  arch 
and  the  forces  acting  on  it  are  symmetrical  on  either  side  of  the 
vertical  axis  OX.  Let  p^  denote  the  intensity  of  the  vertical 
pressure  at  the  point  O,  and  ro  the  radius  of  curvature  of  the  arch 
at  that  point  Then  because  at  the  point  O  the  pressure  is  normal 
to  the  aich,  the  horizontal  thrust  along  the  arch  at  that  point  is 

%=Poro (1.) 

I'et  0  be  any  point  in  the  arch,  whose  co-ordinates  are  O  X  =  a;, 

X  0  =  y,  and  let 

.     dy 

%  =arccotan-;^ 

dx 

be  the  inclination  of  the  arch  at  0  to  the  horizon.     Let  P«  denote 
the  vertical  load  on  the  arc  between  O  and  0. 
From  C  draw  the  vertical  line  OW  to  represent  P^  and  the 

tangent  C  T  forming  the  diagonal  of  the  rectan^e  0  W  T  H. Then 

C  T  will  represent  the  thrust  along  the  arch  at  0,  and  0  H  the 
horizontal  component  of  that  thrust;  and  if  this  be  different  from 
To,  the  difference  must  be  made  up  by  means  of  the  horizontal 
pressure  applied  to  the  arch  between  O  and  G.  To  express  this 
symbolically,  let  P,  be  the  amount  of  that  horizontal  pressure,  and 
T  the  thrust  OT  along  the  arch  at  0;  then 

T  =  ;5^  =  p^.co8ec*  =  P..^ (2.) 

sm*  ax 

(where  ds  denotes  the  increment  of  the  arc  O  C). 
The  horizontal  component  C  K  of  this  thrust  is 

T'cos*  =  P.-cotan»  =  P.'~; 

ax 

consequently  the  horizontal  pressure  which  must  be  applied  to  the 
arch  between  O  and  0  to  maintain  equilibrium  is 

P,  =  To-P,-cotaiit  =  To-P/^; (3.) 
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and  if  this  equation  be  fulfilled  at  ereiy  point  of  the  arcli,  it  wiD 
be  balanced. — Q.  E.  L 

When  Py  is  positive,  it  represents  vn/uxi/rd  pressure^  such  as  may 
arise  from  the  resistance  of  the  materials  of  the  spandril  of  «n  arch 
to  compression.  When  P,  is  negative,  it  represents  outward 
pressure,  such  as  may  arise  from  the  resistance  to  compressiaii  of 
a  portion  of  material  situated  below  the  crown  of  the  ideal  linear 
arch  O  C,  or  tension^  such  as  may  arise  fixxm  tenacity  in  the  spandriL 
and  in  the  materials  connecting  it  with  the  arch. 

The  irUensUy  of  the  horizontal  pressure  is  found  by  taldng  two 
points  in  the  arch  indefinitely  near  to  each  other,  and  finding  the 
ratio  which  the  portion  of  the  horizontal  pressure  applied  between 
them  bears  to  the  difierence  of  their  vertical  ordinatea  Let  the  in- 
tensity required  be  denoted  by^^;  then 


Pf=' 


_d^__  d{^. 


dx  dx 


coten^_        d   (     dy\ 


(This  equation  comprehends  the  cases  already  considered  in  Article 
168,  of  a  cord  under  vertical  loads,  or  an  arch  whose  figure  is  that 
of  such  a  cord  inverted;  for  in  that  case,  P«  =  Tq  tan  i^  and 
P,  cotan  t  =  Tq  =  constant,  so  that^,  =  0.) 

If  it  be  required  to  express  the  intensity  of  the  horizontal  pressure 
in  terms  of  that  of  the  vertical  pressure,  let  the  latter  intenaitj  be 

then 

'■=-jMl'-'y) -•('■) 

Restricted  Case,  Let  the  arch  have  a  horiaonUU  extrctdas,  at  the 
height  a  above  the  crown  O,  and  let  the  vertical  pressure  be  due  to 
the  weight  of  material  below  that  extrados;  then 

jPo  =  W7a;  PM  =  to{a  +  a); 
and  the  vertical  load  becomes 

^M=  J  P,di/  =  w  j  (a  +  x)  dyy, (a) 

being  proportional  to  the  area  between  the  intrados  and  extrados, 
and  the  vertical  ordinates  at  O  and  0. 

Example,  Let  the  linear  arch  be  part  of  a  circle  of  the  radiusr, 
with  a  horizontal  extrados  at  the  distonce  r  +  a  from  its  oentR^ 


Digitized 


byGoogk 


.(7.) 


GIBCDLAB  ABCE.  201 

In  this  case  it  is  convenient  to  express  all  the  variables  in  terms 
of  the  inclination  i  of  the  arch.     Thus  we  have 

aj=r(l — cost); 
y  =  r  "sin  t; 
dx^  r  'snidi; 
dy  =  r  •  cos  idi. 

It  is  also  nseful  to  make  a  =  mT,  m  being  the  ratio  which  the 
depth  of  load  at  the  crown  bears  to  l^e  radius.  Then  we  have  for 
the  throst  at  O, 

To  =  mt/?r*; (8.) 

and  for  the  vertical  load  between  O  and  C^ 

Fgzrzw  j{a-{-x)dy  =zwf^  j{m+l — cost)  cos  t<it 

,/,-        v..       cosisint       i    \  ,^. 

=  t£?r»|(l+m)8mt ^ -;} (9.) 

which  value  being  introduced  into  equation  4^  gives  for  the  inten- 
sity of  the  horizontal  pressure 

_  rfPy  __       c^(P,cotant)_  1        (^(P,cotant) 

^''~   dx  dx         """      rsint  di 

^^      ^  /  /I        \        •       cos*  t       t  cos  t ) 

== : :  •  -r-.  <  (1  +  Wl)  COS  t s o    -      -  f 

sint    fl^t  ( ^         '  2  2smt  j 

(t  —  cost  sin t\  ,^^^ 

l  +  «»_co8. 2ain'*      )  <^^-) 

The  value  of  the  horizontal  pressure  itself  is  given  by  introducing 
the  values  of  Tq  and  P«  from  equations  8  and  9  into  equation  3^  and 
is  as  follows  : — 


-.^  •  r  ,-»   I      K        .1  cos' t  ,  t  cos  t )      ,- ,  - 

rhe  horizontal  component  of  the  thrust  of  the  arch  at  C  is  given 
>y  the  equation 

r.^  .  rr.  -«.  -    f  /^       I  V  •  COS' t  t  COS  t  )    ,,  ^  . 

TcoB»  =  To-P,  =  w*'{(l+m)cos» 2~  "  2SE"«  M^^'^ 

)  crown  of  1 


When  i  =  0,  that  is^  for  the  crown  of  the  arch,  p^  takes  the  fol- 
lowing value : — 


wr 
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80  that  for  ereiy  circular  linear  arch  in  which  the  depth  of  load  at 
the  crown,  m  r,  is  less  than  (me-third  of  the  radius,  p^  has  negoHve 
values  at  and  near  the  crown,  showing  that  oiUward  horizontal 
pressure  or  tension  is  required  to  preserve  equilibrium.  In  such 
cases,  there  is  a  certain  value  of  the  angle  i  for  which  p^  =  0.  At 
the  point  where  this  takes  place,  P,  consequently  attains  a  negadve 
maaximji/m^  and  the  horizontal  component  T  •  cos  t  of  the  thrust 
along  the  arch  attains  a  positive  Tnaximvmy  greater  than  Tq,  because 
of  P,  being  negative.  Let  this  point  be  called  Co,  and  let  the  in- 
clination of  the  arch  at  it  be  denoted  by  i^  This  angle  must 
satisfy  the  transcendental  equation 

l+^_oos^-^-^^.^^  =  0, (13.) 

and  can  therefore  be  found  by  approximation  only.  As  a  first 
approximation,  may  be  taken 

3m  +  l 

t^,  =  arc  •  cos ^ — ' 

and  then  by  successive  substitutions,  nearer  and  nearer  approxi- 
mations may  be  found. 

Supposing  t^  to  have  been  thus  determined  to  a  sufficient  degree 
of  accuracy,  its  substitution  for  t  in  the  equation  12  will  give  the 
TnaYimnTn  value  of  the  horizontal  component  of  the  thrust  of  the 
arch. 

By  expanding  or  contracting  the  horizontal  dimensions  of  a  cir- 
cular arch,  it  can  be  transformed  into  an  elliptic  arch,  which  will 
be  balanced  under  forces  deduced  from  those  applied  to  the  circular 
arch  according  to  the  principles  explained  in  Articles  180,  184. 
In  adapting  the  equations  from  7  to  13  inclusive  to  an  dliptic 
arch,  it  is  to  be  observed  that  t  represents  not  the  inclination  of  the 
elliptic  arch  itself  at  a  given  point,  but  that  of  the  circular  arch 
from  which  the  elliptic  arch  is  derived  at  the  corresponding  point 

Case  2.  WTien  the  direction  of  the  conjugate  preaswre  ia  indmed. 
This  case  is  represented  in  the  lower  diagram  of  fig.  91.  The  in- 
clined axis  of  co-ordinates,  Y'  O'  Y',  is  taken  parallel  to  the  direc- 
tion of  the  conjugate  pressure,  and  touching  ^e  arch  at  the  point 
O',  which  is  now  its  crown.  Each  double  ordinate  of  the  arch, 
C  X'  C  =  2  y',  is  bisected  by  the  vertical  axis,  on  either  side  of 
which  the  vertical  load  is  symmetrically  distributed. 

Let  j  denote  the  inclination  of  the  conjugate  pressure  to  the 
horizon-  Construct  a  parallel  projection  of  the  given  arch,  like  the 
upper  diagram  of  the  figure,  having  its  vertical  ordinates  equal  to 
those  of  the  distorted  arch,  and  its  horizontal  ordinates  less  in  the 
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ratio  cos  j:l ;  conoeive  it  to  be  tmder  a  vertical  load,  of  equal 
amount  to  that  on  the  distorted  arch,  and  similarly  distributed ; 
determine  the  horizontal  pressures  required  to  keep  it  in  equilibrio; 
then  will  the  proper  projection  of  those  pressures  keep  the  dis- 
torted arch  in  equilibrio. 

The  relations  amongst  the  co-ordinates  of  the  two  arches,  and 
the  amounts  and  magnitudes  of  the  vertical  and  conjugate  pres- 
sures, are  as  follows,  quantities  relating  to  the  distorted  arch  being 
distuiguished  by  accented  letters  : — 

af  =  x;  f/  =  ffaecj; 

F.  =  P,;r,=  T,seci;F,  =  P,seci;      ...(U.) 

Let  H'  denote  the  conjugate  component  of  the  thrust  of  the  dis^ 
torted  arch  at  any  point  C ;  then  we  have 

H-  =  r.  -  F,  =  (T,  -  P,)  sec  i ; (15.) 

and  if  T  be  the  thrust  along  the  distorted  arch  at  CT,  then 

T=  ^(Fi  +  H'«=±=2H'F,-ooBJ) (16.) 

^e  positive  or  negative  sign  being  used  according  as  the  point  C 
is  at  the  depressed  or  the  elevated  side  of  the  arch. 

186.  p«faited  ArelMs* — If  a  linear  arch,  as  in  fig.  92,  consists  of 
two  arcs,  B  0,  C  B,  meeting  in  a  point  at  C,  it  is 
necessary  to  equilibrium  that  there  shoidd  be  con- 
centrated at  the  point  C  a  load  equal  to  that  which 
would  have  been  distributed  over  the  two  arcs  AC, 
C  A,  extending  from  the  point  C  to  the  respective 
crowns.  A,  A,  of  the  curves  of  which  two  portions  **'  w^  90 
form  the  pointed  arch.  ^^' 

187.  Tetal  Cm^m^tOie  Thraat  •€  lAmtmr  Anhca. — ^The  total  con- 
jugate thrust  of  an  arch  is  the  conjugate  component,  horizontal  or 
inclined,  as  the  case  may  be,  of  the  entire  pressure  exerted  between 
one  semi-arch  and  its  abutment,  whether  directly,  at  the  point 
from  which  the  arch  springs,  or  above  that  poinl^  through  the 
material  of  the  spandriL 

When  a  linear  arch  is  of  such  a  figure  as  to  be  balanced  under  a 
load  of  which  the  pressure  is  whoUy  vertical  (as  in  the  case  de- 
scribed in  Article  174),  that  is  to  say,  when  its  figure  is  that  in 
which  a  cord  would  hang,  loaded  with  the  same  weight  distributed 
in  the  same  manner,  its  conjugate  thrust  is  exerted  simply  at  the 
point  from  which  it  springs,  and  is  equal  to  the  conjugate  com- 
ponent of  the  thrust  along  the  arch,  which  is  a  constant  quantity 
throughout  its  whole  extent 
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When  an  arcli  springs  vertioally  from  its  abutments,  the  point 
of  springing  sustains  the  vertical  load  of  the  semi-arch  only ;  and 
the  conjugate  thrust  is  exerted  wholly  through  the  spandriL 

In  other  cases,  the  conjugate  thrust  is  exerted  partly  at  the 
point  of  springing  and  partly  through  the  spandril. 

Theobeu.  Thk  amovM  ofths  conjugate  thrust  is  equal  to  the  con- 
jugate component  of  the  thrust  along  the  arch  at  Hie  point  where  that 
co^mpoTienfU  is  a  maanmum;  for  at  that  point,  as  appears<  from  the 
reasoning  of  Article  185,  the  intensity  of  the  conjugate  pressure 
between  the  arch  and  its  spandril  is  nothing :  it  is,  therefore,  en- 
tirely below  that  point  that  the  conjugate  thrust,  whether  through 
the  spandril  or  at  the  point  of  springing,  is  exerted;  and  conse^ 
quently  the  amount  of  that  thrust  must  be  equal  to  the  maximum 
conjugate  component  of  the  thrust  aloag  the  arch,  which  is  balanced 
by  it.  The  point  of  the  arch  where  the  conjugate  component  of  the 
thrust  along  it  is  a  maximum,  is  called  the  point  qf  rupture,  for 
reasons  which  will  afterwards  appear.  It  may  be  at  the  crown;  or 
it  may  be  in  a  lower  position,  to  be  determined  by  solving  the  equa- 
tion formed  by  making  the  intensity  of  the  conjugate  pressure 
between  the  arch  and  spandril,  as  found  by  the  method  of  Article 
185,  equal  to  nothing :  that  is, 

dT,  d    (^  dy\ 

This  equation  having  been  solved  so  as  to  give  the  position  of  the 
point  of  rupture,  the  corresponding  value  of  P,,  being  the  vertical 
load  supported  at  that  point,  is  to  be  computed;  and  then  the  conju- 
gate thrust  is  given  by  the  equation 

EL  =  max.  value  of  P,  •  :=^ (2.) 

ax  ^  ' 

(Where  the  conjugate  pressures,  as  is  generally  the  case,  are  hori- 

dy 
zontal,  -r—  =  cotan  t ;  and  the  value  of  i,  the  inclination  of  the  arch, 

ax  ' 

which  fulfils  equation  1,  is  called  the  amgle  of  rwpturi). 

When  the  point  of  rupture  is  the  crown  of  the  arch  (as  in  hydro- 
static and  geostatic  arches),  equation  2  gives  no  result,  because  of 

P.  vanishing  and  -^  increasing  indefinitely ;  but  it  has  already 

been  shown  by  other  methods  that  in  this  case,  where  the  conjugate 
pressures  are  horizontal — 

Ho=T,=;>,ro; (3.) 

Po  being  the  intensity  of  the  vertical  load,  and  fo  the  radius  of  cur- 
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Tatnre ;  but  in  order  to  form  an  equation  which  shall  be  applicable 
irhether  the  conjugate  pressures  and  co-ordinates  are  horizontal  or 
inclined,  the  above  equation  must  be  converted  into  one  expressed 
in  terms  of  the  co-ordinates ;  that  is  to  say, 

dy' dy  7y* 

ji^        1 

For  rectangular  co-ordinates  -7-^  =  —  at  the  crown  of  the  arch,  so 

df       To 
that  equation  4  is  converted  into  equation  3. 

Thus  &r  as  to  fbiding  the  a/nwurU  of  the  conjugate  thrust.  To 
find  the  position  of  Us  resvltant,  that  is  to  say,  the  depth  of  its  line 
of  action  below  the  conjugate  co-ordinate  plane,  we  must  conceive 
it  to  act  against  a  vertical  plane,  extending  fix)m  the  depth  of  the 
point  of  rupture  below  the  conjugate  co-ordinate  plane,  down  to 
the  depth  of  the  point  of  springing  below  that  plane,  and  find,  by 
the  methods  of  Article  89,  the  vertical  co-ordinate  of  the  centre  of 
'pressure  of  the  plane  so  acted  upon.  That  is  to  say,  let  x^  denote 
the  depth  of  the  point  of  rupture,  and  x^  that  of  the  point  of  spring- 
ing below  the  conjugate  co-ordinate  plane ;  p,  the  intensity  of  the 
conjugate  pressure  between  the  arch  and  spandril  at  any  point 
between  those  points,  and 


H,  =  Mo-fy,dx, (5.) 


the  conjugate  component  of  the  thrust  of  the  arch  at  the  point  of 
springing;  also,  let  x^  be  the  depth  of  the  resultant  conjugate 
thrust  below  the  conjugate  co-ordinate  plane;  then 

/'*«!>„  •  dx+'H.iXi 

^^     -         H, ^^-^ 

Exomiple  I.    Circular  arch  under  uniform  normal  pressure  of 
intensUy,  p.. 183  (Art  179). 

Here  p,=zp=p;  and  the  point  of  rupture  is  at  the  cfown, 
the  horizontal  uirust  is 

Ho  =  T=i>r (7.) 

Let  the  crown  be  taken  for  origin  of  co-ordinates,  so  that  a:^  =  0. 
Casb  1.  Semicircle,    Here  a?,  =  r;  Hj  =  0;  and 

«,.=i£^=^ (&) 

pr        2  ^  ' 
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Case  2.  Segment  Inclination  at  springing,  if  Here  Wi  ^  r 
(1  —  cos  t);  Hi  =spr  •  cos  i;  and 

^  p  aj  +  p  r  ag|  •  cos  t 

*"-  pr 

==  r  (i  (1  —  cos  if  +  cos  t  (1  —  cos  {))  =!1  •sinN...(9.) 

ExomvpU  IL  SemirdlipUc  arch,  under  eof^ugcUe  wd/orm  vertical 
and  horizontal  pressures  (Art  180).  Let  a  =:  a^  be  the  rise,  or 
vertical  semi-axis;  oa  the  horizontal  semi-axis^  or  half-span;  and 
let  the  origin  of  co-ordinates  be  at  the  crown.  Then  p^z=<^p^; 
and  we  have 

Ho  =  To  =  a p,  =  c»  ap,  =  c  P.;  oth  =  I ....  (10.) 

Example  TTL  Semi-dliptic  distorted  arch,  toith  conjtigate  uni/omi 
vertical  amd  obliqfie  pressures  (Art  181).  The  verticiJ  and  conju- 
gate semidiameters,  or  rise  and  indined  half-span,  being  denoted 
by  a  and  c  a  respectiYely,  the  equations  10  apply  to  this  case  also. 

Example  IV.  Hydrostatic  arch  (Art  183).  The  origin  of  co- 
ordinates being  taken,  as  in  the  article  referred  to^  at  the  point  of 
the  extrados  vertically  above  the  crown,  we  have  p,  =  p«  =  to  x, 

Ho  =  To  =  w^"^;  Hi  =  0;  and 


J  *o . 


Example  Y .  Oeostatic  arch,  with  horizontal  or  indined  eoctrados 
(Art.  184).   Herep,  =  waj-cosyj;?^  =  c>p,=:c»toa;-cos^";  Ho= 

To  =  c P.  =:<fwooBJ '   'T     ;  and  consequently 

-"ii^ w 

as  in  the  last  example. 

Example  VL  Semicircular  arch  vnth  horizontal  eoOrados,  In 
this  case  the  angle  of  rupture  ^  is  to  be  determined  by  means 
of  equation  13  of  Article  185;  and  thence,  by  equation  12  of  the 
same  Article,  is  to  be  found  Ho-  The  springing  being  vertical, 
we  have  i,  =  90";  Hj  =  0.  Let  the  crown  of  the  arch  be  taken  as 
origin ;  then  a;  =  r(l  —  cost),  dx^ir^emi'di,  and  equation 
6  of  the  present  Article  becomes 
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«H  =  «-  •  j^p,ajii{l—ooBi}'di; (13.) 

Example  YIL  Circular  se^menM  arch  with  horizontal  extrados. 
Ijet  «i  be  the  inclination  of  the  arch  at  the  springing.  Pi  the  total 
vertical  load;  then 

Hx  =  Pi  ootan  i^ (14.) 

XiCt  ^  be  determined  as  in  the  last  example. 

Case  1.  to  >  or  =  «i.  In  this  case  H^  =  Hi,  and  the  conjugate 
tbrost  is  simply  the  single  horizontal  force  Hi  at  the  point  of  spring- 
ing. 

Case  2.  i^<  i^.  Find  H^  as  in  the  last  example,  and  let  the 
origin  of  co-ordinates  be  at  the  crown;  then 

«i  =  r  (1  —  cos  f'l);  and  we  have 
a^  =  ^{r*/%,8int(l~co8t)-dt  +  rH,(l-cost.)}(l5.) 

188.  AppMzlMKie  MyJPtimiie  u^  <le— ffia  ArehMr— The  snbject 
of  elliptic  fdnctions  is  so  seldom  studied,  and  complete  tables  of 
them  are  so  scarce,  that  it  is  useful  to  possess  a  method  of  finding 
the  proper  proportions  of  hydrostatic  and  geostatic  arches  (Articles 
183,  184)  to  a  degree  of  approximation  sufficient  for  practical  pur- 
poses, using  algebraic  functions  alone. 

Such  a  method  is  founded  on  the  fact  that  a  hydrostatic  arch 
approaches  nearly  to  the  figure  of  a  semi-elliptic  arch  of  the  same 
beigbt,  and  having  its  maximum  and  minimum  radii  of  curvature 
in  the  same  proportion. 

Let  a^  a^,  as  in  Article  183,  be  the  depth  of  load  of  a  hydrostatic 
arch  at  the  crown  and  springing  respectively;  r^  r^,  its  radii  of 
curvature  at  those  points;  a  =  a?i  —  a^o,  its  rise;  yi  its  half-span, 
given  in  Article  183  by  means  of  elliptic  functions. 

Suppose  a  semi-elliptic  arch  to  be  drawn,  having  the  same  rise, 
€S  with  the  hydrostatic  arch;  let  f^^  f^i,  be  its  radii  of  curvature  at 
the  crown  and  springing,  whose  jfroportion  to  each  other  is  the  same 
with  that  of  the  radii  of  the  hydrostatic  arch;  that  is  to  say. 

Let  6  be  the  half-span  of  this  semi-ellips&  Then  because  the  cubes 
of  the  semi-axes  of  an  ellipse  are  to  each  other  inversely  as  the  radii 
of  curvature  at  the  respective  extremities  of  the  semi-axes,  we  have 

Digitized  by  VjOOQIC 


208  THEORY  OF  STBUCTUBES. 

A  rougli  approximation  to  the  half-span  of  the  hydrostatic  arch 
is  found  by  making  y,  =  6 ;  but  this,  in  the  cases  which  occur  in 
practice,  is  too  great  by  an  excess  which  varies  between  A  and  A, 
and  is  about  rv  on  an  average.  Hence  we  may  take,  as  a  Jirst 
approximation  whose  utmost  error  in  practice  is  about  A,  and 
whose  average  error  is  about  t%is,  the  following  formula,  giving  the 
Jialf-span  in  terms  of  the  depths  0/ load  at  the  crown  and  springing : — 


19  ,  .      3/a. 


Suppose  the  rise  a  and  half-span  yi  of  a  proposed  hydrostatic  arch 
to  be  given,  and  that  it  is  i*equired  to  find  the  depths  of  load;  equa- 
tion 2  gives  us,  as  an  approximation, 

a^"  Vl9a/' 

and  because  Xi  —  rc^  =z  a,  we  have 

/20y.y 

\19a/  1  ,0. 

"" ^ "'mEn'' *" " *■  am*  i 

\l9aj'~'^  \19aJ~'- 

A  doser  approximation  is  giyen  by  the  eqtiatioiis 


Xi  ^  a 


■(*•) 


A  semicircular  or  semi-elliptic  arch  may  have  its  conjugate  thrust 
approximately  determined,  by  considering  it  as  an  approximate  geo- 
static  arch,  as  follows : — 

Let  thei^e  be  given,  the  half-span  of  the  arch  in  question,  horizontal 
or  inclined,  as  the  case  may  be,  y„  the  depths  of  load  at  its  crown 
and  springing,  Xq,  a?,,  and  the  vertical  load  at  the  springing,  P,. 
Determine,  by  equation  2  or  equation  4,  the  span  yi  of  a  hydro- 
stati/i  arch  for  the  depths  of  load  x^  x^  and  let 

f='- <»■> 
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be  ihe  ratio  of  the  half-span  of  the  actoal  arch  to  tfaatof  tfiiehydro- 
sttittic  arch. 

Gdie  actual  arch  may  now  be  conceiyed  as  an  approximaiioii  to 
a  (^ecstatic  arch,  trazisfornied  £rom  the  hydrostatic  arch  by  pre- 
serving  its  vertical  ordinates  and  load,  and  altering  its  conjugate 
ordinates  and  thrust  in  the  ratio  e.  The  conjugate  thrust  of  a 
hydrostatic  arch  being  equal  to  the  load,  we  have^  as  an  approxi- 
m&tiozi.  to  the  conjugate  thrust  of  the  given  semi-elliptic  or  semi- 
cizcalax  arch, 

Hg  =  e  Pi. (6.) 

SaenoN  3.-— On  Fridumal  Stability. 

189.  FrictfMi  is  that  force  which  acts  between  two  bodies  at  their 
suifiBkoe  of  contact,  and  in  the  direction  of  a  tangent  to  that  Bur£stce, 
so  as  to  resist  their  sliding  on  each  other,  and  which  depends  on 
the  force  with  which  the  bodies  are  pressed  together. 

There  is  also  a  kind  of  resistance  to  the  sliding  of  two  bodies 
upon  each  other,  which  is  independent  of  the  force  with  which 
they  are  pressed  together,  and  which  is  analogous  to  that  kind  of 
strength  which  redsts  the  division  of  a  solid  body  by  shecvriTig, — 
that  is,  by  the  sliding  of  one  part  upon  another.  This  kind  of 
resistance  is  called  adhesion.  It  will  not  be  considered  in  the 
present  section. 

Friction  may  act  either  as  a  means  of  giving  stability  to  struc- 
tures, as  a  means  of  transmitting  motion  in  machines,  or  as  a  cause 
of  loss  of  power  in  machinea  In  the  present  section  it  is  to  be 
considered  in  the  &rst  of  those  three  capacities  only. 

190.  idiw  of  S*IM  Fricttoik — ^The  following  law  respecting  the 
friction  of  solid  bodies  has  been  ascertained  by  experiment : — 

The  /ridion  wMch  a  given  pair  of  aolid  bodies,  with  their  evrfaees 
in  a  given  condition,  are  capable  <if  exerting,  is  simply  proportional 
to  the  force  with  which  they  are  pressed  together. 

If  the  bodies  be  acted  upon  by  a  lateral  force  tending  to  make 
them  slide  on  each  other,  then  so  long  as  the  lateral  force  is  not 
greater  than  the  amount  fixed  by  this  law,  the  friction  will  be  equal 
and  opposite  to  it,  and  will  balance  it. 

There  is  a  limit  to  the  exactness  of  the  above  law,  when  the 
pressure  becomes  so  intense  as  to  crush  or  grind  the  parts  of  the 
bodies  at  and  near  their  surface  of  contact  At  and  beyond  that 
limit  the  friction  increases  more  rapidly  than  the  pressure ;  but 
that  limit  ought  never  to  be  attained  in  a  structure. 

Prom  the  law  of  friction  it  follows,  that  the  friction  between 
two  bodies  may  be  computed  by  multiplying  the  force  with  which 
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they  are  pressed  together  by  a  constant  co-efficient  which  is  to  bo 
determined  by  experiment,  and  which  depends  on  the  nature  of  the 
'  bodies  and  the  condition  of  their  surfaces :  that  is  to  say,  let  I^ 
denote  the  pressure,  /the  co-efficiemi  offrictum^  and  ^  the  force  o£ 
friction,  then 

F  =/N. 

191.  Angle  •€  BepMe. — Let  A  A,  in  fig.  93,  represent  any  solid 
body,  B  B  a  portion  of  the  surface  of  another 
body,  with  which  A  A  is  in  contact  throughout 
the  plane  surface  of  contact  e  E.  Let  P  C  re- 
present the  amount,  direction,  and  position  of 
the  resultant  of  a  force  by  which  A  A  is  urged 
obliquely  towards  B  B,  so  that  C  is  the  centre  of 
-B"    oQ        *  pre88v/re  of  the  surface  of  contact  e  E.     (Art. 

¥lg.  98.  gg^ 

Let  PC  be  resolved  into  two  rectangular  components:  one, 
N  C,  normal  to  the  plane  of  contact,  and  pressing  the  bodies  to- 
gether: the  other,  TG,  tangential  to  the  plane  of  contact,  and 
tending  to  make  the  bodies  slide  on  each  other.  Let  the  total 
force  P  C,  be  denoted  by  P,  its  normal  component  by  N,  and  its 
tangential  component  by  T ;  and  let  the  angle  of  obliquity  T  P  C 
or  P  C  N  be  denoted  by  tf,  so  that 

^  =  I^-«>«^'  I (1.) 

T  =  P-8in^  =  N-tan^.  /  ^   ^ 

Then  so  long  as  the  tangential  force  T  is  not  greater  than  /N,  it 

will  be  balanced  by  the  friction,  which  will  be  equal  and  opposite 

to  it ;  but  the  friction  cannot  exceed  /Kj  so  that  if  T  be  greater 

than  this  limit,  it  will  be  no  longer  balanced  by  the  friction,  but 

will  make  the  bodies  slide  on  each  other.     Kow  tiie  condition,  that 

T 
T  shall  not  exceed  /N,  is  equivalent  to  the  condition,  that  =^, 

or  tan  ^,  shall  not  exceed/ 

Hence  it  follows,  that  the  greatest  angle  o/Miqtdty  of  pressure 
betwe&i  two  planes  which  is  consistent  with  stabilitf/f  is  the  angle 
whose  tangent  is  the  co-^icient  o/friction. 

This  angle  is  called  the  angle  of  repose,  and  is  denoted  by  o.  It 
is  the  steepest  inclination  of  a  plane  to  the  horizon,  at  which  a 
block  of  a  given  substance  will  remain  in  equilibrio  upon  it  j  for  if 
P  represents  the  weight  of  the  body  A  A,  so  that  P  C  is  vertical, 
and  ^  =  ^,  then  (p  is  the  inclination  of  B  B  to  the  horizon. 
'    The  relations  between  the  friction,  the  normal  pressure,  and  the 
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total  pressure,  when  the  obliquity  ia  equal  to  the  angle  of  repose, 
ajTG  given  hy  ike  following  equations : — 

P  ==  T  =/N  =  N-tan^  =  P-sin^  =       /£^....(2.) 

Vl+/* 


192.    Table  mi  Cm-mmHmmtm  mi  FrirtiM  mmd  AaglM  mi 

Very  extensive  tables  of  the  co-efficients  of  friction  of  different 
materials  used  in  construction  are  published  in  the  works  of 
Creneral  Monn  of  the  French  Artillery,  and  have  been  reprinted 
in  various  treatisea  The  following  is  a  condensed  table  compiled 
from  General  Moiin's  tables  and  from  other  authorities,  giving 

those  constants,  and  also  the  reciprocal,  ^  =  cotan  ^,  for  the 

materials  of  structures,  arranged  in  a  few  compi'ehensive  classes. 
Its  practical  utility  is  equal  to  that  of  the  more  voluminous  and 
detailed  tables  from  whidL  it  has  been  condensed  :— 


Dry  masonry  and  brick-  ) 

-work, i 

Hasoniy  and  brickwork,  1 

with  damp  mortar, j 

Timber  on  stone, 

Iron  on  stone, 

Timber  on  timber, 

Timber  on  metals,. 

Metals  on  metals, 

Masonry  on  dry  clay, .... 
Masonry  on  moist  clay^ . . 

Earth  on  earth, 

Earth  on  earth,  diy  sand, ) 

day,  and  mixed  earth,  ( 
Earth   on   earth,    dampi 

clay, J 

Earth  on  earth,  wet  clay. 
Earth  on  earth,  shingle ) 

and  gravel, J 


f 

0-6  to  o'7 

of4 

about  o'4 
0*7  to  o*3 
o'S  to  o-a 
0*6  to  ca 
035  to  0-I5 
051 

033 
o*a5  to  i*o 

0-38  to  075 

I'D 

0-31 
o-8i  to  I'll 


31' to  35^ 

36^ 


45^ 
39**  to  48*' 


I 

7 


I  67  to  I  43 
1-35 


aa" 

2*5 

SS'^toid^* 

1*43  to  333 

a6°l  toilet 

ato5 

3i*'toii°* 

1-67  to  5 

i4*»to8°i 

4  to  6-67 

a7° 

1*96 

i8^i 

3 

14' to  45^ 

4  to  I 

ai**  to  37** 

a-63to  1-33 

X 

3-33 

1-33  to  o*9 


193.  FffictiMMi  maMmtr  •i  vumm  JttiBfik — ^In  a  structure  com- 
posed of  a  number  of  pieces  connected  only  by  touching  each  other 
at  plane  surfiEU)es  (as  is  the  case  in  masonry  and  brickwork),  it  is 
necessary  to  stability  that  the  obliquity  of  the  pressure  should  at  no 
joint  exceed  the  angle  of  repose. 
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In  structures  of  masonry,  tliis  condition  oan  almost  always  be 
complied  with  by  suitably  placing  the  joints. 

Both  this  and  other  principles  depending  on  the  effect  of  Mctioa 
in  promoting  the  stability  of  masonry,  will  be  considered  in  subse- 
quent sections. 

194.  FridtoMa  maihiUtf  •tMmrtik.* — ^A  structure  of  earth,  whether 
produced  by  excavation  or  by  embankment,  preserves  its  figure  at 
first  partly  by  means  of  the  friction  between  its  grains,  and  partly 
by  means  of  their  mutual  cohesion  or  tenacity;  which  latter  force 
is  considerable  in  some  kinds  of  earth,  such  as  clay,  especially  when 
moist.  It  is  by  its  tenacity  that  a  bank  of  earth  is  enabled  to  stand 
with  a  vertical  fiice,  or  even  an  overhanging  face,  for  a  few  feet 
below  its  upper  edge;  whereas  friction  alone,  as  will  afterwarda 
appear,  would  make  it  assume  an  uniform  slope. 

But  the  tenacity  of  earth  is  gradually  destroyed  by  the  action  of 
air  and  moisture,  and  of  the  changes  of  the  weather;  so  that  its 
friction  is  the  only  force  which  can  be  relied  upon  to  produce 
permanent  stability.  In  the  present  investigation,  therefore,  the 
stability  of  a  mass  of  earth,  or  of  shingle  or  gravel,  or  of  any  other 
material  consisting  of  separate  grains,  will  be  treated  as  aidsing 
wholly  from  the  mutual  Mction  of  those  grains,  and  not  from  any 
adhesion  amongst  them. 

Previous  researches  on  this  subject  are  based  (so  far  as  I  am 
acquainted  with  them)  on  some  mathematical  artifice  or  assumption, 
such  as  CouloiAb's  ^*  Wedge  of  Least  Eesistance."  Besearches  so  based, 
although  leading  to  true  solutions  of  many  special  problems,  are 
both  limited  in  the  application  of  their  results,  and  unsatisfactory 
in  a  scientific  point  of  view.  I  propose,  therefore,  to  investigate 
the  mathematical  theory  of  the  Actional  stability  of  a  granular 
mass,  without  the  aid  of  any  artifice  or  assumption,  and  from  the 
following  sole 

Principle.  The  resistance  to  dispUicement  by  sliding  aJUmg  a 
given  plcme  in  a  loose  gramvJUvr  mass,  is  eqiuU  to  As  normal  pressure 
exerted  between,  the  parts  of  the  mass  o^  either  side  of  that  pkmSy 
rmUtiplied  by  specific  constant. 

The  specific  constant  is  the  co-effiderU  of  friction  Of  the  mass,  and 
is  the  tangent  of  the  angle  of  repose.  Let  p^  denote  the  normal 
pressure  per  unit  of  area  of  the  plane  in  question;  q  the  resistance 
to  sliding  (per  unit  of  area  also);  ^  the  angle  of  repose;  then  the 
symbolic  expression  of  the  above  principle  is  as  follows : — 

?  =  tan  (p (1.) 

*  This  and  the  ensniog  Articles  of  the  present  section  are  to  s  great  extent  abridged 
from  a  paper  «'0n  the  Stability  of  Looee  Earth"  in  the  PhUotcphieal  TransaUioni 
for  1856-7. 
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This  principle  fonns  the  basis  of  every  investigation  of  the  sta- 
bility of  earth.  The  peculiarity  of  the  present  investigation  consists 
m  its  deducing  the  Laws  of  that  stabilitj  from  the  above  principle 
alone,  without  the  aid  of  any  other  special  principle.  It  will  in 
M>me  instances  be  necessary  to  refer  to  Mr.  Moseley's  ''Principle 
>f  the  Least  Besistance;"  but  this  must  be  regarded  not  as  a  speoal 
)nnciple,  but  as  a  general  principle  of  statics. 

In  a  granular  mass,  any  plane  whatsoever  may  be  considered  as 
plane  joint,  in  the  sense  in  which  that  term  has  been  employed  in 
bticle  193  j  and  hence,  and  from  the  principle  already  stated, 
oUows, 

Theobem  L  li  is  necessary  to  the  stability  of  a  granular  mass, 
hat  the  direcUon  qfthe  pressvre  between  the  portions  into  which  it  is 
livided  by  any  plane  sfuyuld  not  at  amy  point  make  with  the  norvMi 
0  that  plane  an  angle  esoceedmg  the  angle  of  repose, 

From  what  has  been  already  proved,  respecting  internal  stress, 
n  Part  L,  Chap.  Y.,  Sect  3,  and  especially  in  Articles  108  to  112 
ncluflive,  it  is  evident,  that  the  plane  at  any  point  in  a  mass,  on 
ft'liich  the  obliquily  of  the  pressure  is  greatest,  is  perpendicular  to 
he  plane  which  contains  the  axes  of  gi-eatest  and  least  pressure, 
—the  pressure  of  greatest  obliquity  being  parallel  to  that  plane  of 
^atest  and  least  pressure. 

The  relations  amongst  the  intensities  of  the  pressures  in  a  solid 
luiss,  which  are  parallel  to  one  plane,  aa  represented  by  the  ''  Ellipse 
>f  Stress,"  have  been  investigated  in  Article  112.  The  present 
2&se,  of  a  mass  of  earth,  is  one  in  which  a  limit  to  the  greaUst 
MiquUy  is  assigned;  viz.,  that  it  shall  not  exceed  the  angle  of  re- 
pose, f.  The  relation  between  that  greatest  obliquity  and  the 
greatest  and  least  pressures,  has  been  found  in  Article  112,  Pix)- 
>lem  IIL,  Case  1,  equation  6,  viz. : — 

^1  =  arc*  sin  ?^^ ^: 

>i  being  taken  to  represent  the  greatest,  and  pi  the  least  pressure, 
tnd  ^1  Sie  greatest  obliquity  of  pressure.     By  Theorem  I.  we  have 

where  ^  means,  ^less  than  or  equal  toT  that  is,  "wo*  greakr  than'y 
lenoe  follows  the  following  equation : — 

Jl:^==  sin  rf.^  Bin  ^; (2.) 

>r  m  words, 

Theobem  IL  At  each  point  in  a  mass  of  earth,  the  raiU>  o/t/ie 
difference  of  the  greatest  and  least  pressures  to  their  sum  coTmot  exceed 
he  sine  qfthe  angle  of  repose. 
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^  Another  symbolical  expression  of  this  Theorem  is  as  follows  :• 
Pi   ^  1  +   Bin  f 


pg  —  1  —  sin  f  * 


(2A.) 


When  the  directions  of  any  pair  of  conjugate  pressures  in  the 
plane  of  greatest  and  least  pressure  in  a  mass  of  earth  are  given, 
the  limits  of  the  ratio  which  the  intensities  of  those  pressures  bear 
to  each  other  are  given  by  the  solution  of  Problem  V.  of  Article  112, 

equation  27.  In  that  equation,  make  n  r  =  ^,  the  common  obliquity 
of  the  pair  of  conjugate  pressures,  and  let  /j  represent  the  greatest 
actual  obliquity  of  pressure  in  the  mass,  which  must  not  exceed  0, 
then  p,  as  before,  being  the  greater  conjugate  pressure,  andp'  the 
less,  we  obtain  the  following  proposition  : — 

Theorem  III.  The  fcUowing  is  the  expression  of  the  condUion  qf 
the  stability  of  a  mass  ofeartfi,  in  terms  of  the  ratio  of  a  pair  ofcon^ 
jugate  pressures  in  the  plane  of  greatest  and  least  pressures : — 

p^  _  cos  /  +  ^  (cos*  ^  —  cos* ^,)  ^^  cos  /+;^/(cos*^ — cos'f)  .  . 
y  ~  cos  ^  -  J  (cos'  $  —  cos* 0i)  —  cos^  -  V  (cos*/ COS*^)'" ^  "'' 

195.  Mum  of  iRmvOk  with  Pliui«  Snfiice. — Although  the  preceding 
principles  can  be  applied  to  a  mass  of  earth  with  a  surface  of  any 
figure,  their  most  useful  application  is  to  a  mass  bounded  above  by 
a  plane  surface,  either  horizontal  or  sloping.  For  such  a  mass,  the 
three  Theorems  of  Article  125  are  true,  and  may  be  summed  up  as 
follows : — the  pressure  on  a  plane  parallel  to  the  upper  plane  sur- 
&ce  (which  may  be  called  a  conjugate  plane)  is  vertical,  and  pro* 
portional  to  the  depth : — ^the  pressure  on  a  vertical  plane  is  parallel 
to  the  upper  plane  surface,  and  conjugate  to  the  vertical  pressure : — 
the  state  of  stress  at  a  given  depth  is  unifoim. 

Let  w  be  the  weight  of  an  unit  of  volume  of  the  earth;  x  the 
depth  of  a  given  conjugate  plane  below  the  sur^Eice ;  0  the  inclinatiou 
of  that  conjugate  plane;  then  the  intensity  of  the  vertical  pressure 
on  that  conjugate  plane  is 

jp,  =  waj'cos^ (1.) 

The  limits  of  the  intensity  ^^  of  the  conjugate  pressure,  paraUel  to 
the  direction  of  steepest  declivity  (when  the  surface  slopes)  on  a 
vertical  plane,  at  the  same  depth  x  below  the  surface,  are  deduced 
from  the  equation  3  of  Article  194,  by  considering,  that  this  con- 
jugate pressure  may  be  either  the  ^"eater  or  the  less  of  the  pair 
of  pressures  the  limits  of  whose  ratio  are  given  by  that  equation  ; 
BO  that  if  we  use  the  symbol 
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to  signify,  "a  is  Bot  greater  than  6  +  c,  and  not  less  than  h  —  e,** 
we  obtam  the  following  result : — 

_  ,^  ^   coa^dtzj  (cos"  4  —  cos"  p)  ^ . 

When  the  plane  surfiBuse  is  horizontal,  so  that  cos  /  =  1,  equations  1 

and  2  become 

^^          1  =t=  sin  ^  .^ . 

!>.  =  ««;  p,_^««-y^^^;; (3.) 

as  might  have  been  inferred  from  Theorem  II.  of  Article  194. 

When  ^  ==  f,  or  when  the  slope  is  the  angle  of  repast^  the  limits  o( 
the  intensity  of  the  conjugate  pressure  coincide,  and  it  has  but  one 
value,  Tiz, : — 

p^=  %DX  'COS  ^  =^ (4.) 

For  all  values  of  i  greater  than  9,  equation  2*  becomes  impossible; 
which  shows  what  is  otherwise  evident,  that  the  angle  of  repose  is 
the  steepest  possible  slope. 

There  is  a  third  pressure  which  may  be  denoted  by  j>„  in  a  direction 
perpendicular  to  the  first  two,  p,  and  p^\  that  is,  horizontal,  and 
perpendicular  to  the  vertical  plane  in  which  the  declivity  is  steepest; 
but  the  intensity  of  that  third  pressure  will  be  considered  in  a 
subsequent  Article.  It  is  of  secondary  importance  in  practice, 
seeing  that  walls  for  the  support  of  sloping  banks  of  earth  are  gene- 
rally placed  so  as  to  resist  the  pressure  of  the  earth  in  the  direction 
of  steepest  declivity. 

With  the  exception  of  equation  4,  the  equations  of  the  present 
Article  give  only  tiie  IwMie  of  the  intensity  of  the  conjugate  pressure 
parallel  to  the  steepest  declivifcy.  To  find  the  exact  intensity  of 
that  pressure,  it  is  necessary  to  have  recourse  to  a  statical  principle, 
first  discovered  by  Mr.  Moseley,  which  is  stated  in  the  following 
Article. 

196.  Prtedple  of  I<flMt  Bcaiacaace. — ^THEOREM.  If  the  forces 
which  balance  eack  other  in  or  upon  a  given  body  or  stractva-e  be 
distinguished  into  two  systems^  called  respectively  active  and  passive, 
whicfb  stand  to  each  other  in  the  relation  of  cause  amd  effed,  then  will 
the  passive  forces  be  the  least  which  ore  capable  of  balancing  the  a^ive 
forces y  consisterUly  imth  the  physical  condition  of  the  body  or  sPractwre. 

For  the  passive  forces  being  caused  by  the  application  of  the 
active  forces  to  the  body  or  structure,  wUl  not  increase  after  the 
active  forces  have  been  balanced  by  them;  and  will  therefore  not 
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increase  beyond  the  least  amount  capable  of  balancing  the  active 
forces.— Q.  E.  D. 

197.  Bardi  I«M4edl  wMi  Um  «wb  Weight. — ^In  a  mass  of  earth 
loaded  with  its  own  weight  only,  the  gravitation  of  the  earth  causes 
the  vertical  pressure,  the  vertical  pressure  causes  a  tendency  to 
spread  latenJly,  and  the  tendency  to  spread  causes  the  conjugate 
pressure;  therefore  the  vertical  and  conjugate  pressures  stand  to 
each  other  in  the  relation  of  cause  and  effect,  or  active  and  passive 
respectively;  therefore  the  intensity  of  the  conjugate  pressure  is 
the  least  which  is  consistent  with  the  conditions  of  stability  given 
in  Articles  194  and  195. 

Applying  this  principle  te  the  equations  of  Article  195,  relative 
to  a  bank  with  a  plane  upper  sur&ce,  they  become  the  following : — 

Vertical  pressure  (as  before),  p,  =  wa?ooB  ^ (1.) 

Conjugate  pressure  parallel  to  steepest  declivity : — 
General  case, 

.    cos  tf  —  J  (cos*  0  —  cos*  a)         ,« . 

p,  =  to  X*  cos  i . 3 ^y) — j-5 j-^\. (2.) 

'^^  cos  tf  +  ^  (cos*  B  —  cos"  f  '^       ^  ' 

Horizontal  surface,  ^  =  0,  cos  ^  =  1 ;  p^  =  to  x ; 

1 — sin^  ,^. 

p,  =  wx'  = 7-^; (3.) 

^*  1  +  sinf  ^  ' 

«  Natural  slope,"  ^  =  f , 

p^zszp^=itox'  cos f ., (4.) 

The  third  pressure  e,  is  found  in  the  following  manner.  Being 
perpendicular  to  the  plane  of  p,  and  p^  it  must  iS  a  principal  pres- 
swre  (Arts.  107, 109).  Being  a  passive  force,  it  must  have  the  least 
intensity  consistent  with  stabihty,  and  must  therefore  be  equal  to 
the  least  pressure  in  the  plane  of  p,  and  p^ 

The  greatest  and  least  stresses,  or  principal  pressures,  in  that 
plane,  are  to  be  found  by  means  of  Pi-oblem  III.  of  Article  112,  case 
3,  from  the  pair  of  conjugate  pressures  p„  p^.  whose  obliquity  is  #. 
Let  px  be  the  greatest,  and  p^  the  least  principal  pressure;  then  in 
equations  19  and  20  of  Art  112,  for 

p,  p,  n  r,  p^  p^ 
we  are  to  substitute  respectively, 

giving  the  following  results  : — 
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£l±£«  =  P'+Pf  =         .  «^f'«»^  (5.) 

Pi— ffi_    fiiP'  +  PfY  )  tog-ooB/'ainf 

and  oonaeqaentlj. 

Greatest  pressure.  P]  =   — ^  .     . . — rs r^: (7.) 

*^  '  -^^      cosf  +  J  (cos* '  —  cos*  f  '  ^  ^ 

Least  pressure,!^  =p,  =  eos  ^  +  ^  (cos' ^  - cos«  f ) (^•) 

The  axis  of  greatest  pressure  lies  in  the  acute  angle  between  the 
direction  of  greatest  dedivitj  and  the  vertical;  and  its  inclination 
to  the  horizon,  which  may  be  denoted  by  yp,  is  given  by  the  follow- 
ing formula,  deduced  from  equation  17  of  Article  112,  by  making 
the  proper  substitutions : — 

cos  2  y  =  — ^-= ^ — ^  J 

Pi— Pi 
from  which  is  easily  deduced, 


,^  =  l{.  +  «c^«n£-;} (9.) 


In  nsing  this  formula,  the  arc  sin  -: —  is  to  be  taken  as  greater 

than  a  right  angla 

The  following  are  the  results  of  the  equations  7,  8,  9,  for  the 
extreme  cases : — 


fforlzorUal  surface,  ^  =  0; 
1  —  sinf 


(10.) 


^  =  9(r,  or  the  axis  of  greatest  pressure  is  vertical  , 

Natural  Slope,  ^  =  p; 

Pi  =  «ra;(l  -f  sin  f); 

.     p^=p.  =  ii7a;(l— sin^);  }.  (11.) 

t^  =  -^  (/  +  90°),  or  the  axis  of  greatest  pressure  bisects 

the  angle  between  the  slope  and  the  vertical 
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198.  yiuMMtJ  •/  Both  agmlMat  m  Tcnlaa  Plue< — ^In  fig.  94,  let 
O  X  represent  a  vertical  plane  in  or  in 
contact  with  a  mass  of  earth  whose  upper 
surfiMse  Y  O  Y  is  either  horizontal  or  in- 
clined at  any  angle  ^,  and  is  out  by  the 
vertical  plane  in  a  direction  perpendicular 
to  that  of  steepest  declivity.  It  is  required 
to  find  the  pressure  exerted  by  the  earth 
against  that  vertical  plane,  per  unU  of 

hreadthf  from  O  down  to  X,  at  a  depth 

O  X.  =x  beneath  the  sur&ce,  and  the  direction  and  position  of  the 
resultant  of  that  pressura 

The  direction  of  that  resultant  is  already  known  to  be  parallel  to 
the  declivity  YOY. 

Let  £  B  be  a  plane  traversing  X,  parallel  to  Y  O  Y.  In  that 
plane  take  a  point  D,  at  such  a  distance  X  D  from  X,  that  the 
weight  of  a  prism  of  earth  of  the  length  X  D  and  having  an  oblique 
base  of  the  area  unity  in  the  plane  O  X,  shall  represent  the  inten- 
sity of  the  conjugate  pressure  per  unit  of  area  of  a  vertical  plane  at 
the  depth  X  Draw  the  straight  line  O  D ;  then  will  the  ordinate, 
parallel  to  OY,  drawn  from  OX  to  O I)  at  any  depth,  be  the 
length  of  an  oblique  prism,  whose  weight,  per  unit  of  area  of  its 
oblique  base,  will  be  the  intensity  of  the  conjugate  pressure  at  that 
deptL  Let  O  D  X  be  a  triangular  prism  of  earth  of  the  thickness 
unity;  the  weight  of  that  prism  will  be  the  amMmU  of  the  conju- 
gate pressure  sought,  and  a  line  parallel  to  O  Y,  traversing  its 
centre  of  gravity,  and  cutting  O  X  in  the  cerUre  of  presewre  C,  will 
be  the  position  of  the  resultant  of  that  pressure.  The  depth  O  C 
of  that  centre  of  pressure  beneath  the  surfiace  is  evidently  two- 
thirds  of  the  total  depth  O  X. 

To  express  this  symbolically,  make 


XD    :« 


Pf 


^X'?L 


cos  ^ —  ^/(oo^^  ^  —  cos* P)  ,     /iv 
«7'coB^       ^  Pg  cos^+  J{cas?i  —  cos*f)'"*^  ^ 

(by  equation  2  of  Article  197); 

then  the  amount  of  the  conjugate  pressure,  or  weight  of  the  prism 
OXDjis 

V,  =  j'p,'dx=SiJ\p.dx 
ioa^  .   Pt       ^^  M    <5os/ — Jico^i  —  cos'f)       .^v 
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and  the  centre  of  pressaie  is  given  bj  the  equation 

00=^ (3.) 

In  the  extreme  cases,  equation  2  takes  the  following  forms : — 
For  a  horizontal  suifaoe;        ^  =  0; 

'""2       l  +  ainf ^^^ 

For  a  Bor&Me  sloping  at  the  angle  of  repose;      i  =  ^; 

P,  =  ^-008^ (5.) 

The  principles  of  this  Article  serve  to  determine  the  pressure  of 
earth  against  retaining  walls,  as  will  afterwards  be  shown. 

199.  floppOTttiis  P«wer  •f  Saith  FosBdatteBs. — ^The  two  preced- 
ing Articles  refer  to  the  case  in  which  the  conjugate  pressure  at  a 
given  depth  is  caused  solely  by  the  vertical  pressure  due  to  the 
weight  of  earth  above  that  point,  and  is  therefore,  in  virtue  of  the 
<<  principle  of  least  resistance,"  the  least  conjugate  pressure  consis- 
tent with  the  weight  of  the  vertical  column  of  earth  in  question. 

But  the  conjugate  pressure  may  be  increased  beyond  that  least 
amount,  by  the  application  of  the  pressure  of  an  external  body;  for 
example,  ihe  weight  of  a  building  founded  on  the  earth.  In  this 
case,  the  conjugate  pressure  will  be  the  least  which  is  consistent 
with  the  verti<»l  pressure  due  to  the  weight  of  the  biuldmg;  and 
if  that  conjugate  pressure  does  not  exceed  the  grecUest  conjugate 
pressure  consistent  (according  to  equation  2,  3,  or  4  of  Article 
195)  with  the  weight  of  the  earth  above  the  same  stratum  on  which 
the  bidlding  rests,  the  mass  of  earth  will  be  stable. 

The  most  important  case  id  practice  is  that  in  which  the  surface 
of  the  ground  is  horizontal;  so  that  the  intensity  of  the  vertical 
pressure  due  to  the  weight  of  the  earth  ia  wx;  x  being  the  depth 
of  the  base  of  the  foundation  of  the  building  below  the  surface  of 
the  eartL 

In  this  case,  the  greatest  horizontal  pressure,  at  the  depth  x,  con- 
sistent with  stability,  as  given  by  equation  3  of  Article  195,  is  as 
follows : — 

1  +  sin  ^  ,,  . 

p  =ztox  '- :—■; (1.) 

The  greatest  intensity  of  vertical  pressure  consistent  with  this 
horizontal  pressure  is 
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and  this  is  the  greatest  mtemUy  ofpressurey  consistent  with  stMHty,  of  a 
holding  founded  on  a  horizontal  stratum  of  earth  at  the  dq>th  z,  the 
angle  of  repose  being  ^. 

If  A  be  the  area  of  the  foundation  of  the  building,  wxA  will 
be  the  weight  of  earth  displaced  hy  it ;  and  if  the  pressure  of 
the  building  on  its  base  be  unifonuly  distributed,  p  A  will  be 
the  weight  of  the  building;  so  that 

rl  +  sin  A" 


^_/l  +  sinA' 

wx       \l  — sinf/  ^  '' 


is  the  Umit  of  the  ratio  in  which  the  weight  of  a  huikUng  exceeds  the 
weight  of  earth  displaced  hy  it^  when  the  pressure  is  unifonnly  dis- 
tributed over  the  base. 

If  the  pressure  of  the  building  be  not  uniformly  distributed 
over  the  base,  its  greatest  intensity  must  not  exceed  that  given 
by  equation  2,  and  its  least  intensity  must  not  &11  short  of  wx, 
Tlda  condition  determines  the  greatest  ineqrwlUy  of  distribution 
of  the  pressure  of  a  buildingwhich  is  consistent  with  the  stability 
of  a  given  kind  of  earth.  The  most  useful  and  firequent  example 
of  tlus  case  is  that  in  which  the  base  is  rectangular,  and  the 
intensity  of  the  pressure  increases  at  an  uniform  rate  from  one 
edge  to  the  opposite  edge  of  the  rectangle,  being  an  vmifomdy 
va^ng  stress  (Articles  91,  92,  94).  In  this  case,  let  p^  denote 
lihe  mean  intensity  of  the  pressure  of  the  building,  h  the  breadth 
of  its  base  in  the  direction  along  which  the  pressure  varies,  and 
ch  the  utmost  deviation  of  the  centre  of  pressure  of  the  hose  from  its 
centre  of  figure^  consistent  with  the  stability  of  the  earth  which 
supports  it;  then 

p'  +  wx                1  +  sin'f  ,. . 

^«  =  — 2— =  "'^•(13^^.' (*•) 


•(«•) 


p — WX sinf 

"^  —  6  (p'  +  ti;  a?)  "■  3  (1  +  sin"  f) 

200*  Ab«tiB«  p«ww  mf  B— tk»  'If  a  vertical  plane  sur&ce  of 
some  body  which  is  pressed  horizontally,  such  bs  a  buttress,  or 
a  retaining  wall,  abuts  or  presses  horizontally  against  a  horizontal 
layer  of  earth,  of  the  depth  x,  the  limit  of  the  resistance  which 
tlmt  layer  is  capable  of  opposing  to  the  horizontal  thrust  of  the 
vertical  plane  is  determined  by  the  greatest  horizontal  pressuii^ 
consistent  with  the  stability  of  the  eartL     Hence  the  amount  of 
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that  horizontal  Tesisfcanoe,  per  upit  of  horizontal  breadth  of  the 
vertical  abutting  plane,  is  given  by  the  equation 

p  vj^    1  +  ain  f 

-^'^    2    'l  — sinf 

2x 
The  eentre  ofreMtanoe  is  at  -^  below  the  suifaoe  of  the  earth. 

o 


201.  TaM*  Mf  Bnaph 

197, 198, 199,  and  200. 

•  of  the  results  of  the  formula  in  Ar 

9               o» 

15' 

30°           45'          60' 

K-.     ,5. 

37H 

30"           aa'i          ig» 

/=tan^ 


0*268        0*577        I'ooo        1-732 


•>=ootan^        00        3739        1732        I'ooo        0*577 


sm^ 

1  —  ain^ 
I  +  sin^ 
I  +8in^ 
I — sin^ 

00s  ^ 

cos*^ 

(I  —  sin  0\' 
I  +  8in^/ 
(I  +  sin  A* 
I  — sin^/ 
I  +8in*^ 
(i  —  sin^* 
sin^ 


0*259  0*500        0707  0*866 

0*588  0'333  0*172  0*072 

1*700  3*000  6*826  13*924 

0*966  0*866        0*707  0*500 

0*933  0750        o'5o<^  0*250 

0*346  o'lii        0*0295  0*0052 

2*890  9*ooo  33*94  193*8 

1*945  5*000  17*47  97*4 

0*081  0*133        o'^S?  0*165 


3(i+8m'f) 
Ejoiaiul   The  column  headed  0°  is  applicable  to  Uquida. 
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202.   Frlctl«Bia  Teuellr  w  B«ndl  mt  mmammrr  audi  Brickw«rik. — 

The  overlapping  or  breaking  of  the  joints,  commonly  oaUed  the 
bond,  in  masonry  and  brickwork,  has  three  objects — ^first,  to  dis- 
tribute the  vertical  load  which  rests  on  each  stone  or  brick  over 
two  or  three  of  the  stones  or  bricks  of  the  course  next  below,  and 
so  to  produce  a  more  Qearly  uniform  distribution  of  the  load  than 
would  otherwise  take  place;  secondly,  to  enable  the  structure  to 
resist  forces  tending  to  break  it  by  shecMring,  or  sliding  of  one  part 
on  another,  in  a  vertical  plane;  and  thirdly,  to  enable  it  to  resist 
forces  tending  to  tear  it  asunder  horizontally. 

For  masonry  and  brickwork  laid  either  dry,  or  in  common  mor- 
tar which  has  not  had  time  to  acquire  practically  appreciable 
tenacity,  the  resistance  to  horizontal  tension  mentioned  above  as 
the  third  object  of  the  bond,  is  due  to  the  mutual  friction  of  the 
overlapping  portions  of  the  beds  or  horizontal  &ces  of  the  stones  or 
bricks,  and  may  be  called  "Jrictional  tenacUy"  The  amount  of  the 
frictional  tenacity  at  any  horizontal  joint  is  the  product  of  the  ver- 
tical load  upon  the  portion  of  that  joint  where  two  blocks  of  stone 
or  brick  overlap  each  other,  into  the  co-efficient  of  Mction,  which, 
as  stated  in  the  table  of  Article  192,  is  about  074. 

Let  £lg.  94  A  represent  a  portion  of  a  wall  with  a  horizontal  top 

^  A ;  and  let  it  be  required  to  determine 

the  Mctional  tenacity  at  a  horizontal 

joint  B,  whose  depth  below  A  is  a?,  the 

intensity  of  that  tenacity  per  unit  of 

!  area  of  a  vertical  plane  at  B,  and  the 

aggregate  tenacity  of  the  wall  from  A 

down  to  B,  with  which  it  is  capable  of 

pj    ^2  A.  resisting  a  force  tending  to  tear  it  into 

two  parts  by  separation  at  the  serrated 

dark  line  which  extends  from  A  to  B  in  the  figure. 

Let  w  be  the  weight  pf  an  unit  of  volume  of  the  material  of  the 
wall ;  b  the  length  of  the  overlap  at  each  joint;  t  the  thickness  of 
the  wall.     Then 

UfhtX 

is  the  vertical  pressure  on  the  overlapping  portions  of  the  stones  or 
bricks  at  B,  and  consequently,  if/ be  the  co-efficient  of  friction,  the 
amount  of  frictional  tenacity  for  the  joint  B  is 

fwhtx, (1.) 

The  intensity  of  that  tenacity  per  unit  of  area  of  a  vertical 
plane  is  found  by  dividing  its  amount  by  the  area  of  a  vertical 
section  of  one  course  of  stones  or  bricks.     Let  h  be  the  depth  of  a 


I   I   I    I 


VFrr 


?^^^ 


i"^ 


T- 


TTTT 


^^ 


5 


E 


1:0^ 


■x=^ 
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coarse ;  then  A  £  is  the  area  of  its  vertical  section ;  and  the  intensity 
of  the  frictional  tenacity  of  the  joint  immediately  below  is 

•^". (2.) 

Let  n  be  the  number  of  courses  from  A  down  to  B.     Then  the 
value  of  X  for  the  uppermost  course  is  :=  A,  and  for  the  lowest 

course^  =  »  A ;  and  the  mean  value  of  a;  is  — 5—  •  A ;  so  that  the 

mean  tenacity  per  course  is 

and  the  mean  intensity^ 


^V«.6*A; 


-2-  -/wJ. 

Hence  the  amount  of  the  aggr^te  Motional  tenadly  of  the  wall, 
from.  A.  down  to  B,  is 


n.?L+J./„5,A=/l^iAK±*£) 


2A 


..(3.) 


Prom  the  equations  2  and  3  it  is  obvious  that  the  fiictional 
tenacity  of  masonry  and  brickwork  is  increased  by  increasing  the 

ratio  T  which  the  length  of  the  overlap  bears  to  the  depth  of  a 

course.  This  may  be  effected  either  by  increasing  the  length  of  the 
stones  or  bricks  (to  which  the  overlap  bears  a  definite  proportion, 
depending  on  the  style  of  bond  adopted),  or  by  diminishing  their 
depth ;  but  to  both  those  expedients  there  is  a  limit  fixed  by  the 
liabilify  of  stones  and  bricks  to  break  across  when  the  length 
exceeds  the  depth  in  more  than  a  certain  ratio,  which  for  brick 
and  stone  of  ordinary  strength  is  about  3. 

For  English  bond  (as  in  fig.  94  A),  consisting  of  a  course  of 
^etchers  (or  bricks  laid  lengthwise),  and  a  course  of  headers  (or 
bricks  laia  crosswise),  alternately, — and  also  for  Flemish  bendy  in 
which  each  course  consists  of  alternate  headers  and  stretchers,  the 
overlap  b  is  one-fourth  of  the  length,  or  about  three-fourths  of  the 

h  3 

depth,  of  a  brick.     The  value  of  ?  is  therefore  j ;  but  to  allow  for 

irregularities  of  figure  and  of  laying  in  the  bricks,  it  is  safe  to  make  it 

2 

•T  in  the  formulie.     Substituting  this  in  equations  2  and  3,  and 

V 
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making  /=  -,  we  find  far  the  intensity  of  the  £rictional  tenaciiy, 
4 

where  ane-halfoftheface  of  the  waU  consista  of  ends  of  headers, 

•¥^ w 

and  for  the  amount  from  the  top  of  the  wall  down  to  the  depth  x, 
tDt(a^  +  hx) 


4 


..(5.) 


The  tenacity  of  the  wall  in  the  direction  of  its  thickness,  which 
resists  the  separation  of  its  front  and  back  portions  by  splitting,  is 
often  as  important  as  its  longitudinal  tenacity,  and  sometimes 
more  so.  Where  one-half  of  the  face,  as  in  fig.  94  A,  consists  of 
ends  of  headers,  the  overlap  of  each  course  in  the  direction  of  the 
thickness  is  generally  one-half  of  the  length  of  a  brick  instead  of 

.      b  .  4 

one  quarter ;  so  that  7-  is  to  be  made  =  -  instead  of  two-thirds. 
n  o 

Hence  in  this  case,  the  transverse  /Hctional  tenacity  (as  it  may  be 
called)  is  double  of  the  longitudinal  frictional  tenacity,  its  intensity 
at  the  depth  x  being 

wx, (6.) 

and  its  amount  from  the  top  of  the  wall  down  to  the  depth  «,  for 
a  length  of  wall  denoted  by  ly 

'V)l{a?  +  hx) 

2         v'v 

In  a  brick  wall  consisting  enJtirdy  of  stretchersy  as  in  fig.  94  B, 

III] 1 the  longttudinal  tenacity  is  double  of 

I         I        I         I    '    I      that  of  the  wall  in  ^g.  94  A,  where 

-*    j    '     I    I    ,     I    I  J I-    one-half  of  the  face  consists  of  ends  of 

I         i         i         I     '    ] — ^    headers.     But  that  increased  longitu- 
Fig.  94  B.  dinal  tenacity  is  attained  by  a  total 

,  sacrifice  of  transverse  tenacity,  when 

the  wall  IS  more  than  half  a  brick  thick.  In  brickwork,  therefore, 
in  which  the  longitudinal  is  of  more  importance  than  the  transverse 
tenacity  (as  is  the  case  in  furnace  chimneys),  a  sufficient  amount  of 
transverse  tenacity  is  to  be  preserved  by  having  courses  of  headers 
f  u"^*®^  The  eflfects  of  this  arrangement  are  computed  as 

Let  «  be  the  number  of  courses  of  stretchers  for  each  course  of 
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headers :  so  that  — r^r  of  the  &ce  of  the  wall  coBflists  or^Dds  of 
headers,  and  — r- =-  of  eddes  of  stretchers^ 

8+  1 

Xist  L  denote  the  intensity  of  the  longitudinal  fidctional  tenacity, 
and  T  that  of  the  transverse  fictional  tenacity,  at  the  depth  «. 
The  following  table  represents  the  yalues  of  those  intensities  in  the 
extreme  cases : — 

S  +  1  8+1 

00  0  1  wx  0 

Now,  in  intermediate  cases,  the  longitudinal  tenacity  will  vary 
nearly  as  the  proportion  of  sides  of  stretchers  in  the  face  of  the  wall 

— ^y-j,  and  the  transvexse  tenacity  as.  the  proportion  of  ends  of 

headers;  whence  we  have  the  following  formulae  for  the  intensi- 
ties:— 

^  =  7:p[  •  ^^'>-- (8-) 

^=rn'^'^-- (^^ 

Consequently,  for  the  aggregate  tenacities  down  to  a  given  depth  x, 
when  the  length  of  the  wall  is  I,  and  its  thickness  t,  we  have 

LongUtidinaly  ..  _,  ^v  '  wt{Qs' +  hx)'y (10.) 

Transveney  o/     ,   ..v  *^^  (a^  + ^ a?).. .>.,... ..(11.) 

To  make  the  longitudinal  and  transverse  frictional  tenacities  of 
equal  intensity,  we  should  have  «  =  2,  or  two  courses  of  stretchers 
for  one  course  of  headers.     This  makes 

L  =  T^2|« ^j2.) 

In  round  &ctory  diimneys^.  it  is  usual  to  make  &  =r  4 ;  and  then 
we  have 

4                      2 
L=  gt^a;  T  =  '-'ivx.^ (13.) 
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The  preceding  formulse  are  applicable  not  only  to  brickwork,  but 
to  ashler  masoniy  in  which  the  propoHions  of  the  dimensions  of  the 
Stones  aire  on  an  average  nearly  the  same  with  those  of  bricks. 

The  formnlse  9  and  11  may  also  be  nsed  to  fmd  the  transverse 

tenacity  of  a  rubble  toall,  if         -  be  taken  to  represent  the  propor- 

8  "f  1 

tion  of  the  face  of  the  toall  whicl^  consists  of  the  ends  of  squared 
headers  or  bond  stones,  connecting  tlie  front  and  back  of  the  toall 
toffetJier. 

The  principles  of  die  present  Article  may  be  relied  on  as  a  means 
of  comparing  one  piece  of  masonry  or  brickwork  with  another,  so 
&T  as  their  security  depends  on  the  horizontal  tenacity  produced 
by  the  friction  of  the  courses.  But  inasmuch  as  the  absoltUe 
mtmerical  results  have  been  arrived  at  by  an  indirect  process,  from 
the  tangent  of  the  angle  of  repose  of  masonry  and  brickwork  laid 
with  damp  mortar,  these  results  are  to  be  considered  as  uncertain, 
and  as  requiring  direct  experiments  for  their  verification  or  correc- 
tion.    No  such  experiments  have  yet  been  made. 

20S.  Frica«ii  «f  Screws,  Keys,  BBd  Wedges. —  The  pieces  of 
structures  in  timber  and  metal  are  often  attached  together  by  the 
aid  of  keys  or  wedges,  or  of  screws.  The  stability  of  those  listen- 
ings arises  from  friction,  and  requires  for  its  maintenance  that  the 
oWiquity  of  the  pressure  between  the  wedge  or  key  and  its  seat,  or 
between  the  thread  of  the  screw  and  that  of  its  nut,  shall  not 
exceed  the  smallest  value  of  the  angle  of  repose  of  the  materials. 

204.  FricUeB  or  Best  and  Friction  ofiiiotion. — For  some  sub- 
stances, especially  those  whose  sur&ujes  are  sensibly  indented  by  a 
moderate  pressure,  such  as  timber,  the  friction  between  a  pair  of 
surfaces  which  have  remained  for  some  time  at  rest,  relatively  to 
each  other,  is  somewhat  greater  than  that  between  the  same  pair  of 
surfaces  when  sliding  on  each  other.  This  excess,  however,  of  the 
friMonx  of  rest  over  fiie  friction  ofmoiMn,  is  instantly  aestroyed  by 
a  slight  vibration ;  so  that  the  friction  of  motion  is  alone  to  be 
relied  on  as  giving  stability  to  a  structure.  In  Article  192, 
accordingly,  the  co-efficients  of  Motion  and  angles  of  repose  in  the 
table  relate  to  the  friction  of  motion,  where  there  is  any  sensible 
difference  between  it  and  ^e  friction  of  rest, 

Sscnoir  4. — On  the  StabUity  of  Abutments  and  Va/ults. 

205.  StaMUtr  at  a  Piaae  Joiau — ^The  present  section  r^tes  to 
the  stability  of  atinicturea  composed  of  blocks,  such  as  stones  or 
bricks,  touching  each  other  at  joints,  which  are  plane  sur&ceSy 
capable  of  exerting  pressure  and  friction,  but  not  tension. 

The  conclusions  of  the  present  section  are  applicable  to  structuz«9 
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of  masoniy  or  brickworky  Tmoemented,  or  laid  in  ordinaiy  mortar ; 
for  although  ordinary  mortar  sometimes  attains  in  the  course  of  years 
a  tenacity  equal  to  that  of  limestone,  yet,  when  fresh,  its  tenacity  is 
too  small  to  be  relied  on  in  practice  as  a  means  of  resisting  tension  at 
the  joints  of  the  structure ;  so  that  a  structure  of  masonry  or  brick- 
work, requiring,  as  it  does,  to  possess  stability  while  the  mortar  is 
fresh,  ought  to  be  designed  on  the  supposition,  that  the  joints  have  no 
appreciable  tenacity.  The  mortar  adds  somewhat  to  the  /rietional 
stainltiyf  as  has  already  been  stated  in  the  table  of  Article  192,  and 
thus  contributes  indirectly  to  the  fricUanal  tena^cUy  described  in 
Article  202. 

There  are  kinds  of  eemenl  whose  tenacity  becomes  at  once  equal 
to  that  of  brick,  or  even  to  that  of  stone.  So  far  as  the  joints  are 
cemented  with  such  kinds  of  cement,  a  structure  is  to  be  considered 
as  one  piece,  and  its  safety  is  a  question  of  strength. 

Jl  plane  joint  which  has  no  tenacity  is  incapable  of  resisting  any 
for€»,  except  a  pressure,  whose  0071^6  of  stress  falls  within  the  joint, 
and  whose  obliquity  does  not  exceed  the  angle  of  repose. 

If  the  resistance  of  the  material  of  the  blocks  which  meet  at  the 
joint  to  a  crushing  force  were  infinitely  great,  it  would  be  sufK- 
dent  for  stability  ^at  the  centre  of  pressure  should  faM  anywhere 
within  the  joint,  how  close  soever  to  the  edge ;  but  for  the  actual 
materials  of  construction,  it  is  necessary  that  the  centre  of  pressure 
should  not  be  so  near  the  nearest  edge  of  the  joint  as  to  produce  a 
preasore  at  that  edge  sufficiently  intense  to  injure  the  material 
Senoe  it  appears  that  the  exact  determination  of  the  limiting  posi- 
tion of  the  centre  of  pressure  at  a  plane  joint  is,  strictly  speaking, 
a  question  relating  to  the  strength  of  materials.  Nevertheless,  an 
approximation  to  that  position  can  be  deduced  from  an  examina^ 
tion  of  the  examples  which  occur  in  practice,  without  having 
recourse  to  an  investigation  founded  on  tiie  theory  of  the  strength 
o£  materials.  Some  of  the  most  useful  results  of  such  an  examina- 
tion are  expressed  as  follows : — 

Jjet  q  denote  the  ratio  which  the  distance  of  the  cerUre  qfpresswre 
of  a  given  plane  joint  from  its  cerUre  of  figure  bears  to  the  (hameter 
or  breadth  of  the  same  joint,  measured  along  the  straight  line 
-wliich  traverses  its  centre  of  pressure  and  centre  of  figure  j  so  that 
if  ^  be  that  diameter,  qt  shall  be  the  distance  of  the  centre  of  pres- 
sure from  the  centre  of  figure.  Then  the  ratio  q  is  found  in  prac- 
tice to  have  the  following  values  : — 

3 
In  retaining  wdUs  designed  by  British  engineers,... -g,  or  0*375. 

3 
In  retaining  toalls  designed  by  French  engineers,... ^^t  or  o'^ 
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In  the  abutments  of  arches,  in  piers  and  detached  ImUresses,  and  in 
towers  and  chimneys  exposed  to  the  pressure  of  the  wind,  it  has 
been  found  by  experience  to  be  advisable  so  to  limit  the  deviation 
of  the  centre  of  pressure  from  the  centre  of  figure,  that  the  maxi- 
mum intensiiy  of  the  pressure,  supposing  it  to  be  an  'WMfcmdy 
varying  pressure  (see  Article  94),  shall  not  exceed  the  double  of  the 
mean  intensity.     As  in  Article  94,  let  P  be  the  total  pressure ;  S 

p 
the  area  of  the  joint ;  let  ^  =  ^^  be  the. mean  intensity  of  the  prea- 

sure,  which  is  also  the  intensity  at  the  centre  of  figure  of  the  joint, 
and  at  each  point  in  a  neutral  axis  traversing  that  centre  of  figure ; 
let  X  be  the  perpendicular  distance  of  any  point  from  that  axis,  and 
let  the  pressure  at  that  point  be  jp  =  jp^^  +  ax,  so  that  if  a;,  be  the 
greatest  positive  distance  of  a  ];)oint  at  the  edge  of  the  joint  from 
the  neutral  axis,  the  rrn^-gimnm  pressure  will  be 

Kow,  by  the  condition  stated  above,  pi  =  2/?^,  and,  consequently. 


If  the  diameter  of  the  joint  is  bisected  by  the  centre  of  figure, 
and  if  a;^  (as  in  Article  94)  be  the  distance  of  the  centre  of  pressure 
from  the  neutral  axis,  we  shall  hav^ 

^-2aH' 

and  by  inserting  in  this  equation  the  value  of  a:^  as  given  by  equa- 
tion 4  of  Article  94,  and  having  regard  to  the  value  of  a,  as  given 
by  equation  1  of  this  Article,  we  find 

al    >       I 

^'^2P»|'=2M' ^^'^ 

an  expression  whose  value  depends  wholly  on  the  figure  of  the 
joint — ^that  is,  of  the  transverse  section  of  the  abutment,  pier, 
buttress,  tower,  or  chimney. 

Keferring  to  the  table  at  the  end  of  Article  95  for  the  values  of 
the  moment  of  inertia  I,  the  following  results  are  obtained  for 
joints  of  different  figures.  In  each  case  in  which  there  is  any 
difference  in  the  values  of  q  for  different  directions,  the  deviation 
of  the  oentre  of  pressure  is  supposed  to  take  place  in  that  direction 
in  which  the  greatest  deviation  is  admissible — that  is  to  say,  at 
light  angles  to  the  neutral  axis  for  which  I  is  a  maximum  ;  so  that 

if  ^  be  the  diameter  in  that  direction,  Xi  =  -^. 
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FiauBE  OF  Base. 

L  Hectangle— 

Length, *) 

Breadth, i) 

H.  Square— 

Side, Ji 

ILL  Ellipee— 

Longer  axis, h\ 

Shorter  axis, »> 

IV.  Circle— 

Diameter, k 

V.  Hollow  rectangle — 

Outside  dinieosioii8,...A,  (> 
Inaide  dimenaioiis,...;!^,  Vf 

VL  Hollow  square — 

Oatside  dimensions, h^ 

Inside  dimensioiM, A'/ 

VIL  Circiilar  ring — 

Diameter,  Oatside^ h\ 

Da      Inside, A'/ 


I 

S 

A»6 
IT 

hh 

IF 

A" 

*¥b 

whh 

61 

4 

•A* 
64 

»A* 

4 

h*h-hH' 

A6-A'6' 

12 

A*-A'« 
12 

A'-A- 

^{V-K^ 

*(A'-A'^ 

64 

4 

1 

6 

I 

6 

1 

8 

Jl 

8 


6h\hb^h'b') 
V  +  h' 

h'  +  h'^ 
8A« 


When  the  solid  parts  of  the  hollow  square  and  of  the  circular 
ring  are  very  thin,  the  expressions  for  q  in  Eicamples  VL  and  VIL 
become  approximately  equal  to  the  following : — 

VIIL  Hollow  square,.. S'  =  "o> 


IX.  Circular 


rmg,. 


3^ 

1 
.y  =  4; 


which  values  are  suflSiciently  accurate  for  practical  purposes  when 
applied  to  square  and  round  factoiy  chinmeys. 

The  conditions  of  stability  of  a  block  supported  upon  another 
block  at  a  plane  joint  may  be  thus  smnmed  up : — 

Beferring  to  £g.  93,  Article  191,  let  A  A  represent  the  upper 
block,  £  £  part  of  the  lower  block,  e  E  the  joint,  C  its  centre  of 
pressure,  P  C  the  resultant  of  the  whole  pressure  distributed  over 
the  joint,  whether  arisiog  from  the  weight  of  the  upper  block,  or 
from  forces  applied  to  it  from  without.  Then  the  conditions  of  sta- 
bility are  the  following : — 

L  The  Miquify  of  Sie  pressure  musifud  exceed  the  angh 
that  is  to  say, 
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^PCN^f (3.) 

n.  The  ratio  which  the  demotion  of  the  centre  of  pressure  from  the 
cemJlre  of  figure  of  the  joint  bears  to  the  length  of  the  diameter  of  the 
joint  trwuersing  those  two  centres,  must  not  exceed  a  certain  fraction, 
wliose  value  varies,  according  to  circumstances,  from>  one^hth  to 
three-eighths,  that  is  to  s&j, 

?_= ^y (4.) 

The  first  of  these  conditions  is  called  that  of  stabilitf/  ofjriction, 
the  second,  that  of  stability  of  position, 

206.   BlabUliy  •fa  SeriM  •f  Blocks;  I<tee  of  BMifltaac«s  JLAmm  mf 

u — In  a  stnicture  composed  of  a  series  of  blocks,  or  of  a 
series  of  courses  so  bonded  that  each  maj 
be  considered  as  one  block,  which  blocks 
or  courses  press  against  each  other  at 
plane  joints,  the  two  conditions  of  sta- 
bility must  be  fulfQled  at  each  joint. 

Let  fig.  95  represent  part  of  such  a 
structure,  1,  1,  2,  2,  3,  3,  4,  4,  being  some 
of  its  plane  joints. 

Suppose  the  centre  of  pressure  C^  of  the 
Fig-  95,  joint  1 , 1 ,  to  be  known,  and  also  the  amount 

and  direction  of  the  pressure,  as  indicated  hj  the  arrow  traversing 
Ci.  With  that  pressure  combine  the  weight  of  the  block  1,  2,  2,  1, 
together  with  any  other  external  force  which  may  act  on  that  block ; 
the  resultant  will  be  the  total  pressure  to  be  resisted  at  the  joint 
2,  2,  will  be  given  in  magnitude,  dii^ection,  and  position,  and 
will  intersect  that  joint  in  the  centire  of  pressure  C^  By  continu- 
ing this  process  there  are  found  the  centres  of  pressure  63,  C4,  &c, 
of  any  number  of  successive  joints,  and  the  directions  and  magni- 
tudes of  the  resultant  pressures  acting  at  those  joints. 

The  magnitude  and  position  of  the  resultant  pressure  at  any  joint 
whatsoever,  and  consequently  the  centre  of  pressure  at  that  joint, 
may  also  be  found  simply  by  taking  the  resultant  of  all  the  forces 
which  act  on  one  of  the  parts  into  which  that  joint  divides  the 
structure,  precisely  as  in  the  "method  of  sections*^  already  described 
in  its  application  to  framework.  Article  161. 

The  centres  of  pressure  at  the  joints  are  sometimes  called  centres 
ofresista/nce,  A  line  traversing  all  those  centres  of  resistance,  such 
as  the  dotted  line  R,  B,  in  fig.  95,  has  received  from  Mr.  Moseley 
the  name  of  the  "  line  of  resistance/*  and  that  author  has  also  shown 
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how  in  many  cases  tbe  equation  which  expresses  the  form  of  that 
line  may  be  determined,  and  applied  to  the  solution  of  useful 
problems. 

The  straight  lines  representing  the  resultant  pressures  may  be  all 
parallel,  or  may  all  lie  in  the  same  straight  line,  or  may  all  intersect 
in  one  point  The  more  common  case,  however,  is  that  in  which 
those  straight  lines  intersect  each  other  in  a  series  of  points,  so  as 
to  form  a  polygon.  A  curve,  such  as  P,  P,  in  fig.  95,  touching  all 
the  sides  of  that  polygon,  is  called  by  Mr.  Moseley  the  "  line  of 
prewures,** 

The  properties  which  the  line  of  resistance  and  line  of  pressures 
must  have,  in  order  that  the  conditions  of  stability  may  be  fulfilled, 
are  the  following : — 

To  insure  stability  of  position,  t?ie  line  of  resistance  must  not 
deviate  from  the  centre  of  figure  of  any  joint  by  more  t^tan  a  certain 
fraction  {q)  of  the  diameter  of  the  joint,  measured  in  the  direction  of 
deviation. 

To  insure  stability  d  friction,  the  normal  to  each  joint  must  not 
make  an  angle  greater  than  the  angle  of  repose  with  a  tangent  to  the 
line  ofpresswres  drawn  through  the  centre  of  resistance  of  that  joint, 

207.  Jjuii«g7  •f  Biockwork  aad  Framework. — The  point  of  in- 
tersection of  the  straight  lines  representing  the  resultant  pressures 
at  any  two  joints  of  a  structure,  whether  composed  of  blocks  or  of 
bars,  must  be  situated  in  the  line  of  action  of  the  resultant  of  the 
entire  load  of  the  part  of  the  structure  which  lie»  between  the  two 
joints;  and  those  three  resultants  must  be  proportional  to  the  three 
sides  of  a  triangle  parallel  to  their  directions. 

Hence  the  polygon  formed  by  the  intersections  of  the  lines  repre- 
senting the  pressiires  at  the  successive  joints  in  fig.  95,  is  analogous 
to  a  polygonal  frame ;  for  the  sides  of  that  polygon  represent  the 
directions  of  resistances,  which  sustain  loads  acting  through  its 
angles,  as  in  the  instances  of  framework  described  in  Articles  150, 
151, 153,  and  154,  and  represented  in  fig.  75^  A  structure  of  blocks 
is  especially  analogous  to*  an  open  polygonal  fitime,  like  those  in 
Articles  151  and  154,  represented  by  fig.  75,  with  the  piece  E 
omitted  because  of  the  absence  of  ties. 

The  question  of  the  stability  of  a  structure  composed  of  blocks  with 
plane  joints  may  therefore  be  solved  in  the  following  manner  \ — 

(1.)  Determine  and  lay  down  on  a  drawing  of  the  structure  the 
line  of  action  and  the  magnitude  of  the  resultant  of  the  external 
forces  applied  to  each  block,  including  its  own  weight.  Either  one 
or  two  of  those  resultants,  as  the  case  may  be,  will  be  the  support- 
ing force  or  forces. 

(2.)  Draw  a  polygon  of  esBtemal  forces,  like  that  in  ^g,  75*  or  75**. 
Two  contiguous  sides  of  that  polygon  willrepresent  the  external  forces 
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acting  on  the  two  extreme  blocks  of  the  series,  of  which  one  may 
be  a  supporting  pressure  and  the  other  a  load,  or  both  may  be 
supporting  pressures.  In  either  case  their  intersection  gives  the 
point  O,  from  which  radiating  lines  are  to  be  drawn  to  the  angles 
of  the  polygon  of  external  forces,  to  represent  the  directions  and 
magnitudes  of  the  resistances  of  the  seyeral  joints. 

(3.)  Draw  a  polygon  having  its  angles  on  the  lines  of  action  of 
the  external  forces,  as  laid  down  in  step  (1.^  of  the  process,  and  its 
sides  parallel  to  the  radiating  lines  of  step  (2).  This  polygon  will 
represent  the  &pdvalenJb  pclygonal  frame  of  the  given  structure, 
and  will  have  a  side  correspoiMiing  to  each  joint;  and  each  side  of 
the  polygon  (produced  if  necessary)  will  cut  the  corresponding  plane 
joint  in  its  cerUre  of  pressure,  and  will  show  the  direction  of  the 
esultant  pressure  at  the  joint 

Then  if  each  centre  of  pressure  &lls  within  the  proper  limits  of 
position,  and  the  direction  of  each  resultant  pressure  within  the 
proper  limits  of  obEquity,  as  prescribed  in  Article  205,  the  structure 
will  be  balanced;  and  the  conditions  of  stability  will  be  fulfilled 
under  variations  of  the  distribution  of  the  load,  which  will  be  the 
greater,  the  greater  is  the  diameter  of  each  joint;  for  every  increase 
in  the  diameters  of  the  joints  increases  the  limits  within  which  the 
figure  of  the  equivalent  polygonal  frame  may  vary,  and  every 
variation  of  that  figure  corresponds  to  a  variation  in  the  distribu- 
tion of  the  load. 

208.  TwMMftwiloM    mt  BlMkwMk    gtmcuw^ — ThEOREIC     If 

a  structure  composed  of  blocks  have  stability  of  position  when  acted  on 
by  forces  represented  by  a  given  system  oflines^  then  will  a  struxiure 
whose  figure  is  a  paraUd  projection  of  the  original  structure  have 
stabUdty  of  position  when  acted  on  by  forces  represented  by  the  corre- 
sponding paralld  projection  of  the  original  system  of  lines;  alsoy  the 
centres  of  pressure  arid  the  lines  representing  &e  resultant  pressures  (U 
the  joints  of  the  new  structure  will  be  the  corresponding  projections  of  the 
centres  of  pressure  and  Vie  lines  representing  the  resultant  pressures  at 
the  joints  of  the  original  stnuture. 

For  the  relative  volumes,  and  consequently  the  relative  weights, 
of  the  several  blocks  of  which  the  structure  is  composed,  are  not 
altered  by  the  transformation;  and  if  those  weights  in  the  new 
structure  be  represented  by  line^,  parallel  projections  of  the  lines 
representing  the  original  lines,  and  if  the  ot^er  forces  applied 
externally  to  the  pieces  of  the  new  structure  be  represented  by  the 
corresponding  parallel  projections  of  the  lines  representing  the 
cori'esponding  forces  applied  to  the  pieces  of  the  original  structure, 
then  will  each  external  force  acting  on  the  new  structure  be  the 
pai-allel  projection  of  a  force  acting  on  the  corresponding  point  of 
the  original  structure;  therefore  the  resultant  pressures  at  the 
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joiniB  of  the  new  Btmcture,  which  balance  the  external  foroes,  will 
be  represented  by  the  parallel  projections  of  the  lines  representing 
the  resultant  pressures  at  the  corresponding  joints  in  the  original 
structure ;  therefore  (Article  62,  Imposition  I.),  the  centres  of 
pressure,  where  those  resultants  cut  the  joints,  will  divide  the 
diameters  of  the  joints  in  the  same  ratios  in  the  new  and  in  the 
original  stmctures;  therefore  if  the  original  structure  have  stability 
of  position,  the  new  structure  will  also  have  stability  of  position. 

This  is  the  extension,  to  a  structure  composed  of  blocks,  of  the 
principle  of  the  truTiafarmation  of  stracturea,  already  proved  for  frames 
in  Article  166,  and  for  cords  and  linear  arches  in  Article  177. 

209.  Vrictl^Bia  SttiMUtr  •r  a  VniMfenMd  Stracttwe. — The  ques- 
tion, whether  the  new  structure  obtained  by  transformation  will 
possess  stability  offriciiony  is  an  independent  problem,  to  be  solved 
by  determining  the  obliquity  of  each  of  the  transformed  pressures 
relatively  to  the  joint  at  which  it  acts. 

Should  the  pressure  at  any  joint  in  the  transformed  structure 
prove  to  be  too  oblique,  fnctional  stability  can  in  most  cases  be 
secured,  without  appreciably  affecting  the  stability  of  position,  by 
altering  the  angular  position  of  the  joint,  without  shifting  its  centre 
of  figure,  until  its  plane  lies  sufficiently  near  to  a  normal  to  the 
pressure  as  originally  determined. 

210.  stractww  Boi  iMMKnSOj  PTCMe4« — If  fig.  96  represents  a 
structure  consisting  of  a  single  series  of  blodks,  or 
courses,  separated  by  plane  joints,  and  has  no  lateral 
pressure  applied  to  it  from  without,  then  the  centre  of 
resistance  at  any  one  of  those  joints,  such  as  D  E,  is 
simply  the  point  C  where  that  joint  is  intersected  by 
a  vertical  let  fall  from  the  centre  of  gravity  G  of  the 
part  of  the  structure  ABED  which  lies  above  that 
joint ;  and  the  conditions  of  stability  are, — ^that  no  joint 
shall  be  inclined  to  the  horizon  at  an  angle  steeper  than 
the  angle  of  repose, — and  that  the  point  C  shall  not  at       ^*g-  ^®- 
any  joint  approach  the  edge  of  the  joint  within  a  distance  bearing 
a  certain  proportion  to  the  diameter  of  the  joint. 

211.  The  nioateBt  9t  Stability  of  a  body  or  structure  supported 
at  a  given  plane  joint  is  the  moment  of  the  couple  of  forces  which 
must  be  applied  in  a  given  vertical  plane  to  that  body  or  structure 
in  addition  to  its  own  weight,  in  order  to  transfer  the  centre  of 
resistance  of  the  joint  to  the  limiting  position  consistent  with 
stability.  The  applied  couple  usually  consists  of  the  thrust  of  a 
frame,  or  an  arch,  or  the  pressure  of  a  fluid,  or  of  a  mass  of  earth, 
against  the  structure,  together  with  the  equal,  opposite,  and  parallel, 
but  not  directly  opposed,  resLstance  of  the  joint  to  that  lateral 
force. 
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The  moment  of  stability  may  be  different  according  to  tLe  position 
of  the  axis  of  the  applied  couple. 

The  moment  of  tliat  couple  is  determined  in  the  following 
manner : — 

Conceive  a  line  to  pass  through  all  the  limiting  positions  of  the 
centre  of  resistance  of  the  joint,  so  as  to  enclose  a  space  beyond 
which  that  centre  must  not  be  found 

TlkS  product  ofih$  wdght  of  the  structure  into  the  Tiorizontal  cUs- 
tcmce  o/apoirU  in  this  line  from  a  vertical  line  traversing  the  centre 
of  gravity  of  the  structure  is  the  momekt  of  STABiXiiTY  of  the  struc- 
ture,  vjhen  the  applied  thrust  acts  in  a  vertical  plane  parallel  to  thai 
horizontal  distance,  and  tends  to  overturn  the  structure  in  the  direc- 
tion of  the  given  point  in  the  line  limiting  the  position  of  the  centre  oj 
resistance;  for  that,  according  to  Article  41,  is  the  moment  of  the 
couple,  which,  being  combined  with  a  single  force  equal  to  the 
weight  of  the  structure,  transfers  the  line  of  action  of  that  force 
parallel  to  itself  through  a  distance  equal  to  the  given  horizontal 
distance  of  the  centre  of  resistance  fix>m  the  centre  of  gravity  of 
the  structure. 

To  express  this  symbolically,  let  t  be  the  length  of  the  diameter 
of  the  joint  where  it  is  cut  by  the  vertical  plane  traversing  the 
centre  of  gravity  of  the  structure  and  parallel  to  the  applied  thrust; 
let  j  be  the  inclination  of  that  diameter  to  the  horizon;  let  q  the 
the  distance  of  the  given  limiting  centre  of  resistance  from  the 
middle  point  of  that  diameter,  and  ^  t  the  distance  from  the  same 
middle  point  to  the  point  where  the  diameter  is  cut  by  the  vertical 
line  through  the  centre  of  gravity  of  the  structure,  and  let  W  be 
the  weight  of  the  structure.     Then  the  moment  of  stability  is 

W{qz±zf)toosj; (1.) 

the  sign  \  _  >  being  used  according  as  the  centre  of  resistance, 
and  the  vertical  line  through  the  centre  of  gravity,  lie  towards 

{ thr^e'dde  }  ^^  *^®  ""^^^  ^^  ^^  diameter. 

Let  h  denote  the  height  of  the  structure  above  the  middle  of  the 
plane  joint  which  is  its  base,  b  the  breadth  of  that  joint  in  a  direc- 
tion perpendicular  or  conjugate  to  the  diameter  t,  and  w  the  weight 
of  an  unit  of  volume  of  the  material.     Then  we  shall  have 

W=zn'whbt, (2.) 

where  n  is  a  numerical  factor  depending  on  the  jvgwre  of  the 
structure,  and  on  the  angles  which  the  (Smensions,  A,  6,  t,  make 
with  each  other;  that  is,  the  angles  of  obliquity  of  the  co-ordinated 
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to  wliich  the  figure  of  the  structure  is  referred.  Introducing  this 
-value  of  the  weight  of  the  structure  into  the  formula  1,  we  find  the 
following  value  for  the  moment  of  stability : — 

n{qi±z^coaj'w'hbf (3.) 

This  quantity  is  divided  by  points  into  three  fiictors,  viz. : — 

(1.)  n  (<;  =±=  <^  cos  J,  a  iwmerical /actor,  depending  on  ii^ejigure 
of  the  structure,  the  MiquUisa  of  its  co-ordinates,  and  the  direction 
in  which  the  applied  force  tends  to  overturn  it. 

(2.)  w,  the  s|)ecific  gravity  of  the  material 

(3.)  hb  ^,  a  geometrical  ficM^tor,  depending  on  the  dimensions  of 
the  structure^ 

Now  the  first  factor  is  the  same  in  all  structures  having  figures 
of  the  same  class,  with  co-ordinates  of  equal  obliquity,  and  exposed 
to  similarly  applied  external  forces;  that  is  say,  to  all  structures 
whose  figures,  together  with  the  lines  of  action  of  the  applied  forces, 
are  paraUd  prqjectiona  o/eacfi  other,  toith  co-ordinates  of  equal  Mi- 
quUy;  hence  for  any  set  of  structures  which  fulfil  that  condition, 
the  moments  of  stability  are  proportional  to 
I.  The  specific  gravity  of  the  material ; 
IL  The  height; 

III.  The  breadth; 

lY.  The  equaa^  of  the  thickness ;  that  is,  of  the  dimension  of 
the  base  which  is  parallel  to  the  vertical  plane  of  the  applied  force. 

212.  AbotmeBto  CtesMd* — In  the  title  of  the  present  section,  the 
word  "  abutment "  is  used  in  an  extended  sense,  to  denote  every 
structure,  which  by  its  stability  of  position  and  of  friction,  sustains 
some  pressure  which  abuts  or  acts  laterally  against  it  The  structures 
comprehended  imder  this  definition  may  be  classed  as  follows : — 

I.  BvUresses,  which  sustain  the  thrust  of  a  frame  or  a  rib,  at  one 
or  more  definite  points. 

IL  Towere  and  chimneys,  which  sustain  the  lateral  pressure  of 
the  wind,  uniformly  or  almost  uniformly  distributed,  and  liable  to 
act  in  every  horizontal  direction. 

III.  Dams  for  sustaining  the  lateral  pressure  of  water,  and 
retaining  walls  for  sustaining  that  of  earUi — the  intensity  of  the 
pressure  being  proportional  to  the  depth  beneath  the  surface. 

IV.  Ardi  abutments,  which  resemble  both  buttresses  and  retain- 
ing walls,  and  whose  properties  will  be  treated  of  after  those  of 
stone  and  brick  arches  shall  have  first  been  considered  with  refer- 
ence to  the  stability  at  their  joints. 

213.  BaittcMM  la  ««MniL — ^Let  fig.  97  represent  a  vertical  seo- 
tion  of  a  buttress,  against  which  a  strut,  rib,  or  piece  of  frame* 
work  abuts  at  C,  exerting  a  given  force  P  in  a  given  direction 
CA.     In  order  that  the  buttress  may  be  stable,  it  must  fulfil 
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the  conditioDB  of  stability  at  each  of  its  bed-joints.     Let  D  E  be 
one  of  those  joints. 

Should  several  pressures  abut  against  the  buttress, 
the  force  P  acting  in  the  line  CA  may  be  held  to 
.  represent  the  resultant  of  all  the  forces  which  are 
'  applied  above  the  particular  joint  DE  under  con- 
sideration. 

Let  G  be  the  centre  of  gravity  of  that  part  of  the 
buttress  which  is  above  the  joint  D  E,  and  let  W 
denote  the  weight  of  the  same  part     Through  G 
draw  the  verti<Ml  line  A  G  B,  cutting  the  dir^on 
of  the  lateral  thrust  in  A,  and  the  joint  D  E  in  B ; 
'  make  ATW  =  W,  AT  =  P ;  complete  the  parallelo» 
^*  ^^'        gram  A  P  R  W  ;  then  AR  will  represent  the  result- 
ant of  all  the  forces  which  act  on  the  part  of  tne  buttress  above 
the  joint  D  E,  and  to  which  the  resultant  of  the  resistance  at  that 
joint  must  be  equal  and  directly  opposed.     A  R  being  produced^ 
cuts  D  E  in  F,  the  centre  of  resistance  of  that  joint,  which  must  not 
fall  beyond  a  certain  prescribed  limit,  that  the  concUtion  of  stability 
of  position  may  be  fulfilled.     In  order  that  the  condition  of  stabi- 
lity of  friction  may  be  fulfilled,  the  angle  A  F  B  must  not  be  less 
than  the  complement  of  the  angle  of  repose. 

The  most  convenient  mode  of  expressing  this  problelod  algebrai- 
cally depends  on  the  circumstances  of  the  particular  oase.  The 
following  example  is  that  which  is  most  ffequent  arid  useftil  in 
practice ;  viz.,  when  the  inner  fece  O  D  of  the  buttress  is  vertical, 
and  the  joint  D  E  horizontal 

In  this  case,  let  the  point  of  application  of  the  lateral  force,  C, 
be  taken  for  the  origin  of  co-ordinates.     Let 

i  denote  the  angle  of  inclination  of  the  applied  lateral  pressure 
to  the  horizon ; — 

X  =  OP,  the  depth  of  the  joint  in  question  below  C ; — 
^Q  =  B  D,  the  horizontal  distance  of  the  centre  of  gravity  of  the 
part  of  the  buttress  above  that  joint  from  the  inner  face ; — 

y  =  D  F,  the  horizontal  distance  of  the  centre  of  resistance  of 
the  joint  from  its  inner  edge. 

The  resultant  resistance,  which  acts  through  F  in  the  direction 
F  A,  may  be  resolved  into  two  components,  respectively  parallel, 
equal,  and  opposite  to  the  weight  W  and  applied  force  P.  The 
couple  of  forces  W  is  right-handed,  and  has  the  arm  F  B  =  y -y^,. 
The  couple  of  forces  P  is  left-handed,  and  has  for  its  arm  the  per- 
pendicular distance  of  F  from  the  line  of  action  C  A  of  the  applied 
force,  viz. : — 

a;  cos  1  —  y  aiLi. 
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The  former  of  tihoBe  couples  tends  to  maintain  the  stability  of  the 
buttress  :  the  latter  tends  to  overturn  it  Equating  their  magni- 
tudes, we  obtain  for  the  expression  of  the  condition  of  stability  of 
position  the  following : — 

W(y-yo)  =  P(aJcosi-ysint) (1.) 

Erom  this  fundamental  equation  the  solutions  of  various  pro- 
blems may  be  deduced,  of  which  the  following  are  examples  : — 

I.  The  buttress  and  the  lateral  force  being  given,  to  find  the 
centre  of  resistance  at  a  given  joint. 

Wy,  +  PgcoBi 
y  ""      W  +  Psint    "••• W 

This  is  the  equation  of  the  ''  line  of  resistance." 

The  condition  of  stability  is  expressed  in  terms  of  y  thus — 


-(«+^) 


,.(3.) 


II.  The  relation  between  the  weight  and  the  dimensions  of  the 
part  of  the  buttress  under  consideration  being  given  as  in  equations 
2  and  3  of  Article  211,  it  is  required  to  find  ^e  least  thickness  at 
the  joint  D  £  consistent  with  stability. 

For  this  purpose  we  must  substitute  for  W  (y  -y^)  in  equation  1 
of  this  Article  its  limit ;  that  ia  to  say^  the  moTnerU  ofstahUity,  as 
expressed  in  equation  3  of  Article  211 ;  and  for  y  we  must  substi- 
tute its  limiting  value  in  terms  of  the  thickness,  as  given  by  equa- 
tion 3  of  this  Article.     Thus  we  obtain  the  following  equation : — 

«(3r  +  ^«A6<»  =  P(ajcoftt-(5f  +  2)«Bin*) (4) 

To  simplify  the  form  of  this  quadratic  equation,  make 

T>  •  (^9'+ o^  I*  sill* 

Pa;co8^       _A      ^^_?^__=B- 
n{q  +  ^)whh  '    2n(y+^)w^6  ' 

then  equation  4  becomes 

f  =  A  — 2Be, 
the  solution  of  which  is 

t  =  VA  +  B»  — B (5.) 

In  detached  buttresses,  it  is  in  general  desirable  to  give  g  the 
value  assigned  by  equation  2  of  Article  205,  for  the  reason  there 
stated 

Digitized  by  VjOOQIC 


238  THEOBT  OF  STBUCTUBES. 

III.  To  £nd  the  obliquity  of  the  pressure  at  the  joint  D  E^  WB 
hare  the  equation 

*--==^^«  =  w?:T5^' <«•) 

As  the  resultant  of  the  resistance  at  each  joint  mtutt  act  in  a  line 
traversing  the  point  A,  the  locus  of  that  point  is  the  "  line  o/prea- 
suresy"  defined  in  Article  206. 

The  greatest  obliquity  of  pressure  occurs  at  that  joint  which  is 
immediately  below  the  point  of  abutment  C.  Let  W^^  therefore, 
denote  the  weight  of  mateiial  above  that  joint,  and  the  condition 
of  stability  of  Motion  will  be  given  by  the  equation 

P  cos  1               ^  ,^. 

W,-FPain>t^*^°»- <^-) 

214.  BecttMcidar  BatireM.  —  In  a  rectangular  buttress,  the 
breadth  h  and  thickness  t  are  constant ;  and  if  A^  be  taken  to  denote 
the  height  of  the  top  of  the  buttress  above  the  point  C, 

A  =  Ao  +  * 

will  be  its  height  above  a  given  joint.     Also,  because  the  centre  of 
gravity  of  the  portion  above  any  bed-joint  is  vertically  above  the 

centre  of  the  joint,  g^  =  0,  and  y^  =  -  ^ ;  and  because 

Vf  z=tohbt, 

These  values  being  substituted  in  equations  2,  4,  6,  and  7  of 
Article  21 3,  give  the  following  results : — 
Equation  of  the  line  of  resistance — 

^  w{h^  +  x)bt  +  F8mi  ^  ' 

The  least  thickness  compatible  with  stability  (a^i  being  the  depth  of 
the  base  of  the  wall  below  C)  is  found  by  making 

•o                                (7  +  0)  I^fiint 
A_      Pa?iC08i  B— — — i 

whence  follows 
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P  Xi  COS  i 


<  =  s/A+l? 


-B=VJ 


qw{hji  +  Xt)b 


The  least  volume  of  material  above  the  level  of  the  point  C 
which  is  compatible  with  stability  of  friction,  is  given  by  making 


P  cost 

=  tan  ^, 


w\bt  +  Psini 
that  is  to  say, 

.    .^         P/COSl  .      A  P,C08(^  +  i) 

A.6^=— I: smti  =      • : ^.......(3.) 

^  ta  \tan  ^  /       to         sm  ^ 

The  equation  1  of  the  line  of  resistance  is  that  of  a  rectangular 
hyperbola  traversing  the  point  A  (which  is  in  this  case  invariable), 
aud  having  a  vertical  asymptote,  whose  distance  from  the  inner 
face  of  the  buttress  is 

being  the  limit  which  y  continually  approaches,  but  never  attains, 
as  the  depth  x  increases  without  limit. 

As  the  depth  x  increases  without  limit,  the  thickness  required 
for  the  wall  approaches  the  following  Umit : — 


,  qwb 

i^hich  depends  on  the  horizontal  component  of  the  lateral  force 
alone. 

Supposing  this  value  to  be  adopted  for  the  thickness  of  the  but- 
tress, in  order  that  it  may  be  stable,  how  deep  soever  the  base  may 
be  below  the  point  0, — ^then  to  insiu*e  stability  of  friction,  the 
height  of  the  top  above  0  must  have  the  following  value : — 

h,  =  qi''^^^  +  'l (6.) 

^       ^      smfcos*  ^^ 

Instead  of  the  rectangular  mass  A.  b  t,  there  may  be  substituted 
^j^bmaeU  of  the  same  volume^  and  of  an;  figure. 
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215.  Towers  sad  CkinucT*  are  exposed  to  the  lateral  pressure 
of  the  wind,  which,  without  sensible  error  in  practice,  may  be 
assumed  to  be  horizontal,  and  of  uniform  intensity  at  aJl  heights 
above  the  ground 

The  surface  exposed  to  the  pressure  of  the  wind  by  such  struc- 
tures  is  usually  either  flat,  or  cylindrical,  or  conical,  and  differing 
very  little  from  the  cylindrical  form.  Octagonal  chimneys,  which 
are  occasionally  erected,  may  be  treated  as  sensibly  circular  in  plan. 
The  inclination  of  the  surfiEwse  of  a  tower  or  chimney  to  the  vertical 
is  seldom  sufficient  to  be  worth  taking  into  account  in  determining 
the  pressure  of  the  wind  against  it 

The  greatest  intensity  of  the  pressure  of  the  wind  against  a  flat 
surface  directly  opposed  to  it  hitherto  observed  in  Britain,  has  been 
55  lbs.  per  square  foot ;  and  this  result,  obtained  by  observations 
with  anemometers,  has  been  verified  by  the  effects  of  certain  vio- 
lent storms  in  destroying  factory  chimneys  and  other  structures. 

In  any  other  climate,  before  designing  a  structure  intended  to 
resist  the  lateral  pressure  of  wind,  the  greatest  intensity  of  that 
pressure  should  be  ascertained,  either  by  direct  experiment,  or  by 
observation  of  the  effects  of  the  wind  on  previous  structures. 

The  total  pressure  of  the  wind  against  the  side  of  a  cylinder  is 
about  one-half  of  the  total  pressure  against  a  diametral  plane  of 
that  cylinder. 

Let  flg.  98  represent  a  chimney,  square  or  circular,  and  let  it  be 
required  to  determine  the  conditions  of  stability 
of  a  given  bed-joint  D  R 

Let  S  denote  the  area  of  a  diametral  vertical 
section  of  the  part  of  the  chimney  above  the 
given  joint,  and  p  the  greatest  intensity  of  pres- 
sure of  the  wind  against  a  flat  surface.  Then 
"^■^  the  total  pressure  of  the  wind  against  the  chim- 
ney will  be  sensibly 

P  =  ;?  S  for^a  square  chimney ;  \ 

P  =  P  -  for  a  round  chimneys   I  '"^  *' 

J.,    gg^  and  its  resultant  may,  without  appreciable  error, 

^'  be  assumed  to  act  in  a  horizontal  line  through 

the  centre  of  gravity  of  the  vertical  diametrcd  aecttorif  C.  Let  H 
denote  the  height  of  that  centre  above  the  joint  D  E ;  then  the 
moment  of  the  pressure  is 

H  P  =  H^  S  for  a  square  chimney ; ' 

HP  =  — ^— for  a  round  chimney  j  '  ^  '^ 
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and  to  tliis  Uie  ImM  wtomemt  qfdability  of  the  portioii  of  the  chim- 
ney aboTe  the  joint  D  £,  ftB  determined  by  the  methods  of  Article 
21 1,  should  be  equal 

for  a  chimney  whose  axis  is  Tertical,  the  moment  of  stability  b 
the  same  in  all  directionaL  Bat  few  chimneys  have  their  axes 
exactly  vertical ;  and  the  least  moment  of  suibility  is  obviously 
th&t  which  opposes  a  lateral  pressure  acting  in  that  direction  to- 
ward which  ^e  chimney  leansL 

I/et  G  be  the  centre  of  gravity  of  the  pari  of  the  chimney  which  is 
above  the  joint  I)  £,  and  B  a  point  in  the  joint  D  £  vertically 
below  it ;  and  let  the  line  D  E  =  <  represent  the  diameter  of  that 
joint  which  traverses  the  point  R  Let  q\  as  in  former  examples, 
represent  the  ratio  which  the  de^-iation  of  B  from  the  middle  of  the 
diameter  D  E  bears  to  the  leogth  t  of  that  diameter. 

Let  F  be  the  limiting  position  of  the  centre  of  resistance  of  the 
joint  D  Ey  nearest  the  edge  of  that  joint  towards  which  the  axis  of 
the  chimney  leans,  and  let  q,  as  before,  denote  the  ratio  which  the 
deviation  of  that  centre  from  the  middle  of  the  diameter  D  £  bears 
to  the  length  t  of  that  diameter. 

Then,  as  in  equation  3  of  Article  21 1,  the  least  moment  of  stability 
is  denoted  by 

W  •  BF  =  (y  —  ^  W< (3.) 

The  value  of  the  co-efficient  q  is  determined  by  considering  the 
manner  in  which  chimneys  are  observed  to  give  way  to  the  pressure 
of  the  wind.  This  is  generally  observed  to  conmience  by  the  opening 
of  one  of  the  bed-joints,  such  as  D  E,  at  the  windward  side  of  the 
chimney.  A  crack  thus  b^ins,  which  extends  itself  in  a  zig-zag  form 
diagonally  downwards  along  both  sides  of  the  chimney,  tending  to 
separate  it  into  two  parts,  an  upper  leeward  part,  and  a  lower  wind- 
ward part,  divided  from  each  other  by  a  fissure  extending  obliquely 
downwards  from  windward  to  leeward.  The  final  destruction  of  the 
chimney  takes  place,  either  by  the  horizontal  shifting  of  the  upper 
division  until  it  loses  its  support  from  below,  or  by  the  crushing  of 
a  portion  of  the  brickwork  at  the  leeward  side,  from  the  too  gi^eat 
concentration  of  pressure  on  it,  or  by  both  those  causes  combined  ; 
and  in  either  case  the  upper  portion  of  the  structure  falls  in  a 
shower  of  fragments,  partly  into  the  interior  of  the  portion  left 
standing,  and  partly  on  the  ground  beside  its  base^ 

It  is  obvious  that  in  order  that  the  stability  of  a  chimney  may  be 
secure,  no  bed-joint  ought  to  tend  to  open  at  its  windward  edge ; 
that  is  to  say,  there  ought  to  be  some  pressure  at  every  point  of 
each  bed-joint,  except  the  extreme  windward  edge,  where  the  in- 
tensity may  diminish  to  nothing ;  and  this  condition  is  fulfilled 
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with  sufficient  accuracy  for  practical  purposes,  by  assuming  the 
pressure  to  be  an  uniformly  varying  pressure,  and  so  limiting  the 
position  of  the  centre  of  pressure  F,  that  the  intensity  at  the  lee- 
ward edge  E  shall  be  double  of  the  mean  intensity. 

It  has  already  been  shown,  in  Article  205,  what  values  this  con- 
dition assigns  to  the  co-efficient  q  for  diflferent  forms  of  the  bed-joints. 
Chimneys  in  general  consist  of  a  hollow  shell  of  brickwork,  whose 
thickness  is  small  as  compared  with  its  diameter ;  and  in  that  case 
it  is  sufficiently  accurate  for  practical  purposes  to  give  to  q  the  fol- 
lowing values: — 

For  square  chimneys,  g  =  -« ; 
o 

For  round  chimneys,  ^  =  -r* 

The  following  general  equation,  between  the  moment  of  stability 
and  the  moment  of  the  external  pressure,  expresses  the  condition  of 
stability  of  a  chimney : — 

HP  =  (g-  -  gO  W« (5.) 

This  becomes,  when  applied  to  square  chimneys, 

and  when  applied  to  round  chimneys,  \  (6.) 

The  following  approximate  formulae,  deduced  from  these  equations, 
are  usefiil  in  practice : — 

Let  B  be  the  mean  thickness  of  brickwork  above  the  joint  D  E 
under  consideiution,  and  h  the  thickness  to  which  that  brickwork 
would  be  reduced,  if  it  were  spread  out  flat  upon  an  area  equal  to 
the  external  area  of  the  chimney.  That  reduced  thickness  is  given 
with  sufficient  accuracy  by  the  formula 


B 


i^-f) « 


but  in  most  cases  the  difference  between  h  and  B  may  be  neglected. 

Let  w  be  the  weight  of  an  unit  of  volume  of  brickwork;  being, 

on  an  average,  about  112  lbs.  per  cubic  foot^  or,  if  the  bricks  are 
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dense,  and  laid  very  closely,  with  thin  layers  of  mortar  in  the  joints, 
fix)m  115  to  120  lbs.  per  cubic  foot     Then  we  have,  very  nearly, 


for 
for 


square  chimneys,  W  =  4  w 6  S;        )  /^\ 

round  chimneys,  W  =  3'14ta6S;/  '" ^   ' 


.(9.) 


which  values  being  substituted  in  the  equation  6,  give  the  following 
formulsB : — 

For  square  chimneys,  Hj>  c:  (-«  -  4g^  j 'w^ft*; 

For  round  chimneys,  H/>  =  fl'fiT  -  6*28^jv)bt; 

These  formuln  serve  two  purposes ;  first,  when  the  greatest  in- 
tensity of  the  pressure  of  the  wind,  p,  and  the  external  form  and 
dimensions  of  a  proposed  chimney  are  given,  to  find  the  mean  re- 
duced thickness  of  brickwork,  5,  required  above  each  bed-joint,  in 
order  to  insure  stability ;  and  secondly,  when  the  dimensions  and  form 
and  the  thickness  of  the  brickwork  of  a  chimney  are  given,  to  find 
the  greatest  intensity  of  pressure  of  wind  which  it  will  sustain  with 
eafefy. 

The  shell  of  a  chimney  consists  of  a  series  of  divisions,  one  above 
another,  the  thickness  being  uniform  in  each  division,  but  diminish- 
ing upwards  from  division  to  division.  The  bed-joints  between  the 
divisions,  where  the  thickness  of  brickwork  changes  (including  the 
bed-joint  at  the  base  of  the  chimney),  have  obviously  less  stability 
than  the  intermediate  bed-joints;  hence  it  is  only  to  the  former  set 
of  joints  that  it  is  necessaiy  to  apply  the  formulie.  To  illustrate 
the  application  of  the  formulse,  a  table  is  given  in  the  Appendix, 
showing  the  dimensions  and  figure,  and  the  stability  against  the 
wind,  of  the  great  chimney  of  the  works  of  Messrs.  Tennant  and 
Company,  at  8t  Bollox,  near  Glasgow,  which  was  erected  from  the 
designs  of  Messrs.  Gordon  and  HTu,  and  is,  with  the  exception  of 
the  spire  of  Strasburg,  the  Great  Pyramid,  and  the  spire  of  St 
Stephen's  at  Vienna,  the  most  lofty  building  in  the  world. 

216.  iHiBis  mr  BMonrwir-Walis  of  masonry  are  intended  to  resist 
the  direct  pressure  of  water.  A  dam,  when  a  current  of  water 
falls  over  its  upper  edge,  becomes  a  toeiry  and  requires  protection 
for  its  base  against  the  undermining  action  of  the  falling  stream. 
Such  structures  are  not  considered  in  the  present  Article,  which  is 
confined  to  walls  for  resisting  the  pressure  of  water  only. 

In  ^g.  99,  let  E  D  represent  a  horizontal  bed-joint  of  a  reservoii^ 
wall,  which  wall  has  a  plane  sur&ce  O  D  exposed  to  the  pressure 
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Hg.  99. 


of  the  contained  water,  whose  upper  8urfiw5e  is  the  horizontal  plane 
O  Y.     Consider  a  vertical  layer  of  the  wall  of  the  length  unity, 

sustaining  the  pressure  of  a  ver- 
tical layer  of  water  of  the  length 
unity  also.  Then  from  Articles 
89  and  124  it  appears,  that  the 
total  pressure  exerted  against 
that  layer  of  the  wall  is  equal 
to  the  weight  of  the  triangular 
prism  of  water  O  D  K,  right 
angled  at  D,  whose  thickness 
is  unity,  and  whose  side  D  K  is 
equal  to  the  depth  of  the  joint 
DE  beneath  the  surface  0  Y ;  and  it  also  appears,  that  the  resultant 
of  that  pressure  acts  in  the  line  H  C,  being  a  perpendicular  upon 
O  D  from  the  centre  of  gravity  H  of  the  prism  of  water;  so  that 

CD  =  — .     Let  G  be  the  centre  of  gravity  of  the  vertical  layer 

o 

of  masonry  above  D  E,  and  G  B  "W  a  vertical  line  drawn  through 
it ;  produce  H  C,  cutting  that  vertical  line  in  A ;  take  A  W  to 
represent  the  weight  of  the  layer  of  masonry,  and  A  P  to  represent 
the  pressure  of  the  layer  of  water;  complete  the  parallel(^ram 
A  P  B  W ;  A  R  will  represent  the  total  pressure  on  the  joint  D  E 
for  each  unit  of  length  of  the  wall,  and  F,  where  that  line  cuts 
D  E,  will  be  the  centre  of  resistance  of  that  joint,  which  must  fall 
within  the  limits  consistent  with  stability  of  position,  while  at  the 
same  time  the  angle  A  F  D  must  not  be  less  than  the  complement 
of  the  angle  of  repose. 

To  treat  this  case  algebraically,  let  x  denote  the  depth  of  D 
beneath  the  surface  of  the  water,  «/  the  weight  of  an  unit  of 
volume  of  water,  and  j  the  inclination  of  O  D  to  the  vertical 
Then  the  pressure  of  the  vertical  layer  of  water  is 


.(1.) 


its  centre  0  being  at  the  depth  -  x. 

This  force,  together  with  the  equal  and  opposite  oblique  com- 
ponent of  the  resistance  of  the  joint  D  E  at  F,  constitute  a  couple 
tending  to  overturn  the  wall,  whose  arm  is  the  perpendicular  dis- 
tance of  F  from  C  P ;  that  is  to  say. 


OD-FD-sinjL 
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Now  C3  =  5_1^?J!,  and  if,  as  before,  we  make  ET5  =  t,  FD  = 

f  ^  +  9)  ^i  consequently  we  have  for  the  arm  of  the  couple  in 
question, 

which  heing  multiplied  hy  the  pressure,  gives  the  moment  of  the 
overturning  couple ;  and  this  being  made  equal  to  moment  of 
stability  of  the  wall,  we  obtain  the  following  equation  : — 

W-iTB  =  W(g  +  30<=^-Bec'i-ti^V<(|  +  j)tan/...(2.) 

When  the  inner  face  of  the  wall  is  vertical,  sec^  =  1,  and  tany=  0; 
and  the  above  equation  becomes 

W(?±30«=^- (2  a.) 

To  obtain  a  convenient  general  formula  for  comparing  walls  of 
similar  figures  but  different  dimensions,  let  n,  as  in  Article  211, 
denote  the  ratio  of  the  area  of  the  vertical  section  of  the  wall  to 
that  of  the  circumscribed  I'ectangle,  so  that  if  «;  be  the  weight  of 
an  unit  of  volume  of  masonry,  the  weight  of  the  vertical  layer  of 
masonry  under  consideration  is 

W  =  nwht, 

where  h  is  the  depth  of  the  joint  D  E  below  the  top  of  the  walL 
Then  equations  2  and  2  jl  take  the  following  forms : — 

n{q+^whf  =  '^Becj^v^a^t(^^^l'^isjij; (3.) 

n{q+f}whf=-^  ; (3  ^0 

— equations  analogous  to  equation  4  of  Article  213.  To  obtain  a 
formula  suitable  for  computing  the  requisite  thickness  of  wall  t,  let 

vf  0^  '  secj      _   . 
6n{q±q)wh  =  ^' 

t.'a:'(|4)tani^^^ 


2n{q^q)wh 
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then 

f  =  A-2Be; 

which  quadratic  equation  being  solved,  gives 

t  =  ^/ATB«-B; (4.) 

or  for  a  wall  with  a  vertical  inner  fiice,  for  which  B  =  0, 

«  =  ^/A...... (4  a.) 

In  most  cases  which  occur  in  practice,  the  surface  of  the  water 
O  Y  either  is,  or  may  occasionally  be,  at  or  near  the  level  of  the 
top  of  the  wall,  so  that  h,  may  be  made  =  (&     In  such  cases,  let 

A  to*  sec/ 

^  "^  6w(g+g')«;  "^^^ 

and  we  have 

which  being  solved,  gives 

1  =  V^T6«-6; (5.) 


and  for  a  wall  with  a  vertical  inner  face, 

i  =  >/^=\/(^n(g4:gO«>) ^*  "^^ 

The  vertical  and  horizontal  components  of  the  pressure  of  the 
water  are  respectively 

Vertical,  P  sin^'  =  -g—  tan^, 

Horizontal,  Poos^'  =  -q— ; 

Consequently  the  condition  of  stdbUUi/  o/JricHon  at  the  joint  D  E 
is  given  by  the  equation 

W  +  P8iny=2W  +  u/a;'tany::^^'^^- W 
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If  the  ratio  -  has  been  detennined  by  means  of  equation  5,  then 
we  have 

fTT  t 

W  =  ntoxt  =  nwx^'"  ; (7.) 

so  that  by  cancelling  the  common  factor  x\  equation  6  is  brought 
to  the  following  form : — 

r-, ^^^ten> (8.) 

ExotmpWL  Eectcmgular  WaU, — ^In  this  case  n=lj  g'=0;j=rO; 
consequently, 

a  =  ^ ;  0  =  0; 

equation  5  A  becomes 

^=  ^=.  \/^J. (9.) 

and  equation  8, 


2-Vi 


V3gw'^tan(?^3 (10.) 
2w   — 


6qw 

but  it  is  unnecessary  to  attend  in  practice  to  this  last  equation, 
which  is  iHilfilled  for  the  greatest  values  of  q  that  ever  occur. 

Example  IL  Triangular  Wally  with  the  apex  at  O. 
t 

In  this  case  -  is  the  same  for  every  horizontal  joint;  so  that  iT 

the  thickness  be  just  sufficient  for  stability  at  any  joints  it  will  be 
just  sufficient  for  stability  at  every  other  joint  A  reservoir-wall 
whose  vertical  section  is  triangular,  may  therefore  be  said  to  he  of 
uniform  stdhidiJty, 

The  value  of  n  for  a  triangle  is  ^.     With  respect  to  the  value  of 

qf,  that  case  will  be  considered  in  which  the  inner  face  of  the  wall 

is  vertical,  so  that  2^  =  ^,  i  =  0. 

Then  by  equation  5  a, 
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and  b  J  equation  8 

4-\/('('4)5)^'— ■ w 

X 

This  last  equation  fixes  a  limit  to  the  Talne  of  q,  independently 
of  the  distribntion  of  the  pressure  on  each  bed-joint^  viz. : — 

9^^'-^'^-l (13.) 

The  insertion  <>f  this  value  of  g  in  equation  11  gives 

l=-f-, (14) 

X      w  *tan^  ^     ^ 

The  value  of  tan  0  for  masonry  being  about  0*74,  w  being  on  an 
average  114  lbs.  and  to'  62*4  Iba  per  cubic  foot^  the  limit  of  ^  is 
found  to  be 

0-421  -  0167  =  0'254,  or  -,  nearly, 
and  that  of  -,  by  equation  14,  is 


4' 


0-585. 

For  brickworky  tan  0  is  about  the  same  as  for  masonry,  and  w  is 
112  lbs.  per  foot,  nearly;  hence  the  limit  of  ^  is 

0-327 -0-167  =  0-16,  or  g,  nearly, 

t 

while  that  of  -  is  0-75. 

X 

Example  III.  Trianfftdar  WaU  wUh  Vertical  Axis. — When  the 
wall  stands  on  a  soft  foundation,  it  may  be  desirable  in  some  cases 
so  to  form  it,  that  the  centre  of  resistance  F  shall  be  at  the  middle 
of  each  joint,  and  shall  also  be  verticaUy  beneath  the  centre  of 
gravity  of  the  part  of  the  wall  above  the  joint.  In  this  case,  the 
point  of  intersection  A  of  the  lines  of  action  of  the  pressure  and 
weight  must  also  fall  in  the  middle  of  each  joint.  To  fulfil  these 
conditions,  the  vertical  section  of  the  wall  should  be  an  isosceles 
triangle,  the  outer  and  inner  faces  forming  equal  angles  j  on 
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opposite  sides  of  the  vertical  axis  of  the  ^wall,  and  the  angle  j  shonld 
l>e  such  that  a  straight  line  perpendicular  to  O  D  at  C  shall  bisect 
the  base  j  that  is  to  saj, 

^sin^  _  X  sec  J 


but 

whence  we  have 


2^=tan^, 
.  ,.      1  ..2 

tan    =2^=\/^  =  ^'^^^^    r  ^^^^ 

and  j=.Z5^\i 

4 

so  that  the  base  of  the  wall  is  to  its  height  aa  the  diagonal  to  the 
side  of  a  square. 

Equation  8  in  this  case  becomes 

-—=J^ ;=  =    "^J^  ^  tan  ^ (IG.) 

This  condition  is  always  fulfilled  so  far  as  the  fnctional  stability 
of  one  course  of  masonry  on  another  is  concerned.  As  the  object, 
however,  of  giving  the  wall  the  figure  now  in  question,  is  to  dis- 
tribute the  pressure  uniformly  over  a  soft  foundation,  let  it  be 

supposed  that  its  base  rests  on  a  material  for  which  tan  ^  =  -r* 

4 

Then  we  must  have 

2v)  +  v)  — i ' 
and  consequently 

^=^^(  V  2"-  j)  «^  =  2-33  w  =  145  lbs.  per  cubic  foot; 

and  unless  the  masonry  be  of  this  weight  per  cubic  foot,  its  friction 

CD  a  horizontal  base,  of  a  material  for  which  tan  ^  =  -71  will  not  be 

4 
of  itself  sufficient  to  resist  the  thrust  of  the  water. 

217.  Bcteiidim  Wafls.— Figs.  100  and  101  represent  vertical 
sections  of  retaining  walls  against  which  banks  of  earth  abut.     In 
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each  figure  a  vertical  layer  of  the  masonry  and  of  the  earth  is 
supposed  to  be  considered^  whose  length  is  unity.     D  E  is  the  base 


Fig.  100. 


Fig.  101. 


of  the  layer  of  masonry,  F  the  centre  of  resistance  of  that  base,  B 
a  point  vertically  below  G,  the  centre  of  gravity  of  the  weight 
which  rests  on  that  base,  AW  a  line  representing  that  weight,  AP 
a  line  representing  the  thrust  of  the  earth ;  AB,  the  diagonal  of  the 
parallelogram  APBW,  is  a  line  representing  the  resultant  pressure 
at  the  base  D  £,  and  cutting  that  base  in  the  centre  of  resistance  F. 

In  each  figure,  D  O  is  a  vertical  plane  traversing  the  inner  edge 
D  of  the  base  of  the  wall,  and  cutting  the  plane  of  the  surface  of 
the  bank  in  O.  In  fig.  100,  the  whole  of  the  wall  lies  in  front  of 
that  vertical  plane ;  so  that  the  weight,  represented  by  AW  (or  by 
W  simply),  which  rests  on  the  base  D  E,  consists  of  the  weight  of 
the  masonry  together  vrUh  the  toeight  of  tJie  mass  of  earth,  %f  any 
(represented  by  O  L IVD,  whi4ih  is  veriicaUy  above  tJiat  base;  and  G  is 
the  common  centre  or  gravity  of  the  compound  mass  of  masonry 
and  earth,  which  is  situated  in  front  of  the  plane  0  D. 

In  fig.  101,  on  the  other  hand,  a  part  of  the  masonry,  represented 
by  DLO,  lies  behind  the  plane  O  D.  If  the  prism  D  L  O  consisted 
of  earth,  its  weight  would  be  supported  by  the  earth  beneath  it ; 
therefore  the  earth  beneath  that  prism  exerts  a  pressure  vertically 
upwards  sufficient  to  sustain  the  weight  of  a  prism  of  earth  of  a 
volume  equal  to  that  of  the  prism  of  masonry;  therefore  the  weight 
represented  by  AW  (or  by  W  simply)  which  rests  on  the  base  DE, 
consists  of  the  weight  of  the  masonry  in  the  vertical  layer  of  the 
wall,  less  the  weight  of  earth  which  would  fill  D  L  O ;  and  G  is  the 
common  centre  of  gravity  of  the  masonry  EDO  which  lies  before 
the  plane  O D,  and  of  the  prism  DLO,  considered  as  having  a 
specific  gravity  equal  to  the  excess  o/the  specific  gravity  ofmasowry 
above  that  ofea/rth. 
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It  hsus  already  been  shown  in  Article  198,  that  the  pressure  of 
the  earth  against  the  vertical  plane  O  D  (which  pressure  is  paraUel 
to  the  surface  of  the  bank,  and  represented  by  A  P,  or  by  P  simply), 
is  equal  to  the  weight  of  the  prism  of  earth  O  D  K,  in  which  D  K, 
parallel  to  the  surface  of  the  bank,  is  equal  to  the  vertical  depth 
O  D  multiplied  by  the  ratio  of  the  conjugate  pressures  at  a  point, 

j9,  _  cos  ^  —  J  (cos'  /  —  cos  9) 
Pa  "  eoa^  +  J  (cos*  i  —  cos*  ^) ' 

which  ratio  depends  on  the  slope  f  of  the  bank,  and  augle  of 
repose  f ,  and  that  the  resultant  of  that  pressure  traverses  C,  at  the 
height 

above  D.  For  the  sake  of  brevity  {to  being  the  weight  of  unity  of 
volume  of  the  earth),  let 

then  equation  2  of  Article  198  becomes 

p-^ (1.) 

This  force  has  to  be  multiplied,  as  in  previous  Articles,  by  the  per- 
pendicular distance  of  P  £ix)m  C  P,  to  give  the  moment  of  the 
couple  which  tends  to  overturn  the  walL  Let  t  be  the  thickness 
DE,  and  i  the  angle  of  inclination  of  D  E  to  the  horizon;  then  the 
aim  of  the  couple  in  question  is 


--(y+^)«-8in(/  +  t); 


cos  t  *  sin  ^ 

X  COS  ( 


which  being  multiplied  by  the  force  P,  and  equated  to  the  moment 
of  stability  of  the  weight  which  rests  on  the  base  D  E,  gives  the 
following  condition  of  stability  of  position  : — 

xrr  /  _-!_  -A  ^  •  Wi  a^  COS  ^  Wi  a*  <  /  I  1  \  .  /.  I  ^  /o  V 
W{q:±z^t'coB%=.±— V~V  ■^2J  ^^"^  (' +  *)-(2) 

Now  suppose  (as  in  Article  211  and  elsewhere)  that  W  bears  a 
definite  ratio  n  to  the  weight  wxt '  cos  «  of  a  rectangle  of  masonry 
whose  height  is  O  D  =  x,  and  its  breadth  the  horizontal  distance 
of  £  from  O  D,  <  cos  t;  then  the  first  side  of  equation  2,  being  the 
moment  of  stability,  becomes  as  follows  : — 
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n{qz±z^v)xf  cos"  i 
Divide  both  sides  of  the  equation  bj 

fi  {q  dtz  ^foa?  cos*  i, 
and  for  brevity's  sake,  let 

U7.  •  cos  i 


then 

and  consequently 


^n(qz±zq')w  cos'  • 
4  n  ($  ±tz  q")  w  cos*  t 


=  a: 


=  ft; 


i  =  J-5TF-6 (4.) 


The  inclination  of  the  resultant  A  R  to  the  vertical  is  given  by 
the  equation 

*--^^^»=wt¥^/ <^-> 

When  the  base  DE  is  horizontal,  this  should  not  exceed  the  tangent 
of  the  angle  of  repose.  When  that  base  is  inclined  at  the  angle  t, 
the  condition  of  fnctional  stability  is  thus  expressed  : — 

^WAR  — ♦^ip'; (6.) 

^  being  the  angle  of  repose  of  the  foundation  of  the  walL 

The  object  of  giving  the  base  of  the  wall  an  inclined  position  is 
to  diminish  the  obliquity  of  the  pressure  on  it,  and  so  to  enable  the 
condition  of  frictional  stability  to  be  fulfilled 

The  values  adopted  for  q  in  practice  vary  from  tt;  *^  o  • 

218.  RectangiriBr  Betainliis  Walls. — ^In  a  vertical  rectangular 

wall,  n  =  1,  ^'  =  0,  s  =  0;  so  that,  in  equations  3  and  4  of  Article 

217, 

Wi  cos  i 

a  =  -A ; 

Q  qw 

^i  \q  +  2)  Bin  / 


5r= 


iqw 
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Example  L  When  the  surface  of  the  bank  is  horizontal^  so  that 
tf  =  0,  then 

,  1  -  sin  ^   -       ^ 

1  +  sin  ^ 
and 


Also 


^=r'=V{4-^i^^^} (^) 


X  ' 
so  that  equation  5  of  Article  217  becomes 

X 

=  A  /  /3gtg7l-siny)\ 
V    \   2w(l  +  8inf)  j 

^tan^' (3.) 

If  the  material  on  which  the  wall  rests  is  the  same  with  that  of 
the  bank,  we  may  assume  ^  =  ^ ;  in  which  case,  by  squaring 
equation  3,  and  attending  to  the  fact  that 

^,^^     sin'f     ^/    sin^    y    l-sin^ 
1  —  sin*  9       \1  —  sin  ^/      I  +  sin  ^ ' 
we  obtain  the  equation 

Bqv/ 


v/  ;^/    sin^    \i  .   . 

2^— VI -sin  ^y  ^^'^ 


Assuming  that  the  specific  gravity  of  the  earth  is  four-fifbhs  of 
that  of  the  masomy,  or  ~  =  -^ ,  we  find  that  this  equation  is  ful- 

3 

filled  for  the  ordinary  value  of  g,  —  ,  so  long  as  ^  exceeds  27^. 

o 

Example  IL  When  the  surface  of  the  bank  slopes  at  the  angle 

of  repose  f ,  then  Wi  =  u/  cos  f  ,  and 

a/  cos'  ^ 
a  = 


h  = 


6qw    ' 
f^+g)  «^ cos  ^ sin  ^ 


80  that  equation  4  of  Article  217  becomes 
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219.  TrapcsoUal  Waib.~<In  fig.  102,  let  EQ  represent  the 
vertical  face  of  a  rectangular  wall,  suit^  to  sustain 
the  thrust  of  a  given  buik,  and  let  F  be  the  centre 
of  resistance  of  the  base.     Make  QN  =  3  EE  =  3 

( 2  —  g )  t]  then  the  centre  of  gravity  g  of  the 

triangular  prism  of  masonry  E  Q  N  will  be  vertically 

above  the  centre  of  resistance  F;  therefore  if  that 

prism  be  removed,  so  aa  to  reduce  the  cress  section 

of  the  wall  to  a  trapezoid  with  a  sloping  &ce  E  N, 

the  position  of  the  centre  of  resistance  F  will  not  be 

altered,  and  the  wall  will  still  fulfil  the  condition  of 

stability  of  position,  the  thickness  t  being  determined 
3 

as  for  a  rectangular  wall     Jiq=  -,  the  thickness  of  the  wall  at  the 

o 

summit  will  be  -^  of  the  thickness  at  the  base.    The  feuse  of  the  wall 

is  said  to  hatter;  the  rate  of  the  batter  being  the  ratio  ^_  = 

EQ 

HI-')-:-. 

As  the  vertical  component  of  the  pressure  on  the  base  of  the 
wall  is  diminished  by  this  change,  the  obliquity  of  that  pressure 
will  be  increased;  and  it  may  in  some  cases  be  necessaiy  to  make 
the  base  slope  backwards,  as  in  fig.  101, 

220.   Batieriiis  Walla  of  VaUSwrn  TWckaeM.— When  a  wall  for 

supporting  a  horizantal-topped 
bank  is  of  uniform  thickness, 
and  has  a  sloping  or  curved  £Etce, 
as  in  figs.  103  and  104,  its  mo- 
ment of  stability  may  be  deter- 
mined with  a  degree  of  accuracy 
suf&cient  for  practical  piurposes, 
in  the  following  manner  : — 

Let  E  Q  in  each  figure  repre- 
sent the  vertical  face  of  a  rec- 
tangular wall  of  the  same  height 
X  and  thickness  t  with  the  pro- 

^    r        .^    .  ,    ^*  P^^  ''^>  "^^  le*  Sr  be  the 

centre  of  gravity  of  that  rectangular  wall     Then 
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W'qt  =  qwxf 

will  be  its  moment  of  stability  per  unit  of  lengtL 

Divide  the  area  E  Q  N  included  between  the  vertical  face  £  Q 
and  the  ie^e  of  the  proposed  wall,  E  N,  by  the  height  as.     Then 

5'«  =  .-G  =  ^, (1.) 

will  be  the  distance  of  the  centre  of  gravity  G  of  the  sloping  or 
curved  wall  from  that  of  the  rectangular  wall;  and  the  change  of 
figure  will  increase  the  stability  in  the  ratio  q  +  q'  '^qy  that  is  to 
say,  the  moment  of  stability  will  now  be 

y^{q  +  q')t  =  {q-h^  wxC" (2.) 

If  E  N  is  a  straight  line  (fig.  103), 

3^'  =  ~2^; w) 

If  E  N  is  a  parabolic  arc,  ^ 

i-'-^: w 

a  formula  which  is  also  sensibly  correct  when  E  K  is  an  arc  of  a 
circle. 

Walls  with  a  "curved  batter"  are  usually 
built  as  shown  in  fig.  105,  with  the  bed-joints 
perpendicular  to  the  face  of  the  walL  This 
diminishes  the  obliquity  of  the  pressure  on 
the  base. 

221.  Fomdatlom  Cmmntu  of  RetalBlms  Walb 
have  their  width  increased  beyond  the  thick- 
ness of  the  wall  by  a  series  of  steps  in  front, 
as  shown  in  figs.  102  and  105.  The  objects  of 
this  are,  at  once  to  distribute  the  pressure 
over  a  greater  area  than  that  of  any  bed-joint 
in  the  body  of  the  wall,  and  to  (tiffuse  that 
pressure  more  equally,  by  bringing  the  centre 

of  resistance  nearer  to  the  middle  of  the  base  ^S*  1^^ 

than  it  is  in  the  body  of  the  wall.  The  power  of  earth  to  support 
foundations  has  already  been  considered  in  Article  199. 

222.  ConaterfoHs  are  projections  frt>m  the  inner  i&ce  of  a  retain- 
ing walL  A  wall  and  its  counterforts,  if  the  bond  of  the  masonry 
is  well  preserved,  constitute  a  wall  having  successive  divisions 
of  its  length  alternately  of  greater  and  of  less  thickness.  Tlie 
moment  of  stability  of  a  wall  with  counterfoi-ts,  per  \mit  of  length, 
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when  the  wall  is  well  bonded,  may  be  found,  with  sufficient 
accuracy  for  practical  purposes,  by  adding  together  the  moments 
of  stability  of  one  of  the  parts  between  two  counterforts,  and  of 
one  of  the  parts  whose  thickness  is  augmented  by  the  addition  of 
a  counterfort,  and  dividing  the  sum  by  the  joint  length  of  those 
two  parts. 

For  example,  let  fig.  106  represent  a  portion  of  the  plan,  or  hori- 
zontal section,  of  a  vertical  rectangular  retaining 
-  B  wall  whose  height  is  A,  with  a  row  of  rectangular 
counterforts  of  the  same  height  with  the  walL 
Let  t  =  FE  be  the  thickness  of  a  part  of  the 
wall  between  two  counterforts,  and  6  =  E  D  its 
length ;  let  T  =  A  B  be  the  thickness  of  a  coun- 
terfbrted  part  of  the  wall,  including  the  counter- 
fort, and  c  =  B  C  its  length- 

The  moment  of  stability  of  the  first  part  is 

and  that  of  the  second  part, 
^'«-"«-  qtahc'T'. 

Adding  together  those  moments,  and  dividing  their  sum  by  the 
total  length  6  -f  c  =  AF,  the  mean  moment  of  stability  per  unit  of 
length  is  found  to  be 

g^^'      b  +  c    ^^"^ 

This  is  the  same  with  the  moment  of  stability  per  unit  of  length 
of  a  wall  of  the  uniform  thickness, 


^=v(^^} »> 


which  may  be  called  the  equwaleTU  vmiform  waU. 

The  quantity  of  masonry  in  the  counterforted  wall  is  to  the 
quantity  in  the  equivalent  uniform  wall  in  the  ratio 

bt  +  cT  :  (6  +  c)^ 

which  is  always  less  than  unity;  so  that  there  is  a  saving  of 
masonry  (though  in  general  but  a  small  one)  by  the  use  of  counter- 
forts. 

223.  Arcke*  of  siaaonrf. — An  arch  of  masonry  consists  of  a  ring 
of  wedge-formed  stones,  called  arch-stones  or  wmasoirs,  pressing 
against  each  other  at  surfaces  called  bed-joints,  which  are,  or  ought 
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to  be,  perpendicular  or  nearly  perpendicular  to  the  soffit,  or  internal 
concave  surface  of  the  arcL  The  outer  or  convex  surface  of  the 
ring  of  arch-stoneSy  which  may  be  either  a  curved  sur&ce  parallel 
to  the  aofEty  or,  what  is  better,  a  series  of  steps,  sustains  the 
vertical  pressure  of  that  part  of  the  load  which  arises  from  the 
weight  of  materials  other  than  the  arch-stones  themselves ;  and  . 
that  outer  surface  also  exerts  in  many  cases  a  horizontal  or  indined 
thrust  against  the  spandrUs  and  abiUmerUs.  The  abutments  sus- 
tain also  the  thrust  of  the  lowest  voussoirs,  vertical  or  inclined,  as 
the  case  may  be.  Sometimes  an  arch  springs  at  once  £K>m  the 
ground,  so  that  its  abutments  are  its  foundationa 

A  wall  standing  on  an  arch,  in  the  plane  of  the  arch-ring,  is 
called  a  spa/ndril  ivall.  The  arch  of  a  bridge  requires  a  pair  of 
external  spcmdril  vxxUs,  one  over  each  isjce  of  the  arch  ;  the  space 
between  them  is  filled  up  to  a  certain  level  with  solid  masonry,  and 
above  that  level  it  is  sometimes  filled  with  earth  or  rubbish,  and 
sometimes  occupied  by  a  series  of  internal  apandril  walls  parallel  to 
the  external  spandril  walls,  and  having  vacant  spaces  between 
them — a  mode  of  construction  favourable  both  to  stability  and  to 
lightness.  In  order  to  form  a  continuous  platform  for  the  road- 
way, the  spaces  between  the  internal  spandril  walls  are  sometimes 
covered  with  flags  of  some  strong  stone  (such  as  slate),  and  some- 
times arched  over  with  small  transverse  arches.  The  external 
spandril  walls  are  the  abutments  of  those  arches,  and  must  have 
stability  sufficient  to  sustain  their  thrust :  when  the  spandrils  are 
filled  with  eartli  or  rubbish,  the  external  spandril  walls  must  have 
stability  sufficient  to  withstand  the  pressure  of  the  filling  material. 

In  determining  the  conditions  of  stability  of  an  arch,  it  is  con* 
venient  to  consider  only  a  rib,  or  vertical  layer,  of  arch,  abutment^ 
and  spandril,  of  the  thickness  unity  («.  g.,  one  foot).  When  there 
arc  spandril  walls  with  vacant  spaces  between,  an  ideal  specific- 
gravity  is  to  be  adopted  for  the  material  of  the  spandrils,  found  by 
supposing  the  weight  of  the  material  of  the  spandril  walls  to  be 
uniformly  distributed,  so  as  to  fill  the  vacuities ;  that  is  to  say,  let 
io  be  the  weight  of  an  unit  of  volume  of  the  material  of  the  walls, 
2  -  T  the  sum  of  the  thicknesses  of  all  the  walls,  and  2  -  S  the  sum 
of  the  widths  of  the  spaces  between  them ;  then  in  computations 
respecting  the  stability  of  the  arch,  the  spandrils  may  be  supposed 
to  be  completely  filled  with  a  material  whose  weight  per  unit  of 
volume  is 

«^  =  '^  "s-T+Vs- ^^^ 


224.    IJh«  of  TvtamntM   la  an   Arch)   Condldon   of  Scabllltf. — 

According  to  the  principles  explained  in  Articles  206  and  207^  if  a 
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straight  line  be  drawn  through  each  bed-joint  of  the  arch-ring 
representing  the  position  and  direction  of  the  resultant  of  the  pres- 
sure at  that  joint,  the  straight  lines  so  drawn  form  a  polygon,  and 
each  of  the  angles  of  that  polygon  is  situated  in  the  line  of  action 
of  the  resultant  external  force  acting  on  the  arch-stone,  which 
lies  between  the  pair  of  joints  to  which  the  contiguous  sides  of  the 
polygon  correspond ;  so  that  the  polygon  is  similar  to  a  poly- 
gonal frame,  loaded  at  its  angles  with  the  forces  which  act  on  the 
aich-stones  (their  own  weight  included).  A  curve  inscribed  in  that 
polygon,  so  as  to  touch  all  its  sides,  is  the  line  of  pressures  of  the 
arch.  The  smaller  and  the  more  numerous  the  arch-stones  into 
which  the  arch-ring  is  subdivided,  the  more  nearly  does  the  poly- 
gon coincide  with  the  curve ;  and  the  curve  or  line  of  pressures 
represents  an  ide«^  linear  arch,  which  would  be  balanced  under  the 
continuously-distributed  forces  which  act  on  the  real  arch  under 
consideration.  From  the  near  approach  of  this  linear  arch  to  the 
polygon  whose  sides  traverse  the  centres  of  resistance  of  the  bed- 
joints,  the  points  where  the  linear  arch  cuts  those  joints  may  be 
taken  without  sensible  error  for  the  centres  of  resistance. 

Now  in  order  that  the  stability  of  the  arch  may  be  secure,  it  is 
necessary  that  no  joint  should  tend  to  open  either  at  its  outer  or 
at  its  inner  edge ;  and  in  order  that  this  may  be  the  case,  the 
centre  of  resistance  of  each  joint  should  not  deviate  from  the  centre 
of  the  joint  by  more  than  one-sixth  of  the  depth  of  the  joint ;  that 
is  to  say,  the  centre  of  resistance  should  lie  within  the  middle  third 
of  the  depth  of  the  joint ;  whence  follows  this 

Theoreh.  The  stability  of  an  arch  is  secure,  if  a  linear  arch, 
balanced  under  the  forces  whidh  a>ct  on  the  reed  ardi,  can  be  dravm 
within  the  middle  third  of  the  depth  of  the  arch-ring. 

It  has  already  been  stated  that  the  tenacity  of  fresh  mortar  is  not 
sufficiently  great  to  be  taken  into  account  in  determining  the  stabi- 
lity of  masonry ;  and  hence,  where  cement  is  not  used,  all  horizon- 
tal or  oblique  conjugate  forces  which  maintain  the  equilibrium  of 
the  arch-ring  must  be  pressures,  acting  on  the  arch  from  without 
ipwards.  The  linear  arch,  therefore,  is  limited  in  such  cases  to 
those  forms  which  are  balanced  under  pressures  from  without  cdone; 
that  is  to  say,  that  the  intensity  of  the  horizontal  or  conjugate 
pressure,  denoted  by  p,  in  Article  185,  equation  4,  must  not  at  any 
point  be  negative. 

It  is  true  that  arches  have  stood,  and  still  stand,  in  which  the 

centres  of  resistance  of  joints  iisdl  beyond  the  middle  third  of  the 

depth  of  the  arch-iing ;  but  the  stability  of  such  arches  is  either 

,  now  precarious,  or  must  have  been  precarious  while  the  mortar  was 

fresh. 

When  tenacity  to  resist  hoxizontal  or  oblique  tension  i^  given  to 
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the  spandrils  of  an  arch,  and  to  the  joints  between  them  and  the 
arch-stones,  by  means  of  cement,  hoop-iron  bond,  iron  cramps,  or 
otherwise,  the  conjugate  tension  denoted  by  — /?,  must  not  at  any 
point  exceed  a  safe  proportion  of  that  tenacity;  that  is  to  say, 
about  one-eighth.  By  this  means  stability  may  be  given  to  arches 
of  seemingly  anomalous  figures;  but  such  structures  are  safe  on  a 
small  scale  only. 

225.  ABgic*  JoiBt,  uid  Ptflat  •f  Bapmrc — The  first  step  towards 
determining  whether  a  proposed  arch  will  be  stable,  is  to  asguine  a 
linear  arch  parallel  to  the  intrados  or  soffit  of  the  proposed  arch, 
and  loaded  vertically  with  the  same  weight,  distributed  in  the 
same  manner.  The  size  of  this  assumed  linear  arch  is  a  matter  of 
indifference,  provided  each  point  in  it  is  considered  as  subjected  to 
the  same  forces  which  act  at  the  corresponding  joint  in  the  real 
arch;  that  is,  the  joint  at  which  the  inclination  of  the  reed  arch  to 
the  horizon  is  the  same  with  t/uU  of  the  assumed  arch  at  the  given 
point. 

The  assumed  arch  is  next  to  be  treated  as  a  stereostatic  arch, 
according  to  the  method  of  Article  185;  and  by  equation  4  of  that 
Article  is  to  be  determined,  either  a  general  expression  or  a  series 
of  values  of  the  intensity  p^  of  the  conjugate  pressure,  horizontal  or 
oblique,  as  the  case  may  be,  required  to  keep  the  arch  in  equilibrio 
under  the  given  vertical  load  K  that  pressure  is  nowhere  negative, 
a  curve  similar  to  the  assumed  arch,  drawn  through  the  middle  of 
the  arch-ring,  will  be  either  exactly  or  veiy  nearly  the  line  of  pres- 
sures of  the  proposed  arch;  p^  will  represent,  either  exactly  or  very 
nearly,  the  intensity  of  the  lateral  pressure  which  the  real  arch, 
tending  to  spread  outwards  under  its  load,  will  exert  at  each  point 
against  its  spandril  and  abutments ;  and  the  thrust  along  the  linear 
arch  at  each  point  will  be  the  thrust  of  the  real  arch  at  the  corre- 
sponding joint. 

On  the  other  hand,  if  ^,  has  some  negative  values  for  the  assumed 
linear  arch,  there  must  be  a  pair  of  points  in  that  arch  where  that 
quantity  changes  from  positive  to  negative,  and  is  eqiial  to  nothing. 
The  angle  of  inclination  t^  at  that  point,  called  the  arigle  of  rupture, 
is  to  be  determined  by  solving  equation  1  of  Article  187.  The 
corresponding  joints  in  the  real  arch  are  called  the  joints  o/rupture; 
and  it  is  below  those  joints  only  that  conjugate  pressure  from  with- 
out is  required  to  sustain  the  arch. 

In  fig.  107,  let  B  C  A  represent  one-half  of  a  symmetrical  arch, 
O  Y  a  horizontal  axis  of  co-ordinates  in  or  above  the  spandril, 
!K  li  D  E  an  abutment,  and  C  the  joint  of  rupture,  found  by 
the  method  already  described.  The  point  of  rupture,  which  is  the 
centre  of  resistance  of  the  joint  of  rupture,  is  somewhere  within 
the  middle  third  of  the  depth  of  that  joint;  and  fix^m  that  points 
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down  to  tHe  springing  joint  B,  the  line  of  pressnreB  is  a  curve 
similar  to  the  assumed  linear  arch,  and  pandlel  to  the  intrados, 
being  kept  in  equilibrio  by  the  lateral  pres- 
sure between  the  arch  and  its  spandril  and 
i^  abutment 

From  the  joint  of  rupture  C  to  the  crown 
A,  the  fieuTt  that  the  assumed  linear  arch  would 
require  lateral  tension  to  keep  it  in  equilibrio, 
shows  that  the  true  line  of  pressures  must  be 
a  flatter  curve  than  the  assumed  linear  arch; 
the  figure  of  the  true  line  of  pressures  being 
determined  by  the  condition,  that  it  shall  be 
a  linear  arch  balanced  under  vertical  forces 
only;  that  is  to  say,  that  the  horizontal  com- 
ponent of  the  thrust  along  it  at  each  point  is 
a  constant  quantity,  and  equal  to  the  horizontal  component  of 
the  thrust  along  the  arch  at  the  joint  of  rupture. 

That  horizontal  thrust,  denoted  by  H^  is  found  by  means  of  equa- 
tion 2  of  Article  187,  and  is  the  horizontal  thrust  of  the  entire  arch. 
[If  the  arch  is  distorted,  conjugate  thrust  is  to  be  read  instead  of 
"horizontal  tlirust,^'  wherever  that  phrase  occurs.] 

The  only  point  in  the  line  of  pressures  above  the  joints  of  rup- 
ture which  it  is  important  to  determine,  is  that  which  is  at  the 
crown  of  the  arch.  A;  and  it  is  found  in  l^e  following  manner : — 
Find  the  centre  of  gravity  of  the  load  between  the  joint  of  rup- 
ture C  and  the  crown  A  ;  and  draw  through  that  centre  of  gravity 
a  vertical  line. 

Then  if  it  be  possible,  from  one  point  in  that  vertical  line,  to 
draw  a  pair  of  lines,  one  parallel  to  a  tangent  to  the  soffit  at  the  joint 
of  rupture,  and  the  other  parallel  to  a  tangent  to  the  soffit  at  the 
crown,  so  that  the  former  of  those  lines  shall  cut  the  joint  of  rap- 
ture, and  the  latter  the  keystone,  in  a  pair  of  points  which  are  both 
within  the  middle  third  of  the  depth  of  the  arch-ring,  the  stability 
of  the  arch  will  be  secure  ;  and  if  the  first  point  be  the  point  of 
rupture,  the  second  will  be  the  centre  of  resistance  at  the  crown  of 
the  arch,  and  the  crown  of  the  true  line  of  pressures. 

When  the  pair  of  points  related  as  above  do  not  fall  at  opposite 
limits  of  the  middle  third  of  the  arch-ring,  their  exact  positions  are 
to  a  small  extent  uncertain ;  but  that  uncertainty  is  of  no  conse- 
quence in  practice.  Their  most  probable  positions  are  equi-distant 
from  the  middle  line  of  the  arch-ring. 

Should  the  pair  of  points  fall  beyond  the  middle  third  of  the 
arch-ring,  the  depth  of  the  arch-stones  must  be  increased. 

226.  Tknut  mT  aa  Arch  mf  BiMoarr. — The  line  of  pressures,  or 
eguivaUnt  linear  areky  of  an  arch  of  masozuy,  with  its  point  of  rop- 
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tnre  and  total  tlirast,  having  been  deterrained  by  the  methods 
described  in  the  tvo  preceding  Articles,  the  distribution  of  that 
thrust,  and  the  line  of  action  of  its  resultant^  are  to  be  found  by 
the  methods  of  Article  187. 

227.  Abatmcaia  of  ArckM. — ^The  abutment  of  an  arch,  when  it 
is  not  simply  a  foundation,  is  a  buttress,  or  a  wall  with  or  without 
counterforts,  which  is  bounded,  or  may  be  considered  as  bounded 
by  a  vertical  face  L  D  (fig.  107)  towards  the  arch. 

Two  external  forces  are  applied  to  the  abutment  of  an  arch 
b«ddes  its  own  weight,  viz.,  the  vertical  load  of  the  half-arch,  P, 
whose  resultant  acts  through  B,  the  centre  of  resistance  of  the 
springing  joint,  and  the  thrust  H,  found  in  amount  and  position  by 
methods  already  referred  to,  which  acts  through  B  also  ^  the  angle 
of  rupture  is  equal  to  or  greater  than  the  inclmation  of  the  arch  at 
B;  and  which,  if  there  is  either  no  joint  of  rupture,  or  a  joint  of 
rupture  above  B,  is  distributed  between  B  and  A,  or  B  and  C,  as 
the  case  may  be.  The  resultant  of  the  vertical  load  and  conjugate 
thrust  being  taken  as  the  entire  pressure  applied  to  the  abutment, 
its  conditions  of  stability  and  requisite  dimensions  are  to  be  found 
by  the  methods  described  in  Articles  213,  214,  and  222. 

For  the  abutment  of  an  arch,  as  for  the  arch-ring,  the  centre  of 
resistance  should  fidl  within  the  middle  third  of  the  base,  so  that 
the  proper  value  of  ^  is  one-sixth. 

If  the  figure  of  an  arch  be  transformed  by  parallel  projection,  the 
proper  figures  for  the  abutments  of  the  new  arch  are  the  corre- 
sx>onding  parallel  projections  of  the  original  abutments. 

228.  8k«w  ArchM  are  of  figures  derived  from  those  of  symmetri- 
cal arches  by  distortion  in  a  ^^ 
horizontal  plana  The  eleva-  *■  -' 
tion  of  the  face  of  a  skew  arch, 
and  every  vertical  section  par- 
allel to  its  face,  being  similar 
to  the  corresponding  elevation 
and  vertical  section  of  a  sym- 
metrical arch,  the  forces  which 
act  in  a  vertical  layer  or  rib 
of  a  skew  arch  with  its  abut- 
ments, are  the  same  with  those 
which  act  in  an  equally  thick 
vertical  layer  of  a  symmetrical 
arch  with  its  abutments,  of  the 
same  dimensions  and  figure,  and 
similarly  and  equally  loaded. 

Fig.  108  represents  a  plan  of  a  skew  arch,  with  counterforted 
abutments.    The  angle  q/dceio^  or  obliquUy,  is  the  angle  which  the 
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axis  of  the  archway,  A  A,  makes  with  a  perpendicular  to  the  face 
of  the  arch,  B C  A B.  The  span  of  the  archway,  " on  the  square" 
as  it  is  called  (that  is,  the  perpendicular  distance  between  the  abut- 
ments), is  less  than  the  span  on  the  skew,  or  parallel  to  the  face  of 
the  arch,  in  the  ratio  of  the  cosine  of  the  obliquity  to  unity.  It 
is  the  span  on  the  skew  which  is  equal  to  that  of  the  corresponding 
symmetrical  arch. 

The  best  position  for  the  bed-joints  of  the  arch-stones  is  perpen- 
dicular to  the  thrust  along  the  arch.  If,  therefore,  there  be  drawn 
on  the  soflfit  of  a  skew  arch,  a  series  of  parallel  curves,  made  by  the 
intersections  of  the  soflfit  with  vertical  planes  parallel  to  the  face 
of  the  arch,  the  best  forms  for  the  bed-joints  will  be  a  series  of 
curves  drawn  on  the  soffit  of  the  arch  so  as  to  cut  the  whole  of  the 
former  series  of  curves  at  right  angles,  such  as  C  C  in  figs.  108  and 
109.  Joints  of  the  best  form  being  difficult  to  execute,  spiral 
joints  are  used  in  practice  as  an  approximation. 

229.    Groined  Tanluu — A  groined  vault,  represented  in  plan, 
looking  upwards,  by  fig.  110,  is  formed  by  the  intersection  of  two 
archways.     The  ribs  at  the  edges  where 
the  soffits  of  the  archways  intersect  and 
>  interrupt   each    other,   are    called    the 
groins.      The   portions    of   the  arches 
which  form  the  groined  vault,  properly 
speaking,  abut  against  the  groins ;  the 
gi*oin8  themselves,  and  the  four  inde- 
pendent portions  of  the  archways,  abut 
I  against  four  buttresses  at  the  comers 

'  of  the  vault.     The  crovm  of  the  vault  is 

the  point  where  the  groins  meet. 

The  line  marked  B'  is  the  length  from 
Fig.  110.  ^^^  crown  to  the  face  of  one  of  the  arch- 

ways; and  B  is  the  breadth  of  the  por- 
tion of  one  of  the  buttresses  against  which  that  archway  abuts, 
whether  dii-ectly  or  through  the  groin.  The  thrust  due  to  the 
length  of  archway  B'  is  concentiuted  upon  the  breadth  of  abut- 

B' 

ment  B ;  its  intensity  is  therefore  increased  in  the  ratio  .5  ;  and 

B 
if  <  be  the  thickness  which  an  abutment  requires  to  withstand  the 
thrust  of  the  plain  ai*chway,  the  thickness  D  required  for  the  but- 
tress, in  a  dii-ection  perpendicular  to  B,  will  be 

,     B (1) 

At  the  lefl-hand  side  of  the  figure,  the  buttresses  are  compound 
and  rectangular :— at  the  right-hand  side,  a  single  diagonal  buttress 
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is  opposed  to  the  thrust  of  each  groin,  and  to  the  combined  thrusts 
of  the  two  archways  which  abut  against  it  The  breadth  of  the  dia- 
gonal buttress  being  the  resultant  of  the  breadths  of  the  compound 
buttresses,  its  thickness  is  simply  equal  to  theirs. 

230.  ciancMd  Arehes  are  arched  ribs,  of  which 
several  spring  from  one  buttress,  as  is  shown  in  plan 
in  fig.  111.     The  thrust  against  the  buttress  is  the  — J^^HJ* 
resultant  of  the  thrusts  of  the  ribs;  the  vertical 
presbure  is  the  sum  of  their  loads. 

231.  pien  of  Arciica. — A  pier  is  a  pillar  against 
wliich  two  or  more  arches  abut,  in  such  a  manner  ^^'  ^^^* 
that  their  horizontal  thrusts  balance  each  other,  so  that  the  pier 
has  only  to  sustain  the  vertical  pressure  of  the  half-arches  which 
rest  on  it.  The  piers  of  a  bridge  or  viaduct  are  usually  oblong 
walls,  of  a  length  equal  to  that  of  the  soffits  of  the  arches,  two  of 
which  spring  from  the  opposite  sides  of  each  pier.  It  is  customary 
to  make  the  thickness  of  a  pier,  at  the  springing  of  the  arches,  from 
one-sixth  to  one-ninth  of  the  span  of  the  arches  which  it  sustains. 
Mr.  Hosking,  in  his  Treatise  on  Bridges,  has  pointed  out,  that  this 
thickness  is  usually  greater  than' is  necessary ;  and  that  there  is  in 
general  no  reason  that  the  thickness  of  the  pier  should  be  more  than 
is  just  sufficient  to  support  the  rings  of  arch-stones  that  spring  from  it. 

If  one  of  two  arches  which  abut  against  the  same  pier  falls,  the 
other  arch,  having  its  thrust  unbalanced,  usually  overthrows  the 
pier,  and  consequently  falls  also ;  so  that  if  a  viaduct  consists  of  a 
series  of  arohes  with  piers  between,  the  fall  of  a  single  arch  causes 
the  destruction  of  the  whole  viaduct  To  lessen  the  damage  caused 
by  accidents  of  this  kind,  it  is  customary  in  long  viaducts,  to 
introduce  at  intervals  what  are  called  abtUment  piers,  which  have 
stability  sufficient  to  resist  the  thrust  of  a  single  arch;  so  that 
when  an  arch  falls,  the  destruction  is  limited  to  the  division  of  the 
viaduct  between  the  two  nearest  abutment  piers. 

In  some  important  bridges  over  large  rivers,  where  it  has  been 
considered  advisable  to  spare  no  expense  in  order  to  render  the 
structure  durable,  each  pier  is  an  abutment  pier, 

232.  Open  imd  Hollow  Piers  and  Abutmenta. — In  SOme  cases  the 
piers  and  abutments  of  bridges,  in  order  to  save  materials,  and  to 
diminish  the  pressure  on  the  foundations,  aro  made  with  arched 
openings  through  them,  or  with  rectangular  hollows  in  their  in- 
terior. The  bottoms  of  such  openings  or  hollows  should  be  closed, 
Avhen  they  are  small  by  courses  of  large  stones,  and  when  they  are 
large  by  inverted  arches,  in  order  that  the  area  of  the  foundation, 
over  which  the  pressure  is  distributed,  may  be  as  large  as  if  the 
building  were  solid. 

The  moment  of  stability  of  an  abutment,  with  arched  openings 
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throngli  it^  or  hollows  ia  its  interior,  is  less  than  that  of  a  solid 
abutment  of  the  same  external  dimensions,  very  nearly  in  the  same 
ratio  in  which  the  moment  of  inertia  of  the  horizontal  section  of  the 
abutment  is  diminished  by  means  of  the  vacuities.  (See  Article  95.) 
233.  TBBMels. — If  the  depth  of  a  tunnel  beneath  the  sur&ce  of 
the  ground  is  great  compared  with  the  height  of  its  archway,  the 
proper  form  for  the  line  of  pressures,  which  must  lie  within  the 
middle  third  of  the  thickness  of  its  arch,  is  the  elliptic  linear  arch 
of  Article  180,  in  which  the  ratio  of  the  horizontal  to  the  vertical 
*semi-axis  is  the  square  root  of  the  ratio  of  the  horizontal  to  the 
vertical  pressure  of  the  earth,  as  already  shown  in  Article  180, 
equation  5,  and  Article  197,  equation  3;  that  is  to  say, 

horizontal  semi-axis  _     __        /p,  _       /  /I  --  sin  ^       . 
vertical  semi-axis    ""     ^    y   p^ ""    v    \1  +  sin  ^/  ^'"^  '' 

^  being  the  angle  of  repose. 

If  the  earth  is  firm,  and  little  liable  to  be  disturbed,  the  propor- 
tion of  the  half-span,  or  horizontal  semi-axis,  to  the  rise  or  vertical 
semi-axis,  may  be  made  greater  than  is  given  by  the  preceding 
equation,  and  the  earth  will  still  resist  the  additional  horizontal 
thrust;  but  that  proportion  should  never  be  made  less  than  the 
value  given  by  the  equation,  or  the  sides  of  the  tunnel  will  be  in 
danger  of  being  forced  inwards. 

In  a  drainage  tunnel,  the  entire  ellipse  may  be  used  as  the  figure 
of  the  arch ;  but  in  a  railway  tunnel,  where  it  is  necessary  to  have  a 
flat  floor,  the  sides  and  roof  of  the  tunnel  comprise  in  height  the 
upper  two-thirds,  or  three-fourths,  of  the  ellipse,  which  is  closed 
below  by  a  circular  segmental  inverted  arch  of  a  slight  curvature, 
its  depression  being  one-eighth  of  its  span,  or  thereabouts.  By  this 
mode  of  construction,  the  vertical  pressure  of  the  sides  of  the 
tunnel  is  concentrated  upon  foundation  courses  directly  below 
them,  from  which  they  spring.  The  ratio  which  the  entire  width 
of  the  tunnel,  measured  outside  the  masonry  or  brickwork,  bears  to 
the  joint  width  of  that  pair  of  foundations,  must  not  exceed  the 
limit  of  the  ratio  of  the  weight  of  a  building  to  the  weight  of  earth 
displaced  by  it,  as  given  by  Article  199,  equation  3.  The  inverted 
arch  serves  to  pi'^vent  the  foundations  of  the  sides  of  the  tunnel 
from  being  forced  inwards  by  the  horizontal  pressure  of  the  earth. 

The  eocact  form  for  the  line  of  pressures  in  the  sides  and  roof 
of  a  tunnel  is  the  geosUUic  arch  of  Article  184.  This  principle 
requires  attention  when  the  roof  of  the  tunnel  is  near  the  surface. 
Let  Xq  bo  the  depth  of  the  crown  of  the  tunnel,  and  x^  that  of  its 
greatest  horizontal  diameter,  beneath  the  surface.  From  those 
ordinates  as  data,  design  a  hydrostatic  arch,  either  by  the  exact 
method  of  Article  183,  or  by  the  approxiiuate  method  of  Article 
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188  ;  eontract  the  horizontal  oo-ordinates  of  that  areli  in  the  ratio 
c  =  A  /  ^^  ,  and  the  result  will  be  the  geostatic  arch  required. 

234.  ]»«ai€c- — A  true  dome  is  a  shell  of  masonry  or  brickwork, 
of  the  figure  of  a  solid  of  revolution  with  a  vertical  axis ;  that  is, 
it  is  spherical,  spheroidal,  conoidal,  or  conical,  and  is  circular  in 
plan.  Its  tendency  to  spread  at  its  base  is  resisted  by  the  stability 
of  a  cylindrical  waJl,  or  of  a  series  of  buttresses  surrounding  the 
base  of  the  dome,  or  by  the  tenacity  of  a  metal  hoop  encircling  the 
base  of  the  dom^. 

The  conditions  of  stability  of  a 
dome  ai'e  ascertained  in  the  fol- 
lowing manner: — Let  fig.  112 
represent  a  vertical  section  of  a 
dome,  springing  from  a  cylindrical 
wall  B  B.  The  shell  of  the  dome 
is  supposed  to  be  thin  as  compared 
with  its  external  and  internal  di- 
mensions. Let  the  centre  of  the 
crown  of  the  dome,  O,  be  taken  as 
origin  of  co-ordinates ;  let  x  be  the  depth  of  any  circular  joint 
in  the  shell,  such  as  C  C,  below  O,  and  y  the  radius  of  that  joint 
Let  t  be  the  angle  of  inclination  of  the  shell  at  C  to  the  horizon, 
and  d  8  the  length  of  an  elementaiy  arc  of  the  vertical  section  of 
the  dome,  such  as  C  D,  whose  vertical  height  is  c^  x,  and  the  differ- 
ence of  its  lower  and  upper  radii  dyim  that 

dy         ,      .    ds 
-3r-=scotane;  -— =oosect. 
dx  dx 

Let  P,  be  the  weight  of  the  part  of  the  dome  above  the  circular  joint 
C  C.  Then  the  total  thrust,  in  the  direction  of  a  set  of  tangents  to 
the  dome,  radiating  obliquely  downwards  all  round  the  joint  C  0,  is 


Fig.  112. 


dx 


=  Ptf'cosecft: 


and  the  total  horizontal  component  of  that  radiating  thrust  is 

P,':y^  =  P.-cotani. 
dx 

Let  p,  denote  the  intensity  of  that  horizontal  radiating  thrust,  per 
unit  of  periphery  of  the  joint  C  C ;  then  because  the  peripheiy  of 
that  joint  is  2  w  y  (  =  6-2832  y),  we  have 

P,cotant 

^'="277" (^-^ 
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It  has  been  fihown  in  Article  179,  tliat  if  there  be  an  inward 
radiating  pressure  upon  a  ring,  of  a  given  intensity  per  unit  of  arc, 
there  is  a  thrust  exerted  all  round  that  ring,  whose  amount  is  the 
product  of  that  intensity  into  the  radius  of  the  ring.  The  same 
proposition  is  true,  substituting  an  outward  for  an  inward  radiating 
pressure,  and  a  tension  all  round  the  ring  for  a  thrust  If,  there- 
fore, the  horizontal  radiating  pressure  of  the  dome  at  the  joint 
C  C  be  resisted  by  the  tenacity  of  a  hoop,  the  tension  at  each  point 
of  that  hoop,  being  denoted  by  P,,  is  given  by  the  equation 

^,  =  yp,=     2t    ^^'^ 

Now  conceive  the  hoop  to  be  removed  to  the  circular  joint  D  D, 
distant  by  the  axe  d  a  from  C  C,  and  let  its  tension  in  this  new 
position  be 

The  difference,  d  P„  when  the  tension  of  the  hoop  at  C  C  is  the 
greater,  represents  a  tfiruat  which  must  be  exerted  all  round  the 
ring  of  brickwork  C  C  D  D,  and  whose  intensity  per  unit  of  lengUi 
of  the  wrc  C  D  is 

P'=  S'^  2V-  ^(P.cotani) (3.) 

Every  ring  of  brickwork  for  whicfi  2\  i^  either  nothing,  or  positive, 
is  stable,  independently  of  the  tenacity  of  cen^ent ;  for  in  each  such 
ring  there  is  no  tension  in  any  direction. 

When  p,  becomes  negcUive,  that  is,  when  P,  has  passed  its  maxi- 
mum, and  begins  to  diminish,  there  is  tension  horizontally  round 
each  ring  of  brickwork,  which,  in  oixier  to  secure  the  stability  of 
the  dome,  must  be  resisted  by  the  tenacity  of  cement,  or  of  external 
hoops,  or  by  the  resistance  of  abutments. 

Such  is  the  condition  of  stability  of  a  dome.  Tlie  inclination  to 
the  horizon  of  the  surface  of  the  dome  at  the  joint  where  p,  =  0, 
and  below  which  that  quantity  becomes  negative,  is  the  angle  of 
rupture  of  the  dome ;  and  the  horizontal  component  of  its  thrust 
at  that  joint,  is  its  total  horizontal  thrust  against  the  abutment, 
hoop,  or  hoops,  by  which  it  is  prevented  from  spreading. 

A  dome  may  have  a  circular  opening  in  its  crown.  Oval  arched 
openings  may  also  be  made  at  lower  ])oints,  provided  at  such  points 
there  is  no  tension  ;  and  the  ratio  of  the  horizontal  to  the  inclined 
axis  of  any  such  opening  shoidd  be  fixed  by  the  equation 

horiz.  axis    ^      /      P'  /a\ 

inclined  axis "    ""    v'    p,SGci '^'^ 
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Example  I.  Spherical  Dame. — Uniform  thickness,  t  \  weight  of 
material  per  unit  of  volume,  to;  radius,  r. 

iC  =  r(l  —  cost);  y  =  r8int;  d8  =  rdi, 

P,  =  2«-w7^r'(l-cost); 


^wtr  cost     p  _^  10 « r*  cos  t  sin  t 
^'  •"  1+  cos  i  '     '  "  "~1  +  cos  i~  ' 

d  P-  ^      COS*  I  +  cos  t  —  1 

^        rd%  1  +  cos  * 

The  angle  of  rupture,  for  which  /?,  =  0,  is 

»,  =  arc-cos  N^Ili  =  51^49' ;.... 


.(5.) 


.(6.) 


and  from  this  angle  we  obtain,  for  the  horizontal  thrust  of  tho 
dome,  per  unit  of  periphery  at  the  joint  of  rupture, 


.(7.) 


;?,  =  0-382  to<r; 
and  for  the  tension  on  a  hoop  to  resist  that  thrust, 
P^  =  0-3«;«r». 

JExample  II.  Truncated  Conical  Dome  (fig.  113). — Apex,  O. 
Depth  of  top  of  dome  below  apex,  Xq  ;  of  base  of  dome,  x^ ;  i,  uni- 
form inclination ;  t,  uniform  thickness ;  y  =  a;  cotan  i. 

Then  at  the  base  of  the  dome,  „ 


-,  .    cos  t  .  .       -. 

wtcosi  (       jc  J\ 

^  W7  <  C08»  t       , 


...(8.) 


»        2  sin'* 
f,'=zv)tx\'  cotan*  i. 

/?,  being  everywhere  positive,  there  is  in  this  dome  no  joint  of 
rupture. 

Exomvpte  III.    Truncated  Conical  Dome,  supporting  an  its  summit 
a  turret  or  "  lantern,''  of  the  loeight  L. 
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^,  =  «;  <  oJi  •  cotan'  i 


..(9.) 


235.  StreBgik  m£AhmtaMmMm  aad  Taaltib — THe  dimensions  required 
in  an  abutment,  arcli,  or  dome,  to  insure  stability,  are  in  most 
cases  sufficient  to  insure  strength  also ;  but  instances  occur,  in 
which -the  condition  of  sufficient  strength  requires  to  be  indepen- 
dently considered,  and  it  may  be  convenient  here  so  far  to  antici- 
pate the  subject  of  strength  as  to  state  that  condition,  viz.,  that  the 
tntenaity  of  the  thrust  in  the  materiab  shall  at  no  point  exceed  a 
certain  limit,  found  by  dividing  the  resistance  of  tiie  material  to 
crushing  by  a  number  called  the  /actor  of  safety.  The  factor  of 
safety  in  existing  bridges  ranges  from  3  or  4  to  50  and  upwards. 
In  tunnels  it  is  about  4.  Ti'edgold  considers,  that  in  bridges  the 
best  value  for  the  factor  of  safety  is  about  8  {TreaJtise  on  Masonry). 
The  resistance  of  some  of  the  most  important  materials  of  masonry 
to  crushing  is  stated  in  a  table  at  the  end  of  this  volume ;  but  a 
prudent  engineer,  who  contemplates  a  great  work  in  masonry,  will 
not  trust  to  tables  alone,  but  will  ascertain  the  strength  of  the 
materials  at  his  command  by  direct  experiment 

235  A.  TraBflibrmaU^a  •f  Stractarai  la  nasoarf. — The  principle 
already  stated  in  Article  126,  that  to  determine  the  irUensUy  of  a 
force  in  a  transformed  structure,  the  projected  line  representing  the 
amov/nt  of  the  force  must  be  divided  by  the  projected  area  over 
which  it  is  distributed,  requires  special  attention  in  considering  the 
strength  of  transformed  structures  of  masonry. 

To  exemplify  the  application  of  that  principle,  conceive  a  rec- 
tangular prism  whose  dimensions  are  x,  y,  z,  x  being  vertical :  its 
volume  laY  =  xyz.  Let  to  be  the  weight  of  unity  of  volume  of 
the  material  of  which  it  is  composed  ;  and  let  the  weight  of  the 
prism  be  represented  by  a  line  parallel  te  a:,  of  the  length  W;  then 

W  =  toxyz. (1.) 

The  amount  of  an  upward  vertical  pressure  on  the  base  of  this 
prism,  which  balances  W,  will  be  represented  by  a  line  equal  and 
opposite  to  W  :  that  is 

P=  -W; (2.) 
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and  the  intenaUy  of  that  pressure  will  he 

p 

^  =  .71=  """^^ ^^'^ 

yz 

Now  let  there  he  a  parallel  projection  of  this  prism,  whose  dimen- 
sions, of  =  ax,  y  =  by,  z  =  c«,  are  oblique  to  each  other.  The 
weight  of  the  new  prism  will  be  represented  by  a  line  parallel  to  o^, 
of  the  length 

W  =  aW (4.) 

Let 

0=1  — cosfy's^  —  cos'sj'a/  —  cos' a/3/ 

+  2  ooB  yz  '  cos  z  xT '  00&  of  y (5.) 

Then  the  volume  of  the  new  prism  is 

V  -  a^y'^  j'G^Y'ahe  j'C; (6.) 

consequently  the  irUensUy  ofUa  weiglU  is 

^'      ahc  JQ'Y      be  J  (J ^  '^ 

The  CMrea  of  the  lower  surfiwje  of  the  new  prism  is 

y'«^'  siny'«^  =  y  z'b  cwa,y  si  \ (8.) 

The  cmwwnJt  of  the  stress  on  that  area  is 

-.W'  =  F=:aP=apy  z (9.) 

being  represented  by  a  line  F,  which  is  the  projection  of  P,  and 
parallel  to  a/. 

The  intensity  of  this  new  stress  is 

P  = TT  =  ;; A" (10-) 

i/  xf  '  smy  sf      bcmxy^z 

and  if  we  consider  the  relation  between  stress  and  weight, 

F=  -  W, 
that  is, 

|/j/;^'8m/«^=-to'«V^  ^/C. (H.) 

we  find 

y=     V  > (12.) 

Bmt/z 
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CHAPTER  III. 

STREM'OTH  Ain)  STIFFNESS, 

Section  1. — Summary  of  the  Theory  of  Elasticity  as  applied  to 
Strength  and  Stiffifieae, 

236.  The  Theorj  of  EhMticitr  relates  to  the  laws  which  connect 
the  stresses,  or  pressures  and  tensions,  which  act  at  the  surface  and 
in  the  interior  of  a  body,  with  the  alterations  of  dimensions  and 
figure  which  the  body  and  its  parts  simultaneously  undergo.  That 
theory,  therefore,  is  the  foundation  of  the  principles  of  the  strength 
and  stiffness  of  materials  of  construction.  The  theory  of  elasticity 
has  many  other  applications, — to  ciystallography,  to  light,  to  sound, 
to  heat,  and  to  other  branches  of  physics.  Its  full  discussion  would 
of  itself  require  a  voluminous  work;  in  the  present  section,  its 
principles  are  to  be  briefly  summed  in  so  far  as  they  are  appli- 
cable to  the  strength  and  stiflhess  of  structurea 

237.  BiaMicit7  is  the  property  which  bodies  possess  of  occupying, 
and  tending  to  occupy,  portions  of  space  of  determinate  volume  and 
figure,  at  given  pressures  and  temperatures,  and  which,  in  a  homo- 
geneous body,  manifests  itself  equally  in  every  part  of  appreciable 
magnitude. 

238.  An  Elastte  Vorc«  is  a  force  exerted  between  two  bodies  at 
their  surface  of  contact,  or  between  two  parts  into  which  a  body 
either  is  divided  or  is  capable  of  being  (divided  at  the  suiface  of 
actual  or  ideal  separation  between  those  parts.  The  intensity  of  an 
elastic  force  is  stated  in  unila  of  weight  per  unit  of  an^ea  of  the 
surface  at  which  it  acts.  That  kind  of  force  is  in  fiewt  identical 
with  stress,  the  statical  laws  of  which  have  ah'eady  been  explained 
in  Part  I.,  Chapter  V.,  Sections  2,  3,  and  4,  Articles  86  to  126. 

239.  Fiaid  Blaaticitr. — The  elasticity  of  a  perfect  flvid  is  such 
that  its  parts  resist  change  of  volume  only,  and  not  change  of 
figure ;  whence  it  follows,  that  the  pressure  exerted  by  a  perfectly 
fluid  mass  is  wholly  perpendicular  to  its  surface  at  every  point : 
principles  which  form  the  basis  of  hydrostatics  and  hydrodynamics. 
Fluids  are  either  gaseous  or  liquid.  A  gaseous  fluid  is  one  whose 
parts  (so  far  as  is  known  by  experiment)  exert  a  pressure  against 
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each  other  and  against  the  vessel  containing  them,  how  great  soever 
the  volume  to  which  they  are  expanded.  See  Art&  110,  and  117 
to  124. 

240.  l^i^aM  KluiicltT* — ^The  elasticity  of  a  perfect  liquid  resists 
change  of  volume  only,  and  differs  from  that  of  a  gaseous  fluid 
chiefly  in  this  :  that  the  greatest  variations  of  the  pressure  which 
it  is  possible  to  apply  to  a  liquid  mass  produce  very  small  variations 
of  its  volume. 

The  compression  undergone  by  a  liquid  mass  in  consequence  of 
the  application  of  a  given  pi-essure  over  its  surface,  \&  measured  by 
the  ratio  of  the  diminution  of  volume  produced  by  the  given  pres- 
sure to  the  entire  volume  of  the  mass  :  a  ratio  which  is  always  a 
very  small  fraction.  The  compressibility  of  a  given  liquid  is  the 
compression  produced  by  a  unit  of  elastic  pressure ;  in  other  words, 
the  ratio  of  a  compression  to  the  pressure  producing  it  The 
Tnodidus  or  co-efficient  o/ dasticity  of  a  liquid  is  the  ratio  of  a  pressure 
applied  to  and  exerted  by  the  liquid,  to  the  accompanying  compres- 
sion, and  is  therefore  the  reciprocal  of  the  compressibUity.  The 
following  empirical  formula  for  the  compressibility  of  pure  water 
at  any  temperature  between  32°  and  128°  Fahrenheit  has  been 
deduced  from  the  experiments  of  M.  Grassi  (Comptes  Bendus,  XIX. ; 
Pkilos.  Mag,,  June,  1851). — Compressibility  per  Atmosphere^ 

1 

"40(T  +  46r)-D' 

T,  temperature  in  degrees  of  Fahrenheit  d,  density  of  water  at 
that  temperattire  under  one  atmosphere,  the  maximum  density  of 
water  under  the  pressure  of  one  atmosphere  being  taken  as  unity. 
At  the  temperature  of  maximum  density,  39-1  Fahr.,  the  corn- 
See  Art  123,  equation  5.  At  the  temperature  of  maximum  density, 
39*1  Fah.,  the  compressibility  of  water  per  atmosphere  is  0*00005, 
and  its  modulus  of  elasticity,  20,000  atmospheres,  or  294,000  lbs. 
per  square  inch. 

Compressibilities  ofswne  Liquids,  per  Atmosphere,  from 
M,  Grasses  experiTnents, 

Saturated  aqueous  solution  of  nitrate  of  potash, .'.0*0000306565 

Saturated  aqueous  solution  of  carbonate  of  potash,... .0*0000303294 

Artificial  sea  water, 0*0000445029 

Saturated  aqueous  solution  of  chloride  of  calcium,... .0*0000209830 

^ther, 000011137  to  0*00013073 

Alcohol, 0*00008245  to  0*00008587 

The  compressibility  of  aether  and  alcohol  increases  with  the  pressure. 

241.  BigMity  or  mmkmm. — ^A  sdid  body,  besides  resisting  change 
of  Tolnme  like  a  liquid,  possesses  also  ngiditj/,  or  the  property  of 
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resisting  change  of  figure.  As  in  the  case  of  liquids,  the  utmost 
alteration  of  volume  of  which  a  solid  body  is  capable  by  any  pressure 
which  can  be  applied  to  it,  is  always  a  very  small  fraction  of  its 
entire  volume.  The  stresses  at  the  surfieu^  of  a  solid  body  or  particle 
are  not  necessarily  normal^  but  may  have  any  direction^  &om  normal 
to  tangential 

242.  flamia  aad  Vrmeimn, — In  popular  language  the  words  strain 
and  stress  are  applied  indifTerently  to  (ienote  either  the  sjrstem  of 
forces  at  the  surface  of  a  solid  body  whereby  its  volume  and  figure 
are  altered,  or  the  alteration  of  volume  and  figure  of  the  body  and 
its  parts  thereby  produced.  For  the  sake  of  clearness  in  scientific 
language,  certain  authors  have  recently  endeavoured  to  appropriate 
the  word  strain  to  the  alterations,  of  what  nature  soever,  in  the 
volume  and  figure  of  a  solid  body  and  of  its  parts,  produced  by 
forces  appHed  to  it,  and  the  word  stress  as  formerly  defined.  This 
nomenclature  will  be  used  in  the  present  treatise.  Fractv/re  a(  a 
solid  occurs  when  a  strain  is  carried  so  £Ekr  as  to  cause  actual  division 
of  the  solid  into  parts.  The  strains  and  fractures  to  which  a  solid, 
considered  as  a  whole,  is  subject,  may  be  classified  according  to  the 
following  table.  To  each  kind  of  strain  there  corresponds  a  kind 
of  stress ;  being  the  external  force  which  produces  that  strain,  and 
the  equal  and  opposite  force  wherewith  the  solid  resists  that  strain : — 

Straiik  Fractora 

T       *t  H*     1         (Extension     ......Tearing. 

°^  "         (  Compression Crushing  and  Cleaving. 

I'  Distortion     ......  Shearing. 

Transverse. <  Torsion Wrenching. 

(  Bending       Breaking  acros& 

243.  Perfeet  aadl  iMvcvfect  KbMticltj.  Plaalicttf. — ^A  body  is  said 
to  be  perfectly  elastic^  which,  if  strained  at  a  constant  temperature 
by  the  application  of  a  stress,  recovers  its  original  volume,  or  volume 
and  figure,  when  such  stress  is  withdrawn.  Deviations  from  this 
proiierty  constitute  imperfect  elasticity.  Gases,  and  liquids  perfectly 
free  from  viscosity,  ai-e  perfectly  elastic 

The  elasticity  of  every  solid  is  sensibly  perfect  when  the  strain 
does  not  exceed  a  certain  limit  This  has  been  proved  to  be  the 
case  even  for  solids  so  plastic  as  moistened  clay.  For  every  solid 
there  are  limits,  which  if  a  strain  exceed,  set,  or  permanent  altera- 
tion of  volume  or  figure,  is  produced ,  and  such  limits  of  elasticity 
are  less,  and  often  considerably  less,  than  the  strains  required  to 
produce  fracture^  It  has  been  proved  by  Mr.  Hodgkinson  that 
these  limits  depend  on  the  duration  of  the  strain,  being  less  for  a 
long-continued  strainthan  for  a  brief  strain.    The  dasticity  of  volume 
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in  solids  is  in  general  much  more  nearly  perfect  than  the  dasticity 
of  figure.  It  is  tnie  that  the  density  of  many  metals  is  perma- 
nently increased  by  hammering,  rolling,  and  wiredrawing,  and  that 
of  some  other  materials  by  intense  pressure  (Fairbairn ;  Report  of 
the  British  Aesodaiion,  1854);  but  the  stresses  which  operate 
during  these  processes  are  very  great  A  body  which  is  capable  of 
undergoing  great  alterations  of  figure,  and  whose  elasticity  of  figure 
is  very  imperfect,  is  a  plastic  soUd,  The  gradations  are  insensible 
between  plastic  solids  and  vi8cou3  liquids^  in  which  there  is  a  resist- 
ance to  change  of  figure,  but  no  tendency  to  recover  any  particular 
figure. 

Jtiee  of  temperatwre,  so  far  as  we  yet  know,  increases  elasticity  of 
volume  in  all  substances,  and  at  the  same  time  diminishes  the 
amoimt  and  the  perfection  of  elasticity  of  figure^  so  as  to  make 
solids  more  plastic  and  liquids  less  viscous. 

244.  The  Vhlant«  CHrragth  of  a  solid  is  the  stress  required  to 
produce  fracture  in  some  specified  way.  The  themof  amagtli  is  the 
stress  required  to  produce  the  greatest  strain  of  a  specific  kind 
consistent  with  safety ;  that  is,  with  the  i*etention  of  the  strength 
of  the  material  unimpaired.  A  stress  exceeding  the  proof  strength 
of  the  material,  although  it  may  not  produce  instant  fracture,  pro- 
duces fracture  eventually  by  long-continued  application  and  fre- 
quent repetition.  Strength,  whether  ultimate  or  proof,  is  the 
product  of  two  quantities,  which  may  be  called  Ton^ncM  and 
miAiCML  ToughnesSj  ultimate  or  proof,  is  here  used  to  denote  the 
greatest  strain  which  the  body  will  bear  without  frticture  or  with- 
out injury,  as  the  case  may  be  :  etiffneas,  which  might  also  be  called 
Iiardness,  is  used  to  denote  the  ratio  borne  to  that  strain  by  the 
stress  required  to  produce  it, — being,  in  fact,  a  modvlus  ofdasticity 
of  some  specified  kind.  MaUeahle  and  ditctile  solids  have  ultimate 
toughness  greatly  exceeding  their  proof  toughness.  Brittle  solids 
have  their  ultimate  and  proof  toughness  equd  or  nearly  equal. 

RcsttieHce  or  Spring  is  the  quantity  of  TnecJumical  toork  required 
to  produce  the  proof  strain,  and  is  equal  to  the  product  of  that 
strain,  by  the  mean  stress  in  its  own  direction  which  takes  place 
during  the  production  of  that  strain, — such  stress  being  either 
exactly  or  nearly  equal  to  one-half  of  the  stress  corresponding  to 
the  proof  strain.  Hence  the  resilience  of  a  solid  is  exactly  or 
nearly  one-half  of  the  product  of  its  proof  toughness  by  its  proof 
strength ;  in  other  words,  one-half  of  the  product  of  the  square  of 
its  proof  toughness  by  its  stiffiiess. 

Each  solid  has  as  many  different  kinds  of  stiffness,  toughness, 
strength,  and  resilience  as  there  are  different  ways  of  sti-aining  it, 
as  the  following  table  shows.  In  that  t^hle  pliahUity  is  used  as  a 
general  term  to  denote  the  inverse  of  stiffness : — 

T 
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Stren 

Stimln. 

SttAiefli. 

PlUbillty. 

Fractnre. 

Strength. 

PulL 

Stretching  or 
Extension. 

••• 

Extensibi- 
Uty. 

Tearing. 

Tenacity. 

Thruflt 

SqneeziBg  or 
Compre»- 
sion. 

«■■ 

Uty. 

CmshiDg. 

... 

Shearii^. 

DiBtortioD. 

.^ 

«•. 

Shearing. 

... 

TwirtiDg. 

Twisting  or 
Torsion. 

... 

••• 

Wrenching. 

••• 

Bending. 

Bending. 

Tnuuvfime 
Stiflhess. 

FlexibiUtj. 

Broaking 
Acrofls. 

... 

Those  kinds  of  stiffness  and  strength  which  have  no  single  word  to 
designate  them,  are  tidied  resistance  to  the  kind  of  strain  or  frac- 
ture to  which  liiey  are  opposed. 

245.  HctemtBaiioii  of  Proof  flMMagtli. — It  was  formerly  supposed 
that  the  proof  strength  of  any  material  was  the  utmost  stress  con- 
sistent with  perfect  elasticity ;  that  is,  the  utmost  stress  which  does 
not  produce  a,  sei,  as  defined  in  Article  243.  Mr.  Hodgkinson, 
however,  has  proved  that  a  set  is  produced  in  many  cases  by  a 
stress  perfectly  consistent  with  safety.  The  determination  of  proof 
strength  by  experiment  is  now,  therefore,  a  matter  of  some  obscu- 
rity ;  but  it  may  be  considered  that  the  best  test  known  is,  the  not 
producmg  cm  iNCREAsma  set  by  repeated  application, 

246.  The  WorkiBg  sircM  on  the  material  of  a  structure  is  made 
less  than  the  proof  strength  in  a  certain  ratio  determined  by  prac- 
tical experience,  in  order  to  provide  for  unforeseen  contingencies. 

247.  Vacton  of  Safetr  are  of  three  kinds,  viz. : — the  ratio  in 
which  the  vUimate  strength  exceeds  the  proof  strength^  the  ratio  in 
which  the  ultimate  strength  exceeds  the  working  stress,  and  the 
ratio  in  which  the  proof  strength  exceeds  the  toorkvng  siress.  The 
following  table  gives  examples  of  the  values  of  those  factors  which 
occur  in  practice : — 

Clt  strength.      Ult  Strength.     Proof  Strength. 


Strongest  sted,.... 

Ordinary  steel  and  wr.  iron,  steady  load, 
**  "  moving  load, 

Wrought  iron  boilers, 

Cast  iron,  steady  load 

**        moving  load, 

Timber;  average, 

Stone  and  briclc, 


toof  Strength. 

Working  Stresn 

WoiklngStreiB 

1* 

... 

••• 

2 

8 

H 

... 

4to6 

2to8 

2 

8 

4 

2to8 

8to4 

about  1^ 

... 

6to8 

9  to  3 

8 

10 

H 

about  2 

4tol0,ay.abt8 

av.  about  4 
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248.  mrlalMM  mi  Ike  Haihcawtical  TImmt  •i  Eluiicltr. — THe 

theory  of  the  elasticity  of  solids  has  been  reduced  to  a  body  of 
mathematical  principles  applicable  to  those  cases  in  which  the 
strains  of  the  particles  of  the  body  are  so  small,  that  quantities 
in  the  stresses  depending  on  the  squares,  products,  and  higher 
powers  of  the  strains  may  be  neglected  without  appreciable  error, 
and  that,  consequently,  Hoohis  Lom — "  vl  tenaio  sic  vis  " — ^is  sen- 
sibly true  for  all  relations  between  strains  and  stressea  This  con- 
dition is  fulfilled  in  nearly  all  cases  in  which  the  stresses  are 
within  the  limits  of  proof  strength — the  exceptions  being  a  few 
substances,  very  pliable,  and  at  the  same  time  very  tough,  such  as 
caoutchouc.  The  mathematical  theory,  as  thus  limited,  consists  of 
three  parts,  viz.,  the  resolution  and  composition  of  stresses,  the 
resolution  and  composition  of  strains,  and  the  relations  between 
strains  and  stressea  The  resolution  and  composition  of  stresses 
has  already  been  fully  discussed  in  Part  I.,  Chapter  Y.,  Section  3. 

249.  BMefaMton  aadi  Ceiyilttea  of  Wtmiafc — ^Let  a  solid  of  any 
figure  be  conceiyed  to  be  ideally  divided  into  a  number  of  inde- 
finitely small  cubes  by  three  series  of  planes  parallel  respectively 
to  three  co-ordinate  planes.  Each  such  elementary  cube  is  dis- 
tinguished by  means  of  the  distances,  x,  y,  Zy  of  its  centre  from  the 
thi^  co-ordinate  planea  K  the  solid  be  strained  in  any  manner, 
each  of  the  elementary  cubical  particles  will  have  its  dimensions 
and  figure  changed,  and  will  become  a  parallelepiped,  which  may 
be  right  or  oblique — ^its  size  being  conceived  to  be  so  small,  that 
the  curvature  of  its  faces  is  inappreciable.  The  simple  or  deimifrdaflry 
strains  of  which  a  particle,  cubical  in  its  fr^e  state,  is  susceptible, 
are  six  in  number,  viz. : — ^three  longitvdhial  or  direct  strains,  being 
the  three  proportional  variations  of  its  linear  dimensions,  which  are 
elongations  when  positive,  and  compressions  when  negative ;  and 
three  transverse  strains,  being  the  three  distortions,  or  variations  of 
the  angles  between  its  faces  from  right  angles,  which  are  considered 
as  positive  or  negative  according  to  some  arbitrary  but  fixed  rule, 
and  are  expressed  by  the  proportions  of  the  arcs  subtending  them 
to  radiua  "When  the  values  of  those  six  strains  for  every  particle 
are  expressed  by  functions  of  the  co-ordinates,  x,  y,  z,  the  state  of 
strain  of  the  solid  is  completely  expressed  mathematically.  The 
six  elementary  strains,  in  the  cases  to  which  the  theory  is  limited, 
are  very  small  fractions. 

The  method  of  reducing  the  state  of  strain  of  the  solid  at  a  given 
point,  as  expressed  by  a  system  of  six  elementary  strains  relatively 
to  one  system  of  rectangular  axes,  to  an  equivalent  system  of  six 
elementary  strains  relatively  to  a  new  system  of  rectangular  axes, 
is  founded  on  the  following  theorem.  Let  «,  /3,  y,  be  the  longitu- 
dinal strains  of  the  dimensions  of  a  given  particle  along  x,  y,  z^ 
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X,  ft,,  p,  the  distortions  of  its  angles  in  the  planes  y  ZyZXyXy,  Con- 
ceive the  surface  of  the  second  order  whose  equation  is 

»a^  +  fif^  +  y«*  +  ^yz  +  fbzx  -^  ifxy=:l. 

Transform  this  equation  so  as  to  refer  the  same  surface  to  the  new 
axes  of  co-ordinates ;  the  six  co-efficients  of  the  transformed  equa- 
tion will  be  the  elementary  strains  referred  to  the  new  axe& 
Other  ways  of  resolving  strains  have  been  pointed  out  by  Professor 
W.  Thomson,  Cambridge  and  Dublin  MaihemcUicdl  Joumaly  May, 
1855. 

The  sum  of  the  direct  strains  «  +  /9  +  y  represents  the  cubic  dila- 
tation of  a  particle  when  positive,  and  the  cubic  compression  when 
negativa  The  state  of  strain  of  a  transparent  body  may  be  ascer- 
tained experimentally  by  its  action  on  polarized  light.  On  this 
subject  experiments  have  been  made  by  Fresnel,  Sir  D.  Brewster, 
M.  Wertheim,  and  Mr.  Clerk  MaxwelL 

250.  DtopiacMiMHtt. — Let  £,  «,  ^,  be  the  projections,  parallel  to 
x;  y,  Zf  respectively,  of  the  displacement  of  a  particle  in  a  strained 
solid  from  its  position  when  the  solid  is  free,  expressed  as  functions 
of  x,y,z.     Then 

_di  dn:         _di 

'""c^oj'    ^"dy'    '^'^dz' 

I 


dy 

^dn 
dz 

di 
~  dz 

*  di' 

dx 

di 
dy 

251.  A«atof7  mi  Btr— m  and  Btnitas. — tt  has  been  shown  in 
Article  104,  that  the  elastic  forces  exerted  on  and  by  an  originally 
cubical  particle,  which  constitute  the  state  of  stress  of  the  solid  at 
the  point  where  that-  particle  is  situated,  may  be  resolved  into  six 
elemeTUary  etressesy  viz.: — three  normal  stresses^  perpendicular  re- 
spectively to  the  iJiree  pairs  of  faces,  and  tending  directly  to  alter 
the  three  linear  dimensions  of  the  particle — and  three  pairs  of 
tangential  stresses  acting  along  the  double  pairs  of  faces  to  which 
they  are  applied,  and  tending  directly  to  alter  the  angles  made  by 
such  double  pairs  of  faces.  To  reduce  the  state  of  stress  at  a  given 
point  expressed  by  a  system  of  six  elementary  stresses  refeiTed  to 
one  system  of  rectangular  co-ordinates  to  an  equivalent  system  of 
elementary  stresses  referred  to  a  new  system  of  rectangular  co-ordi- 
nates, equations  have  been  given  in  Articles  105,  106,  107,  108, 
109,  and  112.  The  whole  of  those  equations  are  virtually  compre- 
hended under  the  following  theorem: — ^Let  p^  p^,  p^,  be  the 
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three  normal  stresses^  and  p^,  p,„  p^,  the  three  tangential  stresses; 
conceive  the  surface  whose  equation  is 

/>««*  +  P„^^  +  Pss^  +  2p,Mt/z  +  2p,^zx  +  2p^xf/  =  1. 

Transform  this  equation  so  as  to  refer  the  same  surface  to  the  new 
set  of  axes ;  the  six  co-efficients  of  the  tnmsformed  equation  will 
be  the  six  elementary  stresses  referred  to  the  new  axes.  For  the 
complete  investigation  of  this  subject,  see  M.  Lamp's  Leqcms  aur  la 
Thearie  mcUhematique  de  fElasticUS  dea  Corps  adidea,  Paris,  1852. 
The  above  equation  is  tranformed  into  the  equation  of  Article  249 
by  substituting  respectively  «,  3,  y,  x,  ^,  j.,  for  p^  p^  p„,  2p^, 
^Pmx9  2p^;  and  by  making  corresponding  substitutions  in  all  the 
equations  of  Articles  105,  106,  107,  108,  109,  and  112,  they  are 
niade  applicable  to  strains  instead  of  stressea 

252.  The  Poceatial  Eaergjr  of  Biaatlcliy  of  an  originally  cubic 
particle  in  a  given  state  of  sti-ain  is  the  toork  which  it  is  capable  of 
performing  in  returning  from  that  state  of  strain  to  the  frcSe  state ; 
and  is  the  product  of  the  volume  of  the  particle  by  the  following 
function : — 

XJ  =  2^*p«  +  fip„  +  yp^  +  ^P^  +  /•!?«  +  i^pj- 

This  function  was  first  employed  by  Mr.  Green,  Ccmbridge  Traru- 
adionSf  voL  vii. 

253.  €o-cfl€teMts  of  Eiuiicitr* — According  to  Hooke's  Law,  each 
of  the  six  elementary  stresses  may,  without  sensible  error,  be 
treated  as  a  linear  function  of  the  six  elementary  stiuins,  each 
multiplied  by  a  particular  co-^ficient  or  modvlua  ofdaaticUy.  By 
expressing  all  the  stresses  in  terms  of  the  strains,  the  potential 
energy  U  is  transformed  into  a  homogeneous  quadratic  function  of 
the  six  elementary  strains,  which  must  have  twenty-one  terms, 
and  consequently  twenty-one  co-efficierUe,  multiplying  respectively 
the  six  half-squares  and  the  fifteen  binary  products  of  the  six  ele- 

mentaiy  strains.     The  co-efficient  of  <5  «'  in  U  is  that  of  «  in 

p„ ;  the  co-efficient  of  » /3  in  TJ  is  that  of  «  in  jp„  and  also  that  of 
^  in  ;9„ ;  and  so  ovl 

254.  €«-eiHcieiitB  ^f  PiiaMUty. — According  to  Hookers  Law  also, 
each  of  the  six  elementary  strains  may  be  treated,  without  sensible 
error,  as  a  linear  function  of  the  six  elementary  stresses,  so  as  to 
trandbrm  U  to  a  homogeneous  quadratic  function  of  the  elemen- 
tary stresses  p,„  Ac,  having  twenty-one  terms,  and  twenty-one  co- 
efficients expressing  different  kinds  of  pliability.  The  word  "  plia- 
bility" is  here  used  in  an  extended  sense,  to  include  liability  to 
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alteration  of  figure  of  every  kind,  whether  hj  elongation,  linear 
compression,  or  distortion. 

Co-efficients,  whether  of  elasticity  or  of  pliability,  may  be  thus 
classified : — Direct,  or  Umgiivdirudy  when  they  express  relations 
between  longitudinal  strains,  and  normal  stresses  in  the  same 
direction;  latercU,  when  they  express  relations  between  longitu- 
dinal st;-ains,  and  normal  stresses  in  directions  at  right  angles  to 
the  strains ;  transverse,  when  they  express  relations  between  dis- 
tortions, and  tangential  stresses  in  the  same  direction  ;  Mique, 
when  they  express  any  other  relations  between  strains  and  stresse& 

255.  Am  Axis  •€  KiMiicitT  is  any  direction  in  a  solid  body,  with 
respect  to  which  some  kind  of  symmetry  exists  in  the  relations 
between  strains  and  stresses.  An  cuds  of  direct  dasticity  is  a  direc- 
tion in  a  solid  body,  such  that  a  longitudinal  strain  in  that  direc- 
tion produces  a  normal  stress,  and  no  tangential  stress  on  a  plane 
normal  to  that  direction.  Every  such  axis  is  a  direction  of  maxi- 
mum or  minimum  direct  elasticity  relatively  to  the  directions 
adjacent. 

By  the  aid  of  the  calculus  of  forms,  and  of  an  improvement  in 
the  geometry  of  oblique  co-ordinates,  it  has  been  shown  that  every 
homogeneous  solid  must  have  <U  least  three  axes  of  direct  elasticity, 
which  may  be  rectangular  or  oblique  with  respect  to  each  other, — 
that  the  number  of  such  axes  increases  as  the  symmetry  of  the 
action  of  elastic  forces  becomes  greater, — and  that  their  various 
possible  arrangements  correspond  exactly  with  those  of  the  normals 
to  the  faces  and  edges  of  the  various  primitive  crystalline  forms 
{FhU.  Trans.,  1856-7). 

256.  In  an  iMir»rie  or  Am^fl^iiMui  8*ikl  the  action  of  elastic 
forces  is  alike  in  all  directions.  Every  direction  is  an  axis  of  elas- 
ticity. The  co-efficients  of  oblique  elasticity  and  oblique  pliability 
are  all  null  The  number  of  different  co-efficients  of  elasticity,  and 
of  different  co-efficients  of  pliability,  is  three.  The  following  nota-- 
tion  and  equations  show  their  relations  to  each  other : — 

Elasticities, 

^^ ^=^^^'-' 

^'^' °  =  a»-a?-2y> 

Transverse, C=  — ^ — ; 

Elasticity  of  volume, -= — , 

0  o 
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PliabilUiei. 

^^'' "  =  A»^AB-2B'> 

(otherwise,  the  extencdbilitj.) 

Lateral, i=  ^ 


A»  +  AB-2B*' 


Transverse, c  =  ^  =  2(a  +  i); 

Cubic  oompressibilit  J, tl  =  3  a  —  6  ft. 


257.  H«dabw  mi  Bbwdcifr. — The  quantity  to  which  the  term 
"modulus  of  daaicUy''  was  first  applied  by  Dr.  Young,  is  the 
reciprocal  of  the  extensibility,  or  longitudinal  pliability;  that  is 
to  say, 

8  A  +  B 

This  quantity  expresses  the  ratio  of  the  normal  stress  on  the  trans- 
verse section  of  a  bar  of  an  isotropic  solid  to  the  longitudinal 
strain,  on/y  to?ien  the  bar  is  perfectly  free  to  vary  in  its  transverse 
dimensionsy  but  not  under  other  circumstances.  The  values  of 
Young's  modulus  have  been  determined  experimentally  for  almost 
every  solid  substance  of  importance,  and  a  table  of  them  is  given 
at  the  end  of  the  voluma 

258.  BzaMFiM  •£  Cm^mxitmiM, — The  only  complete  sets  of  co- 
efficients of  elasticity  and  pliability  which  have  yet  been  computed 
are  those  for  brass  and  crystal,  deduced  from  the  experiments  of 
M.  Wertheim  (Annales  de  Chimie,  3d  series,  voL  xxiii),  and  are  as 
follows — ^the  unit  of  pressure  being  oiie  potmd  on  ths  squa/re  inch : — 

Braa&  CrystaL 

A 22,224,000  8,522,600. 

B 11,570,000  4,204,400. 

c 5,327,000   2,159,100. 

j 15,121,000  5,643,800^ 

- 14,300,000  5,746,000. 

ft 

a 0*0000000699 o'ooooooi74o. 

i..... 0-0000000239 0-0000000575. 

t 0-0000001877 0*0000004631. 

)) 0*0000000661 0-0000001772. 
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259.  The  OeMml  Fm^Icm  •ftbe  laicnua  B^vOitelni  •Cm  Ste*- 
ac  S0iid  is  this  : — Given  the  free  form  of  a  solid,  the  values  of  its 
oo-efiicients  of  elasticity,  the  attractions  acting  on  its  partides^  and 
the  stresses  applied  to  its  surface  :  to  find  its  change  of  form,  and 
the  strains  of  all  its  particles.  This  problem  is  to  be  solved,  in 
general,  by  the  aid  of  an  ideal  division  of  the  solid  (as  already 
described)  into  molecules  rectangular  in  their  free  state,  and  re- 
ferred to  rectangular  co-ordinates.  For  isotropic  solids,  some  par- 
ticular cases  are  most  readily  solved  by  means  of  spherical,  cylin- 
drical, or  otherwise  curved  co-ordinates.  The  general  equation  of 
internal  equilibrium  in  a  solid  acted  on  by  its  own  weight,  has 
already  been  given  in  Article  116,  equation  2.  If,  in  that  equa- 
tion, the  values  of  the  stresses  in  terms  of  the  strains,  expressed,  as 
in  Article  250,  in  terms  of  the  displacements  of  the  particles,  be 
introduced,  equations  are  obtained,  which  being  integrated,  give 
the  displacements,  and  consequently  the  strains  and  stresses.  The 
general  problem  is  of  extreme  complexity ;  but  the  cases  which 
occur  in  practice,  and  to  which  the  remainder  of  this  chapter  re- 
lates, can  genei-ally  be  solved  with  sufficient  accuracy  by  compara- 
tively simple  approximate  methods  Most  of  those  approximate 
methods  are  analogous  to  the  *^  method  of  sections  **  described  in 
its  application  to  framework  in  Article  161.  The  body  under 
consideration  is  conceived  to  be  divided  into  two  parts  by  an  ideal 
plane  of  section ;  the  forces  and  couples  acting  on  one  of  those 
two  parts  are  computed,  and  they  must  be  equal  and  opposite  to 
the  forces  and  couples  resulting  from  the  entire  stress  at  the  ideal 
sectional  plane,  which  is  so  found.  Then  as  to  the  distribtUian 
of  that  stress,  direct  and  shearing,  some  law  is  assumed,  which  if 
not  exactly  true,  is  known  either  by  experiment  or  by  theory,  or 
by  both  combined,  to  be  a  sufficiently  close  approximation  to  the 
trutL 

£xcept  in  a  few  comparatively  simple  cases,  the  strict  method 
of  investigation,  by  means  of  the  equations  of  internal  equilibrium, 
has  hitherto  been  used  only  as  a  means  of  determining  whether  the 
ordinary  approximative  methods  are  sufficiently  dose. 

Section  2. — On  Edationa  between  Strain  and  Stress, 

260.  BUipM  •r  strata.— In  Articles  249,  251,  252,  253,  254, 
250,  and  257,  of  the  preceding  section,  certain  general  principles 
respecting  the  relations  amongst  strains,  and  the  analogies  and 
other  relations  between  strain  and  stress,  are  stated  without  a 
detailed  demonstration.  In  the  present  section  the  more  simple 
cases  of  those  principles,  to  which  there  will  be  occasion  to  refer  in 
the  sequel,  are  to  be  demonstrated. 
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Let  a  solid  body  be  supposed  to  undergo  a  strain,  or  small 
alteration  of  dimensions  and  figure,  of  such  a  nature  that  all  the 
displacements  of  its  particles  from  their  ^ 

original  positions  are  parallel  to  one 
pbme;  and  let  that  plane  be  repre- 
sented by  the  plane  of  the  paper  in 
fig.  114.  In  the  first  instance,  let  the 
state  of  strain  of  the  body  be  uniform 
throughout;  that  is,  le^  all  parts  of  the 
body  'which  originally  were  equal  and 
similar  to  each  other,  continue  equal 
and  similar  to  each  other  notwithstand- 
ing their  alteration  of  dimensions  and 
figure. 

Bound  any  centre  O,  with  the  radius 
unUf/y  let  a  circle  be  traced  amongst  the 
particles  of  the  body,  B  C  A  F.   Because 
of  the  uniformity  of  the  strain,  this 
circle  will  be  changed  into  a  parallel 
projection  of  a  circle;  that  is,  into  an 
ellipsa     Let  b  e  a/  be  that  ellipse,  and  O  a 
and  05  its  semi-axes,  the  body  being  so  placed 
in  its  strained  condition  that  the  central  par- 
ticle O  may  remain  unchanged  in  position,  in 
order  that  the  circle  and  ellipse  may  be  the 
more  easily  compared.   Then  the  particle  which 
was  at  A  is  displaced  to  a,  and  the  particle 
which  was  at  B  is  displaced  to  h ;  and  particles 
which  were  at  points  in  the  circle,  such  as  C 
and  F,  are  displaced  to  corresponding  points 
in  the  ellipse,  such  as  c  andy! 

In  the  direction  O  A,  the  body  has  undergone  the  extension 

Aa  =  «; 
and  in  the  direction  O  B,  at  right  angles  to  O  A,  the  extension 

and  the  combination  of  those  two  extensions  or  elementaiy  direct 
strains,  in  rectangular  directions,  constitutes  the  state  of  strain  of 
the  body  parallel  to  the  given  plane;  that  state  of  strain  being 
completely  known,  when  »,  |3,  and  the  directions  of  the  pair  of 
rectangular  taxxa  o/siram  O  A,  O  B,  are  known. 

One  or  both  of  the  elementary  strains  might  have  been  compres- 
sive, instead  of  tensile,  in  which  case  one  or  both  of  the  quantities  de- 
noting them  would  have  been  negative,  to  express  diminution  of  size. 
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A  square  whose  aides  aie  tinity,  and  parallel  to  O  A  and  O  B, 
being  traced  amongst  the  particles  of  the  body  in  the  free  state,  is 
converted  hj  the  strain  into  a  rectangle  whose  sides  are  l-\- »  and 
1  +  /3,  and  still  parallel  to  O  A  and  O  R 

Let  it  now  be  required  to  express  the  state  of  strain  of  the  body 
with  reference  to  two  new  rectangular  axes,  O  C  and  O  F,  that  is 
to  say,  to  find  the  alterations  of  dimensions  and  figure  produced  by 
the  strains  on  a  figure  originally  square,  described  on  O  C  and  O  F. 

Let  a;  =  O  X,  ^  =  O  Y,  be  the  original  co-ordinates  of  C,  and  a/ 
=  OX',  f/  =  OY',  those  of  F;  and  let  the  angle  A  O  C  =  90*  - 
A  O  F  =  ^.     Then 

a;  =  cos^=  —  f/ 

y  =  sin  ^  =  ay. 

Also,  letaj  +  5  =  YD,  y  +  ii  =  OY  +  Dc,  be  the  co-ordinates  of 
c,^he  new  position  of  0;  and  let  af  +  f  =  Y'G,  ^  +  u*  =  O  Y'  + 
G/,  be  the  co-ordinates  of  ^  the  new  position  of  F.  Then  because 
of  the  uniformity  of  the  strain,  the  componevU  diapUtcementa  S,  «,  &, 
tf,  have  the  following  values : — 


.(1.) 


g=CD=     X  ^  ctcoa^; 
11=  Dc  =  /Sy  =  /3sin^; 
e  =  FG  =  «aj'  =  «y  =  «Bin^; 
^  =  g7=/3  3/=  -/3cos^. 

O  c  and  O/are  the  sides  of  the  oblique  parallelogram  into  which 
the  square  on  00  and  OF  has  been  transformed  by  the  strain. 
The  relations  between  the  new  and  the  original  figure  are  distin- 
guished into  two  direct  strains  and  a  distortion,  in  the  following 
manner : — 

From  c  let  fall  c  M  perpendicular  to  O  0  M ;  and  from/  let  £Edl 
/N  perpendicular  to  O  F  N.    Then 

«'  :=  0  M  is  the  extension  of  O  0; 

fir  =  FN  is  the  extension  of  OF; 

and  1^=  CM+/N  is  the  distortion  or  deviation  from  reotan- 
gularity ;  and  the  values  of  those  three  new  elementary  strains, 
relatively  to  the  pair  of  axes  which  make  the  angle  ^  with  the 
principal  oases  O  A,  O  6,  in  terms  of  the  principal  demenUvry  s^euea^ 
«,  fif  ai-e  as  follows : — 
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m^=ziooB0  +  ntasii=^ti  cob*  0  +  fi  sin*  0; 
iSr  =  e  sin  ^—  n'  cos  /  ==  •  Bin'  ^  +  /5  cob' ^; 
•  =  {8m^  —  ncoB^  +  rcoB^+n'sm^      "  ""^^'^ 
=  2  (•  —  /8)  COB  ^  am  ^. 

Those  three  equations  are  exactly  analogous  to  the  equations  3 
and  4  of  Article  112,  from  which  they  may  be  formed  by  substituting 
«  for  p„  and  /9  for  p^  in  both  equations ;  and  then,  in  the  first  place, 

»'  for  p„  and  ^  for  a; » ;  in  the  second  place,  fit  for  p^  and  (90®  —  ^ 

for  X  Uy  and  in  the  third  place,  /  for  pt,  and  ^  for  a;  ti. 

This  illustrates  the  general  principle  of  analogy  of  stresses  and 
strains  stated  in  Article  251.  That  principle  is  fui'ther  illustrated 
by  the  following  geometrical  construction  of  the  preceding  problem. 
In  fig.  115,  make  o a  =  «,  o &  =  /9,  and  draw  the  ellipse  heaf,  and 
the  circumscribing  circle  C  a F.  Let  .^e^  ao  Q  =z  0,  and  let  o  F  be 
perpendicular  to  o  C,  so  that  those  lines  represent  the  direction  of 
the  new  rectangular  axes,  to  which  the  strain  composed  of  «  and  /3 
is  to  be  referred.  Draw  C  c,  F/,  parallel  to  o  ft,  cutting  the  ellipse 
in  c  and/,  from  which  points  respectively  draw  cm-J^oC,  and/N 
-i-oF.    Then 

om==»\  on:=fi>,  2  cm  =  2/n  =  *', 

are  the  components  of  the  strain,  referred  to  the  new  axes;  and  the 
dlipse  of  strain  b  c  af  is  analogous  to  the  dXipst  of  stress  of  Article 
112. 

The  results  of  the  preceding  investigation  are  applicable  not  only 
to  an  uniform  state  of  strain,  but  to  a  state  of  strain  varying  from 
point  to  point  of  the  body,  provided  the  variation  is  continuous,  so 
that  it  shall  be  possible,  by  diminishing  the  space  under  considera- 
tion, to  make  the.  strain  within  that  space  deviate  from  imiformity 
by  less  than  any  given  deviation. 

261.  soipMld  Af  flmin. — ^A  strain  by  which  the  size  and  figure 
of  a  body  are  altered  in  three  dimensions  may  be  represented  in  a 
manner  analogous  to  that  of  the  preceding  Article,  by  conceiving  a 
sphere  of  the  radius  unity  to  be  transformed  by  the  strain  into  an 
dlipsoid,  and  considering  the  displacement  of  various  particles, 
from  their  original  places  in  the  sphere,  to  their  new  places  in  the 
ellipsoid.  The  three  axes  of  the  ellipsoid  are  the  principal  axes  of 
strain,  and  their  extensions  or  compressions,  as  compared  with  the 
coincident  diameters  of  the  sphere,  are  the  three  principal  elementary 
strains  which  compose  the  entire  strain.  It  is  by  this  method,  whidi 
it  is  unnecessary  here  to  give  in  detail,  that  the  general  principles 
stated  in  Articles  249  and  251  are  arrived  at 
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262.   TmnsTcne  SUudcltr  ^f  an  iMtrvpIc  SabntMice. — Let  the 

two  principal  elementary  strains  in  one  plane  be  of  equal  magnitude, 
but  opposite  kinds ;  that  is,  supposing  the  strain  in  fig.  114  along 
O  A  to  be  an  extension,  »,  let  the  strain  along  O  B  be  a  compression, 
fiz=z  —  «.  The  ellipse  will  fiill  beyond  the  circle  at  A,  and  as 
much  within  it  at  B,  and  will  cut  it  at  an  intermediate  point  near 
the  middle  of  each  quadrant 

Take  a  pair  of  new  axes  bisecting  the  right  angles  between  the 
original  axes ;  that  is,  let  ^  =  45®;  then  the  equations  2  of  Article 
260  give  the  following  result : — 

•'  =  0;i8r=0;  »'=2»; (1.) 

that  is  to  say,  cm  extension,  and  an  equal  compression,  along  a  pair 
of  rectangtUar  axes,  a/re  equivalent  to  a  simple  distortion  relatively  to 
a  pair  of  axes  making  angles  of  45**  vxUh  the  original  aaces;  amd  ike 
amount  of  ths  distortion  is  doMe  that  of  eilker  of  the  two  direct  strains 
which  compose  it;  a,  proposition  which  is  otherwise  evident,  by  con- 
sidering that  a  distortion  of  a  square  is  equivalent  to  an  elongation 
of  one  diagonal,  and  a  shortening  of  the  other,  in  equal  proportions. 
The  body  being  isotropic,  or  equally  elastic  in  sJl  directions,  let 
A  be  its  direct  and  B  its  lateral  elasticity;  then  the  pair  of  principal 
strains  »,fi=  —  »,  will  be  accompanied  by  a  pair  of  principal  stresses 
along  O  A  and  OB  respectively,  given  by  the  following  equations : — 

along  O  A,  p,  =  A«  +  B/3  =  (A-B)«; 

0B,;>,  =  B«  +  A/3  =  (B-A)«=-  p,; (2.) 

that  is  to  say,  there  will  be  a  puU  aloTig  O  A,  and  an  equal  thrust 
along  O  B. 

It  has  already  been  proved,  in  Article  111,  that  such  a  pair  of 
principal  stresses,  of  equal  intensities  and  opposite  kinds,  are 
equivalent  to  a  pair  of  shearing  stresses  of  the  same  intensity  on  a 
pair  of  planes  making  angles  of  45°  with  the  axes  of  principal 
stress;  or  taking  jo^  to  represent  the  intensity  of  the  shearing  stress 
on  each  of  a  pair  of  planes  normal  to  the  new  pair  of  axes, 

p,  =  p,  =  (A  -  B)  •; (3.) 

but  if  0  be  the  co-efficient  of  transverse  elasticity  of  the  substance, 
we  have  also 

P,  =  0,; (4) 

and  consequently,  for  an  isotropic  substance, 

0=^*; (a.) 
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or  ihe  transverse  elasticity  is  half  (Ae  difference  of  tlie  direct  and  lateral 
dcuticUies, 

This  is  the  demonstration  of  a  principle  already  stated  in  Article 
256.  The  corresponding  principle  for  pliabilities,  viz. : — that  the 
transverse  pliability  is  twice  ike  svan  of  ike  direct  and  kUeral  extensi- 
bilities, is  demonstrated  by  a  similar  process,  of  which  the  steps  may 
be  briefly  summed  as  follows  : — 

«  =  b;?,  —  bi>,  =  (a  +  6)|?,; 

fi  =  up,  —  bp,=^  —  {u  +  i)p,  =  —  a; 

.•./=:2ci  =  2(a  +  6)p,  =  2(a  +  i)i?,  =  c^„ 

.•.c  =  2(a  +  b).— Q.  R  D (6.) 

263.  Cable  SHifliieitT. — If  the  three  rectangular  dimensions  of  a 
body  or  particle  are  changed  in  the  respective  proportions  1  +  •, 
1  +  /9,  1  +  y,  its  volume  is  altered  in  the  proportion 

(l  +  «)(H-0)(H-y)j 

and  when  the  elementaiy  strains  «,  fi,  y,  are  very  small  fractions 
this  is  sensibly  equal  to 

l+»  +  /8  +  y. 
Consequently,  as  in  Article  249, 

•  +  /3  +  y 
may  be  called  the  culnc  strain,  or  alteration  of  volume. 

In  an  isotropic  substance,  the  three  rectangular  direct  stresses 
which  accompany  those  three  strains  are 

^„  =  A«  +  B(3  +  y);x 

p„  =  A^  +  B(y  +  »);l (1.) 

j>„  =  Ay  +  B(-  +  /3);j 

The  third  part  of  the  sum  of  those  stresses,  which  may  be  called  the 
mean  direct  stress,  has  the  following  value  : — 

Pft±Pll±PfiJA±13  .  (•  +  /3  +  y); (2.) 

3  o 

The  co-efficient  contained  in  this  expression,  being  the  ratio  of  the 
mean  direct  stress  to  the  cubic  strain,  is  the  cnbic  elasticity,  or 
dasticity  ofvolvme,  already  mentioned  in  Aiticle  256,  its  reciprocal 
being  the  cubic  compressibility. 

264.  Fiaid  EUiaUcity. — ^The  distinction  between  solids  and  fluids 
is  well  illustrated  by  applying  to  fluids  the  equations  of  Articles  262 
and  263.  Fluids  ofier  no  resistance  to  distortion,  that  is,  they  have 
no  transverse  elasticity;  therefore  for  them 

A  — B 
2 


0  =  ^5^=^  =  0;  orA=:R 
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Introdadng  this  into  the  eqnationB  1  and  2  of  Article  263,  we  find 

and  the  cubic  elasticity 

A  +  2B      ^ 
—3—=^ 

The  equality  of  the  pTessnres  in  all  directions  at  a  given  point  in  a 
fluid  has  already  been  proved  by  another  process  in  Article  110. 

The  equations  of  Ajrticle  256  show  the  pliabilities  of  a  perfect 
fluid  to  be  infinite^  with  the  exception  of  the  cubic  compressibility, 

which  is  ^  • 

Sectiok  3. — On  ResisUmoe  to  Stretching  cmd  Tecuring, 


265.  fltMTMM  and  flttensih  mf  m,  Tto-Bar. — If  a  cylindrical  or 
prismatic  bar,  whose  cross  section  is  8  (as  in  Article  97,  fig.  46),  be 
subjected  to  a  pull  whose  resultant  acts  along  the  axis  of  figure  of 
the  bar,  and  whose  amount  is  P,  the  intensity  of  the  pull  will  be 
uniform  on  each  cross  section  of  the  bar,  and  will  have  the  value 

p=l (^•> 

This  direct  stress  will  produce  a  strain,  whose  principal  element 
will  be  a  longitudinal  extension  of  each  unit  of  length  of  the  bar, 
of  the  value 

•  =  «P=1 (2) 

where  a  denotes  the  direct  extensibility,  and  E  its  reciprocal,  the 
modvlvs  of  elasticity,  or  co-efficienJt  of  resistance  to  stretching,  as 
explained  in  Articles  26^  and  257. 

Let  X  denote  the  length  of  the  bar,  or  of  any  portion  of  it,  in  the 
free  or  unloaded  state;  that  length,  under  the  tension  p,  becomes 

(i  +  -)«. 

The  co-efficient 

01 

is  nearly  constant  until  p  passes  the  limit  of  the  proof  stress;  but 
after  that  limit  has  been  passed,  that  co-efficient  diminishes ;  that 
is  to  say,  the  extension  «  increases  fiaster  than  the  intensity  of  the 
stretching  force  p,  until  the  bar  is  torn  asunder. 

The  uUimate  strength  of  the  bar,  or  the  total  pull  required  to 
tear  it  instantly  asimder — ^the  proof  strength,  or  the  greatest  pull 
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of  wMch  it  can  safely  bear  the  long-Ksontinued  or  repeated  applica- 
tion— and  the  working  load — are  computed  hj  means  of  the  formula 

p=/,  or  P=/S, (3.) 

"where /represents  the  uttimaJte  tenacity ^  the  proof  tenacUf/,  or  the 
workmg  stresSy  as  the  case  may  be. 

The  tovghnesa  of  the  bar,  or  the  extension  corresponding  to  the 
proof  load,  is  given  by  the  formida 

'=i (*•) 

-where/is  the  proof  tenacity. 

266.  The  B«iflieace,  or  flpving  of  the  bar,  or  the  work  performed 
in  stretching  it  to  the  limit  of  proof  strain,  is  computed  as  follows  : 
— 0?  being  the  length,  as  before,  the  elongation  of  ^e  bar  under  the 
proof  load  is 

fx 

the  force  which  acts  through  this  space  has  for  its  least  value  0,  for 
its  greatest  value  P  =/S,  and  for  its  mean  value  ^ ;  so  that  the 
work  performed  in  stretching  the  bar  to  the  proof  strain  is 

/3  fx_r  s« 

2  •  E  ""E  •"2' ^  ^^ 

/' 
The  co-efficient  ~r>  ^7  vhich  one-half  of  the  volume  of  the  bar  is 

multiplied  in  the  above  formula,  is  called  the  Modulits  of  Eesi- 

UENCE. 

267.  9mMttm  PalL — ^A  pull  of  '^,  or  one-holf  of  the  proof  load, 

being  suddenly  applied  to  the  bar,  will  produce  the  entire  proof 

f 
strain  of  ^,  which  is  produced  by  the  gradttal  application  of  the 

proof  load  itself;  for  the  work  performed  by  the  action  of  the  con- 

stant  force  ~  through  a  given  space,  is  the  same  with  the  work 

performed  by  the  action,  through  the  same  space,  of  a  force  increas- 
ing at  an  uniform  rate  from  0  up  to/S.  Hence  a  bar,  to  resist 
-with  safety  the  sudden  application  of  a  given  pull,  requires  to  have 
t^oe  the  stre^igth  that  is  necessary  to  resist  the  gradual  applica- 
tion and  steady  action  of  the  same  pidL 

The  principle  here  applied  belongs  to  the  subject  of  dynamics, 
ajid  is  stated  by  anticipation,  on  account  of  its  importance  as 
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respects  the  strength  of  materials.  It  is  the  chief  reason  for  mak- 
ing the  factor  of  safety  for  a  moving  load  considerably  greater  than 
for  a  steady  load  (see  Article  247). 

268.  A  Table  •€  the  BealeCBMce  ^f  OlAlcriaU  to  Slretcliiim  aikl 
Temriu^  by  a  direct  pull,  in  pounds  per  square  inch,  is  given  at  the 
end  of  the  volume. 

The  tenacity,  or  resistance  to  tearing,  given  in  that  table,  is  in 
each  case  the  tdtimate  tenacitj/,  being  the  quantity  as  to  which 
experimental  data  are  most  abundant  and  precise.  The  proof  ten- 
acity and  working  tension,  when  required,  are  to  be  foimd  by 
dividing  the  ultimate  tenacity  by  the  proper  factors^  according  to 
Article  247. 

The  modulus  of  elasticity  in  each  case  is  given  firom  experiments 
made  within  the  limits  of  proof  strain. 

Both  co-efficients,  for  fibrous  subetanoes,  have  reference  to  the 
effects  of  tension  acting  along  thejlhres,  or  "grain."  Both  the  ten- 
acity and  the  elasticity  of  timber  against  forces  acting  across  the 
grain  are  much  smaller  than  against  forces  acting  along  the  grain, 
and  are  also  of  uncertain  amount,  the  results  of  experiments  being 
few  and  contradictoiy. 

269.  AdditiMisi  Data.  —  The  following  are  a  few  experimental 
results  in  addition  to  those  given  in  the  table  : — 

Welded  joint  of  a  wrought  iron  retort. — Ultimate  tena- 
city, by  a  single  experiment,  in  lbs.  per  square  inch,...  30750' 

Iron  wire-ropea, — Strength  in  lbs.,  for  each  lb.  weight  per 

fathom, Ultimate,    4480* 

Proof,....    2240- 
Working  load  \  of  ultimate,  or  ^  of  proof  strength. 

Hempen  cables, — Ultimate  strength  =  (girth  in  inches)'  x  4481b. 

Leathern  belts. — ^Working  tension  in  11m.  per  square  inch, 
according  to  Grencral  Morin 285' 

Chain  caUeSy  when  the  tendency  of  each  link  to  collapse  is 
resisted  by  means  of  a  cross-bar,  as  shown  in  fig.  116, 
have  a  strength  per  square  inch  of  cross  section  of  the 
link  equal  to  that  of  the  iron  of  which  they  are  made, 
when  it  is  in  the  form  of  bars. 

270.  The  siKngtli  mt  Rireued  Jainto  of  iron  plates 
is  given  in  the  table,  in  Ihs.  per  square  inch  of  section 
ofihepiUUey  from  the  experiments  of  Mr.  Eairbaim« 
The  strength  of  a  double-rivetted  joint  is  seven-tenths 
of  that  of  the  iron  plate,  simply  because  of  three-tenths 
of  the  breadth  of  the  plate  being  punched  out  in  each 
Fig.  116.  row  of  rivet-holes.  The  strength  of  a  single-ri vetted 
joint  is  diminished  not  merely  by  the  removal  of  the  iron  at  the 
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rivet-holes,  but  by  the  xineqiml  distribution  of  the  stress.    Eivetted 
joints  will  be  further  considered  in  the  sequel 

271.    TUa  Bl«ltow  Cylladcni  B«Ucn|  PipM.  —  Let     q     denote 
the  uniform  intensity  of  the  pressure  exerted  by 
a  fluid  which  is  confined  within  a  hollow  cylin- 
der of  the  radius  r,  and  of  a  thickness,  t,  which 
is  small  as  compared  with  that  radius.  |(  ♦— r....i||^ 

The  demonstration  in  Article  179  shows,  that 
if  we  consider  a  ring,  being  a  portion  of  the  cylin- 
der of  the  length  umty,  l^e  tension  on  that  ring 
will  be  ^'  117. 

^  =  qr, (1.) 

being  the  force  per  unit  of  length  with  which  the  internal  pressure 
tends  to  split  the  cylinder  from  end  to  end. 

The  sectional  area  of  the  ring  under  consideration  is  t  Then 
assuming,  what  is  very  nearly  correct,  that  the  tension  is  uniformly 
distributed,  the  intensity  of  that  tension  is 

p='r (2) 

The  ratio  of  thickness  to  radius,  which  a  thin  hollow  cylinder 
requires,  to  fit  it  for  a  given  intensity  of  bursting  pressure,  proof 
pressure,  or  tvorking  pressure,  is  given  by  the  formula 

hj- ; « 

/being  the  uUvmate  tenacity ,  the  proof  tenswn,  or  the  uxyrhing  ten- 
sion, as  the  case  may  be. 

It  is  considered  prudent,  in  steam-boilees,  to  make  the  working 
tension  only  one-eighih  of  the  ultimate  tenacity.  The  joints  of 
plate  iron  boilers  are  single-ri vetted ;  but  from  the  manner  in 
which  the  plates  break  joint,  analogous  to  the  bond  in  masonry, 
the  tenacity  of  such  boilers  is  considered  to  approach  more  nearly 
to  that  of  a  double-rivetted  joint  than  that  of  a  single-rivetted  joint. 
Mr.  Fairbaim  estimates  it  at  34,000  lbs.  per  square  inch ;  so  that 
the  values  of  /for  wrought  iron  boilers  may  be  thus  stated : — 

Bursting  tension, 34,000 

Proof  tension, 17,000 

Working  tension, 4,250 

For  CAST  IRON  WATER  PIPES,  the  working  tension  may  be  made 
one-sixth  of  the  bursting  tension,  which  for  cast  iron,  on  an  avei*age^ 
is  16,500  Iba  per  squai-e  inch  ;  that  is  to  say,  the  values  of/ are 

Bursting  tension, 16,500 

Proof  tension  (one-third) , 5,500 

\Yorking  tension, 2,760 
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For  steam-pipes,  as  for  steam-boilers,  the  fector  of  safety  should  be 


272.  TMn  Hollow  SplierM. — Let  fig.  117  now  be  conoeived  to 
represent  a  diametral  section  of  a  thin  hollow  sphere,  filled  with  a 
fluid  which  presses  from  within  with  the  intensity  q.  The  area  of 
the  fluid  cut  by  the  section  is 

hence  the  whole  force  to  be  resisted  by  the  tenacity  of  the  section 
of  the  spherical  shell  is 

P  =  '?r'. (1.) 

The  area  of  the  section  of  the  spherical  shell,  supposing  the  thick- 
ness ^  to  be  small  as  compared  with  the  radius  r,  is  very  nearly 

B  =  2^rt; (2.) 

hence  assuming,  what  is  very  nearly  correct,  that  the  tension  is 
uniform,  its  intensity  is 

^=I=It^- w 

or,  one-half  of  the  tension  round  a  cylindrical  sheU  having  the  same 
internal  pressure,  and  the  same  proportion  of  thickness  to  radius ; 
so  that,  in  these  circumstances,  the  sphere  is  twice  as  strong  as  the 
cylinder. 

Equation  3  gives  also  the  hngUvdinal  tension  in  a  thin  hollow 
cylinder,  which,  being  only  one-half  of  the  circumferential  tension 
round  the  cylinder,  does  not  require  to  be  considered  in  piuctice. 

The  proper  ratio  of  thickness  to  radius  in  a  thin  hollow  sphere 
is  given  by  the  formula 

i^L-        u\ 

/  being  the  bursting,  proof,  or  working  tension,  according  aa  5'  is 
the  bursting,  proof,  or  working  pressure. 

273.  Thick  BoUow  Cyiiador. — The  assumption  that  the  circum- 
ferential tension,  or  hoop-tension  as  it  may  be  called,  in  a  hollow 

cylinder  is  uniformly  distributed,  is  approxi- 
mately true  only  when  the  thickness  is  small  as 
compared  with  the  radius ;  for  if  a  ring  of  the 
Xp — \»-  cylinder  be  conceived  to  be  divided  into  seveiia.1 
concentric  hoops,  one  within  another,  the  tension 
of  the  innermost  hoop  balances  part  of  the  radial 
pressure  of  -the  confined  fluid,  so  that  a  dimin- 
Fig.  118.  ished  radial  pressure  is  transmitted  to  the  second 

hoop,  which  has  therefore  a  less  tension  than  the  first  hoop,  and 

so  on. 
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Equation  2  of  Article  271  gives  the  mecm  hoop-tension  in  a 
thick  as  well  as  in  a  thin  cylinder ;  but  it  is  not  the  mean,  but  the 
grecUeat  hoop-tension  (that  is,  the  tension  round  the  inner  surface 
of  the  cylinder),  which  is  limited  by  the  strength  of  the  materiaL 
The  object  of  the  present  investigation  is  to  show  what  law  the 
Tariation  of  hoop-tension  follows,  and  thence,  what  relation  the 
maximum  tension  bears  to  the  fluid  pressure. 

To  make  the  solution  perfectly  general,  it  will  be  supposed  that 
the  cylinder  is  pressed  from  without  as  well  as  from  within.  Let 
iig.  118  represent  a  cross  section  of  the  cylinder;  let  R  denote  its 
external  and  r  its  internal  radius.  Let  q^  denote  the  fluid  pressure 
from  within,  and  ^i  that  from  without;  p^  the  hoop-tension  at  the 
inner  surface  of  the  cylinder,  and  pi  the  hoop-tension  at  the  outer 
sur£sice. 

Consider,  as  before,  a  ring  whose  length,  parallel  to  the  axis  of 
the  cylinder,  is  unity.  The  radial  section  of  that  ring,  from  r  to 
R  in  fig.  118,  has  to  sustain  the  diflerence  between  the  total  pressures 
from  within  and  without,  in  a  dii'ection  perpendicular  to  the  radius 
O  f*  E,  on  a  quadrant  bounded  by  that  radius.     That  diflerence  is 

Conceive  the  ring  to  be  divided  into  an  indefinite  number  of  con- 
centric hoops,  each  of  the  thickness  dr,  and  exerting  a  tension  of 
the  intensity  |>;  then  the  total  hoop-tension  will  be 


j   pdr  =  qQT  —  q,B. (1.) 


From  the  symmetry  of  the  ring  and  /  the  forces  acting  on  it  in 
all  directions  round  the  centre  O,  it  is  obvious  that  the  axes  of 
stress  of  any  particle  of  metal  must  be  respectively  in  the  direction 
of  a  radius,  and  perpendicular  to  that  direction.  The  principal 
stresses  at  any  particle  are  a  radial  presswrey  q  (which  for  each 
particle  at  the  inner  surface  is  qoy  and  for  each  particle  at  the  outer 
surface,  q^)  and  a  hoop-tension  p. 

As  in  the  case  of  the  ellipse  of  stress.  Article  112,  we  may  con- 
ceive this  pair  of  principal  stresses  to  be  made  up  of  two  component 
pairs,  viz.  : — 

A  pair  of  equal  stresses  of  the  same  kind,  constituting  a  Jluid 
jffresaure  or  tension,  whose  common  intensity,  stated  so  as  to  be  a 
i^ension  when  positive,  a  pressure  when  negative,  is 

P  —  9 
2      "~     ' 

£knd  a  pair  of  equal  stresses  of  contrary  kinds,  whose  common 
ijatensity  is 
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2     —^ 

Thus  we  haye p=sn  +  fn,g=zn  —  m;  and  the  problem  is  to  be 
solved  hj  first  supposing  m  to  act  alone,  then  supposing  n  to  act 
alone,  and  lastly  combining  their  effects ;  observing,  that  the  only 
solutions  of  equation  1  which  are  admissible,  are  those  which  are 
true  for  all  values  of  R  and  r. 

Case  L  Equal  cmd  mniiar  stresses,  or  n  =  0.     In  this  case 

j?  =  —  q=:m, 

showing,  that  instead  of  a  radial  pressure,  there  is  a  radial  tension 
equal  to  the  hoop-tension,  and  constituting  along  with  it  simply  a 
fluid  tension  of  the  intensity  m  at  each  point.  Equation  1  is  ful- 
filled by  making 

p=z  —  g  =  m  r=:  constant, (2.) 

which  reduces  both  sides  of  equation  1  to 

m  (R  --  r). 
Case  2.  Fqital  cmd  earUrar^  stresses,  or  m  =  0.     In  this  case 

pz=q  =  n, 
and  the  solution  of  equation  1  is 

p=zq=:n  =  -^ (3.) 

a  being  an  arbitrary  constant,  and  r^  any  value  of  the  radius,  from 
r  to  R  inclusive;  for  this  reduces  both  sides  of  equation  1  to 


•G-i) 


Case  3.  General  soltUion.    By  combining  the  two  partial  solu- 
tions of  equations  2  and  3  together,  we  find 


(4.) 


qz=:n 
p  =  n 

a 

—  m; 

+  m; 

Hoop-tension, 

To  determine  the  constants  a  and  m  we 

have  the 

equations 

a 

a 

m  =  qr, 

whence  we  obtain  by  elimination 
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.(«•) 


,_(g»-g.)RV. 

E'  — f*      ' 


giving,  finally,  for  the  macnmum  hoop4auion, 

j9l,_-+«.=  EifZv ^^"^ 

The  mean  Ikoop-tensum  is 

(7.) 


gpr  — g,R 
R  — r     ' 


.(&) 


which  is  exceeded  bj  the  TnaYiwrnni  in  the  proportion 

fer-yiR)(It  +  r)' 

a  proportion  which  tends  towards  equality^  as  B  and  r  become 
more  nearly  equal 

A  transposition  of  equation  6  gives  the  following  value  of  the 
ratio  of  the  external  to  the  interzud  radius,  required  in  order  that 
/>o  may  be  =:/,  the  bursting,  proof,  or  working  tension,  as  the  case 
may  be : — 

^VIt^^^.} <••> 

Iii  most  cases  which  occur  in  practice,  the  external  fluid  pressure 
gi  19  so  small  compared  with  the  internal,  that  it  may  be  neglected. 

One  important  consequence  of  equation  9  is,  that  if  the  irUemcU 
pressure  qo  is  equal  to  or  greater  dum  the  «w»  f  +  2  q,  of  the  co- 
efficient of  strength  cmd  twice  the  external  pressu/re,  no  thickness,  how 
great  soever,  toUl  enahle  the  cylinder  to  resist  the  pressure. 

The  following  is  a  geometrical  representation  of  the 
foi'^oing  solution.  In  fig.  119,  let  O  represent  the 
centre  of  the  cylinder;  O  r  its  internal,  and  O  R  its 

external  radius.     To  represent  the  value  of  n  =  j^, 

draw  two  ordinates  r  A,  E  B,  at  right  angles  to  the 
direction  of  those  radii,  such  l^at 

r"A  :  RB  :  :  E*  :  r«. 


Then  A  and  B  will  be  points  in  a  hyperbola  of  the 
second  order ^  A  B,  which  has  the  property  that 


Fig.  119. 
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arearABR  =  r  x  rX- R  x  RB; 

80  that  it  represents  case  2. 

Draw  CD  ||  O  r  R,  cutting  off  from,  the  ordinates  the  parts  0  A, 
D  B,  which  bear  to  each  other  the  proportions 

CA  :  DB  ::qo:  qi. 

Then  r  0  =  R  D  will  represent  m,  the  solution  of  case  1 .  Draw 
E  F  II  O  r  R  at  the  same  distance  r  £  =  r  C  on  the  opposite  side. 
Then  if  any  ordinate  be  drawn  across  the  two  straight  lines  E  F 
and  C  D,  and  the  curve  A  B,  at  a  given  distance  r'  from  O,  the 
segment  of  that  ordinate  between  C  D  and  A  B  will  represent  the 
radial  pressure  q,  and  the  entire  ordinate  from  E  F  to  A  B  will 
represent  the  hoop-tension  |7;  at  that  distance  frx)m  O;  and  in  par- 
ticular E  A  will  represent  the  maximum  hoop-tension  p^^ 

The  formulae  of  this  Article  are  the  same  with  those  given  by 
M.  LamI  in  his  TraUe  de  rElasticUe;  but  they  are  anived  at  in  a 
different  manner. 

274.  CyUnder  •€  Si»ln«d  Binga. — To  obviate,  in  whole  or  in 
part,  the  unequal  distribution  of  the  hoop-tension  in  thick  hollow 
cylinders  for  withstanding  great  pressures,  it  has  been  proposed  to 
construct  such  cylinders  of  concentric  hoops  or  rings  built  together, 
the  outer  hoops  being  "  shrunk "  on  to  the  inner  hoops,  in  such  a 
manner,  that  before  any  internal  pressure  is  applied,  the  hoops 
within  a  certain  distance  of  the  centre  may  be  in  a  state  of  circum- 
ferential compression,  and  those  beyond  that  distance  in  a  state  of 
circumferential  tension.  If  the  stress  thus  produced  by  the  mutual 
action  of  the  concentric  hoops  could  be  adjusted  with  such  accuracy, 
as  to  be  at  each  point  exactly  equal  and  opposite  to  the  difference 
between  the  actual  hoop  tension  at  the  same  point  due  to  the 
internal  pressure,  as  given  by  equations  4,  5,  and  6,  of  Article  273, 
and  the  mean  hoop-tension  as  given  by  equation  7,  then  upon 
applying  the  proper  internal  pressure,  there  would  result  simply  an 
uniform  tension  equal  to  the  mean,  and  the  formulae  of  Article  271 
would  become  applicable  to  thick  as  well  as  to  thin  cylinders. 
Even  although  it  may  be  impi-acticable  to  adjust  the  previous  stress 
with  the  accuracy  above  described,  any  approach  to  its  proper 
distribution  must  increase  the  strength  of  the  cylinder.  ThiA 
method  of  consti-uction  has  been  carried  into  effect  in  Captain 
Blakel/s  gun,  Mr.  Mallet's  mortar,  and  some  other  pieces  of  artillery. 

The  only  equation  which  the  stress  of  the  concentric  hoops  will 
of  itself  fulfil  is 


|*prfr=0. 
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275.  Thick  H«n*w  Sphcve. — Let  fig.  118  DOW  represent  a  diame- 
tral section  of  a  hollow  sphere,  the  fluid  pressures  within  and 
without  being  q^  and  qi,  as  before.  The  pressure  to  be  resisted  at 
the  section  is 

»(^ot-  — yiRO; 

and  if  the  section  of  the  metal  be  conceived  to  be  divided  into  an 
indefinite  number  of  concentric  rings,  the  breadth  of  one  of  these 
lings  being  dr,  its  radius  /,  and  the  tension  at  it  p,  it  appears  that 
the  total  resistance  of  the  section  will  be 

/B 
pt'  dr; 

and  hence  the  equation  to  be  fiilfiUed,  for  all  values  of  q^,  qi,  r,  and 
R,is 

2  j'lpi'dr:=^q^i^  —  q,B? (1.) 

From  symmetry  it  appears,  that  the  axes  of  stress  at  any  particle 
must  be,  one  in  the  direction  of  a  radius,  with  the  pressure  q  along 
it,  and  the  other  two  in  any  two  directions  perpendicular  to  the 
first  and  to  each  other,  with  equal  tensions  p  along  them.  Two 
partial  solutions  are  obtained  in  the  following  manner : — 

3       ~^ 

3     ="' 
80  that 

p=zn  +  m;  q=z2n  —  m. 

Case  1.  w  =  0,  />  =  —  q  =  m;  being  the  case  of  &Jluid  tension, 
equal  in  all  directions.  In  this  cajse,  equation  1  is  solved  by  making 

p  =  —  9^  =  m  =  constant, (2.) 

which  reduces  both  sides  of  that  equation  to 

m(R'  —  r^ 

Case  2.  m  =  Of  p=^=n;  being  the  case  of  a  pair  of  circumfer- 

ential  tensions,  each  equal  to  half  of  the  radial  pressure.  In  this 
case,  equation  1  is  solved  by  making 

/'=f=»=7^- <3.) 

which  reduces  both  sides  of  that  equation  to 
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Oase  3.  General  BoltiHcn, 


p  =  n  +  m  =  ^^  +  m, 


}■ 


The  constants  a  and  971,  deduced  from  the  equations 

2a  2a 

?o  =  ^,  — »»j  ^1  =  ^  —  m, 

are  found  by  elimination  to  have  the  following  values : — 

(«•) 


2(R»  — r") 

^  R»  — r» 

giving  finally,  for  the  maximnm  tenaon, 

Po-^-^»»-  2(R»— r»)  ^^'^ 

A  transformation  of  this  equation  gives  the  following  value  of 
ratio  of  the  external  to  the  internal  radius  of  the  sphere,  required 
in  order  that  po  may  be  =  ^  the  bursting,  proof,  or  working  ten- 
sion, as  the  case  may  be  : — 

g..y/  ^(/^go)   I  (7.) 

r  -  V    (  2/-go  +  3(?i  /  ^^'^ 

This  equation  shows,  that  if 

^0=  0T::^2/+Zq„ 
no  thickness  will  be  sufficient  to  enable  the  sphere  to  withstand 
the  pressure. 

The  formulae  of  this  Article  agree  with  those  given  by  M.  Lam6, 
though  arrived  at  by  a  different  process. 

276.  B*ii«r  Stays. — The  sides  of  locomotive  fire-boxes,  the  ends 

of  cylindrical  boilers,  and  the  sides  of  boilers  of  irregular  figures 

like  those  of  marine  steam  engines,  are  often  made  of  flat  plates, 

r — 1    which  are  fitted  to  resist  the  pressure  from  within 

^     ®     ®  L.?l1    ^y  being  connected  together  across  the  watei^space 

0000      or  steam-space  between  them  by  tie-bars,  called 

stays  when  long,  bolts  when  short     For  example, 

£g,  120  represents  part  of  the  flat  side  of  a  loco- 

0000      motive  fire-box,  and  shows  the  arrangement  of  the 

Fig.  120.         bolts  by  which  it  is  tied  to  the  flat  plate  at  the 

other  side  of  the  water-space. 
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Each  of  these  bolts  or  stays  sustains  the  pressure  of  the  steam 
against  a  certain  area  of  the  plate  to  which  it  is  attached.  Thus, 
in  ^g,  120,  the  bdt  a  resists  the  pressure  of  the  steam  on  the  square 
area  which  surrounds  it,  and  whose  side  is  equal  to  the  distance 
from  centre  to  centre  of  the  bolts. 

Let  a  be  the  sectional  area  of  a  stay ;  A,  that  of  the  portion  of 
flat  plate  which  it  holds ;  q,  the  bursting,  proof,  or  working  pres- 
sure, and /the  ultimate,  proof,  or  working  tension  of  the  material 
of  the  stay.     Then 

/a=:  qA. 

The  proper  factor  of  safety  is  eight,  as  for  other  parts  of  boilers. 
Experience  has  shown,  that  the  plate,  if  its  material  is  as  strong  aa 
that  of  the  stay,  should  have  its  thickness  equal  to  half  the  dior- . 
meter  of  the  stay.     If  the  plate  be  of  a  weaker  material  than  the 
stay,  its  thickness  should  be  proportionally  increased. 

The  flat  ends  of  cyliadrical  boilers  are  sometimes  stayed  to  the 
cylindrical  sides  by  means  of  triangular  plates  of  iron  adled  ''  gus- 
seta,^'  These  plates  are  placed  in  planes  radiating  from  the  axis  of 
the  boiler,  and  have  one  edge  fixed  to  the  flat  end,  and  the  other 
to  the  cylindrical  body.  iSush  gusset  sustains  the  pressure  of  the 
steam  against  a  aector  of  the  flat  circular  end.  Considering  that, 
the  resultant  tension  of  a  gusset  must  be  concentrated  near  one 
edge,  it  appears  advisable  that  its  sectional  area  should  be  three  or 
four  times  that  of  a  stay-bar  suited  for  sustaining  the  pressure  on 
the  same  area. 

The  best  experimental  data  respecting  the  strength  of  boilers  are 
due  to  the  researches  of  Mr.  Fairbaim,  especially  those  recorded  in 
his  work  called  TJeefvl  InforTnatumfor  Engineers, 

277.  tapenMM  nmd  •f  VmU^nm  8M«gA.— In  flg.  121,  let  W 
be  a  weight  hung  from  the  lower  end  of  a  vertical  rod  v  . 
B  C,  whose  weight  per  unit  of  Tolume  is  w,  and  let  it  be  \  / 
required  to  find  how  the  transverse  section  S  of  the  rod  ^  \  ' 
must  vary  with  the  height  x  above  B,  in  order  that  the 
tension  may  be  everywhere  of  equal  intensity/ 

The  total  load  at  any  point  is,  W  from  the  weight  hung 

at  B,  to  /   Sdx  from  the  weight  of  the  rod  for  a  height  x 
above  B ;  and  this  must  be  equal  to  the  pull  /S.     Hence     ^|     | 

W  +  w  fl&dx=/&; (1.)       Fig.121 

which  being  solved,  gives  for  the  cross  section  of  the  rod, 

W     •' 

B  =  j.e/; (2.) 
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and  for  its  weight,  for  a  height  x  above  B, 

/S- W  =  W  {eT—  1) (3.) 

The  most  usefiil  application  of  this  is  to  the  determination  of  the 
dimensions  of  the  pump-rods  of  deep  mines.  They  are  not  made 
with  the  section  varying  continuously,  according  to  the  formula  2, 
but  in  a  series  of  divisions,  each  of  uniform  scantling ;  neverthe- 
less that  formula 'will  sei-ve  to  show  approximately  the  law  which 
the  dimensions  of  those  divisions  should  follow. 

Section  4. — On  Resistance  to  Shearing, 

278.  C*Bditlmi  •€  fjnifmrm  lateaaitr* — ^The  present  section  refers 
to  those  cases  only  in  which  the  shearing  stress  on  a  body  is  uni- 
form in  direction  and  in  intensity.  The  effects  of  shearing  stress 
varying  in  intensity  will  be  considered  under  the  head  of  Besist- 
ance  to  Bending,  which  is  in  general  accompanied  by  such  a  stress ; 
and  the  effects  of  shearing  stress  varying  in  direction  as  well  as  in 
intensity  under  the  head  of  Resistance  to  Torsion, 

It  has  been  shown  in  Article  103  that  shearing  stresses  can  only 
exist  in  pairs,  every  shearing  stress  on  a  given  plane  being  neces- 
•sanly  accompanied  by  a  shearing  stress  of  equal  intensity  on 
another  plane.  In  Article  112,  Problem  II.,  it  is  shown  that  for 
any  combination  of  stress  parallel  to  a  given  plane,  the  planes  rela- 
tively to  which  the  shearing  stress  is  greatest  are  at  right  angles  to 
each  other,  and  make  angles  of  45°  with  the  axes  of  principal  stress. 

When  equal  forces  are  applied  to  the  opposite  sides  of  a  wedge, 
bolt,  rivet,  or  other  body,  in  such  a  manner  as  to  tend  to  shear  it 
into  two  parts  at  a  particular  transverse  plane  of  section,  then  at 
any  given  point  in  that  transverse  sectional  plane  the  shearing 
stress  is  of  equal  intensity  relatively  to  that  plane  itself,  and  to  a 
longitudinal  plane  traversing  the  same  point,  perpendicular  to  the 
direction  of  the  externally-applied  shearing  forces.  If  the  wedge, 
bolt,  or  rivet  is  loose  in  its  hole  or  socket  at  and  near  the  plane  of 
shearing,  there  can  be  no  shearing  stress  on  those  free  parts  of  its 
extermU  surface  which  are  at  right  angles  to  the  direction  of  the 
external  shearing  force ;  and  hence  the  intensity  of  the  shearing 
stress  at  the  plane  of  shearing,  how  great  soever  it  may  be  in  the 
internal  parts  of  the  body,  must  diminish  to  nothing  at  certain 
parts  of  the  external  edges  of  that  sectional  plane,  and  must  be 
unequally  distributed ;  so  that  the  most  intense  shearing  stress 
must  be  greater  than  iiie  intensity  of  a  stress  of  equal  amount  uni- 
formly distributed. 

To  insure  uniform  distribution  of  the  stress,  it  is  necessary  that 
the  rivet  or  other  fastening  should  fit  so  tight  in  its  hole  or  socket. 
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that  the  friction  at  its  surface  may  be  at  least  of  equal  intensity  to 
the  shearing  stresa     When  this  condition  is  fulfilled,  the  intensity 

F 

of  that  stress  is  represented  simply  by  -5 ;  F  being  the  shearing 

force,  and  S  the  sectional  area  which  resists  it. 

279.  A  Table  mt  the  Resistance  ef  BEateriala  te  Sheariac  and  Dl^ 
tertiea,  in  lbs.  avoirdupois  per  square  inch,  is  given  at  the  end  of 
the  volume.  It  is  of  small  extent,  because  of  the  small  number  of 
substances  whose  resistances  to  shearing  and  distortion  have 
been  ascertained  by  satisfactory  experiments.  The  resistance  of 
timber  to  shearing  is  in  each  case  that  which  acts  between  conti- 
guous layers  of  fibres. 

280.  Bceaemj  ef  material  la  Belts  aad  Rirets. — There  are  many 
structures,  such  as  boilers,  wrought  iron  bridges,  and  frames  of  tim- 
ber or  iron,  in  which  the  piincipal  pieces,  such  as  plates,  links,  or  bars, 
being  themselves  subjected  to  a  direct  pull,  are  connected  >Rdth  each 
other  at  their  joints  by  fastenings,  such  as  rivets,  bolts,  pins,  or 
keys,  which  are  under  the  action  of  a  shearing  force.  It  is  in  every 
such  case  important,  that  the  pieces  connected  and  their  fastenings 
should  be  of  equal  strength ;  for  if  the  fastenings  be  the  weaker, 
either  the  whole  structure  is  insufficiently  strong,  or  the  mateiial 
which  gives  the  additional  strength  to  the  plates  or  bars  is  wasted : 
and  if  the  listenings  be  the  stronger,  the  plates  and  bars  are  weak- 
ened more  than  is  necessary  by  the  holes  or  sockets ;  and  as  before, 
either  the  structure  is  too  weak,  or  material  is  wasted. 

Let  /  denote  the  resistance  per  square  inch  of  the  material  of 
tho  principal  pieces  to  tearing  ;  S,  the  total  sectional  area,  whether 
of  one  piece  or  of  two  or  more  parallel  pieces,  which  must  be  torn 
asunder  in  order  that  the  structure  may  be  destroyed;  f^  the 
resistance  per  square  inch  of  the  material  of  the  fastenings  to  shear- 
ing ;  S',  the  total  sectional  area  of  fastenings  at  one  joint,  which 
must  be  sheared  across  in  order  that  the  structure  may  be  destroyed ; 
then,  if  the  conditions  of  imiform  distribution  of  stress  are  fulfilled, 
the  principal  pieces  and  their  fastenings  ought  to  be  so  propor- 
tioned, that 

/S=/S';or|'=^ (1.) 

Por  wrought  iron  rivetted  plates,  taking  the  value  of/'  fix)m  the 
table  (as  determined  by  the  experiments  of  Mr.  Doyne),  we  have 

^,==  1  nearly,  and  .•.  S'==  S (2.) 

"For  wrought  iron  bars  connected  by  bolts  or  rivets,  we  have 

•^  =  |-nearly,and.-.  S'  =  |  S (3.) 
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Example  I.  Plaie-jomt  overlapped^  eingl&^rwetted.    Fig.  122.  A, 
front  Yiew ;  B,  side  view.    Let 
t  =  thickness  of  plate, 
c?  =  diameter  of  rivet. 
"^       e  =:  distance  from  centre  to  centre  of  rivets. 
Then 


o  o  o  o   o 


Fig.  122. 


i 


1  =  1-= 


Sectional  area  of  one  rivet 


S       Sectional  area  of  plate  between  two  holes 
0-7854  rf" 


"tic-d)^ 

so  that^  d  and  t  being  given,  and  e  required,  we  have 


(*.) 


0-7854  rf'  ,  _, 
c= :; ra. 


.(5.) 


d  in  practice  is  usually  frH>m  2t  to  1^  ^ ;  and  the  overlap  from  o 
tolAc 


o     o     o    o 
coo 


JL 

Fig.  128. 
S' 


P         Example  IL  Plate-joint  overlapped^  douMe- 

\^  riv      '     ~' 


riveUed     Fig.  123. 

Sectional  area  of  two  rivets 


S      Sectional  area  of  plate  between  two  holes  in  same  line 
l'570Sd' 


.\  c=- 


T{o-d)  ' 
1-5708  d' 


+  d 


.(6.) 
(7.) 


Overlap  in  practice  =  If  e  to  If  o. 

Example  ILL  Plate  BtOt-joint,  with  a  pair 
of  covering  piatee,  si/ngle-rivetted.    Fig.  124. 

tHere  each  rivet  can  give  way  only  by  being 
sheared  across  in  two  places  at  once;  there- 


o      o      o     o      o 
o      o      o     o      o 

A 


fore 
Fig.  124. 

2  X  Sectional  area  of  rivet 


i-i' 


1-5708  d* 


'  Sectional  area  of  plate  between  two  holes        t  (c — d)  '"'^  ' 

....(9.) 


1-5708  rf", 
.  •  c= T ha. 


Length  of  each  covering  plate  =  2  x  overlap  =  from  2  c  to  2 j  & 
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Example  lY.  Plaie  Butt^awU,  with  a  pair  of  covering  plates,  daul>le- 
rimeUed.    Fig.  125. 

S' 4  X  Sectional  area  of  rivet 

S       Sectional  area  of  plate  between  two  holes  in  one  row 

3-1416  cP 


=?:l^+c^ (11.) 


o        o 

o        o        o 
6 o       o 


Length  of  each  oovering-plate  :=  2  x  overlap 

=  from  3J  to  3^  c.  Fig,  126. 

Note. — ^The  Ufngth  of  a  rivet,  before  being  clenched,  measuring 
from  the  head,  is  about  4^  t  for  overlapped-joints,  and  5^  t  for 
butt-joints  with  covering-platea 

Example  Y.  Suspension  bridge  ehair^joinJt.  The  chain  of  a  sus- 
pension bridge  consists  of  long  and  short  links  alternately.  Each 
long  link  consists  of  one  or  more,  say  of  n,  parallel  flat  bars,  of  a 
shape  resembling  fig.  64,  Article  138,  placed  side  by  side;  each  bar 
has  a  roimd  eye  at  each  end  Each  short  link  consists  of  n  -|-  1 
parallel  flat  bars,  with  round  eyes  at  their  ends,  which  are  placed 
between  and  outside  of  the  ends  of  the  parallel  bars  of  the  long 
links;  so  that  the  end  of  each  long  bar  is  between  the  ends  of  a 
pair  of  short  bars.  The  eyes  of  the  long  and  short  bars  at  each 
joint  form  one  continuous  cylindrical  hole  or  socket,  into  which  a 
bolt  or  pin  is  fitted,  to  connect  the  links  together.  To  break  the 
chain  at  a  joint,  by  the  giving  way  of  the  bolt,  that  bolt  must  be 
sheared  across  at  2  n  places  at  once.  Hence,  let  S  denote  the  total 
sectional  area  of  the  bars  in  a  link,  and  d  the  diameter  of  the  bolt; 
then  S'  =  2  n  X  07854  cP  ==  1*5708  n  d*\  and  because  S'  should 

be  =  -  S,  we  have 


-Vr 


^  (12.) 


309  n 


281.  FMMBtasi  •#  Tlmfecr  Tic*. — In  timber  framing,  a  tie  may 
be  connected  with  the  adjoining  pieces  of  the  frame  either  by  having 
their  ends  abutting  against  notches  cut  in  the  tie  (as  shown  at  A,  A, 
^%»  81,  Article  161),  or  by  means  of  bolts  or  pins.  In  either  case, 
the  tie  may  yield  to  the  stress  in  two  ways, — by  being  torn  asunder 
at  the  place  where  its  transverse  section  is  least  (that  is,  where  it  is 
notched  or  pierced,  as  the  case  may  be),— or  by  having  the  part 
beyond  the  notch,  or  beyond  the  bolt-hole^  sheared  off  or  sheai-ed 
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out,  as  the  case  may  be.  In  order  that  the  material  may  be  econo- 
mically used,  equation  1  of  Article  280  should  be  fulfilled,  viz.  :— 

/S=/S';or|=^ (1.) 

This  condition  serves  to  determine  the  distance  of  the  notch,  or  of 
the  boltrhole,  or  of  the  nearest  bolt-hole  where  there  axe  more  than 
one,  from  the  end  of  the  tie,  in  the  following  manner  : — 

Let  A  be  the  effective  depth  of  the  tie,  left  after  deducting  the  dep4h 
of  the  notch,  or  the  diameters  of  bolt-holes,  and  d  the  distance  of 
the  notch,  or  of  the  nearest  bolt-hole,  from  the  end  of  the  tie;  then 
for  a  notch 

|-l--'=7'^ <^' 

and  for  bolt-holea,  if  «  be  their  number, 

S'      2nd  .   .  /     .  n. 

In  determining  the  number  n,  it  is  to  be  observed,  that  if  Ueo  or 
more  bolts  pierce  the  same  layer  o/fibreSy  the  resistance  to  the  sheaiii^ 
out  of  the  part  of  that  layer  between  the  end  of  the  tie  and  the  moet 
distant  of  the  bolts  is  nearly  the  same  as  if  that  bolt  existed  alooe. 
so  that  tJis  most  distant  only  ofs^ich  a  set  of  bolts  is  to  be  reehmsd  is 
using  equation  3.  In  general,  the  piercing  of  the  same  layer  of 
fibres  by  more  than  one  bolt  is  unfavourable  to  economy. 

Section  5. — On  Resistance  to  Direct  Compression  and  CrtiMng, 

282.  wteaiMmmee  !•  c^mprcMlMi,  when  the  limit  of  proof  stress  i3 

not  exceeded,  is  sensibly  equal  to  the  resistance  to  extension,  and  is 
expressed  by  the  same  "  modvhis  of  elasticity,**  already  mentioned 
and  explained  in  Articles  257,  265,  266,  and  26&  When  thai 
limit  is  exceeded,  the  irregular  alterations  undergone  by  ihe  figvK 
of  the  substance  render  the  precise  determination  of  the  resistance 
to  compression  difficult,  if  not  impossible. 

283.  modes  •€  Crnahlns.— Spllttlns,  Sh«wrta«,  Bal«in«,  »«cfcllii». 
CroM-breakias. — Crushing,  or  breaking  by  compression,  is  not  a 
simple  phenomenon  like  tearing  asimder,  but  is  more  or  less  oompWx 
and  varied,  according  to  the  texture  of  the  substance.  The  modes 
in  which  it  takes  place  may  be  classed  as  follows  : — 

I.  Cntshing  by  spliUing  (fig.  126)  into  a  number  of  pnaEoatk 
fragments,  separated  by  smooth  surfaces  whose  general  direction  i- 
nearly  parallel  to  the  direction  of  the  crushing  force,  is  charactoi^iik 
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of  hard  homogeneous  substances  of  a  glassy  texture,  such  as  yitrified 
bricks. 


Fig.  126. 


Kg.  127. 


Fig.  128. 


Fig.  129. 


II.  Crushing  by  shearing  or  sliding  of  portions  of  the  block  along 
oblique  surfaces  of  separation  is  characteristic  of  substances  of  a 
granular  texture,  like  cast  iron,  and  most  kinds  of  stone  and  brick. 
Sometimes  the  sliding  takes  place  at  a  single  plane  surface,  like 
A  B  in  fig.  127 ;  sometimes  two  cones  or  pyramids  are  formed,  like 
c,  c,  in  fig.  128,  which  are  forced  towards  each  other,  and  split  or 
drive  outwards  a  number  of  wedges  surroxmding  them,  like  w,  w,  in 
the  same  figure.  Sometimes  the  block  splits  into  four  wedges,  as 
in  ^.  129. 

The  surfaces  of  shearing  make  an  angle  with  the  direction  of  the 
crushing  force,  which  Mr.  Hodgkinson  (who  first  fully  investigated 
those  phenomena)  found  to  have  values  depending  on  the  kind  and 
quality  of  material.  For  different  qualities  of  cast  iron,  for  example, 
that  angle  ranges  from  42^  to  32^.  The  greatest  intensity  of  shearing 
stress  is  on  a  plane  making  an  angle  of  45°  with  the  direction  of  the 
crushing  force ;  and  the  deviation  of  the  plane  of  shearing  from  that 
angle  shows  that  the  resistance  to  shearing  is  not  purely  a  cohesive 
force,  independent  of  the  normal  pressure  at  the  plane  of  shearing, 
but  consists  partly  of  a  force  analogous  to  friction,  increasing  with 
the  intensity  of  the  normal  pressure. 

Mr.  Hodgkinson  considers  that  in  order  to  determine  the  true 
resistance  of  substances  to  direct  crushing,  experiments  should  be 
made  on  blocks  in  which  the  proportion  of  length  to  diameter  is  not 
less  than  that  of  3  to  2,  in  oi^er  that  the  material  may  be  free  to 
divide  itself  by  shearing.  When  a  block  which  is  shorter  in  pro- 
portion to  its  diameter  is  crushed,  the  friction  of  the  flat  surfaces 
between  which  it  is  crushed  has  a  perceptible  effect  in  holding  its 
parts  togeUieTy  so  as  to  resist  their  separation  by  shearing;  and  thus 
the  apparent  strength  of  the  substance  is  increased  beyond  its  real 
strength. 

In  all  substances  which  are  crushed  by  splitting  and  by  shearing, 
the  resistance  to  crushing  considerably  exceeds  the  tenacity,  as  an 
examination  of  the  tables  will  show.  The  resistance  of  cast  iron 
to  crushing,  for  example,  was  found  by  Mr.  Hodgkinson  to  be 
somewhat  more  than  six  times  its  tenad^. 
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III.  Crushing  by  bulging,  or  lateral  swelling  and  spreading  of 
the  block  which  is  crushed,  is  characteristic  of  ductile  and  tough 
materials,  such  as  wrought  iron.  Owing  to  the  gradual  manner 
in  which  materials  of  this  nature  give  way  to  a  crushing  force,  it 
is  difficult  to  determine  their  resistance  to  that  force  exactly;  that 
resistance  is  in  general  less,  and  sometimes  considerably  less,  than 
the  tenacity.  In  wrought  iron,  the  resistance  to  the  direct  crush- 
ing of  short  blocks,  as  nearly  as  it  can  be  ascertained,  is  from 

2      4 

-  to  -  of  the  tenacity. 

o       u 

lY.  CrusJdng  6y  buckling  or  crippling  is  characteristic  of  fibrous 
substances,  under  the  action  of  a  thrust  along  the  fibres.  It  consists 
in  a  lateral  bending  and  wrinkling  of  the  fibres,  sometimes  accom- 
panied by  a  splitting  of  them  asunder.  It  takes  place  in  timber, 
in  plates  of  wrought  iron,  and  in  bars  ledger  than  those  which  give 
way  by  bulging.  The  resistance  of  fibrous  substances  to  crushing 
is  in  general  considerably  less  than  their  tenacity,  especially  whero 
the  lateral  adhesion  of  the  fibres  to  each  other  is  weak  compared 
with  their  tenacity.     The  resistance  of  most  kinds  of  timber  to 

1       2 
crushing,  when  dry,  is  from  ^  to  -  of  the  tenacity.   Moisturo  in  the 

timber  weakens  the  lateral  adhesion  of  the  fibres,  and  reduces  the 
resistance  to  crushing  to  about  one-half  of  its  amount  in  the  dry 
state. 

V.  Gruahing  byi  croaa-breaking  is  the  mode  of  fracture  of  columns 
and  struts  in  which  the  length  greatly  exceeds  the  diameter.  Under 
the  breaking  load,  they  yield  sideways,  and  aro  broken  across  like 
beams  under  a  transverse  load.  This  mode  of  crushing  will  be  con- 
sidered after  the  subject  of  resistance  to  bending. 

284.  A  TidUe  •£  the  BcdMaaee  ef  JHalevteb  !•  Cff«sliti4r  ^7  » 
Direct  Thnutt  in  pounds  avoirdupois  per  square  inch,  is  given  at 
the  end  of  the  voluma  So  &r  as  that  table  relates  to  the  strength 
of  brick  and  stone,  reference  has  already  been  made  to  it  in  Article 
235.  It  is  condensed  from  the  experimental  data  given  by  various 
authorities,  especially  by  Tredgold,  Mr.  Fairbaim,  Mr.  Hodgkinson, 
and  Captain  Fowke. 

285,  Vneqwud  DIstrlbntleH  •£  the  PveMare  On  a  pillar  arises  from 
the  line  of  action  of  the  resultant  of  the  load  not  coinciding  with 
the  axis  of  figuro  of  the  pillar,  so  that  the  centre  of  pressure  of  a 
cross  section  of  the  pillar  does  not  coincide  with  its  centre  of  figure, 
but  deviates  from  it  in  a  certain  direction  by  a  certain  distance, 
which  may  be  denoted  by  r^. 

In  this  case  the  strength  of  the  pillar  is  diminished  in  the  same 
ratio  in  which  the  mean  intensity  of  the  pressure  is  less  than  the 
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Tnaximiim  intensity;  that  is  to  say,  in  a  ratio  which  may  be 
denoted  by 

mean  intensity    _p0 
maximum  intensity""  jo^* 

That  ratio  may  be  found  with  a  precision  sufficient  for  practical 
purposes,  by  considering  the  pressure  at  any  cross  section  of  the 
pillar  as  an  uniforrrdf/  varying  stress,  as  defined  in  Article  94. 
Consequently  the  following  is  the  process  to  be  pursued  : — 

Find,  by  the  methods  of  Article  95,  the  principal  axes  and 
moments  of  inertia  of  the  cross  section  of  the  pillar ;  and  thence 
determine  the  neutral  axis  conjugate  to  the  direction  of  the  devia- 
tion r^.  Let  fi  be  the  angle  made  by  that  axis  with  the  direction  of 
the  deviation  Tq  ;  then  the  perpendicular  distance  of  the  centre  of 
pressure  from  the  neutral  axis  will  be 

aH^  =  rosin#. 

Pind  the  moment  of  inertia  of  the  cross  section  relatively  to  the 
neutral  axis,  and  denote  it  by  I ;  then  from  equations  1,  2,  and  4 
of  Article  94,  it  appears  theit  if  «i  be  the  greatest  fefrjpendvndQ/r 
distance  of  the  edge  of  the  cross  section  from  tiie  neutral  axis  in  the 
fiame  direction  with  Xq,  the  greatest  intensity  of  pressure  will  be 

.       ,.  ,  OoT  S     \  (1.) 

m  which  a  =  -y"  =  ^Pq  *  j  > 

P  being  the  total  pressure,  and  S  the  area  of  the  section  of  the 
pillar.     Consequently  the  ratio  required  is^ 


.(2.) 


Po__J__ 

Pi       I  i^^Q" 

T'alues  of  S,  for  certain  symmetrical  figures,  and  of  I  for  the 
principal  axes  of  these  figures,  have  already  been  given  in  the  table 

of  Article  205,  from  which  are  computed  the  following  values  of  the 

_,  a 
factor  -Y"  in  the  denominator  of  the  preceding  formula  : — 

X  S 
Figure  of  Cross  Section.  -j-. 

L  Bectangle,  hh;  h,  neutral  axis, )  C. 

IX  Square,  A', , j  J^* 

ITL  Ellipse  :  neutral  axis,  h ;  other  axis,  A ;  >  8 

IV.  Cirde  :  diameter,  A, )*" j^' 


X 
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V. 


Hollow  rectangle  :  outside  dimensions,  h,b',)  6h(hb  —  ^^6*^ 
inside  dimensions,  h',  V  \  neutral  axis,  &,...  /    //  5  —  J^*  },*  ' 

VI.  Hollow  square,  ^"  —  A^, AMW^* 


VII.  Circular  ring :  diameter,  outside,  h ;  inside,  h', 


8h 
A'  +  A"' 


286.  IilnluuiMs  •€  the  Pi«cedlii«  Fmnnal*. — The  formulas  of 
the  preceding  Article  of  this  section  have  reference  to  direct  crush- 
ing only,  and  are  therefore  limited  in  their  application  to  those 
cases  in  which  the  pillars,  blocks,  or  struts  along  which  the  pres- 
sure acts  are  not  so  long  in  proportion  to  their  diameter  as  to  have 
a  sensible  tendency  to  be  crushed  by  bending.  Those  cases  com- 
prehend— 

Stone  and  brick  pillars,  and  blocks  of  ordinary  proportions ; 

Pillars  and  struts  of  cast  iron,  in  which  the  length  is  not  more 
than  five  times  the  diameter,  approximately ; 

Pillars  and  struts  of  wrought  iron,  in  which  the  ^ength  is  not 
more  than  ten  times  the  diameter,  approximately  ; 

Pillars  and  struts  of  dry  timber,  in  which  the  length  is  not  more 
than  about  twenty  times  the  diameter. 

287.  CffwhiBs  and  c*lhip«tac  •€  Tabcfc — ^When  a  hollow  cylin- 
der is  exposed  to  a  pressure  from  without,  there  is  a  circumferen- 
tial thrust  round  it,  whose  greatest  intensity  takes  place  at  the 
inner  surface  of  the  cylinder,  and  may  be  computed  by  suitably 
modifying  the  formuhe  of  Article  273.  That  is  to  say,  let  R  and 
r  denote  respectively  the  outer  and  inner  radii  of  the  cylinder, 
qi  the  intensity  of  the  radial  pressure  from  without,  q^  that  of  the 
radial  pressure  from  within,  and  let  p^  now  denote,  not  a  tension^ 
but  a  ikruatj  viz.,  the  maximum  circumferential  thrust  which  acts 
round  the  inner  surface  of  the  cylinder.  Then  reversing  the  signs 
of  the  -second  side  of  equation  6  of  Article  273,  we  obtain 

P..'^-V:?""^ .,,, 

When  the  pressure  from  within  is  null  or  insensible,  this  becomes 

Po  -  it«-r^' ^  ^^ 

and  supposing  the  material  to  give  vxvy  hy  direct  crushing ,  the 
proper  ratio  of  the  internal  to  the  external  radius  is  given  by 
the  equation 
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q^  being  the  working,  proof,  or  crashing  external  pressure,  and  / 
the  working,  proof,  or  crashing  thrust  of  the  material,  as  the  case 
maybe. 

This  formula  gives  correct  results  for  thick  hoUow  cylinders.  But 
Inhere  the  thickness  is  small  (as  in  the  internal  flues  of  boilers),  the 
cylinder  gives  way,  not  by  direct  crushing,  but  by  collapsing,  which, 
as  it  consists  in  an  alteration  of  figure,  is  analogous  to  crushing  by 
bending.  According  to  Mr.  Fair&iim's  experiments,  published  in 
the  FhUosopItical  Tromsacticma  for  1858,  the  intensity  of  the  pressure 
firom  without  which  makes  a  thin  wrought  iron  tube  collapse  is  in- 
versely as  the  length,  inversely  as  the  i-adius,  and  directly  as  the 
jK)wer  of  the  thickness  whose  index  is  2 '19.  In  most  calculations 
for  practical  purposes,  the  square  of  the  thickness  may  be  used  in- 
stead of  that  power.  For  plate  iron  flues,  let  I  be  the  length,  d  the 
diameter,  t  the  thickness,  all  in  the  same  units  of  measure,  and  let 
g  be  the  collapsing  pressure  in  lbs.  on  the  square  inch ;  then 

g  =  9,672,000^nearly (4.) 

Mr.  Fairbaim  strengthens  long  flues  by  means  of  rings  of  T-iron ; 
in  which  case  I  is  the  distance  between  two  adjacent  rings. 

Section  6. — On  Besistcmce  to  Bending  cmd  Gross-Breaking. 


288.  BfceMfiag  FMrc«  aad  Boidtag  mmm^<tm^  In  OeBCcaL*— It  has 

already  been  shown,  in  Articles  141  and  142,  how  to  determine  the 
proportions  between  the  resultant  of  the  gross  load  of  a  beam  and 
the  two  forces  which  support  it, — ^whether  those  three  forces  are 
perpendicular  or  oblique  to  the  beam, — and  whether  they  are  par- 
allel or  inclined  to  each  other.  In  the  present  section  those  cases  ^ 
alone  will  be  considered  in  which  the  loaiding  and  supporting  forces 
are  perpendicular  to  the  beam,  and  parallel  to  each  other,  and  in  one 
plane ;  for  such  forces  alone  tend  simply  to  bend  the  beam,  and  if 
sufliciently  great,  to  break  it  across. 

In  Article  161  it  has  been  shown  how  to  determine  the  resist- 
ances exerted  by  the  pieces  of  a  frame  which  are  cut  by  an  ideal 
sectional  plane,  in  terms  of  the  forces  and  couples  which  act  on  one 
of  the  portions  into  which  that  plane  of  section  divides  the  frame ; 
and  in  Articles  162,  163,  164,  and  165,  that  method  of  seciionsy  as 
it  is  called,  has  been  applied  to  the  determination  of  the  stresses 
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acting  along  the  bars  of  half-lattice  or  Warren  girders  and  of  lattice 
girders. 

The  method  followed  in  determining  the  effect  of  a  transverse 
load  on  a  continuous  beam  is  similar ;  except  that  the  resistance  at 
the  plane  section,  which  is  to  be  determined,  does  not  consist  of  a 
finite  number  of  forces  acting  along  the  axes  of  certain  bars,  but  of 
a  distributed  stress,  acting  with  various  intensities,  and,  it  may  be, 
in  various  directions,  at  different  points  of  the  section  of  the  beam. 

In  what  follows,  the  load  of  the  beam  will  be  conceived  to  con- 
sist of  weights  acting  vertically  downwards,  and  the  supporting 
forces  will  aJso  be  conceived  to  be  vertical  The  longitudinal  axis 
of  the  beam  being  perpendicular  to  the  applied  forces,  will  accord- 
ingly be  horizontal  The  conclusions  arrived  at  will  be  applicable 
to  cases  in  which  the  axis  of  the  beam  and  the  direction  of  the 
applied  forces  are  inclined,  so  long  as  they  are  perpendicular  to 
each  other. 

Let  any  point  in  the  longitudinal  axis  of  the  beam  be  taken  as 
the  origin  of  co-ordinates ;  and  at  a  given  horizontal  distance  x 
from  that  origin,  conceive  a  vertical  section  perpendicular  to  the 
longitudinal  axis  to  divide  the  beam  into  two  parts.     To  fix  the 

ideas,  let  horizontal  distances  to  the   <  "s^rf  f  be  considered  as 
^'^     {  ^^e  }  '  ^^*  ^^^^  distances  and  forces  in  an  |  ^^^^^  } 
direction,  be  considered  as  I  iTcative  i  ^  *^^  ^®*  *^®  moments  of 

-P'-^  {b^S}  -cording  as  they  a«  {^^^tnli}. 

Let  F  denote  the  resultant  of  all  the  vertical  forces,  whether 
loading  or  supporting,  which  act  on  the  part  of  the  beam  to  the 
left  of  the  vertical  plane  of  section,  and  let  x*  be  the  horizontal 
distance  of  the  line  of  action  of  that  resultant  fix)m  the  origin. 

If  the  beam  is  strong  enough  to  sustain  the  forces  applied  to  it, 
there  will  be  a  sJiearing  stress  whose  amount  is  equal  to  F,  distri- 
buted (in  what  manner  will  afterwards  appear)  over  the  given 
vertical  section ;  and  that  shearing  stress,  or  vertical  resistance, 
will  constitute,  along  with  the  applied  force  P,  a  couple  whose 
moment  is 

M  =  F(aj'-aj) (L) 

This  is  called  the  bending  moment  or  moment  offlexfwre  of  the  beam 
at  the  vertical  section  in  question ;  and  it  is  resisted  by  the  normal 
stress  at  that  section,  in  a  manner  to  h%  explained  in  the  sequel 

If  the  bending  moment  is   j  ^^^^^  [ ,  it  tends  to  make  the 
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originally  straight  longitadinal  axis  of  the  beam  become  concave 
f    upwards    ) 
\  downwards  j  ' 

The  determination  of  the  magnitude  and  position  of  the  resultant 
F  consists  simply  in  finding  the  resultant  of  a  number  of  parallel 
forces  in  one  plane,  as  explained  in  Article  44,  the  supporting 
forces  having  first  been  found  by  the  principles  of  Articles  39  and 
141.  These  processes  are  expressed  by  general  formulae  as  fol- 
lows:— 

Case  1.  The  had  applied  aJt  detached  points, — Let  W  denote  one 
of  the  weights  of  which  the  load  consists ;  a"  its  horizontal  distance 
from  the  origin ;  then 

—  3  *  W  is  the  total  load,  made  negative  as  acting  downwards ; 
and 

- 1  •  af  "W  is  its  moment  relatively  to  the  origin. 

Let  Xi  and  o^  be  the  horizontal  distance  of  the  points  of  support 
from  the  origin,  and  let  Pj,  P,,  be  the  supporting  forces ;  then  to 
determine  those  forces  we  have  the  conditions  of  equilibrium 

Pi  +  P,-2-W  =  0; 

oJi  P,  +  Oj  Pa  -  2  •  a?"  W  =  0  j 


from  which  follow  the 

equations 

Pi 

x^^ 

'W- 

3* 

aPW 

a^- 

«l 

i 

x> 

ai2 

•W- 

■   2 

■a!"W 

.(2.) 


«i  -  ^ 

To  show  how  the  shearing  force  and  moment  of  flexure  at  any 
cross  section  are  found,  let  P  be  applied  to  the  left  of  the  origin, 
and  let  the  plane  of  section,  whose  distance  from  the  origin  is  x,  lie 
between  Pi  and  P. ;  then  the  force  acting  on  the  beam  to  the  left 
of  a?  will  be 

F  =  Pi  -  2JW; 

and  the  moment  of  flexure  ^  (3.) 

the  symbol  2  J  •  denoting  in  each  case,  that  the  summation  extends 
to  that  part  of  the  beam  only  which  lies  between  the  given  plane 
of  verticil  section  and  the  point  of  support  (if  any)  to  the  left  of 
that  plane. 

Case  2.  The  load  wntinucmLy  distributed, — On  any  indefinitely 
abort  division  of  the  beam  whose  length  ia  dx,  and  distance  from 
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the  origin  a;",  let  the  intensity  of  the  load  per  unit  of  length  be  w. 
Then  in  the  equations  2  and  3,  given  above,  it  is  only  neceasaiy  to 

substitate  wdxior  W,  and  the  sign  j  for  the  sign  x. 

289.  In  Bmum  Fixed  at  Oa«  Eb4  Oaiy,  and  loaded  on  the  pro- 
jecting portion,  as  in  fig.  67  of  Article  141,  and  figs.  133  to  136  of 
a  subsequent  Article,  the  shearing  force  and  moment  of  flexure  can 
be  determined  for  any  vertical  section  of  the  projecting  part  of . 
the  beam,  without  considering  the  supporting  pressures. 

Let  the  plane  at  which  the  beam  is  fixed  be  taken  as  the  origin ; 
let  c  be  the  length  of  the  projecting  part  of  the  beam.  The  results 
in  the  cases  most  important  in  practice  are  given  in  the  following 
table :— 


EXAXPLB. 

8BS4XIXO  FOBCB 

P 

Bbhddio  Uoxkr 
H 

Anywhere. 
F 

Greatest 

AxTwherBL 
M 

Greatest 

I.  Loaded  at  extreme 
end  with  W, 

II.  Uniform  load  of  In- 
tensity  V, 

— W 

— W 

^c^-a:)W 

— «W 

-<<>-«) 

— IOC 

2 

2 

IIL  Uniform  load  of  in- 
tensity 19,  and  ad- 
ditional   load    at 
extreme  end  W', 

— W— «<o— flj) 

— W— i«j 

2 

-Wc-'J^ 

290.  In  Bcsuaa  awpyottaJ  su  BMh  Eada,  and  loaded  on  the  inter- 
mediate portion,  like  those  represented  in  fig.  66  of  Article  141, 
and  in  fig&  138  and  140  of  a  subsequent  Article,  it  is  most  conve- 
nient to  take  the  middle  of  the  becnn  as  the  origin  of  co-ordinates. 
Then  let  c  denote  the  ?ialf-spa/n  of  the  beam,  so  that  2  c  is  the  span^ 
or  distance  between  the  points  of  support ;  the  positions  of  tl^oee 
points  will  be  expressed  by 

a?i  =  c;  Xi=  "c;  x^-x^  =  2c; (1.) 

which  substitutions  convert  equation  2  of  Article  288  into  the 
following : — 

2'W  .  s-aj-W 


Pi  = 


P.= 


•W 


2c     ' 
2c     ' 


.(2.) 
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If  the  load  is  symmetrically  distributed, 
s-aj-'W  =  0, 


311 


and 


P.  =  P.  =  11??., ..v.. 


.(2  a.) 


(3.) 


The  equations  3  of  Article  2S8  also  become 

M  =  (c-a:)P,-2;-(a;--a:)W;j 

and  for  a  symmetrically  distributed  load, 

F  =  s;-W;  M  =  (c-«)sJ-W-3:'(«"-a:)W....(3  a.) 

The  results  in  the  cases  most  important  in  practice  are  given  in 
the  following  table  : — 


EXAMFU. 

Sbbauio  FoBca 
F 

Bbbdiho  Mokbrt 
M 

AnywhePfc 
F 

Greatest 
Fi  or  Fj 

Anywhere. 
U 

Qreatett 
M,  or  M^. 

lY.   Single  load,  W,  in 
middle- 
Left  of  0, 

BigM  of  0, 

Left  of  a/', 

Right  of  flJ^, 

VL  Uniform  load  of  in- 
tenaity.w, 

w 

2 

W 

T 
— w 

2 

2 

eW    ^ 

2o 

(c+aOW 
2c 

(c+*'0(<>-«)W 

]  (c«-_a/«)W 

2c 

(<>— aO(c+a;)W 

"A. 

'         2c 

2e 

2c 

2c 

wx 

100 

«<c»-^ 
2 

2         • 

291.    noMMiM  of  Flezaro   ta  T«raia  of  liMid  «■«  I<eagiiu — For 

practical  purposes,  it  is  often  oonyenient  to  express  the  greatest 
bending  moment  of  a  beam  in  terms  of  the  total  loady  W,  and  tm- 
supported  length,  I,  of  a  beam,  by  means  of  a  formula  of  this  kind, 

M,  =  mWZ, (I.) 

where  m  is  a  numerical  &ctor.     For  beax^is  fixed  at  one  end,  2 = c  ; 
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for  beams  supported  at  both  ends,  l  =  2c  =  ihe  span ;  for  an  nniform 
load,  W  =  wL  Hence,  comparing  equation  1  with  Examples  L, 
II.,  IV.,  v.,  and  VL  of  Articles  289  and  290,  we  find  the  foUow- 
ing  values  of  the  factor  m : — 

m 
L  Beam  fixed  at  one  end,  loaded  at  the  other, 1. 

IL  Beam  fiixed  at  one  end,  loaded  uniformly, g. 

IV.  Beam  supported  at  both  ends,  loaded  in  the  )  1 

middle, , /  i' 

V.  Beam  supported  at  both  ends,  loaded  at  of  )    1  /      4a^'\ 
from  the  middle, ^ /  4  \         l^   / 

VL  Beam  suppoi*ted  at  both  ends,  uniformly  loaded,  rr. 

292.  VnWutm  moment  of  Flenu^ — If  a  pair  of  equal  and  oppo- 
site couples,  acting  in  the  same  longitudinal  plane,  be  applied  at 
or  near  the  ends  of  a  beam,  the  part  of  the  beam  intermediate 
between  the  portions  to  which  the  couples  are  applied  is  under  the 
influence  of  an  uniform  moment  qfjleocure,  and  of  no  shearing  force. 

An  illustration  of  this  is  the  condition  of  that  part  of  the  axle 

of  a  railway  carriage  which  lies  between  the  pair  of  wheels,  if  the 

bearings  are  outside  of  the  wheels,  or  between  the  bearings  if  the 

bearings  are  inside  of  the  wheela     Let  W  be  the  weight  which 

W 
rests  on  one  pair  of  wheels ;  then  -^  is  the  weight  resting  on  each 

wheel,  and  on  each  bearing.  Let  I  be  the  distance  from  the  centre 
of  each  wheel  to  the  middle  of  the  adjoining  bearing.  Then  a  pair 
of  equal  and  opposite  couples,  each  of  the  moment, 

^         '2  ' 

are  applied  to  the  two  ends  of  the  axle ;  and  this  is  the  uniform 
moment  of  flexure  of  the  portion  of  the  axle  lying  between  the 
portions  acted  upon  by  the  forces  which  constitute  the  couples; 
and  the  shearing  force  on  the  same  portion  is  nuU. 

293.  Besiaiuiee  of  Fieznre  means,  the  moment  of  the  resistance 
which  a  beam  opposes  to  being  bent  or  broken  across ;  and  if  the 
beam  is  strong  enough,  that  moment,  at  each  cross  section  of  the 
beam,  is  equcd  and  opposite  to  the  moment  of  the  bending  forces 
at  the  same  cross  section^ 
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Let  fig.  130  represent  a  side  view  of  part  of  a  beam  which  is  of 
uniform  cross  section,  and  which  is  sub- 
jected to  an  uniform  moment  of  flexure ; 
and  let  flg.  130*  represent  the  cross  sec- 
tion of  the  same  beam.  It  is  self-evident 
that  the  curvature  produced  in  the  part 
of  the  beam  in  question  must  be  uniform ; 
that  is  to  say,  that  any  longitudinal  line  in  ^'fr  ^  30. 

the  beam,  such  as  its  upper  edge  A  A',  or  its  lower 
edge  B  B',  which  in  the  free  condition  of  the  beam 
is  straight,  must  be  bent  into  an  arc  of  a  circle  ;  and 
that  any  surface  originally  plane  and  longitudinal, 
and  perpendicular  to  the  plane  in  which  i£e  curva- 
ture takes  place,  such  as  the  upper  surface  A  A',  or 
the  lower  surface  B  B',  must  be  bent  into  a  cylin- 
drical form ;  and  the  cylindrical  surfaces  so  produced 
will  have  a  common  axis.  Any  two  transverse  sectional  planes,  such 
aa  A  B  and  A'  B^,  which  in  the  free  state  of  the  beam  are  parallel  to 
each  other,  will  have,  in  the  curved  state  of  the  beam,  positions 
radiating  from  the  axis  of  curvature. 

Therefore,  if  the  portion  of  the  beam  between  the  transverse 
planes  A  B,  A'  B',  be  conceived  to  be  divided  into  layers,  such  as 
C  C,  originally  plane,  parallel,  and  of  equal  length,  these  layers, 
in  the  bent  condition  of  the  beam,  must  have  lengths  proportional 
to  their  distances  from  the  axis  of  curvature.  The  layers  near  the 
concave  side  of  the  beam,  A  A',  are  shortened  by  the  bending,  and 
the  layers  near  the  convex  side,  B  B',  lengthened ;  and  there  must 
be  some  intermediate  layer  which  is  neither  lengthened  nor  short- 
ened, but  preserves  its  free  length.  Let  0  O'  be  the  surface  origi- 
nally plane,  now  curved,  at  which  that  layer  is  situated ;  this  is 
called  the  netUral  su/r/ace  of  the  beam,  and  the  line  0  O,  fig.  130*, 
in  which  it  intersects  a  given  cross  section,  is  called  the  neiUral 
axis  of  that  section. 

The  direct  strains,  or  proportionate  elongations  and  compressions, 
of  the  layers  of  the  bea^  are  proportional  to  their  distances  below 
and  above  the  neutral  sur£Eu;e;  and  hence,  within  the  limits  of 
proof  stress,  the  direct  stresses,  or  tensions  and  pressures,  at  the 
difierent  points  of  the  cross  section  A  B,  fig.  130"*,  have  intensities 
senMli/  proportional  to  tlieir  distances  from  ifie  neviral  axis  O  O. 

Therefore  the  direct  stress  at  each  section,  such  as  A  B,  whose 
moment  constitutes  the  resista/nce  to  bending,  is  an  v/mfcyrndy-vwry- 
ing  stress,  as  defined  in  Article  91 ;  and  in  order  that  the  longi- 
tudinal restdtavU  of  that  stress  may  be  null,  the  neutral  axis  (as 
shown  in  that  Article)  must  traverse  the  centre  of  gravity  of  Hie 
cross  section  A  B. 
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The  mom/evUofa  bending  atreaa  has  already  been  given  in  Article 
92,  equations  3  and  4 ;  and  the  methods  of  determining  the  inte- 
grals I  and  K,  which  occur  in  those  equations,  have  been  explained 
and  illustrated  in  Article  95. 

To  apply  the  equations  of  those  Articles  to  the  present  purpose, 
let  p  be  the  intensity  of  the  direct  stress  at  a  layer  of  the  beam 
whose  distance  from  the  neutral  axis  is  y  i  height  above  the  neutral 
axis  being  considered  as  positive,  and  depth  below  it  as  negative. 
Then  because  a  moment  of  flexure  tendii^  to  make  the  beam  con- 
cave upwards  has  been  treated  as  positive,  it  is  convenient,  in  order 
to  avoid  the  imnecessary  use  of  negative  signs,  to  consider  the  con- 
stant ratio  ^  as  positive  when  it  is  such  as  to  give  resistance  to  an 

upward  moment  of  flexure ;  that  is,  when  jp  is  a  thrust  for  positive 
values  of  y,  and  a  pull  for  negative  values ;  consequently,  pis  ixt 

be  considered  as|P^^J^^|according as  it  is  a{^*-} 

This  being  understood,  we  have,  for  the  moment  of  the  resistance 
opposed  by  the  beam  to  bending, 

M=J.va'  +  K'); (1.) 

and  for  the  angle  made  by  the  neutral  axis  with  the  direction  of 
the  axes  of  the  bending  couples, 

K 
^  =  -  arc  *  tan  yj (2.) 

I  and  K  being  found  by  the  methods  of  Article  95. 

In  some  cases,  a  more  convenient  form  of  equation  2  is  that 
which  gives  P,  the  angle  made  by  the  neutral  axis  with  its  conju- 
gate cans,  in  which  the  plane  of  the  bending  forces  cuts  the  plane 
of  section  A  B,  viz.  : — 

cotan  •  ^  =  Y  (3.) 

In  almost  every  case  which  occurs  in  practice,  the  plane  of  the 
bending  forces  cuts  each  cross  section  of  the  beam  in  one  or  other 
of  its  principal  cixes,  for  which  K  =  0,  ^  =  0,  ^  =  90^ ;  and  then  equa- 
tion 1  becomes 

M=^ (4.) 

In  beams  whose  transverse  sections  and  moments  of  flexure  are  not 
uniform,  no  error  appreciable  in  practice  is  produced  by  applying 
equation  4  to  each  cross  section,  and  to  the  moment  of  flexure  which 
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acts  upon  it,  as  if  the  given  section  and  moment  belonged  to  an 
uniform  beam  with  an  uniform  moment  of  flexure. 

294.  The  Ttwmvwm  8creBg<h  of  a  beam,  ultimate,  proof,  or  work- 
ing, as  the  case  may  be,  is  the  load  required  to  break  it  across,  or 
to  produce  the  proof  stress  or  the  working  stress,  as  the  case  may 
be.  It  is  found  by  equating  the  greatest  moment  of  flexure,  ex- 
pressed in  terms  of  the  lot^  and  length,  as  in  Article  291,  to  the 
moment  of  resistance  at  the  cross  section  where  that  moment  of 
flexure  acts :  such  moment  of  resistance  being  found  from  the  equa- 
tions of  Article  293,  by  putting  for  p  the  ultimate,  proof,  or 
working  direct  stress  of  the  material,  as  the  case  may  be,  and  for 
y  the  distance  from  the  neutral  axis  to  the  point  in  the  given  cross 
section  where  the  limiting  stress  p  is  first  attained.     That  point 

will  be  at  the  <  ^'^^^^  \  ade  of  the  beam,  according  as  the  mato- 
( convex   I  /  \ 

rial  gives  way  most  readily  to  |  ^^^  | 

In  fig.  131,  A  represents  a  beam  of  a  granular  material^  like  cast 
iron,  giving  way  by  the  crushing 
of  the  concave  side,  out  of  which 
a  sort  of  wedge  is  forced.  B  re- 
preeentfi  a  b^un  giving  way  by 
the  tearing  asunder  of  the  con-  Fig.  181. 

vex  sida 

In  a  beam  symmetrical  above  and  below,  or  otherwise  of  such  a 
form  that  the  neutral  axis  is  at  the  middle  of  the  depth  of  the 
cross  section,  if  A  is  that  depth, 

^^ 

and  the  limiting  value  of  ;>  is  the  resistance  to  pressure  or  to  ten- 
sion, whichever  is  least 

For  other  forms  of  section,  let 

y  =  y.  for  the  concave  side ;  and 
=  y^  for  the  convex  aide ; 
and  let  the  limiting  stresses  be 

p  =/,  for  pressure ;  and 
=^  for  tension; 

then  the  beam  will  give  way  by  <  ^ .  ^^  V  according  as  ^  is 

{c}"-        I---- (') 

This  point  having  been  determined,  the  equation  from  which  the 
strength  of  the  beam  may  be  found  is 
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Mo=  m^l  =  ^ (2.) 

y 

When  the  breaking  load  is  in  question,  the  co-efficient/  is  what 
is  called  the  modtUtis  o/rtipttire  of  the  jnateriaL  It  does  not  always 
agree  with  the  resistance  of  the  same  material  to  direct  crushing  or 
direct  tearing,  but  has  a  special  value,  which  can  be  found  hj 
experiments  on  cipss-breaklng  only.  One  of  the  causes  of  this 
phenomenon  is  probably  the  fftct,  already  stated  in  Article  257, 
that  the  resistance  of  a  material  to  a  direct  stress  is  increased  by 
preventing  or  Himiniahmg  the  alteration  of  its  transverse  dimen- 
sions ;  and  another  cause  may  be  the  fact,  that  the  strength  of 
masses  of  metal,  especially  when  cast,  is  greater  in  the  external 
layer,  or  akin,  than  in  the  interior  of  the  mass.  When  a  bar  is 
directly  torn  asunder,  the  strength  indicated  is  that  of  the  weakest 
part  of  the  mass,  which  is  in  the  centre ;  when  it  is  broken  across, 
the  strength  indicated  is  that  either  of  the  skin,  which  is  the 
strongest  part,  or  of  some  part  near  the  skin  (See  the  Article  296). 

When  the  proof  load  or  worM'ng  load  is  in  question,  the  co-effi- 
cient/is  the  modulus  of  rupture  divided  by  a  suitable  fa>etor  of 
safety^  as  to  which  see  Article  247. 

295.  Tnuisrerao  flMrengtk  te  Tenns  of  Brcftdtb  wmI  Depth. — From 

the  principles  explained  in  Article  95,  it  is  obvious  that  the 
moments  of  inertia,  I,  of  similar  sections  are  to  each  other  as  the 
breadths,  and  as  the  cubes  of  the  depths.  If,  therefore,  h  be  the 
breadth,  and  h  the  depth,  of  the  rectangle  cireumscribing  the  cross 
section  of  a  given  beam  at  the  point  where  the  moment  of  flexure 
is  greatest,  we  may  put 

I  =  w^6A» (1.) 

ri  being  a  numerical  factor  depending  on  the  form  of  the  section. 
It  is  also  evident,  that  for  similar  figures,  the  values  of  y  are  as 
the  depths ;  so  that  we  may  put 

y  =  w'A (2.) 

id  being  another  numerical  factor  depending  on  the  form  of  section. 
If  the  section  is  symmetrical  above  and  below,  ni  =  ^.  Thus  it 
appears,  that  the  resisUxmjces  of  Jlexu/re  of  similar  cross  sections  ofre 
as  their  hreadtJis  and  as  the  squares  of  their  depths,  and  that  equation 
2  of  Article  294,  which  expresses  equality  between  the  greatest 
moment  of  flexure,  as  stated  in  terms  of  the  load  and  length,  and 
the  resistance  of  the  cross  section  where  that  moment  acts,  is  equi- 
valent to  the  following  : — 

Mo=:mWl  =  nfbV (3.) 
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where  n  =  —  is  a  numerical  factor  depending  on  the  form  of  cross 

m' 
section  of  the  beam,  and  m  is  the  nmnerical  factor  depending  on 
the  mode  of  distribution  of  the  loading  and  supporting  foi-ces,  of 
which  examples  have  been  given  in  Article  291. 

The  following  table  gives  examples  of  the  values  of  the  three 
factors,  W,  m\  n,  for  some  of  the  more  usual  forms  of  cross  section : 


FoBM  07  Cross  SEcnoNa 
I.  ^Rectanfifle  b  h 

n'— ' 

m=-- 

I 

"      6A» 

y 

y6/t« 

1 
12 

1 
2 

1 

6 

(including  square) 

n.  MHpse— 

Vertical  axis  h, \ 

Horizontal  axis  b,  ...  > 
(including  circle)      j 

III.  Hollow  rectangle,  b  h ' 
— b'h';  also  I-formed 
section,  where  6' is  the  > 
sum  of  the  breadths  of 
the  lateral  hollows,... 

lY.  Hollow  square— 

A2-/,'2 

V.  Hollow  ellipse, 

VI.  Hollow  circle,  

»        1 

64  ~  20-4 
=  0-0491 

1 
2 

X              1 

32     10-2 
=   0-0982 

12  V       bk») 

1 
2 

lA_6'A'3s 
6V     Tff) 

12  \       AV 

1 
2 

I  O-f:) 

1   /i_6'A'»\ 
20-4  V       bhV 

1 
2 

1    fl-b'h!\ 
10-2  V       bhV 

20-4  V      h*) 

1 
2 

10-2\        h*) 

In  using  the  equation  3  for  any  of  the  purposes  to  which  it  may- 
be applied — such  as  computing  the  strength  of  a  beam  of  which 
the  (fimensions  and  figure  are  given,  or  fixing  the  transverse  dimen- 
sions of  a  beam  of  which  the  strength,  length,  and  figure  are  given 
— care  is  to  be  taken  to  use  the  saTne  unit  ofmeasif/re  throughout 
the  calculation;  that  is  to  say,  when  the  transverse  dimensions,  as 
is  usually  the  case,  are  stated  in  inches,  and  the  co-efficient  of 
strength  /in  pounds  on  the  square  inch,  the  length  I  should  be 
stated  in  inches  also.  This  caution  is  necessary  on  account  of  that 
diversity  of  units  which  is  characteristic  of  British  measui-es. 

296.  A  Table  of  th«  Beriaiaace  of  materials  to  Breaking  AcroM 
IB  given  at  the  end  of  the  volume.  It  gives  values  of  the  modulus 
of  rupture,  being  that  for  which  the  co-efficient/ stands  in  Article 
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294j  equation  2,  and  in  Article  295,  equation  3,  when  mWlis  the 
breaking  moment.  It  will  be  observed,  that  this  modulus  is,  for 
most  materials,  intermediate  between  the  tenacity  and  the  resistance 
to  direct  crushing. 

297.  Cut  iMM  BMUBfc — The  values  of  the  modulus  of  rupture 
for  cast  iron  require  special  remark.  It  had  for  some  time  been 
known,  that  while  the  direct  tenacity  of  cast  iron  (as  determined  by 
Mr.  Hodgkinson)  is  on  an  average  16,500  lbs.  per  square  inch,  the 
modulus  of  rupture  of  rectangular  cast  iron  bdums  is  on  an  ayerage 
about  40,000  lbs.  per  square  inch,  or  two  and  a-half  times  as  great. 
This  was  supposed  to  be  accounted  for  by  the  assumption,  that  the 
stress  on  a  cross  section  of  a  cast  iron  beam  is  not  an  uniformly 
varying  stress,  and  that  the  neutral  axis  does  not  trayerse  the 
centre  of  gravity  of  the  section.  But  in  1855,  Mr.  William  Henry 
Barlow,  by  experiments  of  which  an  account  is  published  in  the 
Philosophical  Transactions  for  that  year,  showed, — in  the  first  place, 
that  the  stress  is  an  uniformly  varying  stress,  and  that  the  neutral 
axis,  in  symmetrical  sections  at  all  events,  traverses  the  centre  of 
gravity  of  the  section, — and  in  the  second  place,  that  the  modulus 
of  rupture  has  various  values,  ranging  from  the  mere  direct  tenacity 
of  the  iron  up  to  about  two  and  arthird  times  that  tenacity,  accord- 
ing to  the  figure  of  the  cross  section  of  the  beam. 

The  beams  on  which  the  experiments  of  Mr.  Barlow,  now  referred 
to,  were  made,  were  in  some  cases  of  a  solid  rectangular  section, 
and  in  other  cases  of  an  open-work  rectangular  section,  consisting  of 
equal  rectangular  upper  and  lower  horizontal  bars,  with  alternate 
open  spaces  and  vertical  connecting  bars  between.  As  far  as  those 
experiments  went,  they  were  in  accordance  with  the  following 
empirical  formula : — 

/=/.+/'-f (1.) 

where/  is  the  modulus  of  rupture  of  the  beam  in  question;  f^  the 
direct  tenacity  of  the  iron  of  which  it  is  made ;  jT,  a  co-ef&dent 

determined  empirically ;  and  y- ,  the  ratio  which  the  depth  of  solid 

metal  H  in  the  cross  section  of  the  beam  bears  to  the  total  depth  of 
section  h  The  following  were  the  values  of  the  constants  for  the 
cast  iron  experimented  on : — 

Direct  tenacity,     /^  =  18,750  lbs.  per  square  inch ;  | 

/  =  23,000  lbs.  per  square  inch;  ^ (2.) 

=  l^fo  nearly. 

Mr.  Barlow  has  since  made  further  experiments  on  cast  iron 
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beams  of  various  forms  of  section,  and  also  experiments  on  wrought 
iron  beams,  showing,  though  not  so  conclusivelj,  variations  in  the 
modulus  of  rupture  of  wrought  iron  analogous  to  those  which  have 
been  proved  to  exist  in  the  case  of  cast  iron;  but  as  those  further 
experiments,  though  communicated  to  the  Eoyal  Society,  have  not 
yet  been  published  in  detail,  it  would  be  premature  to  maJce  remarks 
on  them  here. 

Mr.  Barlow  has  proposed  a  theory  of  those  phenomena,  to  the 
effect  that  the  curvature  of  the  layers  of  the  beam  produces  a 
peculiar  kind  of  resistance  to  bending,  distinct  from  that  which 
arises  from  the  direct  elasticity;  and  he  adduces  in  support  of  that 
theory  the  &ct  that  the  additional  strength  represented  by  the 
second  term  of  equation  1  increases  with  the  ultimate  curvature  of 
the  beam ;  that  is,  its  curvature  just  before  breaking.  Another 
conceivable  theory  has  abeady  been  mentioned  in  Article  294,  viz., 
that  the  strength  of  a  metal  bar,  and  in  particular  of  a  cast  iron 
bar,  is  greatest  at  the  akin,  and  diminished  towards  the  interior ; 
that  the  tenacity  found  by  directly  tearing  a  bar  asimder,yo9  is  the 
tenacity  of  the  interior;  that  the  modulus  of  rapture  of  a  solid 
rectangular  beam,yo  +  /*,  is  the  tenacity  of  the  skin,  and  that  the 
modulus  of  rupture  of  an  open-work  beam  is  the  tenacity  at  a 
distance  from  the  skin  depending  on  the  form  of  section.  But  until 
conclusive  experimental  data  shall  have  been  obtained,  all  theories 
on  the  subject  must  be  considered  as  provisional  only. 

298.  The  flcctloM  of  E^ml  attcngtk  r«r  Caat  Imm  Bmms  was 
first  proposed  by  Mr.  Hodgkinson,  in  consequence  ^ 

of  his  diiscovery  of  the  fact,  that  the  resistance  of 
cast  iron  to  direct  crushing  is  more  than  six  times 
its  resistance  to  tearing.  It  consists,  as  in  fig.  132, 
of  a  lower  flange  B,  an  upper  flange  A,  and  a  vertical   < 

-web  connecting  thesL     The  sectional  area  of  the        

lower  flange,  which  is  subjected  to  tension,  is  nearly  '^ 

six  times  that  of  the  upper  flange,  which  is  subjected         ^'  ^^^* 
to  thrust.     In  order  that  the  beam,  when  cast,  may  not  be  liable 
to  crack  from  unequal  cooling,  the  vertical  web  has  a  thickness  at 
its  lower  side  equal  to  that  of  the  lower  flange,  and  at  its  upper 
side  equal  to  that  of  the  upper  flange. 

The  tendency  of  beams  of  this  class  to  break  by  tearing  of  the 
lower  flange  is  slightly  greater  than  the  tendency  to  break  by 
crushing  of  the  upper  flange ;  and  their  modulus  of  rupture  is  equal, 
or  nearly  equal,  to  the  direct  tenacity  of  the  ii*on  of  which  they  are 
made,  being,  on  an  average  of  diflerent  kinds  of  iron,  16,500  Iba 
per  square  inch. 

ILet  the  areas  and  depths  of  the  parts  of  which  the  section  in  fig. 
132  consbts  be  denoted  as  follows : — 
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Areas.         Deptlis. 

Upper  flange, A^,  Aj. 

Lower  flange, Ag,  h^ 

Vertical  web, A3,  fi^ 

Totals,...Ai  + A2  + A8= A,Ai  +  ^2  +  ^3=^.. 

No  appreciable  error  will  arise  from  treating  the  section  of  the 
vertical  web  as  rectangular  instead  of  trapezoidal.  The  height  of 
the  neutrsd  axis  above  the  lower  side  of  this  section  is 

y^^ _  (^2  +  ^s)  ^,-{K  +  h)  A,  +  (h,-h,)  A, (1  ) 


2 


2A 


Then  by  applying  the  formula  of  Article  95,  Example  VI.,  to  this 
case,  the  moment  of  inertia  of  the  section  is  found  to  be  as  follows : — 

and  the  strength  of  the  beam  is  expressed  by  the  equation 

mzzmWl=^ (3.) 

It  is  seldom  necessary,  however,  to  use  the  formulae  1  and  2  in 
all  their  complexity;  the  following  approximate  formula  being 
usually  sufficiently  near  the  truth  for  practical  purposes,  and  its 
error  being  on  the  safe  side.  Let  hf  be  the  depth  from  the  middle 
of  the  upper  flange  to  the  middle  of  the  lower  flange ;  then 

Mo  =  wWZ=/,7*'Aa (i.) 

299.  Bmum  of  Vwdioirm  scrcBgdi  are  those  in  which  the  dimen- 
sions of  the  cross  section 
-'^  LT"^  are  varied  in  such  a  man- 

ner, that  its  ultimate  or 
proof  resistance  bears  at 
each  point  of  the  beam  the 
same  proportion  to  the 
moment  of  flexure.  That 
resistance,  for  figures  of 
the  same  kind,  being  pro- 
portional to  the  breadth 
and  to  the  square  of  the 
depth,  can  be  varied  either 
by  varying  the  breadth, 
the  depth,  or  botL     The 


Fig.  185. 


ilg.  186. 
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law  of  variation  depends  upon  the  mode  of  variation  of  the  moment 
of  flexure  of  the  beam  from  point  to  pointy  and  this  depends  on  the 


ng.  u(y. 


distribution  of  the  load  and  of  the  supporting  forces^  in  a  w&j 
which  has  been  exemplified  in  Articles  289  and  290.  When  the 
depth  of  the  beam  is  made  uniform,  and  the  breadth  varied,  the 
vertical  longitudinal  section  is  rectangular,  and  the  plan  is  of  a 
figure  depending  on  the  mode  of  variation  of  the  breadth.  "When 
the  breadth  of  the  beam  is  made  uniform^  and  the  depth  varied, 
the  plan  is  rectangular,  and  the  vertical  longitudinal  section  is  of  a 
figure  depending  on  the  mode  of  variation  of  the  depth.  The 
following  table  gives  examples  of  the  results  of  those  principles  : — 


Mode  of  Loading 
and  Sapportin^ 

proporttonal  to 

Depth  h  constant; 
ngni'eofPlan. 

Breadth  b  constant; 

Figure  of 

Vertical  Longitudinal 

Sectton. 

L  (FigB.  183,  184). 
FLxedat  A,  load- 
ed at  B 

Distance  from  B. 

Triangle,  apex  at 
B,  fig.  183. 

Parabola,  vertex 
at  B,  fig.  134. 

n.  (Rgai  185, 186). 
FixedatA,imi- 
ibnnly  loaded,... 

III.  (FigB.  187,  188). 
Supported  at  A 
and  B,  loaded  at 
c, 

Sqnate  of  distance 
from  B. 

Pair  of  parabolas, 

vertices  touching 

each  other  at  B, 

fig.  135. 

Triangle,  apex  at 
B,  fig.  136. 

Distance  from 

a<yaoent  point  of 

support 

Pair  of  triangles, 

common  base  at 

C,  apices  at  A  and 

B,  fig.  187. 

Pair  of  parabolas, 

vertices  at  A  and 

B,  meeting  at  C, 

fig.  188. 

IV.  (BlgB.  139,  140> 
Supported  at  A 
and  B,  tuufonniy 
loaded,  ............ 

Product  of  dis- 
tances firom  points 
of  support 

Pair  of  parabolas, 

vertices  at  C,  C, 

in  middle  of  beam; 

common  base  A  B, 

fig.  139. 

Ellipse  A  D  B, 
fig.  140. 
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The  formtdse  and  figures  for  a  constaTU  depth  are  applicable  to  the 
breadths  of  the  flanges  of  the  ^-shaped  girders  described  in  Article 
298.  In  applying  the  principles  of  this  Article,  it  is  to  be  borne 
in  mind,  that  the  shearing /orce  has  not  yet  been  taken  into  account ; 
and  that,  consequently,  the  figures  described  in  the  above  table 
require,  at  and  near  the  places  where  they  taper  to  edges,  some 
additional  material  to  enable  them  to  withstand  that  force.  In 
figs.  137  and  139,  such  additional  material  is  shown,  disposed  in 
the  form  of  projections  or  palms  at  the  points  of  support,  which 
serve  both  to  resist  the  shearing  force,  and  to  give  lateral  st^diness 
to  the  beams. 

300.  JPvomf  D«iicctioM  •f  Beama — ^Reverting  to  £g,  130,  it  is 
evident  that  if  «  represents  the  proportionate  elongation  of  tbe 
layer  C  C,  whose  distance  from  the  neutral  surface  0  O'  is  ^,  and 
if  r  be  the  radius  of  curvature  of  the  neutral  surface,  we  must  have 

1  :l+»  :  :r  :r  +  y; 

and  consequently,  the  radius  of  curvature  is 

and  the  cwrvature,  which  is  the  reciprocal  of  the  radius  of  curvature, 
is  expressed  by  the  equation 

Let  p  be  the  direct  stress  at  the  layer  C  (J,  and  E  the  modulus 
ofdastidty  of  the  material;  then »=  ^,  and  consequently,  the  cuj> 
vature  has  the  following  values : — 

r      Ey     EI' ^^'^ 

the  second  value  being  deduced  from  the  first  by  means  of  equation 
4  of  Article  293. 

When  the  quantity  -  =  y  varies  for  different  points  of  the  beam, 

the  curvature  varies  also. 

Suppose  now  that  the  beam  is  under  its  proof  hady  and  let  "^ 
denote  the  greatest  moment  of  flexure  arising  from  that  load,  I^i  the 
moment  of  inertia  of  the  ci*oss  section  at  wluch  that  moment  acts, 
and  ^0  the  distance  frt>m  the  neutral  axis  of  that  section  to  the 
layer  where  the  limiting  intensity /of  the  stress  is  attained.  Then 
the  curvature  will  be, 
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.(2.) 


at  the  section  of  greatest  stress,  -  =  ^~—  =  ^- ; 

1  -Kir 

at  any  other  section, 


The  exact  int^ration  of  this  equation  for  slender  springs,  in 
certain  cases,  will  be  considered  in  a  subsequent  Article.  For 
beams  it  is  integrated  approximately  in  the  following  manner : — 

iLet  the  middle  of  the  neutral  axis  of  the  section  of  greatest  stress 
be  taken  as  the  origin  of  co-ordinates,  and  represented  by  A  in  figs. 


P^ 


Fig.  141. 


Fig.  142. 


141  and  142.     For  a  beam  supported  at  both  ends  and  symme- 
trically loaded,  A  is  in  the  middle  of  the  beam  (fig.  141).     For  a 
beam  fixed  at  one  end  and  projecting,  A  is  at  the  fixed  end  {^. 
142}.     Let  the  beam  be  so  fixed  or  supported  that  at  this  point  its 
neutral  surface  shall  be  horizontal,  and  let  a  horizontal  tangent, 
A  X  C,  to  that  surface  at  that  point  be  taken  as  the  axis  of  abscissse. 
Zjet  A  C,  the  horizontal  distance  firom  the  origin  to  one  end  of  the 
beam,  be  denoted  by  c,  which,  as  in  Articles  289  and  290,  is  the 
length  of  the  projecting  portion  of  a  beam  fixed  at  one  end,  and  the 
half-span  of  a  beam  supported  at  both  ends  and  symmetrically 
loaded.    Let  A  X,  the  abscissa  of  any  other  point  in  the  beam  =  jb. 
Ijet  A  B  D  be  the  curved  form  assumed  by  the  neutral  surface  when 
the  beam  is  bent,  which  form,  in  a  beam  supported  at  both  ends,  is 
concaye  upwards,  as  in  ^g,  141,  and  in  a  beam  fixed  at  one  end 
concave  downwards,  as  in  fig.  142.     Let  X  B  =  i?  be  the  ordinate 
of  any  point  B  in  the  curve  A  B  D;  being  the  difference  of  level 
between  that  point  and  the  origin  A.    Let  C  D  =  V|  be  the  greatest 
ordinate  :  this  is  what  is  termed  the  deflection. 

The  inclination  of  the  beam  at  any  point  B,  is  expressed  by  the 
equation 

dv 
t  s=  arc  tan  -=—  : 
dx 

and  the  curvcUure,  being  the  rate  of  variation  of  the  inclination  in 
a  given  length  of  the  curve,  is  expressed  by 
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\       di  di 


r      ds       ,  / ,    ,  df^ 


dx 


V'+^-p 


But  in  cases  wliicli  occur  in  practice,  the  curvature  of  the  beun  is 
so  slight,  that  the  arc  i  is  sensibly  equal  to  its  tangient^  the  dope 

-— ;  and  the  elementary  arc  c?«  is  sensibly  equal  to  itB  hoziaQiitftl 
d  X 

projection  dx;  bo  that  the  following  equations  may  be  used  vithoirt 
sensible  error : — 

d  V 
Slope,  t  =r 


dx' 
1       di      €p  V 


(1) 


Therefore,  when  the  curvature  at  each  point  is  given  by  eqoatioG 
2,  the  slope  and  the  ordinate  are  to  be  found  by  two  succcKhe 
integrations,  as  shown  by  the  following  equations  : — 


Slope,  ^  =  ^^-=J    A  dx, 


f      r.  r.MIo 


..(♦.) 


Ordinate,        v=  I* idx  =  ^~—.  \     \    ^F^ds?, 
J  0  Eyo  J  0  J  oIMo 

The  greatest  dope  ii — that  is,  the  slope  at  D — and  the  d^ien^^ 
or  greatest  ordinate  Vj,  are  found  by  p^ormiog  the  con^Sifste  i&tr 
grations  between  the  limits  a;  =  0  and  x  =  c 

J^Headera  who  are  not  familiar  with  the  integral  calculus  ar 
erred  to  Article  81  for  explanations  of  the  natuure  of  the  pcoo^- 
of  integration.] 

In  both  the  integrals  of  the  formulse  4,  the  quantity  f-^is  ^ 

mtmerical  ratio  depending  on  the  mode  of  distribution  of  the  kuJ- 
ing  and  supporting  forces,  and  the  mode  of  variation  of  the  sectl^** 
of  the  beam.  Hence  it  is  evident  that  we  must  have  the  oompM 
integrals 

where  m"  and  n"  are  two  ntimerical  /adora  depending  on  the  di- 
tribution  of  the  forces  and  the  figure  of  the  beam ;  so  that  tD? 
greatest  slope  and  the  deflection  are  given  by  the  equationa 
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*lS= 


^' 


¥ 


yo 


.{6.) 


For  beams  of  similar  figures,  and  similarly  loaded  and  supported, 
^0  is  as  the  depth,  and  c  as  the  length ;  hence,  for  such  beams,  the 
greatest  dope  wnder  the  proof  load  is  directly  as  the  length,  and 
inversely  as  the  depth ;  amd  the  proof  deflection  is  directly  as  the 
sqaare  of  the  length,  amd  inversely  as  Uts  depth. 

The  following  table  gives  the  values  of  the  factors  m'*  and  n"  for 
some  of  the  more  ordinary  cases  of  beams  of  uniform  section^  in 

which  the  ratio  j^,  being  simply  equal  to  arf-,  depends  on  the 

distribution  of  the  load  alone,  and  may  be  found  by  the  aid  of  the 
tables  of  Articles  289  and  290. 


L  Constant  moment,  of  flexure, 

Fixed  at  One  Enix 
n.  Loaded  at  extreme  end, 

TTL  TTnif^r^TTplv I'^f^it.t  ...... T 

M 

m" 

n" 

1 

1 

1 

1-? 
e 

1 

2 

1 
3 

(■-^' 

1 
3 

1 
i 

SUPFOBTED  AT  BOTH  EhDS. 

IV.  Loaded  in  the  middle, 

V.  XTniformlj  loaded, 

1-5 

C 

1 

2 

1 

3 

■-? 

2 
3 

6 
12 

For  a  beam  of  vmform  strength  and  tmiform  depth,  the  quantity 

-  -  is  constant ;  hence  in  every  such  beam,  in  what  manner  soever 

it  may  be  supported  and  loaded,  the  curvature  is  xmiform,  as  in  the 
case  of  Example  L  of  the  above  table.     For  a  beam  of  uniform 

AT  h 
strength  wnd  vmform  breadth,  the  quantity  -=-    is  constant ;  and 

tberefore  in  such  beams. 


IM« 
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h^  being  the  depth  at  the  section  of  greatest  bending  moment,  «,nd 
h  the  depth  at  any  other  section.  The  following  table  shows  some 
of  the  consequences  of  these  principles  : — 


VI.    Uniform   strength) 
and  uniform  depth,....  j 

VIL    Uniform  strength,' 
uniform  breadth ;  fixed 
at  one  end,  loaded  at 
the  other, 

YUL   Uniform  strength, 
uniform  breadth ;  sup- 
ported at  both  ends, 
loaded  in  the  middle,.. 

IX.    Uniform  strength,' 
imiform  breadth ;  fixed 
at  one  end,  uniformly  ^ 
loaded, 

X.    Uniform  strength,' 
uniform  breadth ;  sup- 
ported at  both  ends, 
uniformly  loaded, 

MIo 
IMo 

ni' 

n" 

1 

1 

1 
1 

V,h 

2 

2 
"5 

V;, 

2 

2 
3 

0 

Cr—X 

Infinite. 

1 

c 

2=1-6708 

2-1=0-6708 

^/c'-*« 

It  is  to  be  borne  in  mind,  that  the  values  of  m"  and  n"  for  beanA 
of  uniform  strength,  as  given  in  the  above  table,  are  somewhat 
less  than  those  which  occur  in  practice,  because,  in  computing  the 
table,  no  account  has  been  taken  of  the  additional  material  which 
is  placed  at  the  ends  of  such  beams,  in  order  to  give  sufficient 
resistance  to  shearing. 

The  error  thus  arising  applies  chiefiiy  to  W,  the  factor  for  the 
maximum  slope.  For  the  factor  for  the  deflection,  n",  the  error  is 
inconsiderable,  as  experiment  has  shown. 

301.  DeflMUoa  fMind  by  OniFlde  C^natnictlmb — The  great  length 
of  the  radii  of  curvature,  which  are  the  reciprocals  of  the  curva- 
tures given  by  equation  2  of  Article  300,  and  the  smallness  of  the 
ordinates  of  the  curve  of  the  neutral  surface,  in  all  cases  which 
occur  in  practice,  render  it  neither  practicable  nor  useful  to  draw 
the  figure  of  that  curve  in  its  natural  proportions.  But  the  following 
process,  invented,  so  far  as  I  am  aware,  by  Mr.  G.  H.  Wild,  enables 
a  diagram  to  be  drawn,  which  represents,  with  a  near  approach  to 
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accuracy,  that  cunre,  tcith  it9  vertioai  diniensuma  MoggenUed,  so  as 
to  show  conspicuously  the  slopes  and  ordinates 

Compute^  by  equation  2  of  Article  300,  the  radii  of  curvature 
for  a  series  of  equi-distant  points  in  the  beam.  Diminish  all  those 
radii  in  any  proportion  which  may  be  convenient,  and  draw  a  curve 
composed  of  small  circular  arcs  with  the  diminished  radiL  Then  in 
the  same  ratio  that  the  radii,  as  compared  with  the  horizontal  scale 
of  the  drawing,  are  diminished,  will  the  vertical  scale  of  the  draw- 
ing, according  to  which  the  ordinates  are  shown,  be  exaggerated. 

302.  The  lPie|iiU»«  m€  the  OvwiiMt  Deptli  of  m  Bcsai  !•  the  Spwi 
is  so  regulated,  l^t  its  greatest  deflection:  shall  not  exceed  a  cer- 
tain proportion  of  the  ^mui  which  experience  has  shown  to  be  con- 
sistent with  convenience.  That  proportion^  foom  various  examples, 
appears  to  be-* 

t?i  11 

For  the  working  load,  ^—  =  fix)m  ^--  to 


2e  600       1200" 

Forthepioofload,...^  =  from  Atoi^. 

ho 
The  determination  of  the  proportion,  ^,  of  the  greatest  depth  of 

the  beam  to  the  span,  so  as  to  give  the  required  stiffiiess,  is  effected 
by  the  aid  of  equation  6  of  Article  300,  fix>m  which  we  obtain 

"Ic      2£yo* 
Now  jfo  =  ^'^  ^'  being  a  numerical  factor,  which  for  symmetri- 
cal sections  is  -^  \  and  consequently  the  required  ratio  is  given  by 
the  equation 

K yo  n"fc    _  n"/      2c  . 

2  c""2m'c""2m'Et?i'"4«»'E  '   v.' ^    '' 

an  expression  consisting  of  three  factors :  a  factor,  j — „  depending 

on  the  distribution  of  the  load  and  the  figure  of  the  beam ;  a  factor, 

2c      .  . 

— >  being  the  prescribed  ratio  of  the  span  to  the  deflection ;  and  a 

Vi  y 

factor,  -~^,  being  the  jyroqf  strain,  or  the  toarking  strain,  of  the 
Jii 

material,  as  the  case  may  be. 

To  illustrate  this,  let  the  beam  be  under  its  working  load,  uni- 
formly distributed,  and  let  it  be  of  uniform  section;  alike  above  and 
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below.  Thenn"  =  ^m'  =  ^.  Let —  =  1000  be  the  prescribed 
ratio  of  the  span  to  the  working  deflection.  Let  the  material  be 
wrought  iron,  for  which  ^tj-t^  is  a  safe  yalne  for  the  woridsg  strain 
i'    Then 

ho_5_    1000_  5  _     1 

2  c  ""  24*  3000  ""  ?5  ~  14-4 ' 

which  is  very  nearly  the  average  proportion  of  depth  to  span 
adopted  for  wrought  iron  girders  in  practice. 

303.  The  8l«p«  aiid  DcAmUmi  mt  m  Hem  uAw  wmr  "MmuM  are 

given  by  the  following  formul»  : — 


(1) 


To  int^rate  these  equations,  it  is  only  necessary  to  substitute 

for  the  constant  &ctor  ^^  in  the  equations  4,  5,  6,  Article  300,  its 

equivalent  -=-?,  M'o  beii^  now  not  the  ^oq/*  moment  of  flexure,  but 

the  actual  moment  of  flexure  at  the  point  where  the  beam  is  hori- 
xontal ;  that  is  to  say, 

Oreatest  slope  ^i  =     ^^^    ;  deflection  tr,  =  ■  .^   °  •»-«(^') 
Jbi  1^  jlXq 

fn"  and  n"  being  factors  depending  on  the  distribution  of  the  load, 
and  having  the  values  given  in  the  table  of  Article  300.  Now  the 
value  of  the  moment  of  flexure  is  given  in  terms  of  the  load  and 
length  by  equation  1  of  Article  291,  and  the  ensuing  table,  viz., 
M^z=z  mW I;  and  the  value  of  Iq,  in  terms  of  the  dimensions  of 
the  rectangle  circumscribing  the  cross  section,  is  given  by  equation 
1  of  Article  295,  and  the  ensuing  table,  viz.,  I©  =  n'  6  ^' ;  hence  the 
above  equations  2  become 

•*-  'WEfh^'  "^'^    n'^hh' ^"^-^ 

Moreover,  2  =  e,  or  =  2  c,  according  as  the  beam  is  fixed  at  one  end 
only,  or  supported  at  both ;  so  that  if  m"',  n"',  be  a  pair  of  numeri- 
cal factors,  whose  values  are,  for  beams  fixed  at  one  end  only, 
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mT  =.  in'm ;  n**  =  fCm ; 
and  for  beams  sapported  at  both  ends, 

mT  =  2w"«»;  n"'  =  2n'fa; 
the  eqiiations  3  become 

**  "  "^TeIA*^  "^^  -^^TE61« ^*"^ 

Whence  it  appears,  that  the  deflections  of  similar  beams  under 
equal  loads  are  as  the  cubes  of  their  lefngths,  and  mverady  as  their 
breadths  and  the  cubes  of  their  depths. 

The  values  of  n'==r-||,  for  the  ozdinaiy  forms  of  cross  section,  are 

given  in  the  table  of  Article  295.  The  following  table  gives  the 
values  of  mT  and  n"'  for  different  modes  of  loading  and  support- 
ing, for  beams  of  uniform  cross  section,  and  for  beams  of  uniform 
strength  >— 

m  n 

.     ,„  ^  Factor  for    Pactorfor 

A,  Uniform  Cboss  Section.              siop«.      Deflection. 
L  Fixed  at  one  end,  loaded  at  the  other, ^     ^. 

IL  Fixed  at  one  end,  loaded  unifoimlj, g     -. 

IIL  Supported  at  both  ends,  loaded  in  the  middle,  |     g. 

1  fir 

IV.  Supported  at  both  ends,  uniformly  loaded,.,  g     r^. 

B.  XTkifobx  Strenctth  and  TTnifobx 
Depth. 

Y.  Fixed  at  one  end,  loaded  at  the  other, 1  ^. 

YL  Fixed  at  one  end,  loaded  uniformly, 5  ~, 

VII.  Supported  at  both  ends,  loaded  in  the  middle,  -  -. 

Vin.  Supported  at  both,ends,  loaded  uniformly,.,  j  g. 
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G.  Uniform  Strength  and  Uniform     Factor  for    Factor  for 
Breadth.  Slope.       Deflecaoo. 

2 
IX  Fixed  at  one  end,  loaded  at  the  other^ 2     ^. 

X.  Fixed  at  one  end,  nniformly  loaded, infinite. ^. 

XL  Supported  at  both  ends,  loaded  in  the  middle,  1     ^. 

XII.  Supported  at  both  ends,  uniformly  loaded,  0-3927  ...  01427. 

304.  Dellectloa  witk  l7Blf«na  Montent. — In  Article  292  the  case 
has  already  been  described,  in  which  a  beam  or  bar  of  uniform 
section  has  a  pair  of  equal  and  opposite  couples  in  the  same  plane 
applied  to  its  ends,  and  the  same  case  is  the  first  given  in  the  table 
of  Article  300.     In  this  case,  M  and  I  are  constants,  m"  =  1,  and 

n"  =  ^ ;  and  accordingly,  if  c  be  the  length  of  the  part  of  the  beam 

under  consideration,  and  t'l  the  slope,  and  i/i  the  deflection,  of  one 
end  relatively  to  a  tangent  at  the  other, 

*i-Eli  ^i-2EI- 

305.  The  BaailiMice  er  Sivring  of  a  B««iit  is  the  work  performed 
in  bending  it  to  the  proof  deflection.  This,  if  the  load  is  concen- 
trated at  or  near  one  point,  is  the  product  of  half  the  proof  load 
into  the  proof  deflection  j  that  is  to  say, 

^ (1) 

If  the  load  is  distributed,  the  length  of  the  beam  is  to  be  divided 
into  a  number  of  small  elements,  and  half  the  proof  load  on  each 
element  multiplied  by  the  distance  through  which  that  element  is 
moved  during  the  proof  deflection  of  the  beam.  Let  u  be  that  dis- 
tance ;  then  for  beams  fixed  at  one  end, 

t*  =  v; 

aud  for  beams  supported  at  both  ends,      -  (2.) 

«  =  f?i  —  V. 

Let  <f  0  be  the  length  of  an  element  of  the  beam;  w  the  intensity 
of  the  load  on  it,  per  unit  of  length;  then  the  resilience  is 
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1     " 

■5  /  uwdx (3.) 

The  cases  in  which  the  determination  of  resilience  is  most  useful 
in  practice  are  those  in  which  the  load  is  applied  at  one  point. 

Let  the  beam  be  fixed  at  one  end  and  loaded  at  the  other,  c 
being  the  length  of  its  projecting  part  Then  by  Article  295^ 
equation  3  (observing  that  m=\,l  =  c)y 

(n  being  given  by  the  table  of  Article  295),  and  by  Article  300, 
equation  6, 

(ti"  being  given  by  the  table  of  Article  300,  and  m'  by  that  of 
Aiiide  295).     Consequently, 

Ee>ai^  =  '^^^^,.q-clK (4.) 

It  will  be  observed  that  this  expression  consists  of  three  &ctors, 
viz.: — 

(1.)  The  Yolume  of  the  prism  circumscribed  about  the  beam, 
chh> 

(2.)  A  Modulus  o/EesUience,  \=,  of  the  kind  already  mentioned 

in  Article  266. 

(3.)  A  numerical  factor,  ^ — , ;  in  which  n  and  mf  (Article  295) 

depend  on  the  form  of  cross  section  of  the  beam,  and  n"  (Article 
300)  on  the  foim  of  longitudinal  section  and  of  plan.  The  follow- 
ing are  values  of  this  oomponnd  fisustor  for  a  redUmgulwt  cross 

secUoUy  for  which  »  =  s,  «»'  =  s,  and  therefore  j: — >  =  -^ : — 

n" 
T 

I.  ITniform  breadth  and  depth, ^. 

II.  Uniform  strength,  uniform  depth, — . 

III.  ITniform  strength,  uniform  breadth, -x. 
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If  a  beam  be  supported  at  both  ends  and  loaded  in  the  middle, 

its  length  being  l=2c,ii»  proof  deflection  is  the  same  with  that  of 

a  beam  of  the  same  transverse  dimensions  and  of  the  length  e, 

iixed  at  one  end  and  loaded  at  the  ol^er  j  and  its  proof  load  is 

double  of  that  of  the  latter  beam  ;  therefore  its  resilience  is  double 

of  that  of  the  latter  beam.    Consequently,  for  rectangular  be<*ms  of 

the  half-span  c,  supported  at  both  ends  and  loaded  in  the  middle, 

we  have  the  following  values  for  the  numerical  &ctor  of  the 

resilience : —  „ 

n 

6"' 
lY.  Uniform  breadth  and  depth,.... s. 

Y.  Uniform  strength,  tmiform  depth, ^ 

2 
YL  Uniform  strength,  uniform  breadth, .*..• ^. 

306.  A  9nddeid7^Av»lle4  TnuunrwM  l«MUi,  like  the  suddenly- 
applied  pull  of  Article  267,  produces  at  first  double  the  maximum 
stress,  and  double  the  strain,  which  the  application  of  a  load 
gradually  increasing  from  nothing  to  the  amount  of  the  ^ven 
load  would  produce.  It  is  imnecessaiy  to  demonstrate  this  in 
detail,  the  reasoning  being  the  same  with  that  employed  in  Article 
267. 

The  contingency  of  the  sudden  application  of  a  moving  load  is 
provided  for  by  the  &ctor  of  safety,  which  expresses  the  ratio  of 
the  proof  load  to  the  working  load  (Article  247V. 

The  action  of  the  rolling  load  to  which  a  railway  bridge  is  sub- 
jected is  intermediate  between  that  of  an  absolutely  sudden  load 
and  a  perfectly  gi-adual  load.  It  has  been  investigated  mathemati- 
cally by  Mr.  Stokes,  and  experimentally  by  Captain  Gkdton,  and 
the  results  are  given  in  the  Report  of  the  Commissioners  on  the 
Application  of  Iron  to  Railway  Structures.  The  practical  con- 
clusion to  be  drawn  from  them  is,  that  a  moving  load  requires  a 
larger  factor  of  safety  than  a  steady  load. 

307    Beam  Fixed  mt  Beth  Enda. — A  beam  is  Jlxed,  as  Well  as 

supported,  at  both  ends,  when 
a  pair  of  equal  and  opposite 


J^       "^^    '     ^^^--^^     ^^       couples  are  made  to  act  on  the 

Rir  14S  vertical  sectional  planes  at  its 

points  of  support,  of  magnitude 

sufficient  to  maintain  its  longitudinal  axis  horizontal  there,  and  so 

to  diminish  the  deflection,  slope,  and  curvature  of  its  middle  por- 
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tioiL  This  38  generally  accomplished  by  malriTig  the  beam  fbnn 
part  of  one  continuous  girder  with  seyeral  points  of  support,  or  by 
making  it  project  on  either  side  beyond  its  points  of  support,  and 
so  fiuBtening  or  loading  the  projecting  portions,  that  their  loads,  or 
the  resistance  of  their  £sistenings,  shall  give  the  required  pair  of 
couples. 

In  fig.  143,  let  C  B  A  B  C  represent  a  beam  supported  at  the 
points  C,  C,  loaded  along  its  intervening  portion,  and  so  fixed  or 
loaded  beyond  these  points  that  at  them  its  longitudinal  axis  is 
horizontal,  instead  of  haying  the  slope  i|,  which  it  would  have 
if  the  beam  were  simply  su^oparted  at  0,  C,  and  not  fixed.  At  each 
of  the  vertical  sections  above  the  points  of  support,  C,  C,  there  is 
an  fmiforrnly-^forying  hariaontcU  stress,  being  a  puU  above  and  a 
thrust  below  the  neutral  axis ;  and  the  moment  of  that  pair  of 
stresses  is  that  of  the  pair  of  equal  and  opposite  couples  which 
maintain  the  beam  horizontal  at  the  points  of  support  It  is  re- 
quired to  find, — ^in  the  first  place,  that  resisting  moment  at  the 
vertical  planes  of  support  (from  which  the  stress  on  the  material 
there  may  at  once  be  found);  and  secondly,  the  effect  of  that 
moment  on  the  curvature,  slope,  defiection,  and  strength  of  the 
beauL 

The  general  method  of  solution  of  this  question  is  as  fi)Ilows : — 
Compute,  by  equation  3  of  Article  303,  t'j,  the  slope  which  the 
neutral  surface  of  the  beam  would  have  at  the  points  C,  C,  if  it 
were  simply  supported  there,  and  not  fixed.  Then,  by  Article 
304,  find  the  uniform  moment  of  flexure,  which,  if  it  acted  on  the 
beam  in  such  a  manner  as  to  make  it  become  convex  upwards, 
would  produce  a  slope  at  the  points  C,  C,  eqtud  and  contrary  to 
^i.  This  will  be  the  required  moment  of  resistance  at  the  vertical 
sections  C,  C,  from  which  the  greatest  stress  on  the  material  at 
those  sections  can  be  found  by  equation  4  of  Article  293.  It  will 
afterwards  appear  that  this  is  the  greatest  stress  on  the  beam  3  so 
that  by  putting  it  instead  of  M^  =  m  W  /  in  equations  2  of  Article 
294,  and  3  of  Article  295,  the  conditions  of  strength  of  the  beam 
are  determined.  Denote  this  moment  by  —  Mj,  the  negative  sign 
denoting  that  it  tends  to  produce  convexity  upwards,  while  ^e  load 
on  the  beam  tends  to  prcduce  convexity  downwards. 

Let  M  be  what  the  moment  of  flexure  at  any  point  of  the  beam 
tcould  be,  if  it  were  simply  supported  at  C,  C.  Then  the  actual 
moment  of  flexure  is 

and  by  substituting  this  for  M  in  the  equations  of  Articles  300  and 
303,  the  curvature,  slope,  and  deflection,  with  the  proof  load,  or 
with  any  load,  are  found. 
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"Where  M  is  the  greater^  as  at  A,  the  beam  is  convex  down- 
wards. Where  Mi  is  the  greater^  as  at  C,  the  beam  is  convex  up- 
warda  There  are  a  pair  of  points,  B,  B,  at  which  M  =  M„  so 
that  the  moment  of  flexure,  and  conseqiientlj  the  curvature,  vanish, 
and  the  beam  is  subjected  to  a  shearing  force  alone;  these  are 
called  the  poirUa  of  carUrcMry  flexure;  and  they  divide  the  middle 
part  of  the  beam,  which  is  convex  downwards,  from  the  two  end- 
most  parts,  which  are  convex  upwards. 

In  expressing  the  solution  of  this  problem  by  formidse,  four 
cases  will  be  taken  into  consideration,  viz. : — 

1.  The  case  of  an  uniform  beam,  with  a  symmetrical  load  in 
general 

2.  Beam  of  uniform  section,  loaded  in  the  middle^ 

3.  Beam  of  uniform  section,  loaded  uniformly. 

4.  Beam  of  uniform  strength  and  uniform  depth,  uniformly 
loaded. 

Case  1.  Symmetrical  load  cm  a  beam  of  vmform  secUon,  By 
Article  303,  equation  3,  observing  that  2  ==  2  c,  we  have 

,  _2mrm     Wc» 
and  by  Article  304, 

* ""     c  e        ' 

consequently. 

Ml  =  2»»"»» Wc  =  m"  •  mWl=: m"  •  M;^ (1.) 

Mo  being  what  the  moment  of  flexure  at  A  vnndd  have  heen^  had 
the  beam  been  simply  supported. 

The  values  of  m  are  given  in  Article  300. 

Let  M'o  be  the  actual  moment  of  flexure  at  A.    Then 

M'o  =  (l— wOMo (2.) 

The  greatest  moment  of  flexure  must  be  either  at  A  or  0,  or  at 
both,  if  the  moments  at  these  sections  be  equal  and  opposite.     But 

for  beams  of  uniform  section,  m"  is  never  greater  than  -^ ;  there- 

2 

fore  the  greatest  moment  of  flexure  is  at  C,  or  both  at  C  and  A, 

and  never  at  A  alone. 

The  stn'ength  of  the  beam  is  expressed  by  the  following  formula^ 

obtained  by  putting  Mi  instead  of  m  W  ^,  in  equation  3  of  Article 

295:— 


M,  =  w''«»WUw/6A2W  =  !y^ (3.) 

mm 
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jf  being  the  limit  of  proof  or  working  stress^  as  the  case  may  be, 
and  n  a.  factor  suitable  to  the  form  of  section  of  the  beam^  as  given 
bj  the  table  of  Article  295. 

Hence  it  appears,  that  hy  fixing  the  ends  of  cm  uniform  beam,  so 
that  they  shall  be  horizontal,  its  strength  is  increasedin  ^  ratio  1 :  m". 

The  detection  is  found,  by  subtracting  that  due  to  the  uniform 
moment  Mi  from  that  which  the  load  would  produce  if  the  beam 
^ere  simply  supported  at  C  and  0.  The  former  of  these  quan- 
tities, according  to  Article  304,  is 

M,c'_m"MoO« 
2EI"*    2EI    ' 
and  the  latter,  according  to  Article  303,  equation  2,  is 

EI     ^  m^EI  ' 
so  that  the  deflection,  their  difference,  is 

^'=  U-2J  •  et"  r— 2-;  •  ET <^) 

From  the  last  of  those  expressions,  it  appears  that  by  fixing  the 
ends  horizontal,  an  uniform  beam  is  made  stifier  under  a  given 
load  in  the  ratio 


n^' 


■■  (-?)• 


If,  in  the  first  expression  for  the  deflection,  it  be  considered  that 
M,  is  the  moment  of  resistance  corresponding  to  the  proof  or  limit- 
ing stress  at  the  section  C,  we  may  make 

M,_/  . 
I  ~yo  ' 

so  as  to  obtiun  the  following  expression  for  the  deflection  tinder  the 
proof  load : — 

/n"        l\/<? 
'"=lm^-jJE7o <*•) 

being  less  than  the  proof  deflection  of  a  beam  simply  supported^  as 
given  by  equation  6,  Article  300,  in  the  ratio 


(^-D  -■• 


The  points  of  contrary  flexure  are  to  be  found  in  each  particular 
case  by  solving  the  equation 

M-M,  =  0 (6.) 


Digitized 


byGoogk 


33« 


THECHtT  OF  STBUOTDBBS. 


Gasi  2.   Umfcffm  aeetion,  loaded  in  the  middle. 


1        .      1 


n"  = 


3' 


M',=  Mj  =  |m,  =  I  Wf  =  i  Wo  =  »/&&»] 


1    /«• 


..(7.) 


The  points  of  oontiury  flexure  are  midway  between  A  and  C. 
Cabb  3. — Uniform  section,  vmformly  loaded. 

W  =  2ew 
1.2.6 


M'.  =  iM,  =  lM.; 


1     /c* 

"•=8 -By." 


"» 


.(a) 


The  points  of  contrary  flexure  are  thus  found.     By  the  table  of 
Article  300,  case  5, 

M.(l-^M..|(.-f)M.. 

60  that  in  order  to  have  M  =  M,,  we  must  make 


..(9.) 


i-$=i^''-=7i=^-'"'^ 

which  equation  gives  the  distance  of  each  of  the  points  of  contrary 

flexure  B,  from  A,  the  middle  of  the  beam. 

Case  4.   Uniform  strength,  uniform  depth,  wniform  load.     In  this 

case  the  uniformity  of  strength  is  attained  by  making  the  br^th 

at  each  point  proportional 
to  the  moment  of  flexure,  as 
c  shown  in  the  plan,  flg.  1 44, 
preserving,  at  the  points  of 
contrary  flexure  B,  B,  a 
sufficient  thickness  only  to 


Fig.  144. 

resist  the  shearing  force. 
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As  shown  in  Article  300,  case  6,  the  curvature  of  the  beam  is 
uniform  in  amoimt,  changing  in  direction  only  at  the  points  of 
contrary  flexiure.  Therefore,  in  fig.  143,  C  B  and  B  A,  at  each 
side  of  the  beam,  are  two  arcs  of  circles  of  equal  radii,  horizontal 
at  A  and  C,  and  touching  each  other  at  B;  therefore  those  arcs 
are  of  equal  length ;  therefore  each  point  of  contrary  flexure  B  is 
midway  between  the  middle  of  the  beam  A  and  the  point  of  sup- 
port C. 

It  is  evident  also,  that  the  proof  deflection  of  the  beam  must  be 
double  of  that  of  an  uniformly  curved  beam  of  half  the  span,  sup- 
ported at  the  ends  without  being  fixed ;  that  is  to  say,  one-half  of 
that  of  an  uniformly  curved  beam  of  the  same  span,  supported  but 
not  fixed;  or  symbolically 

^-la <^«-> 

The  actual  moment  of  flexure  at  A  must  be  the  same  as  in  an 

W 

uniformly  loaded  beam,  with  the  same  intensity  of  load  «;  =  --, 

2  0 
supported,  but  not  fixed  at  B,  B;  that  is  to  say^ 

^<^'~   16  32        T ^^^-^ 

and  therefore,  the  moment  of  flexure  at  0  is 

n/ft,;*»=M,  =  Mo  — Mo  =  -j-=— g-  =-32-;  (12.) 

hi  being  the  breadth  of  the  beam  at  C,  which  is  three  times  the 
breadth  60  at  A. 

To  find  the  breadth  at  any  other  point,  it  is  to  be  observed,  that 
the  moment  of  flexure  at  the  distance  x  from  A  is 

M-M.  =  -4— ^ _(^__._JM.;...(13.) 

and  that  consequently  the  breadth  6,  which  is  proportional  to  the 
moment  of  flexure,  is  given  by  the  equation 

'=i('-^>=(>-^^ <»•) 

In  using  this  equation,  the  positive  or  nefjative  sign  of  the  result 
merely  indicates  the  direction  of  the  curvature. 

AccordinjOr  to  equation  14,  the  figure  of  the  beam  in  plan  (fig, 
1  i4)  consists  of  two  parabolas,  having  their  vertices  at  A,  and 

z 
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intersecting  each  other  in  the  points  of  contrary  flexure,  B,  B,  for 
which  X  =  =t:  - . 

The  breadth  which  must  be  left  at  £,  to  resist  shearing,  will 
appear  from  the  next  Article. 

308.  A  Beant  Fixed  at  On«  Bnd  and  9nFp«ncd  At  Both  is  sensiblj 
in  the  same  condition  with  the  part  C  B  A  B  of  the  beam  in  fig. 
143,  extending  from  one  of  the  fixed  points  C  to  the  farther  point 
of  contrary  flexure,  which  now  represents  a  point  supported,  but  not 

fixed.  Hence  if  a  continuous  girder  be  supported  on  a  series  of 
piers,  the  span  of  each  of  the  endmost  bays  should  be  to  the  span 
of  each  intermediate  bay,  in  the  ratio  c  +  o^q  :  2  c,  where  x^  is  the 
distance  A  B  from  the  lowest  point  to  a  point  of  contrary  flexura 

309.  Shearing  StreM  la  Beams. — It  has  already  been  shown,  in 
Article  288,  how  to  find  the  amount  F  of  the  shearing  force  at  a 
given  vertical  cross  section  of  a  beam ;  and  examples  of  that  force 
in  particular  cases  have  been  given  in  Articles  289  and  290.  The 
object  of  the  present  Article  is  to  show  the  manner  in  which  the 
stress  which  resists  that  force  is  distributed. 

In  Article  104  it  has  been  shown,  that  the  intensities  of  the  tan- 
gential stresses  at  a  given  point,  on  a  pair  of  planes  at  right  angles 
to  each  other  and  to  the  plane  parallel  to  which  the  stresses  act^ 
are  necessarily  equal.  Hence,  in  order  to  determine  the  intensity  of 
the  vertical  shearing  stress  at  a  given  point  in  a  vertical  section  of 

a  beam,  such  as  the  point 
E  in  the  vertical  section 
G  E  B  of  the  beam  repre- 
sented in  fig.  145,  it  is 
sufficient  to  find  the  equal 
p.    -^.  '        intensity  of  the  horizontal 

shearing  stress  at  the  same 
point  E  in  the  horizontal  plane  E  F.  The  existence  of  that  hori- 
zontal shearing  stress  is  familiarly  known  by  the  fact,  that  if  a 
beam,  instead  of  being  one  continuous  mass,  be  divided  into 
separate  horizontal  layers,  those  layers  will  slide  on  each  other  like 
the  layers  of  a  coach  spring.  The  intensity  of  that  stress  is  found 
as  follows : — 

Let  H  F  D  be  another  vertical  section  near  to  G  E  R  If  the 
moment  of  flexure  at  H  F  D  differs  from  that  at  G  E  B,  there  must 
be  a  corresponding  difference  in  the  amount  of  the  direct  stress  on 
two  corresponding  parts  of  the  planes  of  section,  such  as  G  £  and 
H  F.  (In  the  case  shown  in  the  figure,  that  direct  stress  is  a  thrust, 
and  is  greatest  at  G  E).  That  difference  constitutes  a  horizontal 
force  acting  on  the  solid  H  F  E  G ;  and  in  order  to  maintain  the 
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equilibrium  of  that  solid,  the  amount  of  shearing  stress  on  the  plane 
I"  E  must  be  equal  and  opposite  to  that  horizontal  force.  That 
amount  being  divided  by  the  area  of  the  plane  F  E,  gives  the 
intensity  of  the  shearing  stress. — Q.  E.  I. 

From  the  foregoing  solution  it  is  obvious,  that  the  shearing  stress 
is  nothing  at  the  upper  and  lower  surfaces  of  the  beam;  because  the 
entire  direct  stress  on  each  cross  section  is  nothing.  This  might 
abo  be  proved  by  reasoning  like  that  of  Article  278.  It  is  also 
obvious  that  the  sheaiing  stress  in  the  vertical  layer  between  the 
two  planes  of  section  is  greatest  at  D  B,  where  they  cut  the  neutral 
surface  O  C,  at  which  the  direct  horizontal  stress  changes  from 
thrust  to  puU;  for  at  that  surface  the  horizontal  force  to  be 
balanced  by  the  shearing  stress  reaches  its  maximum. 

To  express  this  solution  symbolically  in  the  case  of  a  beam  of 
uniform  cross  section;  let  O  B  =  a;,  O  C  =  c,  B  E  =  y,  B  G  =  yi, 
15  D  =  E  F  (sensibly)  =  dx;  let  the  breadth  of  the  beam  at  any 
point  E  be  denoted  by  z,  and  at  the  neuti*al  surface  by  ^q. 

Let  p  be  the  intensity  of  the  direct  horizontal  stress  at  E,  q  that 
of  the  shearing  stress  at  E,  and  ^o  that  of  the  maximum  diearing 
stress  at  B.     ^en  by  equation  4  of  Article  293, 

M 

and  the  amount  of  the  direct  stress  on  the  sectional  plane  between 
GandEis 


M  rn 
I  if 


yz'dy. 


The  horizontal  force  by  which  the  solid  H  F  E  G  is  pressed  from  O 
towards  0,  is  the  excess  of  the  value  of  the  above  quantity  for  G  E 
above  its  value  for  H  F;  which  excess  arises  from  the  excess  of  the 
moment  of  flexure  M  at  G  E  B  above  the  moment  of  flexure  at 
H  FD,  farther  from  the  middle  of  the  beam  by  the  distance  dx. 
That  diflerence  of  the  moments  of  flexure  is  obviously  equal  to 

^dx. 

F  being  the  amou/rU  of  the  shearing  force  at  the  vertical  layer  in 
question;  consequently,  the  horizontal  force^  which  the  shearing 
stress  on  the  plane  F  £  is  to  balance,  is 

-—j^yz-dy. 

Dividing  this  by  the  area  of  the  plane  F  E,  which  i&zdx,  tho 
required  intensity  of  the  shearing  stress  is  found  to  be 
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9'  =  j^/''y«'^y; (!•) 

and  the  maxinmm  value  of  that  intensity,  for  the  given  vertical 
layer,  whicli  acts  at  D  £  in  the  neutral  surface,  is 

yo  =  u^/J'y«-rfy ^^-^ 

The  same  results  are  in  eveiy  case  obtained,  whether  the  upper  or 
the  lower  sur^e  of  the  beam  be  taken  as  the  limit  of  integration 

indicated  by  yij  the  complete  integral  /  y  z  '  dy^  for  the  whole 

cross  section  of  the  beam,  being  =  0,  because  of  y  being  measured 
&om  the  neutral  axis,  which  traverses  the  centre  of  gravity  of  that 
section. 

'   Let  S  =  /  «  dy  be  the  area  of  the  cross  section  of  the  beam. 

Then  the  Tnecm  intensity  of  the  shearing  stress  is 


and  the  Tnaximum  intensity  exceeds  the  mean  in  the  following 
ratio  : — 

-F-=T^i.y*"''y' <3-^ 

a  ratio  depending  wholly  on  the  figure  of  the  cross  section  of  the 
beam.     The  following  table  gives  some  of  its  values  : — 

FiGUBB  OP  Cross  Section.  ?^. 

3 

I.  Rectangle,  «^  =  6, ^. 

4 
IL  Ellipse, ^. 


III.  Hollow  Rectangle — 

S  =  6/t-6' A';  2^  =  6-6'. 
This  includes  I-shaped  sec- 
tions,  


3   {hh--VK)'{hV-h'K^ 
^2*     (6-6')-(6/*«-6'/*'0    ' 


IV.  Hollow  square,  ^•-A'^ |(l+^^). 

V.  VI.  Hollow  ellipse  and  hollow  circle;  the  numerical  factor-  ; 

the  symbolical  factor,  the  same  as  for  the  hollow  rectangle 
and  hollow  square  respectively. 
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For  beams  of  yariable  cross  section,  the  preceding  results,  though 
not  absolutely  correct,  are  near  enough  to  the  truth  for  practical 
purposes. 

When  a  beam  consists  of  strong  upper  and  lower  flanges  or 
horizontal  bars,  connected  by  a  thin  vertical  web  or  webs,  like  the 
wrought  iron  plate  girders  to  be  treated  of  in  a  subsequent  section, 
the  shearing  force  is  to  be  treated  as  if  it  were  entirely  borne  by  the 
vertical  web  or  webs,  and  uniformly  distributed. 

310.  liiBM  of  PHncipai  sircM  la  Beaou. — Letjpbe  the  intensity 
of  the  direct  horizontal  stress,  and  q  that  of  the  shearing  stress,  at 
any  point,  such  as  E,  fig.  145,  in  a  beam.  Then  the  axes  of  principal 
stress  at  that  point,  and  the  intensities  of  the  pair  of  principal  stresses, 
may  be  found  by  Article  112,  Problem  IV.,  case  4.  In  the  equa- 
tions 21,  22,  23,  which  solve  that  problem,  for  p„  the  normal  com- 
ponent of  the  stress  on  a  vertical  plane,  is  to  be  put  p-,  for^,,  the 
normal  component  of  the  stress  on  a  horizontal  plane,  is  to  be  put 
0 ;  and  for  /?„  the  common  tangential  component,  is  to  be  put  q, 
X  and  y  having  already  been  taken  to  denote  the  horizontal  and 
vertical  co-ordinates  of  the  point  E,  p^  and  p^  may  be  taken  to 
represent  the  greatest  and  least  principal  stresses  instead  oip,  and 
j9„  and  ti  the  angle  which  the  axis  of  greatest  stress  makes  with 

the  horizon,  instead  of  x  n. 
Then  equation  21  of  Article  112  becomes 

Pj_±p^__p, 

2      "2' 

equation  22  becomes 


from  which  we  have 


.(1.) 


These  equations  show,  that  the  greatest  principal  stress  is  of  the 
same  kind  with  the  direct  horizontal  stress,  and  the  least  principal 
stress  of  the  contrary  kind.     Further,  equation  23  becomes 

tan  2  1,  =  ^ (2.) 

P 
or  in  another  form  
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If  i,  be  the  angle  which  the  axis  of  least  stress  makes  with  the 
horizon,  then,  because  tj  -  i,  =  90°,  we  have 

--'.  =  ^-,  =  \/'+^+^^=7 <^> 

Equations  3  and  4  show  that  the  axes  of  greatest  and  least  stress 
are  inclined  opposite  ways  to  the  horizon  (as  indeed  they  must  be, 
being  perpendicular  to  each  other),  the  inclination  of  the  axis  of 
least  stress  being  the  steeper. 

If  those  inclinations  be  computed  for  a  number  of  different  points 
in  the  vertical  section  of  a  beam,  and  the  directions  of  the  axes  of 

stress  at  those  points  laid  down  on 
a  drawing,  a  network  of  lines,  con- 
sisting of  two  series  of  lines  inter- 
secting each  other  at  right  angles. 
Fig.  146.  as  in  fig.  146,  may  be  drawn,  so  that 

each  line  shall  touch  the  axes  of  stress  traversing  a  series  of  points, 
and  so  that  the  tangents  to  the  pair  of  lines  which  cross  at  any 
given  point  shall  be  the  axes  of  stress  at  that  point  These  lines 
may  be  called  the  lines  of  principal  stress.  For  a  beam  supported 
at  the  ends,  the  lines  convex  upwards  are  lines  of  thrust,  and  those 
convex  downwards  lines  of  tension.  They  all  intersect  the  neutral 
surface  at  angles  of  45°.  The  stress  along  each  of  those  lines  is 
greatest  where  it  is  horizontal,  and  gradually  diminishes  to  nothing 
at  the  two  ends  of  the  line,  where  it  meets  the  surface  of  the  beam, 
in  a  vei-tical  direction. 

311.  Direct  Vertical  sireM. — It  is  to  be  observed,  that  no  account 
has  yet  been  taken  of  the  direct  vertical  stress  upon  such  planes  as 
FE  (fig.  145)  in  a  loaded  beam,  that  stress  having  been  treated  in 
the  last  Article  as  if  it  were  nulL  The  reasons  for  this  are — first. 
That  the  direct  vertical  stress  is  in  most  practical  cases  of  small 
intensity  compared  with  the  other  elements  of  stress ;  secondly, 
That  the  mode  of  its  distribution  can  be  modified  in  an  indefinite 
variety  of  ways  by  the  modes  of  placing  the  load  on  or  attaching 
it  to  the  beam,  so  that  formulae  applicable  to  one  of  those  modes 
would  not  be  applicable  to  another — (in  fact,  by  a  certain  mode  0£ 
loading,  it  can  even  be  reduced  to  nothing) ;  and  thiixily,  That  its 
introduction  would  compli<5ate  the  formuLe  without  adding  mate- 
rially to  their  accuracy. 

312.  SataU  street  •f  SheariBg  StreM  «p««  DeAecct^n.^ — ^A  shearing 

stress  of  the  intensity  q  produces  a  distortion  represented  by  ^, 

C  being  the  transverse  elasticity,  as  already  explained  in  Article 
262.     The  slope  of  any  given  originally  horizontal  layer  of  the 
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beam  at  a  given  point  will  be  increased  by  this  distortion  to  the 
extent  denoted  by 

*'  =  C  =  CTi/>-''^' <^) 

which  additional  slope  is  to  be  added  to  the  slope  due  to  the  bend- 
ing 86re88,  in  order  to  find  the  total  slope.  The  cuiTature  of  the 
layer  will  also  be  increased  by  the  amount 


i^'^d'x'crJ:^''^^' (^•> 


di: 
S 


for  uniform  beams,  and  to  nearly  the  same  amount  for  other  beams ; 
and  there  will  be  an  additional  deflection  of  the  layer  under  con- 
sideration, of  the  amoimt 

v",  =  j^dx (3.) 

Observing  that  /  Ydx=il&^  the  above  equation  becomes,  for 
uniform  hecvnMf 

^^—QYif'^y^'^y -c*) 

Supposing  the  beam  to  be  under  the  proof  load,  we  may  put  for 
-=-  its  value  ^,  making  the  equation 


^'^-^.■l>'y <^-) 


Qyiz 

The  greatest  value  of  this  is  that  for  the  neutral  surface,  for  which 
the  Imiits  of  integration  are  0  and  y^.  To  compare  this  additional 
deflection  due  to  distortion  with  that  due  to  flexure  proper,  let  us 

take  the  case  of  a  rectangular  beam,  in  which  yi  =  o>  «  =  ^  ('^V^ 

dy  =  ^.    Then 


4C' 


v\^^ (6.) 


For  the  same  beam,  according  to  equation  6  of  Article  300,  we  have 
the  proof  deflection  due  to  flexure  proper, 

n"fc^_5   /c« 
so  that  the  ratio  of  those  two  parts  of  the  deflection  is 
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t/',__  3     E    A»  ^. 

i;r'"2o'c-'? ^  ^^ 

E  A    I 

For  wrought  iron  (for  example)  -—  =  about  3.      Suppose  -  =  z, 

ff      9      1 
which  is  an  ordinary  proportion  in  practice;  then  ~"=Q3i)"T;7, 

nearly,  a  quantity  practically  inappreciable. 

It  appears,  then,  that  the  distortion  produced  by  the  tsheaiic; 
stress  in  beams,  even  at  the  neutral  surface,  where  it  is  greater 
produces  a  deflection  which  is  very  small  compared  with  that  h- 
to  the  bending  action  of  the  load ;  and  that  the  alteration  of  tk- 
external  figure  of  the  beam  must  be  smaller  still ;  from  wbkli  i' 
may  be  concluded,  that  in  ordinary  practical  cases  there  is  no  occ^ 
sion  to  compute  the  additional  deflection  due  to  the  shearing  stT^^^. 

313.  PariiaU7-l<oaded  Beam. — In  designing  beams  for  tk  saj^ 
port  of  roads  and  railways,  or  for  any  other  situation  in  which  dl- 
part  of  a  beam  may  be  loaded  and  another  unloaded,  it  is  necesa7 
to  consider  whether  a  partial  load  may  or  may  not  produce,  at  u} 
point  of  the  beam,  a  more  intense  stress  than  an  umfonn  load  oTt? 
the  whole  beam. 

The  case  of  this  kind,  which  is  most  important  in  practice  i? 
that  in  which  a  beam  supported  at  both  ends  is  unifonnlj  ku^-'- 
throughout  a  certain  portion  of  its  length  and  unloaded  thiougi»i<- 
the  remainder ;  and  its  solution  depends  on  two  theorema 

Theobem  L  For  a  given  intensity  of  load  per  unii  of  kiufk « 
uniform  load  over  the  whole  beam  produces  a  greater  mooted  -. 
flexure  at  each  cross  section  than  any  particU  load. 

Let  the  two  ends  of  the  beam  be  (tailed  C  and  D,  and  any  inv?: 
mediate  cross  section  K  Then  for  an  uniform  load,  the  moctt! 
of  flexure  at  E  is  an  upward  moment,  being  equal  to  the  npwc'^ 
moment  of  the  supporting  force  at  either  of  the  ends  rektivelTt 
E,  minus  the  downward  moment  of  the  uniform  load  between  tl* 
end  and  E  A  partial  load  is  produced  by  removing  the  unif-Tf^ 
load  from  part  of  the  beam,  situated  either  between  E  and  C.  ^'• 
tween  E  and  D,  or  at  both  sides  of  E  First,  let  the  load  • 
removed  from  any  part  of  the  beam  between  E  and  C.  Then  ti- 
downward  moment,  relatively  to  E,  of  the  load  between  E  and  l'-' 
unaltered ;  and  the  upward  moment,  relatively  to  E,  of  the  snpi^'-* 
ing  force  at  D  is  diminished,  in  consequence  of  the  diminution^  , 
that  force ;  thei*efore  the  moment  of  flexure  is  diminished.  A  sini;.'-  I 
demonstration  applies  to  the  case  in  which  the  load  is  rem':'^'^ 
from  a  part  of  the  beam  between  E  and  D  ;  and  the  combined  tt-' 
of  those  two  operations  takes  place  when  the  load  is  removed  fr'-- 
portions  of  the  beam  lying  at  both  sides  of  E ;  so  that  the  nfflt-n- 
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of  the  load  from  any  portion  of  the  beam  diminishes  the  moment  of 
Jlexure  at  each  point, — Q.  E.  D. 

HeDce  it  follows,  that  if  a  beam  he  strong  enough  to  hear  an  uni- 
form load  of  a  given  intensity ,  it  will  bear  any  partial  load  of  tlie 
sams  hUensity, 

Theorem  II.  For  a  given  intensity  of  load  per  unit  of  length,  tlie 
greatest  shearing  force  at  any  given  cross  section  of  a  beam  takes  place 
when  the  longer  of  the  tioo  parts  into  which  that  section  divides  tlie 
bea/m  is  loaded  and  the  shorter  unloaded. 

Let  the  ends  of  the  beam,  as  before,  be  called  C  and  D,  and  the 
given  cross  section  E  ;  and  let  C  E  be  the  longer  part,  and  E  D  the 
shorter  part  of  the  beam.  In  the  first  place,  let  C  E  be  loaded  and 
E  D  unloaded.  Then  the  shearing  force  at  E  is  equal  to  the  support- 
ing force  at  D,  and  consists  in  a  tendency  of  E  D  to  slide  upwards 
relatively  to  C  K  The  load  may  be  altered,  either  by  putting 
weight  between  D  and  E,  or  by  removing  weight  between  C  and  E. 
If  any  weight  be  put  between  D  and  E,  a  force  equal  to  part  of 
that  weight  is  added  to  the  supporting  force  at  D,  and  therefore  to 
the  shearing  force  at  E;  but  a  force  equal  to  the  whole  of  that 
weight  is  taken  away  from  that  shearing  force ;  therefore  the  shear- 
ing force  at  E  is  diminished  by  the  alteration  of  the  load.  If 
weight  be  removed  fix)m  the  load  between  C  and  E,  the  shearing 
force  at  E  is  diminished  also,  because  of  the  diminution  of  the 
supporting  force  at  D.  Therefore  any  alteration  from  that  distri- 
bution of  the  load  in  which  the  longer  segment  C  E  t9  loaded,  and  the 
shorter  segment  E  D  unloaded,  diminishes  the  shearing  force  at  K 
— Q.  E.  D. 

In  designing  beams  where  the  shearing  force  is  bonie  by  a  thin 
vertical  web,  or  by  lattice  work  (as  in  plate,  lattice,  and  other 
compound  gii-ders,  to  be  considered  more  fully  in  a  subsequent  sec- 
tion), it  is  necessaiy  to  attend  to  this  Theorem,  and  to  provide 
strength,  at  each  cross  section,  sufficient  to  bear  the  shearing  force 
which  may  arise  &om  the  longer  segment  of  the  beam  being  loaded 
and  the  shorter  unloaded 

To  find  a  formula  for  computing  that  force,  let  c  be  the  half-span 
of  the  beam,  x  the  distance  of  the  given  cross  section,  E,  from  the 
middle  of  the  beam,  and  w  the  uniform  load  per  unit  of  length  on 
the  loaded  part  of  the  beam  C  R     The  length  of  that  part  is 

CEz=c  +  x; 

and  the  amount  of  the  load  upon  it, 

w(c  +  x). 

The  centre  of  gravity  of  that  load  lies  at  a  distance  from  the  end, 
C,  of  the  beam  which  is  represented  by 
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and  therefore  the  upward  supporting  force  at  the  other  end  of  the 
beam,  D,  which  is  also  the  shearing  force  at  E,  is  given  by  the 
equation 

P  =  «,(«  +  .).£+f.2c  =  ?i^* (1.) 

It  has  ahready  been  shown,  in  Article  290,  that  the  shearing  force 
at  a  given  cross  section  with  an  uniform  load  is  F  =  ta  a;  j  hence 
the  excess  of  the  greatest  shearing  force  at  a  given  cross  section 
with  a  partial  load,  above  the  shearing  force  at  the  same  cross 
section  with  an  uniform  load  of  the  same  intensity,  is 

F_F  =  !£i|=^*. (2.) 

At  the  ends  of  the  beam  this  excess  vanishes.     At  the  middle,  it 

consists  of  the  whole  shearing  force  F  =  j  w  c,  or  one  quarter  of 

the  shearing  force  at  the  ends ;  that  is,  one-eighth  of  the  amount 
of  an  uniform  load. 

314.  AUowance  for  Weight  •£  Beam. — ^When  a  beam  is  of  great 
span,  its  own  weight  may  bear  a  proportion  to  the  load  which  it 
has  to  carry,  sufficiently  great  to  require  to  be  taken  into  account  in 
determining  the  dimensions  of  the  beam.  Before  the  weight  of  the 
beam  can  be  known,  however,  its  dimensions  must  have  been  de- 
termined, so  that  to  allow  for  that  weight,  an  indirect  process  must 
be  employed. 

As  already  explained  in  Article  302,  the  depth  of  a  beam  is  de- 
termined by  the  deflection  which  it  is  desired  to  allow ;  and  the 
breadth  remains  to  be  fixed  by  conditions  of  strength,  the  strength 
being  simply  proportional  to  the  breadth. 

Let  h'  denote  the  breadth  afi  computed  by  considering  the  ex- 
teraod  had  alone,  W,     Compute  the  weight  of  the  beam  from  that 

provisional  breadth,  and  let  it  be  denoted  by  B'.     Then  =  is  the 

proportion  which  the  weight  of  the  beam  must  bear  to  the  erUire  or 

gross  load  which  it  is  calculated  to  support ;  and  ==-, — ^  is  the 

proportion  in  which  the  gross  load  exceeds  the  external  load. 
Consequently,  if  for  the  provisional  breadth  b'  there  be  substituted 
the  exact  br^euith, 
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the  beam  -will  now  be  strong  enough  to  bear  both  the  propoeed 
external  load  W\  and  its  own  weight,  which  will  now  be 

^  =  ^/_B/> (^0 

and  the  tme  gross  load  wiQ  be 

^=#b- <^) 

In  the  preceding  formulae,  both  the  external  load  and  the  weight 
of  the  beam  are  treated  as  if  uniformly  distributed — a  supposition 
which  is  sometimes  exact,  and  always  sufficiently  near  the  truth 
for  the  purposes  of  the  present  Article. 

315.  iiiniitiBs  liengih  •f  Beam. — The  gross  load  of  beams  of 
similar  figures  and  proportions,  varying  as  the  breadth  and  square 
of  the  depth  directly,  and  inversely  as  the  length,  is  proportional 
to  the  square  of  a  given  linear  dimension.  The  weights  of  such 
beams  are  proportional  to  the  cubes  of  corresponding  linear  dimen- 
sions. Hence  the  weight  increases  at  a  faster  rate  than  the  gross 
load ;  and  for  each  particular  figure  of  a  beam  of  a  given  material 
and  proportion  of  its  dimensions,  there  must  be  a  certain  size  at 
which  the  beam  will  bear  its  own  weight  only,  without  any  addi- 
tional load 

To  reduce  this  to  calcuktion,  let  the  gross  working  uniformly- 
distributed  load  of  a  beam  of  a  given  figure,  as  in  Article  295,  be 
expressed  as  follows  : — 

W  =  ^^; (1.) 

ly  hy  and  h  being  the  length,  breadth,  and  depth  of  the  beam,  /  the 
limit  of  working  stress,  and  n  a  factor  depending  on  the  form  of 
cross  section.     The  weight  of  the  beam  will  be  expressed  by 

B  =  A;m/Z6A; (2.) 

v/  being  the  weight  of  an  unit  of  volume  of  the  material,  and  k  a 
fisu^r  depending  on  the  figure  of  the  beam.  Then  the  ratio  of  the 
weight  of  the  beam  to  the  gross  load  is 

W"^  8n/h' W 

which  increases  in  the  simple  ratio  of  the  length,  if  the  proportion 
j-  is  fixed.     "When  this  is  the  case,  the  length  L  of  a  beam^  whose 
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weight  (treated  as  imiformlj  distributed)  is  its  working  load,  is 
given  by  the  condition  =  =  1 ;  that  is, 

^=^*=^' <" 

This  limiting  length  having  once  been  determined  for  a  given  cl> 
of  beams,  may  be  used  to  compute  the  ratios  of  the  groa  lu-i 
weight  of  the  beam,  and  external  load  to  each  other,  for  a  beam 
the  given  class,  and  of  any  smaller  length,  I,  according  to  thel:. 
lowing  pit)portional  equation : — 

L  :  ^  :  L-;  :  :  W  :  B  :  W-B. (h 

To  illustrate  this  by  a  numerical  example,  let  the  beams  in  q^^^^ 

tion  be  plain  rectangular  cast  iron  beams,  so  that  n  =  -gi  =  l 

«/  =  0-257  lb.  per  cubic  inch ;  let  40,000  lbs.  per  square  inch  > 
taken  as  the  modulus  of  rupture,  and  4  as  the  factor  of  safety,  ^ 

that/=  10,000  lbs.  per  square  inch ;  and  let  y  =  r-=.    Then 

L  =  3,459  inches  =  288  feet,  nearly. 

316.  A  Sloping  Bcani,  like  that  represented  in  fig.  68,  Arn* 
142,  is  to  be  treated  like  a  horizontal  beam,  so  far  as  the  bemji:^ 
stress  produced  by  that  component  of  the  load  which  is  normal  t 
the  b^m,  is  concerned.  The  component  of  the  load  whidi  fc"* 
along  the  beam,  is  to  be  considered  as  producing  a  direct  tliri>' 
along  the  beam,  which  is  to  be  combined  with  the  stress  due  tot. 
bending  component  of  the  load. 

317.  An  OrigiBaiiy  Cnrred  Bmum,  at  any  given  CTOss  section  irif^ 
at  right  angles  to  its  neutral  surface,  so  far  as  the  bending  stiei^  .■ 
concerned,  is  in  the  same  condition  with  an  originally  strait' 
beam  at  a  similar  and  equal  cross  section  to  which  the  »" 
moment  of  flexure  is  applied.  Beams  are  sometimes  made  ^tt  • 
slight  convexity  upwards,  called  a  caTnI>er,  equal  and  opposite  • 
the  curvature  which  the  intended  working  load  would  prodoct  r. 
an  oiiginally  straight  beam.  The  effect  of  this  i&  to  make  i. 
beam  become  straight  uuder  the  working  load,  instead  of  cnrrt** 
and  to  diminish  the  additional  stress  due  to  rapid  motion  of  *.S 
load,  which  additional  stress  arises  partly  from  the  curvature  of '-- 
beam. 

318.  The    KxpaaatoB  and  Cmiiraction  of  Ij«ng  B«un^  vk-^ 
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,rise  from  the  changes  of  atmospheric  temperature,  are  usually  pro- 
vided for  by  supporting  one  end  of  each  beam  on  rollers  of  steel  or 
lardened  cast  iron.  The  following  table  shows  the  proportion  in 
crhich  the  length  of  a  bar  of  certain  materials  is  increased  by  an 
tlevation  of  temperature  from  the  melting  point  of  ice  (32°  Fahr., 
»r  0°  Centigrade)  to  the  boiling  point  of  water  under  the  mean 
tmospheric  pressure  (212°  Fahr.,  or  100°  Centigrade);  that  is,  by 
ji  elevation  of  180°  Fahr.,  or  100°  Centigrade  :— 

Metal& 

Brass, *002i6 

Bronze...... '00181 

Copper, •00184 

Gold, '0015 

Cast  iron, 'ooiii 

Wrought  iron  and  steel, -00114  to  •00125 

Lead, -0029 

Platinum, 'ooop 

Silver, '002 

Tin, '002  to  '0025 

Zinc, *oo294 

Eabthy  Materials. 
(The  expansibilities  of  stone  from  the  experiments  of  llili.  Adie.) 

Brick,  common, "OOSSS 

„      ^le, -0005 

Cement, '0014 

Glass,  average  of  different  kinds, '0009 

Granite, -0008  to  -0009 

Marble, '00065  ^  'ooii 

Sandstone, '0009  to  '0012 

Slate, '00104 

TlHBEB. 

(Expansion  along  the  grain,  when  dry,  according  to  Mr.  Joule, 
Proceed.  Roy.  Soc,  Nov.  5,  1857.) 

Baywood, '000461  to  "000566 

Deal, "000428  to  '000438 

Er.  Joule  found  that  moisture  diminishes,  annuls,  and  even  re- 
erses,  the  expansibility  of  timber  by  heat,  and  that  tension  in- 
reases  it 

319.  The  Elastic  Carre  in  the  widest  sense  of  the  term,  is  the 
gure  assumed  by  the  longitudinal  axis  of  an  originally  straight 
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bar  under  any  system  of  bending  forces.  All  the  examples  of  the 
curvature,  slope,  and  deflection  of  beams  in  Article  300  and  the 
subsequent  Articles,  are  cases  in  which  the  elastic  curve  has  been 
determined  -with  a  degree  of  approximation  sufficiently  close  under 
the  circumstances ;  that  is,  when  the  deflection  is  a  very  small 
fraction  of  the  lengtL  The  present  Article  relates  to  the  iigure  of 
the  elastic  curve  for  a  slender  flcU  spring  of  vmiform  section,  when 
acted  upon  either  by  a  pair  of  equal  and  opposite  couples,  or  by  a 
pair  of  equal  and  opposite  forces. 

The  general  equation  of  Article  300  applies  to  this  case,  viz. : — 


1^       M 
r 


wv (1-) 


I  being  the  uniform  moment  of  inertia  of  the  section  of  the  spring, 
E  the  modulus  of  elasticity,  M  the  moment  of  flexure  at  a  given 
point,  and  r  the  radius  of  curvature  at  that  point. 

When  a  spring  is  under  the  action  of  a  pair  o/equai  and  opposite 
couples  applied  to  its  two  ends,  then,  as  in  Article  304,  M  is  constant, 
r  is  constant,  and  the  elastic  curve  is  a  circular  arc  of  the  radius  r. 

When  a  spring  is  under  the  action  of  a  pair  of  equal  and  opposite 
forces,  let  A  and  B  denote  the  two  points  to  which  those  forces  are 
applied,  and  A  B  their  common  line  of  action.     The  flgurea  from 


'^:=W^=^^- 


Fig.  146  6. 
Fig.  146  a. 


Fig.  146  c  Fig.  146  dL  Fig.  146  e. 

Fig.  146/ 

146  a  to  146/  inclusive,  represent  various  forms  which  the  spring 
may  assume,  viz. : — 

L  When  the  forces  are  directed  towards  each  other — 
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a.  A  siinple  arc,  like  a  bow,  meetmg  A  B  at  the  points  A  and  B 
only. 

6,  c  An  undulating  figure,  crossing  A  B  at  any  number  of  inter- 
mediate points. 

d.  The  points  A  and  B  coinciding,  which  may  give,  with  an 
endless  spring,  a  figure  of  8. 

II.  When  the  forces  are  directed  from  each  other — 

«.  One  or  more  loops,  with  the  ends  and  intermediate  portions 
meeting  or  crossing  A  B. 

f.  The  forces  acting  firom  each  other  at  the  points  A,  B,  in  two 
rigid  levers  A  D,  B  E,  to  which  the  spring  is  fixed  at  D  and  E  :  the 
spring  forming  one  or  more  looped  coils,  lying  altogether  at  one  side 
of  the  line  of  action  A  R 

Jjet  P  be  the  common  magnitude  of  the  equal  and  opposite  forces 
applied  at  A  and  B,  and  x  the  perpendicular  distance  of  any  point 
C  in  the  elastic  curve  from  the  line  of  action  A  B.  Then  the  mo- 
ment of  flexure  at  that  point  is  obviously 

M  =  ajP; (2.) 

and  consequently  the  radius  of  curvature  at  that  point  is  given  by 
the  equation 

that  is  to  say,  the  radius  ofewroaJtv/re  is  inversely  proportional  to  the 
perpendickdwr  distan4^  from  the  line  of  action  of  the  forces.  At  each 
of  the  points  in  figs.  146  a,  b,  c,  d,  and  e,  where  the  curve  meets  or 
crosses  A  B,  the  radius  of  curvature  is  infinite ;  that  is,  there  is  a 
point  of  contrary  flexure. 

The  above  geometrical  property  is  common  to  all  the  varieties  of 
curves  formed  by  an  uniform  spring  bent  by  a  pair  of  forces,  and 
is  sufficient  to  enable  any  one  of  them  to  be  drawn  approximately, 
by  means  of  a  series  of  short  circular  arcs.  It  is  sufficient,  also,  to 
establish  all  their  other  geometrical  properties,  such  as  the  relar 
tions  between  their  rectangular  co-ordinates,  and  the  lengths  of 
their  arcs.  These  are  expressed  by  means  of  elliptic  functions; 
and  it  is  unnecessary  to  give  them  in  detail  in  this  treatise, 
except  in  one  case,  which  will  be  mentioned  in  the  next  Article, 
319  A. 

There  is  one  important  proposition,  however,  which  it  is  here 
necessary  to  prove  ;  and  that  is  the  following 

Theorem.  That  a  spring  of  a  given  length  and  section,  to  the  ends 
of  whose  neutral  svjrface  a  pair  of  forces  are  applied,  will  not  be  bent 
if  those  forces  are  less  than  a  certain  finite  magnitude.  Let  A  and 
B  in  fig.  146  a  be  the  two  ends  of  the  spring,  to  which  two  equal 
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and  opposite  forces  of  the  magnitude  P  are  applied,  directed  to- 
wards each  other ;  the  spring  forming  a  single  arc  A  C  B,  of  the 
length  L  x  being,  as  before,  the  ordinate  of  any  point  C,  let  y  be 
the  distance  of  that  ordinate  from  A. 

The  smaller  the  force  P,  the  more  nearly  "will  the  arc  A  C  B 
approach  to  the  straight  line  A  B  ;  and  in  order  to  find  the  small- 
est value  of  P  which  is  compatible  with  any  bending  of  the  spring, 
that  force  must  be  computed  on  the  supposition  that  the  ordinate 
X  at  each  point  is  insensibly  small  compared  with  the  length  of  the 
spring,  and  consequently,  that  the  length  of  the  arc  A  C  does  not 
sensibly  differ  from  that  of  its  abscissa  y.  This  being  the  case,  the 
curvature  at  any  point  0  is  to  be  taken  as  sensibly  given  by  the 
following  equation : — 

1 d^ 

which  value  being  inserted  in  equation  3,  gives 

d*x        P 
-^=El'^ (^•) 

The  int^p:^  of  this  equation  is 

a;  =  a  •  sin  •  -, 
c 

where  c  =  \/  -^. 

In  order  that  x  may  be  =  0  at  the  poiuts  A  and  B,  it  is  necessary 
that  when  y  =2=  /,  ?-  should  be  =  «  «•,  n  being  any  whole  number ; 
and  consequently  that 


.(5.) 


c 
lat 

I 


c=— (6.) 


Now  of  all  the  possible  values  of  n,  that  which  gives  the  least  value 
of  P  is  n  =  1  ;  whence  we  find 

V"ET       I         ^  ^       »«EI 
-^  =  -  ;  and  P  =  — ^j-; (7.) 

aud  this  finite  qnantUy  is  the  smallest  force  which  toUl  bend  the  given 
spring  in  the  manner  proposed. — Q.  E.  D. 

This  investigation  proves  the  Tlieorem  in  question,  and  gives 
the  least  bending  force ;  but  as  it  leaves  the  constant  a  indeter- 
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minate,  it  does  not  give  the  figure  assumed  by  the  spring,  which 
cannot  be  found  exactly  except  by  the  use  of  elliptic  fdnctions. 

319  A.  The  HydiMiaUc  AMh,  described  in  Article  183,  is  of  the 
same  figure  with  the  coiled  and  looped  elastic  curve  represented  in 
fig.  146/;  for  its  radius  of  curvature  at  any  point  is  inversely  pro- 
portional to  the  perpendicular  distance  of  that  point  from  a  given 
straight  line.  In  order  to  transform  all  the  equations  given  in 
that  Article  for  the  hydrostatic  arch  into  the  corresponding  equa- 
tions for  the  coiled  and  looped  elastic  curve  of  fig.  146  /  it  is  only 
necessaiy  to  put  for  the  constant  product  of  the  ordinate  and  radius 
of  curvature  the  following  value  : — 

EI 

An  instrument  consisting  of  an  uniform  spring  attached  to  a  pair 
ef  levers,  might  be  used  for  tracing  the  figures  of  hydix)static 
arches  on  paper. 

This  property  of  the  coiled  and  looped  elastic  curve  is  analogous 
to  that  discovered  by  James  Bemouilli  in  the  simple  bow  of  fig. 
146  a,  viz.,  that  it  is  the  figure  assumed  by  the  vertical  longitu* 
dinal  section  of  an  indefinitely  broad  sheet,  containing  a  liquid 
mass  whose  upper  horizontal  surface  is  represented  by  A  K 


Sbchok  7. — On  Resistance  to  Twisting  and  Wrenching. 

The  Twiatiag  Bl#ia«i,  or  moment  of  torsion,  applied  to  a 
bar,  is  the  moment  of  a  pair  of  equal  and  opposite  couples  applied 
to  two  cross  sections  of  the  bar,  in  planes  perpendicular  to  the 
axis  of  the  bar,  and  tending  to  make  the  portion  of  the  bar  between 
those  cross  sections  rotate  in  opposite  directions  about  that  axi& 
In  the  following  Articles,  twisting  moments  are  supposed  to  be 
expressed  in  indH-pounds. 

321.  fltMagiii  •f  a  CtIIb^HcsI  Axle.— >A  Cylindrical  axle^  A  B,  fig. 
147,  being  subjected  to  the  twisting 
moment  of  a  pair  of  equal  and  oppo- 
site couples  applied  to  the  cross  sec- 
tions A  and  B,  it  is  required  to  find 
the  condition  of  stress  and  strain  at 
any  intermediate  cross  section  such 
as  C,  and  also  the  angular  displace-  ***f*  ^*'* 

ment  of  any  cross  section  relatively  to  any  other. 

From  the  uniformity  of  the  figure  of  the  bar,  and  the  uniformity 
of  the  twisting  moment,  it  is  evident  that  the  condition  of  stress 
and  strain 'of  all  cross  sections  is  the  same;  also,  because  of  the 
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circular  figure  of  each  cross  section,  the  condition  of  stress  and 
strain  of  all  particles  at  the  same  distance  from  the  axis  of  the 
cylinder  must  be  alika 

Suppose  a  circular  layer  to  be  included  between  the  cross  section 
0,  and  another  cross  section  at  the  distance  dx  from  it  The 
twisting  moment  causes  one  of  those  cross  sections  to  rotate  relar 
tively  to  the  other,  about  the  axis  of  the  cylinder,  through  an 
angle  which  may  be  denoted  hj  di.  Then  if  there  be  two  points 
at  the  same  distance  r  from  the  axis  of  the  cylinder,  one  in  the  one 
cross  section,  and  the  other  in  the  other,  which  points  were  origi- 
nally opposite  to  each  other,  in  a  line  parallel  to  the  axis,  the 
twisting  moment  shifts  one  of  those  points  laterally,  relatively  to 
the  other,  through  the  distance  rc^i  Consequently  the  part  of 
the  layer  which  lies  between  those  points  is  in  a  condition  of 
distortion,  in  a  plane  perpendicular  to  the  radius  r ;  and  the  dis- 
tortion is  expressed  by  the  ratio 

di 

^=-5^ (!•) 

which  varies  proportionalli/  to  the  distance/rom  the  oasis.  There  is 
therefore  a  sheaHng  stress  at  each  point  of  the  cross  section  C, 
whose  direction  is  perpendicular  to  the  radius  drawn  from  the 
axis  to  that  point,  and  whose  intensity  is  proportional  to  that  radius, 
being  represented  by 

g-=C,  =  Cr-^ (2-) 

The  STRENGTH  of  the  axle  is  determined  in  the  following 
manner : — Let  /  be  the  limit  of  the  shearing  stress  to  which 
the  material  is  to  be  exposed,  being  the  vUimate  resistance  to 
wrenching  if  it  is  to  be  broken,  the  proof  resistance  if  it  is  to 
be  tested,  and  the  working  resistance  if  the  working  moment  of 
torsion  is  to  be  determined.  Let  r^  be  the  external  radius  of  the 
axla  Then  /  is  the  value  of  q  at  the  distance  r^  from  the  axis ; 
and  at  any  other  distance  r,  the  intensity  of  the  shearing  stress  is 

^=-? ('•) 

Conceive  the  cross  section  C  to  be  divided  into  narrow  concentric 
rings,  each  of  the  breadth  dr.  Let  r  be  the  Tnean  radius  of  one  of 
these  rings.  Then  its  area  is  2  7  re? r;  the  intensity  of  the  shear- 
ing stress  on  it  is  that  given  by  equation  3,  and  the  leverage  of  that 
stress  relatively  to  the  axis  of  the  cylinder  is  r;  consequently,  the 
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moment  of  the  shearing  streHS  of  the  ring  in  (question,  being  the 
product  of  those  three  quantities,  is 

which  being  int^^rated  for  all  the  rings  from  the  centre  to  the 
circumference  of  the  cross  section  C,  gives  for  the  moment  of 
torsion^  and  of  resistance  to  torsion. 


»■»  ■'• 


rdr^l^^^ (4.) 


(1=1-5708). 

K  the  axle  is  hollow,  r^  being  the  radius  of  the  hollow,  the  int^pral 
is  to  be  taken  from  r  =  ro  to  r  =  ri ;  and  the  moment  of  torsion 
becomes 

It  is  in  general  more  convenient  to  express  the  strength  of  an 
axle  in  terms  of  the  diameter  than  in  terms  of  the  radius.  Let  A, 
be  the  external  diameter  of  the  axle,  and  Aq  its  internal  diameter, 
if  hollow;  then 

For  e^  solid  axle,  M  =  ^  ^J^'^ 

For  a  hoUov)  aoae,  M=        ^g  ^ — ^  =  — qtjj^ — 

If  these  formulae  be  compared  with  those  applicable  to  solid  and 
hollow  cylindrical  beams  in  Article  295,  it  will  be  seen  that  they 
differ  oidy  in  the  numerical  factor,  which,  for  the  moment  of 

»         1  .         «•        1 

flexure,  is  —  =  -— ,  and  for  the  moment  of  torsion,  Tg  ~  gq* 

Hence  we  have  this  useful  principle,  that  for  equal  values  of  the 
ItTniUng  etrese  f,  the  resistance  of  a  cylinder,  solid  or  hoUow,  to 
unvnchinff,  is  double  o/Us  resistance  to  breaking  across. 

Values  of  the  co-efficient  of  ultimate  resistance  to  shearing  for 
cast  and  wrought  iron,  are  given  in  a  table  which  has  already  been 
referred  to.  The  co-efficient  for  cast  iron  is  somewhat  doubtful, 
because  the  experiments  give  varying  results.    That  given  in  the 


.(6.) 
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table,  viz.,  32,500,  is  adopted  on  the  authority  of  Mr.  Hod|^dxfc- 
8on*s  work  on  cast  iron,  as  the  mean  of  the  experiments  ooiundered 
hj  him  the  most  trustworthy ;  but  some  experiments  give  a  value 
as  low  as  24,300,  and  others  a  value  as  high  as  42,000. 

With  respect  to  the  vxyrMng  values  of  the  limiting  stress  y,  the 
folloYmig  are  those  adopted  by  Tredgold  in  his  practical  rules  : — 

For  cast  iron, 7,650  lbs.  per  square  inch. 

For  wrought  iron, 8,570        „  „ 

This  amounts  to  allowing  a  factor  of  safety  of  about  4  for  cast 
iron  and  6  for  wrought  Practical  experience  of  the  strength  of 
wrought  iron  axles  confirms  the  co-efficient  given  above  for  wrought 
iron  veiy  closely,  it  having  been  found  that  such  axles  bear  a  work- 
ing stress  of  9,000  lbs.  per  square  inch  for  any  length  of  time,  if 
well  manu£Eu:tured  of  good  material  The  co-efficient  for  cast  iron 
appears  to  leave  too  small  a  factor  of  safety  for  any  motion  except 
one  that  is  veiy  smooth  and  steady,  and  it  may  be  considered  that 
5,000  lbs.  per  square  inch  is  a  safer  co-efficient  for  general  use. 
Hence  we  may  put,  as  the  limit  of  working  stress  in  shafts, 

For  cast  iron, ./=  5,000  lb&  per  square  incL 

For  wrought  iron, /=  9,000        „  „ 

322.  Aagi«  •€  TOTfliAH  •f  a  CTUndrical  Azio. — Suppose  a  pair  of 
diameters,  originally  parallel,  to  be  drawn  across  tiie  two  circular 
ends,  A  and  B,  of  a  cylindrical  axle,  solid  or  hollow ;  it  is  proposed 
to  find  the  angle  which  the  directions  of  those  lines  make  with 
each  other  when  the  axle  is  twisted,  either  by  the  working  moment 
of  torsion,  or  by  any  other  moment. 

This  question  is  solved  by  means  of  equation  2  of  Article  321, 
which  gives  for  the  a'ngle  of  torsion  per  unit  of  lengthy 

di        q 
dx  ~  Or* 

The  condition  of  the  axle  being  uniform  at  all  points  of  its  length, 
the  above  quantify  is  constant ;  and  if  a;  be  the  length  of  the  axle, 
and  i  the  angle  of  torsion  sought,  expressed  in  length  of  arc  to 

radius  1,  we  have  —  =  3->  and  therefore, 
X    ax 

'=s ■ (■■) 

L  Let  the  moment  of  torsion  be  the  loorhing  momenl,  for  which 

r    r, 
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Then  the  angle  of  tonion  is 

•-C7=UA. ^^-^ 

and  is  the  same  whether  the  axle  is  solid  or  hollow. 

A  value  of  C,  the  co-efficient  of  transverse  elasticity  for  cast  iron, 
ia  given  in  the  table ;  bnt  it  is  uncertain^  as  experiments  are  dis- 
oordanl  For  wrought  iron,  that  constant  has  been  found  with 
more  precision^  its  mean  lvalue  being  about  9,000,000  lb&  per 
square  inch.  Hence,  for  the  working  toman  of  wrought  iron 
shaftB,  we  may  make 

0"  1,000 ^  ^^ 

IL  Let  the  moment  of  torsion  bave  any  amount  M  consistent 

with  safety.    Then  for  —,  we  have  to  put  the  equal  ratio  deduced 

firom  the  equations  4  and  5  of  Article  321,  by  substituting  q 
for/  in  the  numerators  and  r  for  r^  in  the  denominators;  that  is 
to  say, 

r     «-r} 


._  qx    2Ma;_32Ma?  Mo? 


For  hollow axlea.  ^^—tjl — zi\J  *^^ 

._q^_      2Mifc  32Ma;     _^^^     Ma? 

323.  The  lUnlllcBce  •€  a  CyltaJrtcal  Axle  is  the  product  of  one- 
half  of  the  greatest  moment  of  torsion  into  the  corresponding  angle 
of  torsion ;  and  it  is  given  by  the  following  equation : — 


(4.) 


?ii=Zl^forasoUdshaft:  or 
2        61 C 

M!  =  /!W.-^0«for^h,Uowdu,ft 

2      61  c  a; 
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324.  AziM  n«t  circBiar  In  Section. — ^When  the  cross  section  of  a 

shaft  is  not  drcular,  it  is  certain  that  the  ratio  -  of  the  shearing 

stress  at  a  given  point  to  the  distance  of  that  point  from  the  axis 
of  the  shaft,  is  not  a  constant  quantity  at  different  points  of  the 
cross  section,  and  that  in  many  cases  it  is  not  even  approximately 
constant ;  so  that  formiilsB  founded  on  the  assumption  of  its  being 
constant  are  erroneous.  The  mathematical  investigations  of  M.  de 
St.  Yenant  have  shown  how  the  intensity  of  the  shearing  stress  is 
distributed  in  certain  cases. 

The  most  important,  case  in  practice  to  which  M.  de  St.  Yenant's 
method  has  been  applied  is  that  of  a  square  shaft ;  and  it  appears 
that  its  moment  of  torsion  is  given  by  the  formula 

M  =  0-281 //**  nearly. 

325.  Bendlnc  nnd  Twlsdny  combined  $  Crank  and  Axle. — ^A  shaft 
is  often  acted  upon  by  a  bending  load  and  a  pair  of  twisting  couples 
at  the  same  time.  In  that  case,  the  greatest  direct  stress  due  to 
the  bending  load,  and  the  greatest  shearing  stress  due  to  the  moment 
of  torsion,  are  to  be  combined  in  the  manner  already  illustrated  for 
beams,  in  Article  310. 

That  is  to  say,  let  p  be  the  greatest  sti*ess  due  to  bending,  and  q 
that  due  to  twisting ;  letpi  be  the  intensity  of  the  greatest  result- 
ant stress,  and  i  the  angle  which  its  direction  makes  with  the  axis 
of  the  shaft.     Then 


tan2t  =  — ?; 
P 


.(1.) 


One  of  the  most  important  examples. of  this  is  illustrated  in 

fig.  148,  which  represents  a  shaft  having  a  crank 

-H      f— 1   *''*  ^^®  ®^^'     -^^  *^®  centre  of  the  crank-pin, 

"^    I   P,  is  applied  the  pressure  of  the  connecting 

^7    -J   rod ;  and  at  the  bearing,  S,  acts  the  equal  and 

KM.     opposite  resistance  of  that  bearing.     Eepresent- 

ing  the  common  magnitude  of  those  forces  by  P, 

they  form  a  couple  whose  moment  is 

M  =  PSP. 

p.    j^g  Draw  P  N  perpendicular  to  S  N,  the  axis  of  the 

^'       '  shaft ;  and  let  the  angle  P  S  N  =/     Then  the 

couple  M  may  be  resolved  into 
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A  bending  couple  P  •  NS  =  M  cosji  and 
A  twisting  couple  P  •  N  P  =  M  sin  / 

Tlqaal  and  opposite  couples  act  on  the  farther  end  of  the  shaft. 
liOt  A  be  its  dmmeter. 

By  the  formulsB  of  Article  295,  the  greatest  stress  produced  at  S 
by  the  bending  couple  is 


10-2  M  cos  j'  ,„. 

= 7? ^^-^ 


and  that  produced  by  the  twisting  couple,  according  to  Article 
321,  is 

51  Msiny     p  ten>  J 
^  -  ¥         -  ~2~  ' ^^'^ 

consequently,  by  the  equations  1  of  this  Article,  the  resultant 
greatest  stress  at  S,  and  its  inclination  to  the  axis  of  the  shaft,  are 


51  M 


P  /       •  I  i\      ^  *  -Ml  '/I    I         .V 
|).  =  |(8ecj  +  l)  ^—f^  (1  +  oosj)  ; 


,(4.) 


*=2' 

and  by  making  p^  s=/,  the  proper  diameter  can  be  determined. 

These  results  may  be  represented  graphically  as  follows  : — ^Draw 
8  Q  bisecting  the  angle  N  S  P,  and  P  Q  perpendicular  to  S  Q.  S  Q 
will  be  the  direction  of  the  r^ultant  greatest  stress  at  S,  and  the 
intensity  of  that  stress  will  be  the  same  as  if  it  were  caused  by  the 
bending  action  of  a  force  equal  to  P  and  applied  at  Q,  on  an  oblique 
section  of  the  shaft  perpendicular  to  P  Q  ;  and  also  the  same  as  the 
greatest  intensity  of  the  stress  which  would  be  produced  at  S  by 
the  direct  bending  action  of  a  force  equal  to  P  appUed  at  M  in  the 
axis  of  the  shaft,  with  the  leverage 

s^=  spi+i2^  =11+11 (5.) 

iB  iB 

326.  The  Tecili  •tvfheeu  are  made  sufficiently  strong,  to  provide 
against  an  action  analogous  to  combined  twisting  and  bending, 
which  may  arise  from  the  whole  force  transmitted  by  a  pair  of 
wheels  happening  to  act  on  one  comer  of  one  tooth,  such  as  0 
or  D,  fig.  149. 

In  fig.  15.0,  let  the  shaded  part  represent  a  portion  of  a  cross 
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section  of  the  rim  of  the  wheel  A  of  fig.  149,  and  let  E HKP 

be  the  &ce  of  a  tooth,   on 
one  comer  of  which,  P,  acts 
^^^___  the    force     represented    by 

>^    "^  y         |\a  I     that  letter.     Conceive   any 

(.1^    r^J  py i     8®<^<>i^  Pl^®  EP  to  in- 

^i^VsJ    ivi  Fiff  160  tersect  the  tooth  from  the 

^   ^    W  i  5-      •         Bide  EP  to  the  crest  PK, 

.^^ — 4^     N   and  let  PG  be  perpendicular  to  that  planer 

Let  h  be  the  thickness  of  the  tooth,  and  let 

FiJ"i4i»  EF  =  J,PO  =  /. 

^'      '  Then  the  moment  of  flexure  at  the  section 

EF  is  P^,  and  the  greatest  stress  produced  by  that  moment  of 
flexure  at  that  section  is 

whidi  is  a  mayimura  when  ^^g:! P E F  =  45°,  and  h  =  2l,  having 
then  the  value, 

J-  4.. 

Consequently,  the  proper  thickneas  for  the  tooth  is  given  bj  the 
equation 


=  V^- (!•) 


/ 

This  formula  is  Tredgold*s ;  according  to  whom  the  proper  value 
for  the  greatest  working  stress  /is  4,500  lbs.  per  square  inch,  when 
the  teeth  are  of  cast  iron. 

Section  8. — On  Crusihmg  hy  Bending. 

327.  intMdBctorr  Beumrlu. — Pillars  and  struts  whose  lengths 

exceed  their  diameters  in  considerable  proportions  (as  is 

almost  always  the  case  with  those  of  timber  and  metal), 

^     give  way  not  by  direct  crushing,  but  by  bending  sideways 

I     /  ^  and  breaking  across,  being  crushed  at  one  side,  as  at  A, 

\^      fig.  151,  and  torn  asunder  at  the  other,  as  at  B. 

There  does  not  yet  exist  any  complete  theory  of  this 
phenomenon.     The  formuke  which  have  been  provision- 
j»    ^^^    ally  adopted  are  founded  on  a  mode  of  investigation 
*  partly  theoretical  and  partly  empirical      Those  which 
will  first  be  explained  are  of  a  form  proposed  by  Tredgold  on  theo- 
retical grounds.     Having  fallen  for  a  time  into  disuse,  they  vnex^ 
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reviTed  lory  Hr.  Lewis  Gordon,  who  determined  the  valnee  of  the 
constants  contained  in  them  by  a  comparison  of  them  with  Mr. 
Hodgkinson's  experiments.  Then  will  be  given  Mr.  Hodgkinson's 
own  empirical  formuls  for  the  ultimate  strength  of  cast  iron  pillars. 
328.  fliTCiigih  •€  1MB  pillanMi4Sinifar— Let  P  be  the  load  which 
acts  on  a  long  pillar  or  strut,  and  S  its  sectional  area.  Then  one 
part  of  the  intensity  of  the  greatest  stress  on  the  material  is  simply 
the  intensity  due  to  the  unSbrm  distribution  of  the  load  over  the 
Beotion,  and  may  be  represented  thus  : — 

Another  part  of  the  greatest  stress  is  that  which  arises  from  the 
lateral  bending,  which  will  take  place  in  that  direction  in  which 
the  pillar  is  most  flexible ;  that  is,  in  the  direction  of  its  least  dia- 
meter, if  the  diameters  are  unequal.  Let  h  be  that  diameter,  and 
b  the  diameter  perpendicular  to  it ;  let  /  be  the  length  of  the  pillar, 
and  let  v  be  the  greatest  deflection  of  the  axis  of  the  pillar  from  its 
original  straight  position.  Then,  as  in  the  case  of  a  spring,  Article 
319,  the  greatest  moment  of  flexure  is  P  v ;  and  the  greatest  stress 
produced  by  that  moment  (which  wiU  be  denoted  by  j''^  is  directly 
as  the  moment,  and  inversely  as  the  breadth  and  square  of  the 
thickness  of  the  pillar  (Article  295)  ;  that  is, 

But  the  greatest  deflection  consistent  with  safety  is  directly  as  the 
square  of  the  length,  and  inyersely  as  the  thickness  (Article  300) ; 
that  is, 

P 

also,  the  product  bh^ia  proportional  to  the  sectional  area  S  and  to 
the  thickiiess  A.     Consequently  tre  have  the  proportional  equation 

that  is,  the  addiiional  Hress  due  to  bending  is  to  tha  stren  dua  to 
direct  pressure,  in  a  rtxtio  which  increases  €U  the  square  o/the propor- 
tion in  which  the  length  of  Hie  pillar  exceeds  the  least  diameter. 

The  whole  intensity  of  the  greatest  stress  on  the  material  of  the 
pillar,  being  made  equal  to  a  co-effident  of  strength  f,  is  expressed 
by  the  following  equation  : 


/=p'.p-  =  |(l.a.|.); (1.) 
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in  which  a  is  a  constant  co-efficient,  to  be  determined  by  experi- 
ment.    Hence  the  following  is  the  strength  of  a  long  pillar : — 


P  = 


/S 


1  4-  a 


.(2.) 


77 


The  following  are  the  Ysdnes  of /and  a  for  the  uUiiruUe  strength, 
as  computed  by  Mr.  Gordon'  £rom  Mr.  Hodgkinsoti's  experiments 
on  pillars  fixed  at  the  ends,  by  having  flat  capitals  and  bases, 
as  in  fig.  152 : — 

/,  lbs.  per  inc^       a. 

Wr<mgUir(my 36,000 


Cast  iron, 80,000 


3,000' 

I 
400* 


A  pillar  koukded  at  both  ends,  as  in  fig.  154,  is  as  flexible  as 
a  pillar  of  the  same  diameter,  fixed  at  both  ends,  and  of  double  the 

length ;  and  its  strength  might  there- 

Wl       I  II  fore  be  expected  to  be  the  same;  a 

'  A  -^  '  /\  *  conclusion  verified  by  the  experiments 

of  Mr.  Hodgkinson.    Hence,  for  such 
pillars. 


ik 


+  4a^. 


.(3.) 


Fig.  152.       Fig.  158. 


Mr.  Etodgkinson  found  the  strength 
of  a  pillar,,/{a?ec/  at  one  end  and  rounded 

Fig  154.  ^  '^  ^^^^  (^^'  ^^^)»  to  be  a  mean 
*■      '  between  the  strengths  of  two  pillars  of 


the  same  length  and  diameter,  one  fixed  at  both  ends,  and  tiie  other 
rounded  at  both  ends. 

Taking  the  proof  load  as  one-half  of  the  breaking  load  for  wrought 
iron,  and  one-third  for  cast  iron,  and  the  working  load  as  from  one- 
fourth  to  one-sixth  of  the  breaking  load  for  both  materials,  the 
following  are  the  values  to  be  assigned  to  the  limit  of  stress/ imdei^ 
diflerent  circumstances : — 


Load— Breaking. 

Wrought  iron, ,.36,000 

Cast  iron, ^ 80,000. 


Proo£  Working. 

18,000         6,000  to    9,000 
26,706       i3>3oo  to  20,000 
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In  using  the  formnl»  2  and  3^  the  ratio  -  is  generally  fixed  before- 

hand,  to  a  degree  of  approximation  sufficient  for  the  purposes  of  the 
calculation. 

329.  c«BnecUBc  B«4s  of  engines  are  to  be  considered  as  in  the 
condition  of  struts  rounded  at  both  ends ;  Piat«a  B«da,  as  in  the 
condition  of  stmts  £xed  at  one  end  and  rounded  at  the  other. 

330.  CoMparlMH  •£  Cbm  and  Wr«aght  lr«a. — ^When  the  ultimate 
strength  per  square  inch  of  section  of  pillars  of  cast  and  wrought 
iron  respectiyely,  and  having  various  proportions  of  length  to 
diameter,  is  computed  by  means  of  equation  2  of  Article  328,  it 
appears  that  for  the  smaller  proportions  of  length  to  diameter,  cast 
iron  is  the  stronger  material;  but  that  its  strength  diminishes  as 
the  proportion  of  length  to  diameter  increases,  fs^r  than  that  of 
wrought  iron  j  so  that  for  the  proportion 


l:hi:J695:l 


1  nearly. 


those  materials  are  equally  strong,  and  beyond  that  proportion 
wrought  iron  is  the  stronger.  This  result  was  first  pointed  out  by 
Mr.  Gordon.     The  following  table  illustrates  it : — 


I 

lO 

30 

26*4 
29,330 

30 

37,700 

40 
23,480 

h 

BreaJking  load, 
lbs.  per  square 

inch,  =  -^,... 

Wrought, 

34,840 

31,765 

Cast, 

64,000 

40,000 

39,230 

24,630 

16,000 

331.  nr^  nodskins^n'a  FermalsB  Aw  the  ITItlBuite  8irai|i[tli  ef  Coat 
Pfiian,  as  deduced  by  that  author  from  his  own  experiments, 
are  as  follows  : — 

I.  When  the  length  is  not  less  than  thirty  times  the  diameter. 

For  solid  cylindrical  pillars,  h  being  the  diameter,  in  inclies,  and 
Xi  the  length  in  feet, 


P  =  A 


.(1.) 


For  hollow  cylindrical  pillars,  A,  being  the  external,  and  hf  the 
internal  diameter,  in  inc/iea,  and  L  the  length  in  feet, 


P  =  A 


L'-' 


m 


The  values  of  the  co-efficient  A  are  as  follows  :— 


Digitized 


byGoogk 


(4. 


^4  THEOBT  OF  SimrCTDBES. 

Tons. 

Pop  solid  pillars  with  roimded  ends, 14-9 

f>  99  flat  ends, 44*16 

For  hollow  pillars  with  rounded  ends, 13-0 

»  9t  flat  ends, 44-3 

IL  When  the  length  is  less  than  thirty  times  the  diameter. 

Let  b  denote  the  breaking  load  of  the  pillar,  as  computed  b^  the 
preceding  formulae.  Let  e  denote  the  crushing  load  of  a  short  block 
of  the  same  sectional  area  S,  as  computed  by  the  formula 

c  =  49  tons  X  S  in  square  inches (3.) 

Then  the  correct  crushing  load  of  the  pillar  is 

•^  be 

^=r^c (*•) 

ft  +  T 

332.  In  'W^Bgiit  Iron  VrBmewmAf  the  bars  which  act  as  stratB, 
in  order  that  they  may  have  sufficient  stiffiiess,  are  made  of  various 

figures  in  cross  section, 

A  j[>^  A.        of  which  some  examples 

1/     i     \]     WV^  n        *™  fi^^®^  ^  figs-  155 

I/— jL...^     K<4J  =ii==i  (angle  iron),  156  (chan. 

Fig.  166.         Fig.  156.         Fig.  157.       Fig.  168.     ^^^  "^"^W^^  (a  croBS- 
^.^fl  ^        . !,     X        ^  ,^0  ,«, .  shaped  section,  used  in 

l^lf-lattice  girders),  and  158  (T-iron).  In  each  of  these  figuree. 
the  Ime  which  is  to  be  considered  as  represented  by  A  in  tiS 
foraiul89  of  Article  328  is  marked  A  H.  In  some  large  lattice 
girders,  the  struts  are  composed  of  a  pair  of  parallel  T-iron  bars. 
such  as  ^g.  158,  with  their  flanges  or  ribs  A  turned  towards  each 
other,  and  connected  together  by  a  lattice  work  of  smaU  diagonal 
bm.  In  thw  caae  A  may  be  taken  to  represent  the  diameter  of 
the  compound  strut  in  that  direction  in  which  it  is  most  flexible^ 

333.  WMight  Iran  Cells  are  rectangular  tubes  (generaUy  squared 
composed  of  four  plate  iron  sides,  rivetted  to  angle  iron  bars  at  the 

comers,  as  shown  in  the  section,  ^g,  159.     This 

mode  of  construction  was  designed  by  Mr.  Faip- 
bairn,  to  resist  a  thrust  along  the  axis  of  the  tube. 
The  ultimate  reeistance  of  a  single  square  cell  to 
crushing  by  the  buckling  or  bending  of  its  sides, 
^^r  'w^i^en  the  thickness  of  the  plates  ia  not  less  ^o^ 
Fig.  160  om-^irH^  oftJis  diamster  ofths  ceU,  as  determined 
by  Mr.  Fairbaim  and  Mr.  Hodgkinson,  is 

27,000  lbs.  per  square  inch  section  of  iron ; 


> 
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but  irlien  a  nitmber  of  cells  exist  side  by  side  in  one  girder,  their 
stifihcss  is  increased,  and  their  tdtimato  resistance  to  a  thrust  may 
be  taken  at 

33,000  to  36,000  lbs.  per  square  inch  section  of  iron. 

The  latter  co-efficients  apply  also  to  cylindrical  cell& 

334.  The  Mdcs  •€  Plate  trmm  OJrden  are  subjected  to  a  diagonal 
thrust  arising  from  the  shearing  stress,  and  are  usually 
stiffened  by  means  of  T-iron  ribs,  in  the  manner  shown 
in  fig.  160.     The  entire  depth  across  the  ribs  may  be 
taken  to  represent  h  in  the  formulae  of  Article  328. 


rJL 


335.    Tlmkw  Pmis    mad    Biwuttu — The  following  foi^ 
mnla  is  given  on  the  authority  of  Mr.  Hodgkinson*s  ~^   I 
experiments,  for  the  uUimate  resistance  of  posts  of  oak        lj[j 
and  red  pine  to  crushing  by  bending  : — 

P  =  A^'S; (1.)        ^.,80. 

S  being  the  sectional  area  in  square  inches,  h  :  I  the  ratio  of  the 
least  diameter  to  the  length,  and  A  =  3^000,000  lbs.  per  square 

The  fador  of  safety  for  the  working  load  of  timber  being  10,  A 
is  to  be  made  =  300,000  only,  if  P  is  the  working  load. 
For  square  posts  and  struts,  the  fonnula  becomes 

P  =  A** (2.) 

If  the  strength  of  a  timber  post  be  computed  both  by  this  formula 
and  by  the  formula  for  direct  crushing,  viz.  : — 

P=/S, (3.) 

ihe  Uaer  value  should  be  adopted  as  the  true  strength.     Thus  the 
ultimate  strength  per  square  inch  for  direct  crushing  is 

For  oak, ./=  10,000  lbs.  =  3^ ; 

Forredpine, „      6,000  lbs.  =^; 

I 
80  that  equation  1  or  equation  3  should  be  used  according  as  j- 

is  greater  or  less  than  a  limit,  which  is,  for  oak,  J  300  =  17-32; 
for  red  pine,  ^"500  =  2236. 
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The  resistance  of  timber  to  crusliing,  while  green,  13  about  one- 
half  of  its  resistance  after  having  been  dried. 


Seciion  9. — On  Compound  Girders,  Frames,  cmd  Bridges, 


336.  c;«apMiBd  Otodcn  In  Oenenil* — ^A  compound  girder  is  a 
stnicture  which,  as  a  whole,  acts  as  a  beam,  resisting  bending  and 
breaking  by  a  transverse  load ;  but  whose  parts  are  subjected  to 
a  variety  of  stresses  of  different  kinds,  requiring  to  be  separately 
considered;  such  as  the  Warren  girder  of  Articles  162  and  163, 
and  the  Lattice  girder  of  Articles  164  and  165. 

In  Part  IL,  Chapter  XL,  Section  1,  it  has  already  been  shown 
how  to  determine  the  total  stresses  which  act  on  the  several  pieces 
of  a  frame ;  in  section  6  of  the  present  chapter,  it  has  been  shown 
how  the  stress  is  distributed  in  a  continuous  beam ;  and  in  that  and 
other  sections,  the  resistance  of  materials  to  the  various  kinds  of 
stress  has  been  considered.  The  principal  object  of  the  present 
section  is  to  indicate,  by  referring  back  to  previous  Articles,  where 
the  data  and  formuls  for  determining  the  strength  of  the  different 
parts  of  certain  compound  structures  are  to  be  found. 

A  girder  consists  of  three  principal  parts  :  a  lower  rib,  to  resist 
tension ;  an  upper  rib,  to  resL<it  thrust ;  and  a  vertical  web  orframne^ 
to  resist  shearing  force. 

337.  Plate  1MB  eiriers  are  treated  of  in  this  section  rather  than 
in  section  6,  because  the  slender  proportions  of  the  parts  subjected 
to  a  thrust  sometimes  render  it  necessary  to  compute  their  streng:th 

according  to  the  laws  of  resistance  to 
crushing  by  bending,  explained  in  Ar- 
ticle 328.  Some  of  the  forms  of  cross  sec- 
tion employed  in  such  beams  are  shown 
in  figs.  161,  162,  163,  164,  and  165.  Fig. 
161  is  a  plain  I-shaped  beam,  rolled  in 
one  piece.  In  fig.  162,  the  upper  and 
lower  ribs  consist  each  of  a  fiat  bar  or 
narrow  plate  rivetted  to  a  pair  of  angle 
irons,  the  two  pairs  of  angle  irons  bemg 
rivetted  to  the  upper  and  lower  edges  of 
the  vertical  web.  In  fig.  163  the  con« 
struction  is  the  same,  except  that  the 
vertical  web  is  double  :  this  is  the  "  booo- 
beam**  long  employed  in  tlie  platforms  of 


Tig.  164. 


Fig.  163. 
blast  furnaces,  and  firat  used  in  a  luilway  bridge  by  Andrew  Thom- 
son about  1832,  on  the  Pollok  and  Govan  Railway.  In  fig.  164, 
the  upiper  and  lower  ribs  ai-e  each  built  of  several  layers  of  narrow- 
plates  or  flat  bars,  rivetted  to  each  other  and  to  a  pair  of  angle 
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irons ;  the  upper  and  lower  pairs  of  angle  irons  are  rivetted  to  the 
upper  and  lower  edges  of  the  vertical  web,  and  the  plates  of  the 
vertical  wob  ai-e  connected  and  stiffened  at  each  of  ^eir  vertical 
joints  by  a  pair  of  T-irons,  in  the  manner  of  which  a  horizontal 
section  has  been  already  given  in  fig.  160,  Article  334.  The  object 
of  bnilding  the  larger  sizes  of  horizontal  ribs  in  layers,  instead  of 
making  them  in  one  piece,  is  to  make  them  of  those  sizes  of  iron 
which  can  easily  be  rolled  of  good  quality,  and  which  are  usually 
found  in  the  market.  Beams  resembling  fig.  164  are  sometimes 
made  with  a  double  vertical  web,  for  the  sake  of  lateral  stiffiies& 

Eig.  165  represents  the  general  form  of  the  cross  section  of  gretU 
tubular  or  eelhdar  girders,  characterized  by  Mr. 
Stephenson's  principle,  of  carrying  the  railway 
through  the  interior  of  the  beam,  and  by  Mr. 
Fairbaim's  principle,  of  giving  stiffness  by  means 
of  cells,  already  described  in  Article  333.  The 
joints  of  the  cells  are  connected  and  stiffened  by 
covering  plates  outside  as  well  as  angle  irons 
inside ;  and  the  plates  of  the  two  sides,  which  form 
a  double  vertical  web,  are  stiffened  and  connected 
by  T-irons,  like  those  of  fig.  164. 

Smaller  cellular  girders  are  sometimes  used,  in 

which  the  top  alone  consists  of  one  or  two  lines  -p-    ig- 

of  cells,  the  girder  in  other  respects  being  similar  '^' 

to  fig.  164,  with  either  a  single  or  a  double  vertical  web. 

In  all  plate  iron  girders,  the  joints  exposed  to  tension  should  have 
covering  plates,  double  rivetted  if  the  stress  is  great  enough  to 
reqiiire  it,  which  is  almost  always  the  case  in  the  lower  rib  (see 
Article  280).  The  joints  exposed  to  thrust  should  be  exactly  plane, 
exactly  perpendicular  to  the  direction  of  the  thrust,  accurately 
fitted,  and  ])erfectly  close,  that  the  surfaces  may  abut  equally  over 
their  whole  extent.  Should  open  or  irregular  abutting  joints  be 
discovered  after  the  girder  has  been  put  together,  they  should  be 
filed  out,  and  a  fiat  plate  of  steel  driven  tight  into  each  opening. 
The  plates  or  bars  of  which  built  ribs  are  composed  should  break 
joint  in  a  manner  similar  to  the  bond  of  brickwork. 

In  plate  iron  girders  generally,  it  is  sufBciently  accurate  for  prac^ 
tical  purposes  to  consider  the  whole  bending  moment  M  at  any 
vertical  section  as  borne  by  the  upper  and  lower  ribs,  and  the  whole 
aheariug  stress  F  by  the  vei'tic&L  web ;  and  also  to  consider  the 
resistance  of  each  of  the  horizontal  ribs  as  concentrated  at  the 
centre  of  gravity  of  its  section.  Let  h  be  the  vertical  depth  between 
the  centimes  of  gravity  of  the  sections  of  the  upper  and  lower  ribs ; 
then  the  common  vaJue  of  the  thrust  along  the  compressed  rib,  and 
the  tension  along  the  stretched  rib,  is 


Digitized 


byGoogk 


S^S  THBOfiY  OF  BTRUCTUBBS. 

--? 0) 

Let  Si  be  the  sectional  area  of  the  compressed  rib,^  its  resistanoe 
to  crushing  per  square  inch,  S,  the  sectional  area  of  the  stretched 
rib^^  its  resistance  to  tearing  per  square  inch;  then 

8  _  P  -  *f  .  S.-  ^  -  ^  m 

The  values  of  the  tenacity^  have  already  been  considered  in  sec- 
tion 3.  For  plate  beams  with  double-riyetted  covering  plates,  ita 
ultimate  value  may  be  taken  at  about  45,000  lbs.  per  square  inch 
of  section  of  rib.  The  ultimate  resistance  to  crushing,  f^,  may  be 
taken  at  its  full  value  of  36,000  lbs.  per  square  inch  in  great  tabular 
girders ;  but  when  the  compressed  rib  is  narrow  as  compared  with 
its  length,  the  tendency  to  lateral  bending  may  be  allowed  for  by 
means  of  the  following  formula,  of  the  kmd  already  explained  in 
section  8,  Article  328 : — 

•^'=rzf7^^ (^•) 

where/ =  36,000,  a  =  qqjTq,  hf  =  the  breadth  of  the  compressed 

rib,  and  l  =  the  half  span  of  the  girder,  if  it  is  not  laterally  stiffened 
by  framing.  In  cases  in  which  parallel  beams  are  stiffened  by  hori- 
zontal dia^nal  braces,  I'  may  be  taken  to  denote  the  distance  along 
the  rib  between  a  pair  of  the  points  to  which  braces  are  attached. 

Let  t  be  the  thickness  of  the  vertical  web  if  single,  or  the  sum 
of  the  thicknesses  if  double.  Then  its  sectional  area  iB  ht  nearly  ; 
consequently,  if  ^  be  its  resistance  per  unit  of  section  to  the  shear- 
ing force, 

A<=|;and.=^; (4) 

and  as  the  shearing  stress  is  equivalent  to  a  pull  and  a  thmst  in 
directions  perpendicular  to  each  other,  and  at  angles  of  45^  to  the 
horizon,^  should  be  the  resistance  of  the  vertical  web  to  crashing, 

as  determined  by  equation  3,  in  which,  for  7>  is  to  be  substituted 

A 

pjf  h  being  the  depth  of  the  web,  as  before,  and  //'  the  width 


the  flanges  of  the  stiffening  ribs. 

The  shearing  force  F  at  each  cross  section  is  to  be  computed  as 
for  a  partial  load,  extending  over  the  greater  of  the  two  segments 
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into  which  the  section  divides  the  beam,  as  explained  in  Article  313. 
The  weight  of  the  beam  itself  may  be  allowed  for,  either  by  the 
method  of  Article  314,  or  by  the  approximate  method  of  Article  315. 
Owing  probably  to  the  yielding  of  the  joints,  it  is  foimd  that  in 
computing  the  deflection  of  plate  girders  (Articles  300  to  303),  a 
smaller  modulus  of  elasticity  ought  to  be  taken  than  for  continuous 
iron  bars.     Its  value  in  lbs.  per  square  inch  is 

E  =  from  16,000,000  to  18,750,000. 


338.  For  Hair.I<atUc«  Beams  and  I<attlce  Bcaaia*  the  methods  of 
determining  the  total  stresses  have  been  fully  considered  in  Articles 
162,  163,  164,  and  165 ;  and  it  has  only  to  be  added  here,  that  the 
shearing  force  should  be  computed  for  a  partial  load,  as  in  Article 
315.  The  ultimate  tenacity  of  the  ties,  if  the  iron  is  of  good  qua- 
lily,  may  be  taken  at^  =  60,000  lbs.  per  square  incL  The  resist- 
ance of  the  struts  is  to  be  computed  as  in  Article  328.  The  figure 
of  the  strut  diagonals  has  been  considered  in  Article  332.  The 
compressed  rib  may  be  a  T-bar  in  small  beams,  and  in  larger  beams 
a  bmlt  rib  or  a  celL  It  has  been  sometimes  made  of  cast  iron. 
The  remarks  made  in  the  last  Article  on  abutting  joints  are 
equally  applicable  in  the  present  case.  In  designing  those  joints 
which  are  connected  by  means  of  bolts,  rivets,  or  kej%,  the  prin- 
ciples of  Article  280  should  be  observed. 

The  value  of  the  modulus  of  elasticity  E  for  lattice  girders,  as 
computed  from  the  deflection  of  Mr.  Barton's  viaduct  at  Drogheda, 
with/=  about  10,000  lbs.  per  square  inch,  is  16,000,000  Iba  per 
square  inch  nearly. 

339<  A  Bowatriag  Givder  consists  of  an  arched  rib  resisting 
thrust ;  a  horizontal  tie  resisting  tension,  and  holding  together  the 
ends  of  the  arched  rib;  a  series  of  vertical  suspending  bars^  by 


Fig.  16& 


which  the  platform  is  hung  from  the  arched  rib,  and  a  series  of 
diagonal  braces  between  the  suspending  bars.  Such  girders  are 
executed  in  timber  and  in  iion;  sometimes  the  arched  rib  is  made 
of  cast  iron,  as  being  stronger  against  crushing  than  wrought  iron, 
and  the  remainder  of  the  structure  of  wrought  iron. 

The  arched  rib  may  be  treated  as  uniformly  loaded  Accord- 
inj?  to  Article  178,  its  condition  is  like  that  of  an  uniformly- 
^  2b 
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loaded  chain  inverted,  and  its  proper  form  a  pa/rahola;  and  tlie 
thnist  along  it  at  each  point  is  to  be  found  by  the  formulae  of 
Article  169.  The  tension  along  the  horizontal  tie  is  equal  to 
the  uniform  horizontal  component  of  the  thrust  along  the  arched 
rib. 

The  tension  on  each  vertical  suspending  bar  is  the  weight  of  those 
portions  of  the  platform  and  of  the  tie  rod  which  hang  from  it. 
To  give  lateral  stability  to  the  girder,  the  suspending  bars  are 
usually  made  of  considerable  breadth,  and  of  a  form  of  horizontal 
section  resembling  figs.  160  and  161,  and  are  firmly  bolted  to  the 
cross  beams  of  timber  or  of  wrought  iron  which  carry  the  roadway. 
When  the  beam  is  uniformly  loaded,  the  arched  rib  is  equilibrated, 
and  ifiere  is  no  stress  on  the  diagonals.  The  strength  of  the  two 
diagonals  which  cross  each  other  at  a  given  plane  of  section  S  S*,  is 
to  be  adapted  to  sustain  the  excess  of  the  greater  shearing  force  due 
to  a  partial  load  above  that  diie  to  an  uniform  load,  as  given  by  the 
formulae  of  Article  313. 

340.  suiTeiicd  Sttqpeasion  Bridges. — ^The  suspension  bridge  is  that 
which  requires  the  least  quantity  of  material  to  support  a  given 
load.  But  when  it  consists,  as  in  Article  169,  solely  of  cables  or 
chains,  sui^nding  rods,  and  platform,  it  alters  its  figure  with  eveiy 
alteration  of  the  distribution  of  the  load ;  so  that  a  moving  load 
causes  it  to  oscillate  in  a  manner  which,  if  the  load  is  heavy  and 
the  speed  great,  or  even  if  the  application  of  a  small  load  takes 
place  by  repeated  shocks,  may  endanger  the  bridge.  To  diminish 
this  evil,  it  has  long  been  the  practice  paiiiially  to  stiffen  suspension 
bridges  by  means  of  framework  at  the  sides  resembling  a«lattice 
girder. 

It  was  formerly  supposed  that,  to  make  a  suspension  bridge  as 
stiff  as  a  girder  bridge,  we  should  use  lattice  girders  sufficiently 
strong  to  bear  the  load  of  themselves,  and  that,  such  being  the  case, 
there  would  be  no  use  for  the  suspending  chains.  But  Mr.  P.  W. 
Barlow,  having  made  some  experiments  upon  models,  finds  that 
very  light  girders,  in  comparison  with  what  were  supposed  to  be 
necessary,  are  sufficient  to  stiffen  a  suspension  bridge.  If  mathe- 
maticians had  directed  their  attention  to  the  subject,  they  might 
have  anticipated  this  result 

The  present  is  believed  to  be  the  first  investigation  of  its  theory 
which  has  appeared  in  print. 

The  weight  of  the  chain  itself,  being  always  distributed  in  the 
same  manner,  resists  alteration  of  the  figure  of  the  bridga  By 
leaving  it  out  of  account,  therefore,  an  error  will  be  made  on  the 
safe  side  as  to  the  stiffness  of  the  bridge,  and  the  calculation  will  be 
simplified 

Let  fig.  167  represent  one  side  of  a  suspension  bridge,  in  which  a 
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girder  is  used  to  stiflTen  the  bridge.     In  order  that  it  may  do  so 
effectually,  any  partial  or  concentrated  load  c      '      ■    * 


1  on  the  platf onn  must,  by 


Fig.  167. 


?T~ 


means  of  the  girder,  be  trans- 
mitted to  the  chain  in  such 
a  manner  as  to  be  imiformly 
distributed  on  the  chain. 

The  girder  must  have  its 
ends  so  fixed  to  the  piers  as 
to  be  incapable  of  rising  or 
falling.  Then  the  forces 
which  act  upon  it  may  be 
thus  classed  : — daiontvard, 
the  load  as  applied ;  <2awnr 


Fig.  170. 


toard  or  upward^  the  resistances  of  the  fastenings  of  the  ends  to 
their  vertical  displacement;  uptoard,  the  uniformly  distributed 
tension,  acting  through  the  suspension  rods,  between  the  girder 
and  the  chain. 

The  girder  will  be  supposed  to  be  of  imiform  section  throughout 
its  length. 

Two  cases  wiU  be  considered  : — first,  that  in  which  a  given  load 
is  conoentiuted  in  the  middle  of  the  girder;  and  secondly,  that  in 
which  a  given  portion  of  the  length  of  that  girder  is  uniformly 
loaded,  and  the  remainder  unloaded,  like  the  partially  loaded  beam 
of  Article  313.     The  second  case  is  the  most  important  in  practice. 

In  each  case,  the  half-span  of  the  bridge  will  be  denoted  by  c, 
and  the  horizontal  distance  of  any  point  from  the  middle  of  the 
bridge  by  as. 

Case  I.  A  single  load  W,  applied  at  the  centre  of  the  girder,  tends 
to  depress  the  chain  in  the  middle,  and  consequently  to  raise  it  at 
the  sides,  and  along  with  it  to  raise  the  beam  near  the  ends;  but 
the  beam  being,  by  its  attachment  to  the  piers,  prevented  from 
rising  at  the  ends,  takes  a  form  like  that  represented  by  fig.  168  : 
depressed  in  the  middle  at  A,  and  concave  upwards;  elevated,  and 
convex  upwards  at  C,  C ;  having  points  of  contrary  flexure  at  B,  B; 
and  again  depressed  at  D,  D,  the  points  of  attachment  to  the  piers. 
Now  this  curved  figm'e  is  the  effect  of  three  downward  forces, 
applied  at  D,  A,  D,  respectively,  and  of  an  uniformly  distributed 
upward  force,  acting  on  the  whole  length  of  the  girder.     Each  half 
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of  the  girder,  therefore,  is  iQ  the  condition  of  the  beam  described  in 
Article  308,  inverted;  that  in  to  say,  the  half-girder  from  A  to  D, 
if  inverted,  becomes  a  beam  supported  at  D,  supported  and  fiased 
horiaorUal  at  A,  and  loaded  umformly  between  A  and  D ;  and 
hence  (referring  to  the  formulae  of  Article  307,  case  3,  ajid  of 
Article  308)  we  have  the  following  proportions  amongst  the  lengths 
of  the  parts  into  which  the  half-girder  is  divided  by  the  highest 
point  C^  and  the  point  of  contrary  flexure  B, 

SC  =  CD  =  ^=:0-577xAC; (1.) 

V3 

and  consequently,  making  A  C,  the  distance  between  the  lowest 
and  highest  points,  =  </,  we  have 

^S=r^=«- « 

In  order  to  determine  the  greatest  moment  of  flenire,  and  tiie 
deflection,  of  the  stiflening  girder,  A  C  =  e'  is  to  be  taken  as  the 
half-span  of  a  girder  like  that  considei'ed  in  Article  307,  case  3, 
flxed  at  both  ends,  and  loaded  with  an  uniform  load  of  the  intensity 

_  W  _     W 
^  •"  2  c'"~  1-268  c ^^^ 

The  greatest  moment  of  flexure,  as  thus  determined  by  the  foi^ 
mulffi  of  Article  307,  case  3,  is  at  the  point  A,  and  has  the  following 
value : — 

M.  =  '^  =^  =  0-1057  c  W; (4.) 

and  to  that  moment  of  flexure  must  the  strength  of  the  stiffenizig 
girder  be  adapted. 

The  proof  deflection  may  be  measured  in  two  ways  :  either 
between  the  highest  and  lowest  points,  C  and  A,  or  between  the 
ends  and  the  lowest  point,  D  and  A.  The  first  may  be  called  v^y 
and  the  second  t?j>.     Now  by  Article  307,  case  3,  we  have 

-^=ri- f  ='•"'''' ^-^^ («•) 

The  points  of  support  D  are  at  the  same  level  with  the  points 
of  contrary  flexure  B,  being,  in  fact,  points  of  no  curvature  them- 
selves J  and  from  this  it  is  easily  found  that 
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Casb  2.  The  girder  partiaUy  loaded.  Let  E  B,  in  either  of  the 
figs.  169,  170,  represent  the  length  of  the  loaded  part  of  the 
stiffening  girder,  and  B  D  that  of  the  unloaded  part ;  let  t9  be 
the  uniform  intensit7  of  the  load,  and  x  the  distance  of  the  point 
^vv'here  the  load  terminates  from  the  middle  of  the  beam  ;  x  being 
considered  as  a  positive  quantity  when  the  loaded  part  is  the 
longer,  as  in  fig.  169,  and  as  a  negative  quantity  when  the  loaded 
part  is  the  shorter,  as  in  fig.  170. 

The  ends  E  and  D  of  the  beam  being  fastened  so  as  to  be  in- 
capable of  vertical  displacement,  the  loaded  segment  E  B  is  convex 
downwards,  and  the  unloaded  segment  B  D  convex  upwards :  the 
loaded  segment  is  in  the  condition  of  a  beam  supported  at  E  and 
B,  and  imiformly  loaded  with  the  excess  of  the  weight  sustained 
above  the  force  exerted  between  the  girder  and  the  chain ;  and  the 
unloaded  segment  is  in  the  condition  of  a  beam  hdd  doum  at  B  and 
D,  and  loaded  with  an  uniformly  distributed  upward  force,  being 
that  exerted  between  the  girder  and  chain.  The  greatest  moment 
of  flexure  of  each  segment  is  at  its  middle  pointy  being  A  for  the 
loaded  part,  and  C  for  the  unloaded  part 

The  length  of  the  loaded  segment  being 

its  gross  load  is 

W  =  to(c  +  aj); 

and  the  intensity  of  the  force  exerted  between  the  girder  and 
chainy 

«'=^^^ (1.) 

This  is  the  intensity  of  the  upward  load  on  the  segment  B  D, 
whose  length  is  B  D  =  c  —  a; ;  and  consequently,  according  to 
Articles  290  and  291,  the  greatest  moment  of  flexure  of  that  seg- 
ment, at  C,  is 

ti/{c-xy_fv{c  +  x){e^xy  .g) 

The  amount  of  the  upward  force  exerted  between  the  chain  and 
BDis 

W'  =  «/(c-.)  =  '^(^; (3.) 

and  this  also  is  the  amount  of  the  net  load  on  E  B,  being  the  excess 
of  the  gross  load  above  the  part  borne  by  the  chain.  The  half 
of  this  quantity, 
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is  the  value  at  onoe  of  the  supporting  force  exerted  hj  the  pier 
against  the  girder  at  E^  of  the  shearing  force  between  the  two 
divisions  of  the  girder  at  B,  and  uf  the  downward  force  by  which 
the  end  D  of  the  girder  is  held  at  its  point  of  attachment  to  the 
pier. 

The  intensity  of  the  net  load  on  E  B  is 

•^""^=21"^ ^^-^ 

and  the  length  of  that  segment  being  c  +  a;,  its  greatest  moment  of 
flexure,  at  A,  according  to  Articles  290  and  291,  is 

^^•"  8  ""  16c  ^^'^ 

By  the  usual  process  of  finding  maxima  and  minima,  it  is  easily 
ascertained,  that  the  greatest  moment  of  flexure  of  the  loaded 

division  of  the  girder  occurs  when  a;  =  ^ ;  or  when  iwa-thirds  of 

the  beam  a/re  loaded;  and  that  the  greatest  moment  of  flexure  of  the 

unloaded  division  of  the  girder  occurs  when  a?  =  — -,  or  when 

two-thirds  of  the  beam  are  unloaded ;  and  further,  that  those  two 
greatest  moments  are  of  ^equal  magnitude  though  opposite  in 
direction,  viz. : — 

max.  M^  =  —max.  M^  :=  —9^  i (7.) 

and  the  stiffening  girder  must  be  made  sufficiently  strong  to  bear 
this  bending  moment  safely  in  either  direction.  Now,  the  greatest 
moment  of  flexure  which  would  arise  from  an  imiform  load  of  the 
given  intensity  to  over  the  whole  beam  imsupported  by  the  chain  is 

«7C' 


therefore  the  transverse  strength  of  the  stiffenvng  girder  should  he 
four  ttoenty-seventh  parts  of  that  of  a  simple  girder  of  the  same  span 
suited  to  bear  an  uniform  load  of  the  same  ini^ensUy, 

The  greatest  value  of  the  shearing  force  F  in  equation  4  occurs 
when  on^hdlfoi  the  girder  is  loaded,  or  a;  =  0,  and  its  amount  is 
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««^F  =  ^' (8.) 

When  two-tLirds  of  the  beam  are  loaded,  the  proof  deflection  of 
L  below  a  Straight  line  joining  E  and  B,  according  to  Article 
00,  is 

-^       12    E       4y  9     12    Ey'~27    Ey'"'^'^ 

r/our-nintha  of  the  proof  deflection  of  a  beam  of  the  same  figure, 
niformly  loaded,  of  the  span  2  c,  unsupported  by  a  chain.  At  the 
line  time,  the  elevation  of  C  above  a  straight  line  joining  B  and 

-  _l./.(iz^'_i.i../?:_A./^  aos 

'"       12    E       4y     —  9    12    Ey~108    Ey-^^"v 

The  proof  depression  of  the  lo-nrest  point  of  the  beam,  A,  below 
be  highest,  C,  is  given  by  the  equation 

*A-|-«o-9    12    E"^  — 108    E^' ^"-^ 

^five^irUha  of  the  proof  deflection  of  an  uniforml  v  loaded  beam.  * 

*  In  tbe  pnoedio^  solution  of  Case  2,  whicVappeared  ia  the  first  edition  of  this  work, 
be  eSect  or  the  resistance  of  the  chain  to  disfigurement  upon  the  figure  of  the  auxiliary 
irder  is  neglected ;  and  hence  the  result  is  in  almost  ererj  case  an  approximation  only; 
Qt  it  can  OS  shown  that  the  error  is  always  on  the  safe  side,  four  twenty-sevenths  of 
tie  strength  of  a  simple  girder  being  tomsiohai  more  than  sufficient  for  the  strength  of 
be  stiffening  girder.  In  order  to  make  the  solution  exact,  the  extensibility  of  the 
bain  should  m  so  great  as  to  make  \Vi  proof  central  deprestion  nearly  equal  to  the 
Toof  d^iuoion  of  the  stiffening  girder;  but  in  practice  the  proof  depression  of  the 
bain  is  always  much  less. 

Tbe  first  solution  in  which  the  action  of  the  chain  just  referred  to  is  taken  into 
cceunt  appeared  in  an  editorial  article  of  the  CvoU  Engineer  and  ArchiUd^s  Jottmal 
rr  NoTember  and  December,  1860;  and  this  is  done  by  introducing  into  tbe  conditions 
f  the  problem  an  equation,  expressing  that  under  all  the  alterations  of  the  figure 
r  the  chain  produced  by  the  Dending  of  the  stiffening  girder,  the  span  continues 
>nstant 

Having  applied  the  principle  just  stated  to  the  problem  of  Case  2,  the  author  of  this 
ork  has  arrived  at  the  following  results,  supposing  the  chain  to  be  inextensibie. 
The  greatest  bending  moment  of  the  stress  on  %e  stiffening  girder  takes  place  when 
417,  or  about  five-twelfths,  of  the  span  of  the  bridge  are  loaded,  and  0583,  or  about 
iven-twelfths,  unloaded. 

That  moment  is  0188  of  the  bending  moment  which  would  be  produced  by  an  uniform 
ad  of  the  same  intensity  on  a  girder  supported  at  the  ends  only. 
Hence  it  appears  that  if  the  chain  be  supposed  inextensible,  the  proportion 
borne  oy  the  strength  of  the  stiffening  girder  to  that  of  a  simple  girder 
of  the  same  span,  suited  to  bear  an  uniform  load  of  the  same  intensity 

with  the  travelling  load,  ought  to  be. 0-138 : 1; 

while  if  the  chain  is  supposed  very  extensible,  as  in  the  approximate  solu- 
tion, that  proportion  is  found  to  be  4:27,  or 0*148:1; 

so  that  in  the  intermediate  cases  that  occur  in  practice  no  material  error  will 

be  oommitted  if  that  proportion  be  made  1  x  7,  or 0*143:  L 
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341.  Bibbed  Archea. — Bridges  are  frequently  constracted  -who* 
arches  consist  of  iron  or  timber  ribs  springing  from  stone  abutmenta. 

as  in  fig.  171.  In  such 
cases  it  ought  to  be 
considered^  tiiat  eaci 
rib  fulfils  at  ODoethe 
functions  of  an  eq^a- 
librcUed  omcA,  siistaiL< 
Fig.  171.  *  ijttg  an  nnifonn  ka?J 

of  a  certain  intens-tr. 
and  having  a  certain  thrust  along  it,  to  be  computed  by  the  prindp^ 
of  Articles  169  and  178,  and  those  of  a  stiffening  girder^  suited  :o 
produce  an  uniform  distribution  of  a  partial  load,  according  to  tie 
principles  of  Article  340.  Therefore,  in  designing  the  cross  secdi.i 
of  a  rib  for  such  a  bridge,  a  provisional  cross  section  ought  ^rr^  t 
be  designed,  suitable  to  bear  a  bending  moment,  upward  or  do¥ii- 
ward,  of  four  twerUy-sevenths  of  that  which  an  uniform  load  of  ti*- 
given  intensity  would  produce  on  a  straight  girder  of  the  salt, 
span ;  and  in  the  second  place,  it  should  be  determixked  in  vbt 
proportion  the  thrust  along  the  rib,  considered  as  an.eqmlibn.:^i 
arch,  w^ill  increase  the  intensity  of  the  greatest  stress  on  Uie  fr> 
visional  section  already  designed,  and  the  breadths  of  that  sectk* 
should  be  increased  in  that  proportion, -to  obtain  the  final  crus 
section. 

Section  10. — MiaceUaneoua  Renuirka  on  Strength  and  Stiffhm. 

342.  KflTects  of  Teinperatiirc. — At  a  temperature  of  600^  Fahi>F:  • 
heit,  the  tenacity  of  iron  was  found  by  Mr.  Fairbaim  not  to  V* 
diminished.  That  of  copper  and  brass,  at  the  same  temperataTr 
is  reduced  to  about  two-thirds  of  its  ordinary  magnitudeu  Swkr3 
cooling  from  a  high  temperature  tends  to  make  most  sobstacc.^ 
hard,  stiff,  and  brittle ;  gradual  cooling  tends  to  make  them  sc^ 
and  tough ;  and  if  often  repeated  or  perforpied  slowly  firom  a  vcr 
high  temperature,  to  weaken  them.  Various  effects  of  temperanrrf 
on  the  elasticity  of  solids  have  been  ascertained  by  Dr.  Joule,  I^ 
Thomson,  and  Professor  Kupfer ;  but  they  are  more  important  '*- 
the  science  of  molecular  physics  than  to  the  idrt  of  constructicn. 

343.  The  Eflccts  or  Repeated  IKleltiBgB  on  Cmmt  Iroa  have  bee: 
ascertained  by  Mr.  Fairbairn.  Up  to  and  beyond  the  fonrt-eert- 
melting  the  resistance  to  cinishing  increases  ;  but  the  resistance  « 
cross-breaking  reaches  its  maximum  about  the  twelfth  melting,  «:■- 
afterwards  diminishes,  from  the  metal  becoming  brittle  and  crv- 
talline. 

344.  The  Effects  of  Dncuuty  on  strength  form  the  subject  of  i 
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paper  by  Professor  James  Thomson  in  the  Cambridge  and  Dublin 
Mathematical  Journal.  That  author  shows,  that  a  bent  bar  or  a 
twisted  rod  of  a  ductile  material,  by  being  slowly  and  gradually 
strained,  may  be  brought  into  such  a  condition  as  to  have  nearly 
the  whole  of  its  cross  section  in  the  condition  of  proof  or  limiting 
stress  instead  of  the  outer  layers  only,  and  may  thus  have  its 
strength  increased  much  beyond  that  given  by  the  ordinary  formulse. 

345.  latcnuil  Friction  is  a  term  which  may  be  used  until  a  better 
shall  be  devised  to  express  a  phenomenon  recently  observed  by  Dr. 
William  Thomson  in  the  extension  of  copper  wire  by  a  direct  pulL 
The  tension  of  the  wire  is  increased,  step  by  step,  by  successive 
augmentations  of  the  load  within  the  limits  of  permanent  elasticity, 
and  the  elongation  is  observed  at  each  step.  Then  by  successive 
diminutions  of  the  load,  the  tension  is  diminished  by  the  same 
series  of  steps  in  the  reverse  order,  and  the  elongation  observed. 
When  the  load  is  completely  removed,  the  wire  recovers  ita  original 
length  without  "  set "  or  permanent  elongation,  but  for  each  degree 
of  tension  the  elongation  is  greater  during  the  shortening  of  the 
wire  than  during  the  lengthening  \  as  if  there  were  some  molecular 
force  analogous  to  friction,  in  so  far  as  it  impedes  motion  both  ways, 
making  the  elongation  less  than  it  would  otherwise  be  while  the 
wire  is  being  elongated,  and  greater  than  it  would  otherwise  be 
while  the  wire  is  returning  to  its  original  lengtL  It  appears  also 
that  the  force  in  question  must  depend  in  some  way  on  the  stress, 
from  its  disappearing  when  the  tension  is  removed 

346.  It  must  be  obvious  that  much  of  the  subject  of  strength  and 
stiffiiess  is  in  a  provisional  state,  both  as  to  mathematical  theory 
and  as  to  experimental  data.  Considerable  improvement  in  both 
these  respects  may  be  anticipated  from  researches  now  in  progress. 

CONBKNSED  Sui^lMARY  OF  EXPERIMENTS  BY  MESSRS.  ROBERT  NaPIER 

AND  Sons  on  the  Tenacity  of  Iron  and  Steel. 
{For  details,  §e»  Transactiotu  of  the  InstktUion  of  Enginun  in  Scotland,  1858-50.) 

■     ■    ~  Tenacity  In  Ibt.  per 


Teniicltr  in  lU  par 
■qaaraineh. 
Btronfratt        Weakait 
StzBL  BaXS.  ^OAiity.  Quality. 

CartSteel 183,909  92,0W 

Blistered  Steel  (one  quality  

only) 104,298 

flemneri          (do.)     ..  111,400 

iomoffenenis  Metal,   ....  90,647  89  724 

Paddled  Steel 71,486  02,769 

ISO*  BAB9.  ^^ 

rorkahire,    60,892  60,075 

itaffordahire, 62,231  M.715 

.anartslilr^ 64,795  ia,6/>« 

incashlrC: 60,110  W,77J 

^edlBh,  ?. 48.232  47,855 

tunlan.    66,805  4»,5G4 

lammered  Scraps 55,878  58,420 

Jut    omt  of  large  forged 

crank,   47,582  4i,758 


Quality. 
72.838 
72.9J4 
73,866 


Strongaat 
SniL  PLATU.  Qoaffty. 

Cast  Steel,    95.299 

Homoiceiieous  Metal,  ....96,715 
Paddled  SteeJ,   98,979 


iRoai  Platu. 


Torkshlre.   56,735 

Durham  (one  quality  only)  48,979 

Staffordshire, 04,128  45,584 

LanarlCfebiiQ,  61,349  41,748 


IrOV  STBAP9,  Ao. 

y arioni  distrlcti,  56,887 


41,886 


The  streasth  of  etch  qaaUty  ia  the  mean  of  at  least  four  experlmeuta.  and  aomeUmei  of  eight. 
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PART  III. 

PRINCIPLES  OF  CINEMATICS,  OE  THE  COMPAKISON  OF 
MOTIONS. 

347.  DirisioB  mi  the  Satsfect. — ^The  science  of  cinematics,  and 
the  fundamental  notions  of  rest  and  motion  to  which  it  relates, 
having  already  been  defined  in  the  Introduction,  Articles  8,  9,  10, 
1 1 ;  it  remains  to  he  stated,  that  the  principles  of  cinematics,  or  the 
comparison  of  motions,  will  be  divided  and  arranged  in  the  present 
part  of  this  treatise  in  the  following  manner  : — 

I.  Motions  of  Points. 

II Rigid  Bodies  or  Systems. 

m       Pliable  Bodies  and  FluidflL 

IV Connected  Bodies. 


CHAPTER  L 
HonoNs  OF  Fonrrs. 


Section  1. — Motion  of  a  Pair  of  Points, 

348.  Fixed  wmA  Ifcarij  Fixed  IMrectleai. — From  the  definition 
of  motion  given  in  Article  9,  it  follows,  that  in  order  to  determine 
the  relative  motion  of  a  pair  of  points,  which  consists  in  the  change 
of  length  and  direction  of  the  straight  line  joining  them,  that  line 
must  be  compared,  at  the  beginning  and  end  of  the  motion  con- 
sidered, with  some  fixed  or  standard  length,  and  with  at  least  two 
fixed  directions.  Standard  lengths  have  already  been  considered 
in  Article  7. 

An  ahsolutdy  fixed  dvredion  may  be  ascertained  by  means  whose 
principles  cannot  be  demonstrated  until  the  subject  of  dynamics  is 
considered.  For  the  present  it  is  sufficient  to  state,  that  when  a 
solid  body  rotates  free  from  the  influence  of  any  external  force 
tending  to  change  its  rotation,  there  is  an  absolutely  fixed  direction 
called  that  of  the  CLods  ofangvla/r  momenJtvffny  whidi  bears  certain 
relations  to  the  successive  positions  of  the  body. 

A  nearly  fixed  direction  is  that  of  a  straight  line  joinins  a  pair 
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of  points  in  two  bodies  whose  distance  from  6acli  other  is  very 
great,  such  as  the  earth  and  a  fixed  star. 

A  line  fixed  rdaUvdy  to  tlie  earth  changes  its  absolute  direction 
(unless  parallel  to  the  earth's  axis)  in  a  manner  depending  on  the 
earth's  rotation,  and  returns  periodically  to  its  original  absolute 
direction  at  the  end  of  each  sidereal  day  of  86,164  seconds.  This 
rate  of  change  of  direction  is  so  slow  compared  with  that  which 
takes  place  in  almost  all  pieces  of  mechanism  to  which  cinematical 
and  dynamical  principles  are  applied,  that  in  almost  all  questions 
of  applied  mechanics,  directions  fixed  relatively  to  the  earth  may 
be  treated  as  sufficiently  nearly  fixed  for  practical  purposes. 

When  the  motions  of  pieces  of  mechanism  relatively  to  each 
other,  or  to  the  frame  by  which  they  are  carried,  are  under  consi- 
deration, directions  fixed  relatively  to  the  frame,  or  to  one  of  the 
pieces  of  the  machine,  may  be  considered  provisionally  as  fixed  for 
the  purposes  of  the  particiilar  question. 

349.  nioUoB  of  »  Poir  of  Potato — In  fig.  172,  let  Ai  B|  repre- 
sent the  relative  situation 
of  a  pair  of  points  at  one 
instant,  and.  As  B,  the 
relative  situation  of  the 
same  pair  of  points  at  a 
later  instant.  Then  the 
change  of  the  straight  line 
A  B  between  those  points, 
from  the  length  and  direc- 
Fig.  172.  Fig.  178.         Fig.  174.       tion  represented  by  Ai  Bi 

to  the  length  and  duection 

represented  by  A2  B,,  constitutes  the  relative  motion  of  the  pair  of 
points  A,  B,  during  the  interval  between  the  two  instants  of  time 
considered. 

To  represent  that  relative  motion  by  one  line,  let  there  be  drawn, 
from  one  point  A,  ^g.  173,  a  pair  of  lines,  AB„  AB„  equal  and 
parallel  to  A^Bi,  AgB,,  of  ^g,  172 ;  then  A  represents  one  of  the 
pair  of  points  whose  relative  motion  is  under  consideration,  and 
Bi,  B»  represent  the  two  successive  positions  of  the  other  point  B 
relatively  to  A ;  and  the  Hne  BTBj  represents  the  motion  of  B  rdor 
tivdy  to  A. 

Or  otherwise,  as  in  fig.  174,  from  a  single  point  B  let  there  be 
drawn  a  pair  of  lines,  BA„  BA.,  equal  and  parallel  to  A7B„  A^B,, 
of  fig.  172;  then  A2,  A,,  represent  the  two  successive  positions  of 
A  relatively  to  B;  and  the  line  AiA„  equal  and  parallel  to  Bi  B«  of 
^g.  173,  but  pointing  in  the  contrary  direction,  represents  tJiS  motion 
o/A  relatively  to  B. 
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350.  Fixed  PoiBf  ••«  BKoTiBs  Potat* — In  fig.  173,  A  is  treated 
as  the  fixed  point,  and  £  as  the  moving  point ;  and  in  fig.  174,  B 
is  treated  as  the  fixed  point,  and  A  as  the  moving  point ;  and  these 
are  simply  two  different  methods  of  representing  to  the  mind  the 
same  rekition  between  the  points  A  and  £  (see  Article  10). 

351.  Coaip«B«it  aa«  KcMltant  IHottoM.  —  Let    O   be    a    point 
assumed  as  fixed,  and  A  and  B  two  suc- 
oessive  positions  of  a  second  point  rela- 
tively to  O.     In  order  to  express  mathe- 
matically the  amount  and  direction  of 

AB,  the  motion  of  the  second  point 
relatively  to  O,  that  line  may  be  com- 
pared with  three  cuces,  or  lines  in  fixed 
directions,  traversing  the  fixed  point  O, 
suchasOX,  OY,  OZ. 

Through  A  and  B  draw  straight  lines 

AC,  BD,  parallel  to  the  plane  of  OY 
and  0  Z,  and  cutting  the  axis  O  X  in  C 
and  D.  Then  CD  is  said  to  be  the  com-  ^^-  ^'^^' 
ponent  of  the  motion  of  the  second  point  relatively  to  O,  along  or 
in  the  direction  of  the  axis  O  X  ;  and  by  a  similar  process  are  found 
the  components  of  the  motion  AB  along  O  Y  and  O  Z.  The  entire 
motion  A  B  is  said  to  be  the  resultant  of  these  components,  and  is 
evidently  the  diagonal  of  a  parallelopiped  of  which  the  components 
are  the  sides. 

The  three  axes  are  usually  taken  at  right  angles  to  each  other ; 
in  which  case  A  C  and  B  D  are  perpendicidars  let  fall  from  A  and 
B  upon  O  X ;  and  if  «  be  the  angle  made  by  the  direction  of  the 
motion  A  B  with  O  X, 

CD  =  AB  •  cos  •». 

The  relations  between  resultant  and  component  motions  are 
exactly  analogous  to  those  between  the  lines  representing  resultant 
and  component  couples,  which  have  already  been  explained  in 
Articles  32,  33,  34,  35,  36,  and  37. 

352.  The  racanneMMt  of  Tine  is  effected  by  comparing  the  events, 
and  especially  the  motions,  which  take  place  in  intervals  of  time. 

Equoil  times  are  the  times  occupied  by  the  same  body,  or  by  equal 
and  similar  bodies,  under  pi-ecisely  similar  circumstances,  in  per- 
forming equal  and  similar  motions.  The  standard  unit  of  time  is 
the  period  of  the  earth's  rotation,  or  sidereal  day,  which  has  been 
proved  by  Laplace,  from  the  records  of  celestial  phenomena,  not  to 
have  changed  by  so  much  as  one  eight-^nillionih  part  of  its  length 
in  the  course  of  the  last  two  thousand  years. 
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A  subordinate  unit  is  the  second,  being  the  time  of  one  swing  of 
a  pendulum,  so  adjusted  as  to  make  86,400  oscillations  in  1  00273791 
of  a  sidereal  day ;  so  that  a  sidereal  day  is  86164*09  seconds. 

The  length  of  a  solar  day  is  variable ;  but  the  mecm  solar  daiy^ 
being  the  exact  mean  of  all  its  different  lengths,  is  the  period 
ah^eady  mentioned  of  1-00273791  of  a  sidereal  day,  or  86,400 
seconds.  The  divisions  of  the  mean  solar  day  into  24  hours,'  of 
each  hour  into  60  minutes,  and  of  each  minute  into  60  seconds,  are 
familiar  to  alL 

Fractions  of  a  second  are  measured  by  the  oscillations  of  small 
X)endulums,  or  of  springs,  or  by  the  rotations  of  bodies  so  contrived 
as  to  rotate  through  equal  angles  in  equal  times. 

353.  Tdocitr  is  the  ratio  of  the  number  of  units  of  length 
described  by  a  point  in  its  motion  relatively  to  another  point,  to 
the  number  of  units  of  time  in  the  interval  occupied  fn  describing 
the  length  in  question ;  and  if  that  ratio  is  the  same,  whether  it  be 
computed  for  a  longer  or  a  shorter,  an  earlier  or  a  later,  part  of  the 
motion,  the  velocity  is  said  to  be  unifobm.  Velocity  is  expressed 
in  uniJta  ofdistanct  per  unit  of  time.  For  different  purposes,  there 
are  employed  various  units  of  velocity,  some  of  which,  together  with 
their  proportions  to  each  other,  are  given  in  the  following  table  : — 

Comparison  of  Different  Measures  of  Vdocity, 

Miles  Feet  Feet  Feet 

per  hoar.  per  second.        per  minute.        per  hour. 

I      ,  .        =1-46  =88         =  5280- 

o'68i8 .      =  I       .  =  60         =  3600 

o-oii36.^  =  o'oi6   .  =  I      .  =  60 

0*0001893  ==  0*00027  =  o'oi6  =  I 
1  nautical  mile  ^ 

per  hour,  or  >=i'i5o7        =z=  1*6877  =  101*262  =  607574 

"knot,"......) 

In  treating  of  the  general  principles  of  mechanics,  the^bo^  per  second 
is  the  unit  of  velocity  commonly  employed  in  Britain.  The  units 
of  time  being  the  same  in  all  civilized  countries,  the  proportions 
amongst  their  units  of  velocity  are  the  same  with  those  amongst 
their  linear  measures. 

Component  amd  resuliarU  velocities  are  the  velocities  of  component 
and  resultant  motions,  and  are  related  to  each  other  in  the  same 
way  with  those  motions,  which  have  already  been  treated  of  in 
Article  351. 

354.  VBifbrm  Biotimi  consists  in  the  combination  of  uniform 
velocity  with  uniform  direction;  that  is,  with  motion  along  a 
straight  line  whose  direction  is  fbced. 
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Section  2. — Uniform  Motion  ofSefoeral  Faints, 

355.  n«tiMi  of  »*»••  Potau. — ^Theorem.  The  relative  moticma 
of  three  points  in  a  given  interval  of  time 
are  represented  in  direction  a/nd  magni- 
tilde  by  the  three  sides  of  a  triangle.  Let 
0,  Ay  B^  denote  the  three  points.  Any 
one  of  them  may  be  taken  as  a  fixed 
point;  let  O  be  so  chosen;  and  let  OX, 
0  Y,  O  Z,  fig.  176,  be  axes  traversing 
it  in  fixed  directions.     Let  Ai  and  Bi  v\       a 

be  the  positions  of  A  and  B  relatively  ^"  ^ 

to  0  at  the  b^inning  of  the  given  interval  of  time,  and  A,  and  Bj 
their  positions  at  the  end  of  that  interval.  Then  A,  A,  and  Bi  B^ 
are  the  respective  motions  of  A  and  B  relatively  to  O.  Complete 
the  parallelogram  A|  Bi  5  A2 ;  then  because  Ag  5  is  parallel  and 
equal  to  Ai  B],  6  is  the  position  which  B  would  have  at  the  end  of 
the  interval,  if  it  had  no  motion  relatively  to  A ;  but  B9  is  the  actual 
position  of  B  at  the  end  of  the  interval ;  therefore,  5Bs  is  the  motion 
of  B  relatively  to  A.     Then  in  the  triangle  B^  5  Bj, 


B|  6  =  Ai  As  is  the  motion  of  A  relatively  to  0, 
6  B,  is  the  motion  of  B  relatively  to  A, 

Bi  B,  is  the  motion  of  B  relatively  to  O ; 

BO  that  those  three  motions  are  represented  by  the  three  sides  of  a 
triangle.— Q.  E.  D. 

This  Theorem  might  be  otherwise  expressed  by  saying,  that  if 
tJiree  moving  points  be  considered  in  any  order,  the  motion  of  the  third 
relatively  to  the  first  is  the  resuUourU  of  the  motion  of  the  third  relativdy 
to  tlie  second,  and  of  the  inotion  of  the  second  relatively  to  the  first; 
the  word  "resultant"  being  understood  as  already  explained  in 
Article  351. 

356.  modoM  of  a  Sertoa  of  Potata. — CoROLLARY.  If  a  series  of 
points  he  considered  in  any  order,  and  the  motion  of  each  point  deter- 
mined relativdy  to  tliat  which  precedes  it  in  the  series,  and  if  the 
relative  motion  of  the  last  point  and  the  first  point  be  also  determined, 
then  will  those  motions  be  represented  by  the  sides  of  a  closed  polygon. 
Let  O  be  the  first  point.  A,  B,  C,  kc,  successive  points  following 
it,  M  the  last  point  but  one,  and  N  the  last  point;  and,  for  brevity's 
sake,  let  the  relative  motion  of  two  points,  such  as  B  and  C,  be 
denoted  thus  (B,  C).  Then  by  the  Theorem  of  Article  355  (0,  A), 
(A,  B),  and  (O,  B)  are  the  three  sides  of  a  triangle ;  also  (O,  B), 
(B,  C),  and  (O,  C),  are  the  three  sides  of  a  triangle;  th^^ore 
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(0,  A),  (A,  B),  (B,  C),  and  (0,  C),  are  the  four  Bides  of  a  quadri- 
lateral ;  and  by  continuing  the  same  process,  it  is  shown,  that  hoiw 
great  soever  the  number  of  points,  (0,  N),  is  the  closing  side  of  a 
polygon,  of  which  (O,  A),  (A,  B),  (B,  C),  (C,  D),  &c.,  (M,  N)  are 
tlie  other  sides. — Q.  E.  D.  In  other  words,  the  ^notion  of  the  lasi 
point  relaiivelt/  to  Uie  first  is  Hie  resultant  o/tlie  motions  of  each  point 
of  the  series  relatively  to  that  preceding  it. 

This  proposition  is  exactly  analogous  to  that  of  the  "  polygon  of 
couples,    Article  37. 

357.  The  ParaUeiopipcd  of  iiiofioiis  is  a  case  of  the  polygon  of 
motions,  analogous  to  the  parallelepiped  of  forces  in  Article  54.    In 

^g.  177,  let  there  be  four  points,  O,  A,  B,  C, 
of  which  one,  O,  is  assumed  as  fixed,  and 
is  traversed  by  three  axes  in  fixed  direc- 
tions, O  X,  O  Y,  O  Z.  In  a  given  interval 
of  time,  let  A  have  the  motion  A,  A« 
along  or  parallel  to  OX;  let  B  have,  in  the 
same  interval,  the  motion  6  B^  parallel  to 
O  Y,  and  relatively  to  A;  then  B^  'B^  the 
diagonal  of  the  parallelogram  whose  cddes 
Fig.  177.  are  5^6  =  A^  A,  and  bB„  is  the  motion  of 

B  relatively  to  O.  Let  C  have,  relatively  to  B,  the  motion  e  C, 
parallel  to  O  Z;  then  C,  Cj,  the  diagonal  of  the  parallelopiped 
whose  edges  are  A,  A„  b  B.,,  and  cCj,  is  the  motion  of  C  relatively 
to  O,  being  the  resultant  of  the  motions  represented  by  those  three 
edges.  This  is  a  mechanical  explanation  of  the  compositian  of 
motions,  leading  to  results  corresponding  with  the  geometrical 
explanation  of  Article  351. 

358.  CompnniUTe  MoUoii  is  the  relation  which  exists  between 
the  simultaneous  motions  of  two  points  relatively  to  a  third,  which 
is  assumed  as  fixed  The  comparative  motion  of  two  points  is  ex- 
pressed, in  the  most  general  case,  by  means  of  four  quantities, 
viz.  : — 

(1.)  The  vdocity  ralio^  or  the  proportion  which  their  velocities 
bear  to  each  other. 

(2.)  (3.)  (4.)  The  directional  relation,*  which  reqiures,  for  its  coxa- 
plete  expression,  three  anglea  Those  three  angles  may  be  mecusored 
in  different  ways,  and  one  of  those  ways  is  the  following  :--f- 

(2.)  The  angle  made  by  the  directions  of  the  compared  motions 
with  each  other. 

(3.)  The  angle  made  by  a  plane  parallel  to  those  two  directions 
with  a  fixed  plane. 

*  These  terms  are  Adopted  from  Mr.  Willis's  work  on  MecbanisiB. 
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(4.)  The  angle  made  by  the  intersection  of  those  two  phmes  with 
a  fixed  direction  in  the  fixed  plane. 

Thus,  the  oomparatiye  motion  of  two  points  relatively  to  a  third 
is  expressed  by  means  of  one  of  those  groups  of  four  elements  which 
Sir  William  Rowan  Hamilton  has  called  ''quaternimar  In  most  of 
the  practical  applications  of  cinematics,  the  motions  to  be  compared 
are  limited  by  conditions  which  render  the  comparison  more  simple 
than  it  is  in  the  general  case  just  described.  In  machines,  for 
example,  the  motion  of  each  point  is  limited  to  two  directions, 
forward  or  backward  in  a  fixed  path;  so  that  the  comparative 
motion  of  two  points  is  sufficiently  expressed  by  means  of  the 
velocity  ratio,  together  with  a  directional  relation  expressed  by  +  or 
— ,  according  as  the  motions  at  the  instant  in  question  ai«  mmiU^ 
or  contrary. 

Section  3. — Varied  MaUm  qfPoiaUa. 

359.  TelMltr  and  Dlnetton  of  TaHed  Mmam 

one  point  relatively  to  another  may  be 
varied,  either  by  change  of  velocity,  or 
by  change  of  direction,  or  by  both 
combine^  which  last  case  will  now  be 
considered,  as  being  the  most  general. 

In  fig.  178,  let  O  represent  a  point 
assumed  as  fixed,  OX,  O  Y,  OZ,  fixed 
directions,  and  A  B  part  of  the  paUi  or 
orbit  traced  by  a  second  point  in  its 
varied  motion  relatively  to  O.     At  the  ^*  ^^®* 

instant  when  the  second  point  reaches  a  given  position,  such  as  P, 
in  its  path,  the  directum  of  its  motion  is  obviously  that  of  P  T,  a 
tangent  to  the  path  at  P. 

To  find  the  velocity  at  the  inistant  of  passing  P,  let  ^t  denote  an 
interval  of  time  which  includes  that  instant,  and  ^8  the  distance 
traced  in  that  interval     Then 

At 
is  an  a/pproodrn/Uion  to  the  velocity  at  the  instant  in  question,  which 
will  approach  continually  nearer  and  nearer  to  the  exact  velocity  as 
the  interval  a  t  and  the  distance  a  $  are  made  shorter  and  shorter ; 

and  the  Ivnwt  towards  which  —  converges,  as  ^8  and  ^t  are  inde- 

A  t 

finitely  diminished^  and  which  is  denoted  by 

'-% -•■« 

2o 
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is  the  exact  velocity  at  the  instant  of  passing  P.  This  is  tihe  procf^ 
called  '' differentieUicm,'" 

Should  the  velocity  at  each  instant  of  time  be  knovn,  then  tl'^ 
distance  ^i  —  ^  described  dnring  an  interval  of  time  ^  —  4  ^  ^^^ 
by  integration  (see  Article  81),  as  follows  : — 

vdt (i; 

360.  Conponema  of  Varied  Metioii. — ^All  the  pioposilaDDS  d  t: 
two  preceding  sections,  respecting  the  composition  and  re»Im»:- 
of  motions,  are  applicable  to  the  velocities  of  varied  motioDS  £  ^ 
given  instant,  each  such  velocity  being  represented  by  a  line,  se- 
as FT,  in  the  direction  of  the  tangent  to  the  path  of  the  pan: 
which  moves  with  that  velocity,  at  the  instant  in  question.  F ' 
example,  if  the  axes  OX,  O  Y,  O  Z,  are  at  right  angles  to  »i 
other,  and  if  the  tangent  P  T  makes  with  their  directLons  RS^ 
tively  the  angles  «,  /3,  y,  then  the  three  rectangular  compaxBH^  •: 
the  velocity  of  the  point  parallel  to  those  three  axes  are 

V  cos  «;  17  cos  /3;  v  008  y. 

liot  X,  y,  ar,  be  the  co-ordinates  of  any  point,  such  as  P,  in  thfi  p* 
A  P  B,  as  referred  to  the  three  given  axes.  Then  it  is  weU  k]>:» 
that 

d  X  d  y  dz 

and  consequently  the  three  components  of  the  velocity  v  are 

dx  .       dy  dz         ^. 

t?cos»=--^;vcos^  =  -j^;«cosy  =  -r:> ^^• 

at  at  at 

and  these  are  related  to  their  resultant  by  the  equation 

(m'*m*m' "'■■■■ <^' 

361.  VMir«raiif-irariea  Tei«cUy. — Let  the  velocity  of  a  v^' 
either  increase  or  diminish  at  an  uniform  rate;  so  that  if  i  i^^ 
sents  the  time  elapsed  from  a  fixed  instant  when  the  Telocity  «- 
v^  the  velocity  at  the  end  of  that  time  shall  be 

tj  =  t7^  +  a«; (1) 

a  being  a  constant  quantity,  which  is  the  rate  qfvaria^an  of  :'• 
velocity,  and  is  called  a^xderaHon  when  positive,  and  reiarda:^*- 
when  negative.     Then  the  mean  velocity  during  the  time  t  h 

Vf^  +  v  at  .a, 

'a — "o+^-J <-' 
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and  the  distance  deBoribed  ia 

•  =  n<  +  ^ (3.) 

To  find  the  Yelocity  of  a  point,  whose  velocity  is  uniformly  yaried, 
at  a  given  instant,  and  the  rate  of  variation  of  that  velocity,  let 
the  distances,  A«„  A«^  described  in  two  equal  intervals  of  time, 
each  equal  to  At,  before  and  after  the  instant  in  question,  be 
observed.  Then  ^e  velocity  at  the  instant  between  those  inter- 
vals is 

and  its  rate  of  variation  is 

AV         ASi-^Si  ,i,. 

^--^t^-^TT ^^-^ 

362.  TmrML  Bote  of  TwiaUoH  of  Teiocitr- — When  the  Velocity 
of  a  point  is  neither  constant  nor  uniformly- varied,  its  rate  of 
variatioD  may  still  be  found  by  applying  to  tiie  velocity  the  same 
operation  of  differentiaUony  which,  in  Article  359,  was  applied  to 
the  distance  described  in  order  to  find  the  velocity.  The  result  of 
this  operation  is  expressed  by  the  symbols, 

dv  _d^ 
dt  "  df' 

and  is  the  limit  to  which  the  quantity  obtained  by  means  of  the 
formula  5  of  Article  361  continually  approximates,  as  the  interval 
denoted  by  A  ^  is  indefinitely  dimimshecL 

363.  VBiAnt  ]»«TiMioB  is  the  change  of  motion  of  a  point  which 
moves  with  uniform  velocity  in  a  circular 
patL     The  rate  at  which  uniform  deviation 
takes  place  is  determined  in  the  following 
manner. 

Let  C,  ^%.  179,  be  the  centre  of  the  cir- 
cular path  described  by  a  point  A  with  an 
xiniform  velodly  i7,  and  let  the  radius  C~A  be 
denoted  by  r.  At  the  beginning  and  end  of 
an  interval  of  time  a<,  let  A|  and  A,  be  the 
positions  of  the  moving  point     Then 

the  arcAiAfl  =  v^t'y  and 

^-      ,      -   .     .  -    chord  Fig.  179. 

thechord  A.  Afl  a  i7At- ^ 

arc  • 

The  velocities  at  A|  and  At  are  represented  by  the  equal  lines 
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ATV,  =  ATV",  =  %  touching  the  drcle  at  Ai  and  A,  respec- 
tively. From  A,  draw  A^v  equal  and  parallel  to  A|  V„  and  join 
V\v.  Then  the  velocity  A^  Y,  may  be  considered  as  compounded 
of  AJD  and  vY] ;  so  that  vV,  is  the  deviation  of  the  motion  dui^ 
ing  the  interval  At;  and  because  the  isosceles  triangles  A,«V„ 
0  A|  Aj,  are  similar : — 

--=.       ATT^'ATS.      t^'A<    chord, 

^^•  =  — UT  *•       ^  ' 

and  the  approxtmaie  rate  of  that  deviation  is 

«^    chord 
—  •  — ^— —  . 
r       arc 

but  the  deviation  does  not  take  place  by  instantaneous  changes  of 
velocity,  but  by  insensible  degrees ;  so  that  the  true  rate  of  deviation 
is  to  be  found  by  finding  the  limit  to  which  the  approximate  rate 
continually  approaches  as  the  interval  At  is  diminished  indefinitely. 

Now  the  factor  —  remains  unaltered  by  that  diminution ;  and  the 

ratio  of  the  chord  to  the  arc  approximates  continually  to  equality; 
so  that  the  limit  in  question^  or  tme  rate  of  deviation,  is  expr^sed  by 

t 0.) 

r  ^  ' 

364.  TmrjtMB  DertetiMi. — ^When  a  point  moves  with  a  varying 
velocity,  or  in  a  curve  not  circular,  or  hds  both  these  variations  of 
motion  combined,  the  rate  of  demotion  at  a  given  instant  is  still 
represented  by  equation  1  of  Article  363,  provided  v  be  taken  to 
denote  the  velocity,  and  r  the  radius  of  curvature  of  the  path,  of 
the  point  at  the  instant  in  question. 

365.  The  B«Mdiut  Bate  «r  TwtetiMi  of  the  motion  of  a  point 
is  found  by  considering  the  rate  of  variation  of  velocity  and  the 
rate  of  deviation  as  represented  by  two  lines,  the  foimer  in  the 
direction  of  a  tangent  to  the  path  of  the  point,  and  the  latter  in 
the  direction  of  the  radius  of  curvature  at  the  instant  in  question, 
and  taking  the  diagonal  of  the  rectangle  of  which  those  two  lines 
are  the  sides,  which  has  the  following  value  : — 


366.  The  Bmm  of  TwiatlMi  «rthe  CMBpMoit  Tdocitlca  of  a  point 
parallel  to  three  rectangular  axes,  are  represented  as  follows : — 
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a) 


d^x     flg'y     (Pz 
df'    df'de'' 


and  if  a  rectangular  parallelopiped  be  constructed,  of  which  the 
edges  represent  Siese  quantities,  its  diagonal,  whose  length  is 

vmy^&hm') « 

ymH  represent  the  reauUcmt  rate  of  variation,  already  given  in 
another  form  in  equation  1  of  Article  365. 

367.  The  CouFwiMn  or  the  T«ri0dl  nmOmmm  of  a  pair  of  points 
relatively  to  a  third  point  assumed  as  fixed,  is  made  by  finding  the 
ratio  of  their  velocities,  and  the  directional  relation  of  the  tangents 
of  their  paths,  at  the  same  instant,  in  the  manner  already  described 
in  Article  358  as  applied  to  uniform  motions.  It  is  evident  that 
the  comparative  motions  of  a  pair  of  points  may  be  so  regulated  as 
to  be  constant,  although  the  motion  of  each  point  is  varied,  pro- 
vided the  variations  te^e  place  for  both  points  at  the  same  instant, 
and  at  rates  proportional  to  their  velocities. 
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CHAPTER  n. 

MOTIOKS  OF  BlOm  BODIESL 

SBCfTiON  1.— jBt^  Bodies,  and  ikevr  TrtmdoHon. 

368.  The  tenn  wtigUL  Body  is  to  be  understood  to  denote  t  b^Jf 
or  an  assemblage  of  bodies,  or  a  system  of  jwints,  whose  £gi^ 
undergoes  no  alteration  during  the  motion  which  is  under  c- 
sideration.  .        j     • 

369.  Tnmslafloii  or  BhifllHg  is  the  motion  of  a  rigid  bodyi^ 
tively  to  a  fixed  point,  when  the  points  of  the  rigid  body  Ure  s 
motion  relatively  to  each  other ;  that  is  to  say,  when  they  all  ic<'^- 
with  the  same  velocity  and  in  the  same  direction  at  the  ac* 
instant,  so  that  no  line  in  the  rigid  body  changes  its  direction. 

It  is  obvious  that  if  three  points  in  the  rigid  body,  not  in  t^ 
same  straight  line,  move  in  paiallel  directions  with  equal  vdanDt^ 
at  each  instant,  the  body  must  have  a  motion  of  translation. 

The  paths  of  the  different  points  of  the  body,  provided  tber  s^ 
all  equal  and  similar^  and  at  each  instant  parallel,  may  have  i:.- 
figure  whatsoever. 

Section  2. — Simpie  Rotation. 

370.  Bot&uon  or  Tunitiig  is  the  motion  of  a  rigid  body  vk 
lines  in  it  change  their  direction.  Any  point  in  or  rigidly  attadr 
to  the  body  may  be  assumed  as  a  fixed  point  to  which  to  refer  t 
motions  of  the  other  points.    Such  a  point  is  called  centre  ofrtisi^  • 

371.  Axto  of  RotatioM. — ^THEOREM.  In  every  possiMe  cka»^  k 
position  of  a  rigid  body,  relatively  to  a  fixed  centre,  there  «  fl  •■ 

traversing  that  centre  tcfum  di-^ 
tion  is  not  changed.  In  fig  i* 
let  O  be  the  centre  of  rotation,  fcs- 
let  A  and  B  denote  any  two  i<^ 
points  in  the  body,  whose  src 
tions  relatively  to  0  are,  h^^ 

^  ^ the  turning,  A„  B,,  and  aftff;_ 

"^^  ^  turning,    A^   B^     Join    A.  A. 

^'S- 180.  3^  j^^  forming  the  isosceles  tr^ 

gles  O  A,  A«,  O  Bi  B^.     Bisect  the  bases  of  those  triangles  in  C  J^- 
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J)  respectively,  and  through  the  points  of  bisection  draw  two  planes 
X>erpendicidar  to  the  respective  bases,  intersecting  each  other  in  the 
straight  line  O  E,  which  must  traverse  O.  Let  E  be  any  point  in 
the  line  O  E;  then  E  A,  A,,  and  E  Bj  B„  are  isosceles  triangles ; 
and  E  is  at  the  same  distance  from  O,  A,  and  B,  before  and  after 
the  turning;  therefore  E  is  one  and  tiie  same  point  in  the  body, 
-whose  place  is  unchanged  by  the  turning;  and  this  demonstration 
applies  to  every  point  in  the  straight  line  O  E;  therefore  that  line 
is  unchanged  in  direction. — Q.  E.  D. 

CoBOLLARY.  It  is  evident  that  every  line  in  the  body,  parallel 
to  the  axis,  has  its  direction  unchanged. 

372.  The  Plane  of  BofaUoa  is  any  plane  perpendicular  to  the 
axis.  The  Amgke  of  Botation,  or  angular  motion,  is  the  angle  made 
by  the  two  directions,  before  and  after  the  turning,  of  a  line  per- 
pendicular to  the  axis. 

373.  The  Angnliur  TelMitr  of  a  turning  body  is  the  ratio  of  the 
angle  of  rotation,  expressed  in  terms  of  radius,  to  the  number  of 
units  of  time  in  the  interval  of  time  occupied  by  the  angular  motion. 
Speed  of  turning  is  sometimes  expressed  also  by  the  number  of 
turns  or  fractions  of  a  turn  in  a  given  tima  The  relation  between 
these  two  modes  of  expression  is  the  following : — Let  a  be  the 
angular  velocity,  as  above  defined,  and  T  the  turns  in  the  same  unit 
of  time;  then 

T-  — • 

a  =  2  *  T; 
(2  »  =  6-2831 852> 

374.  VuiCuFm  Botatioii  consists  in  uniformity  of  the  angular  velo- 
city of  the  turning  body,  and  constancy  of  the  direction  of  its  axis 
of  rotation. 

375.  Rotation  coninion  to  all  ParU  of  Bodj* — Since  the  angular 
motion  of  rotation  consists  in  the  change  of  direction  of  a  line  in 
a  plane  of  rotation,  and  since  that  change  of  direction  is  the  same 
how  short  soever  the  line  may  be,  it  is  evident  that  the  condition 
of  rotation,  like  that  of  translation,  is  common  to  every  particle, 
how  small  soever,  of  the  turning  rigid  body,  and  that  the  angular 
velocity  of  turning  of  each  particle,  how  small  soever,  is  the  same 
with  that  of  the  entire  body.  This  is  otherwise  evident  by  con- 
sidering, that  each  part  into  v^hich  a  rigid  body  can  be  divided 
turns  completely  about  in  the  same  time  with  every  other  part,  and 
with  the  entire  body. 

376.  Bifht  and  iiOft>>Brandea  BotaUon. — ^The  direction  of  rotation 
round  a  given  axis  is  distinguished  in  an  arbitrary  manner  into 
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right-handed  and  left-hcmded.  One  end  of  the  axis  is  chosen,  as 
that  from  which  an  observer  is  supposed  to  look  along  the  directioii 
of  the  axis  towards  the  rotating  body.  Then  if  the  bodj  seems  to 
the  observer  to  turn  in  the  same  direction  in  which  the  sun  aeems 
to  revolve  to  an  observer  north  of  the  tropics,  the  rotation  is  said 
to  be  right-handed;  if  in  the  contrary  diiection,  left-handed :  and 
it  is  usual  to  consider  the  angular  velocity  of  right-handed  rotation 
to  be  positive,  and  that  of  left-handed  rotation  to  be  negative; 
but  this  is  a  matter  of  convenience.  It  is  obvious  that  the 
same  rotation  which  seems  right-handed  when  looked  at  firom 
one  end  of  the  axis,  seems  left-handed  when  looked  at  from  the 
other  end. 

377.  BeUulre  ]II«ti«m  «f  a  Pair  o/Potets  In  a  BaCating  Bady* — I^et 
O  and  A  denote  any  two  points  in  a  rotating  body ;  and  consider- 
ing O  as  fixed,  let  it  be  required  to  determine  the  motion  of  A 
relatively  to  an  axis  of  rotation  drawn  through  O.  On  that  axis 
let  Mi  a  perpendicular  from  A  ;  let  r  be  the  length  of  that  perpen- 
dicular. Then  the  motion  of  A  relatively  to  the  axis  traversing  O 
is  one  of  revohUiony  or  tranalaiion  in  a  circular  path  of  the  radius 
r ;  the  centre  of  that  circular  path  being  at  the  point  where  the 
perpendicular  from  A  meets  the  axia  If  a  be  the  angular  velocity 
of  the  body,  then  the  velocity  of  A  relatively  to  the  axis  traversing 
Ois 

v  =  ar; (1.) 

and  the  direction  of  that  velocity  is  at  each  instant  perpendicular 
to  the  plane  drawn  through  A  and  the  axis.  The  rate  o/deviaUon 
of  A  in  its  motion  relatively  to  the  given  axis  is 

^  =  «*'-J (2.) 

in  which  the  first  expression  is  that  already  found  in  Article  363, 
and  the  second  is  deduced  from  the  first  by  the  aid  of  equation  1  of 
this  Arfcicla  It  is  evident  that  for  a  given  rotation  the  motion  of 
O  relatively  to  an  axis  of  rotation  traversing  A  is  exactly  the  same 
with  that  of  A  relatively  to  a  parallel  axis  traversing  O ;  for  it 
depends  solely  on  the  angular  velocity  a,  the  perpendicular  distanoe 
r  of  the  moving  point  from  the  axis,  and  the  direction  of  the  aids ; 
all  which  are  the  same  in  either  c&se. 
r  is  called  the  radius-vector  of  the  moving  point. 

378.  CrUadricAl.  Sarlhca  of  E^aal  Tdaeittoa. — If  a  cylindrical 
surface  of  circular  cross  section  be  described  about  an  axis  of  rota- 
tion, all  the  points  in  that  sur&ce  have  equal  velocities  relatively 
to  the  axis,  and  the  direction  of  motion  of  each  point  in  the  c^lin- 
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drical  Barieuce  relativelj  to  the  axis  is  a  tangent  to  the  surface  in  a 
plane  perpendicular  to  the  axi& 

379.  CmMpwrailre  ]II«timM  «f  Tw*  W^lmam  rtHmttnUf  tm  u  Axte. — 

Let  O,  A,  B,  denote  three  points  in  a  rotating  rigid  body )  let  O  be 
considered  as  fixed,  and  let  an  aads  of  rotation  be  drawn  through 
it.  Then  the  comparative  motions  of  A  and  B  relatively  to  that 
axis  are  expressed  as  follows  : — the  vdocity-raUo  is  that  of  the  radii- 
vedores  of  the  poirUe,  a/nd  the  directional  rdaHon  consists^  in  tha 
angle  between  their  dvrectiona  of  motion  being  ike  eamhe  imtk  thai 
beiujeen  their  radii^vectores.  Or  symbolically  :  Let  ri,  rj,  be  the  per- 
pendicular distances  of  A  and  B  from  the  axis  traversing  O,  and 
Vi  and  v^  their  velocities ;  then 

-.  =  -  j  and  ViV,  =  r,r» 
Vj      ri 

380.  CMMpMCBta  of  Tctocltjr  of  a  Politt  !■  a  BoftUtev  Bodf. — The 

component  parallel  to  an  axis  of  rotation,  of  the  velocity  of  a  point 
in  a  rotating  body  relatively  to  that  axis, 
is  nulL     T^at  velocity  may  be  resolved  v^ 

into  components  in  the  plane  of  rotation. 
Thus  let  O,  in  fig.  181,  represent  an  axis 
of  rotation  of  a  body  whose  plane  of  rota- 
tion is  that  of  the  figuro ;  and  let  A  be 
any  point  in  the  body  whose  radius-vector 
is  OA  =  r.      The  velocity  of  that  point  kA^ 

being  v  =  ar,  let  that  velocity  be  repre-  mTiai 

sented  by  the  line  AV  perpendicular  to  ^* 

O  A.  Let  BA  be  any  direction  in  the  plane  of  rotation,  along 
which  it  is  desired  to  find  the  component  of  the  velocity  of  A ;  and 
let  .^  V  ATJ  =  ^  be  the  angle  made  by  that  line  with  A  V  From 
V  let  fall  VTJ  perpendicular  to  BA;  then  AU  represents  the 
component  in  question ,  and  denoting  it  by  u, 

u=zv'Coa4  =  ar  *  cos  ^ (1.) 

From  O  let  fall  O B  perpendicular  to  BA-  Then  .^A.OB=z 
,^VAU  =  ^;  and  the  right-angled  triangles  O B  A  and  A  U  V 
are  giTnilar  ^  so  that 

AV  :  AU  :  :  ^  :  OB  =  r  cos  i (2.) 

Now  the  entire  velocity  of  B  relatively  to  the  axis  O  is 

ar  cos  ^  =s  tt, , (3.) 

so  that  the  component,  along  a  given  straight  line  in  the  plane  of 
rotation,  of  the  vdoeity  of  any  point  in  that  line,  is  eqyal  to  tits  veto- 
aty  of  ihe  point  wh&re  a  perpendicular' from  the  axis  meets  that  line. 
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Section  3. — Combined  Rotations  and  Translations. 

381.  PMpcrtr  of  au  niotioM  of  Bigid  Bodioa. — ^The  foregoing  pro- 
position may  be  regarded  as  a  particular  case  of  the  following,  whidli 
is  true  of  all  motions  of  a  rigid  body. 

TfiS  components,  along  a  given  straight  line  in  a  rigid  hody^  of  the 
velocities  of  the  points  in  that  line  relativelt/  to  any  point,  whether  in  or 
attacJted  to  the  body  or  otherunse,  are  all  equal  to  each  other;  for 
otherwise,  the  distances  between  points  in  the  given  straight  line 
must  alter,  which  is  inconsistent  with  the  idea  of  rigidity. 

382.  HolicBl  nioiioii. — Rotation  is  the  only  movement  which  a 
rigid  body  as  a  whole  can  have  relatively  to  a  point  belonging  to 
it  or  attached  to  it.  But  if  the  motion  of  the  body  be  determined 
relatively  to  a  point  not  attached  to  it,  a  translation  may  be  com- 
bined with  the  rotation.  When  that  translation  takes  place  in 
the  direction  of  the  axis  of  rotation,  the  motion  of  the  rigid  body  is 
said  to  be  helical,  or  screw-like,  because  each  point  in  the  rigid  body 
describes  a  helix  or  screw,  or  a  part  of  a  helix,  or  screw. 

Let  Vi  denote  the  velocity  of  translation,  parallel  to  the  axis  of 
rotation,  which  is  common  to  all  points  of  the  body ;  this  is  called 
the  velocity  ofadvaTwe,  The  advance  during  one  complete  turn  of 
the  rotating  body  ia  the  pUcJh  of  each  oi  the  helical  or  screw-like 
paths  described  by  its  particles ;  that  is,  the  distance,  in  a  direc- 
tion parallel  to  the  axis,  between  one  turn  of  each  such  helix  and 

the  next;  and  a  being  the  angular  velocity,  so  that  —  is  the  time 

of  one  turn,  the  value  of  the  pitch  is 

Let  r,  as  before,  be  the  radius-vector  of  any  point  in  the  body,  and 
let 

Vt  =  ar (2.) 

denote  its  velocity  of  revohition,  or  velocity  relatively  to  the  axis, 
due  to  the  rotation  alone.  Then  the  resultant  velocity  of  that 
point  is 

«=  ,yiTHR  =  a'-Y/{^^+r'} (3.) 

The  iruHinaJtion  of  the  helix  described  by  that  point  to  the  pl^irie  of 
rotation  is  given  by  the  equation 

Vi                          p 
t  =  arc  •  tan  •  -  =  arc  •  tan  •  cT—I (i.) 
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the  tangent  of  that  angle  being  the  ratio  of  the  pitch  to  the  circum- 
ference of  the  circle  described  by  the  point  relatively  to  the  axis  of 
rotation. 

383.  Frobleil  to  Vlad  th 
BlMlmM  of  ThPM  of  IM  I*olBia.p— 
Let  A,  B,  C,  fig.  182,  be  three 
points  in  a  rigid  body,  and  at  a 
given  instant  let  them  have  mo- 
tions relatively  to  a  point  indepen- 
dent of  the  body,  which  motions 
are  represented  in  velocity  and 
direction  by  the  three  lines  A  V., 
B  Vj,  C  V^  It  is  required  to  find 
the  motion  of  the  entire  rigid 
body  relatively  to  the  same  fixed 
point. 

Through  any  point  o,  fig.  183, 
draw  three  lines  oa,ob,oc,  equal 
and  parallel  to  the  three  lines 
A  v.,  BVj,  C  V^     Through  a,  ft,  and  <?,  draw  a 
plane  a  be,  on  which  let  fall  a  perpendicular  o  n 
from  0.     Then  o  n  represeuts  a  component,  which 
is  common  to  the  velocities  of  all  the  three  points 
A,  B,  C,  and  must  therefore  be  common  to  all  the 
points  in  the  body;  that  is,  it  is  a  vdocUy  of 
ircmdcUion, 


Big.  182. 


Fig.  188. 


From  the  points  V«  V»,  V„  draw  lines  T/tT^  VjU»,  V,  U« 
equal  and  parallel  to  o  n,  but  opposite  in  direction  to  it ;  and  join 
A  U.,  B  Uj,  C  U„  which  will  all  be  parallel  to  the  same  plane  ; 
that  is,  to  tibe  plane  ahc.  The  last  three  lines  will  represent  the 
component  velocities  which,  along  with  the  common  velocity  of 
translation  parallel  to  o  n,  make  up  the  resultant  velocities  of  the 
three  points.  Through  any  two  of  the  points  A,  B,  draw  planes 
perpendicular  to  the  respective  components  of  their  motions  which 
are  parallel  to  ahc.  These  two  planes  will  intersect  each  other  in 
a  line  ODE,  which  will  be  parallel  to  o n.  The  perpendicular 
distances  of  that  line  from  the  points  A,  B,  being  unchanged  by  the 
motion,  it  represents  one  and  the  same  line  in  or  attached  to  the 
rigid  body,  and  it  is  therefore  the  axis  of  rotation.  A  plane  drawn 
through  the  third  point  C,  perpendicular  to  C  U„  will  cut  the  other 
two  planes  in  the  same  axis :  the  three  revolving  component 
velocities 


AU«BU»,  CU« 
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will  be  respeotiTelj  proportional  to  the  perpendicular  distanoesy  or 

radU-vectarea, 

AD,  BE,  OF, 

of  the  three  point9  from  that  axis;  and  the  angular  veloGLtj- 
will  be  equal  to  each  of  the  three  quotients  made  by  dividing  the 
reyolylng  component  velocities  of  the  points  by  their  respective 
radii-vectorea  This  rotation,  combined  with  a  translation  parallel 
to  the  axis,  with  a  velocity  represented  by  o  n,  constitutes  a  helical 
moUon,  being  the  required  motion  of  the  rigid  body. — Q.  K  I. 

384.  apeetel  C«Ma  of  the  preceding  problem  occur,  in  which 
either  a  more  simple  method  of  solution  is  sufficient,  or  the  general 
method  £eu1s,  and  a  special  method  has  to  be  employed 

I.  When  the  moHone  of  the  points  of 
the  body  are  known  to  he  aXL  pcurallel  to 
(me  pUmSy  it  is  sufficient  to  know  the 
motions  of  two  points,  such  as  A,  B,  ^^ 
184.  Let  A  O,  B  O,  be  two  planes  tra- 
versing A  and  B,  and  perpendicular  to 
the  respective  directions  of  the  simul- 
taneous velocities  of  those  points;  if  those 
planes  cut  each  other,  the  entire  motion 
is  a  rotation;  the  line  of  intersection  of 
the  planes  O,  being  the  axis  of  rotation, 
and  the  angular  velocity,  are  found  as  in  the  last  Article.  If  the 
two  planes  are  parallel,  the  motion  is  a  translation. 

II.  If  three  paints,  not  in  the  same  plane,  have  paraUd  moUons, 
or  if  three  points  in  the  same  plane  have  parallel  motions  oblique  to 
the  plane,  the  motion  ib  a  translation. 

III.  If  three  points  in  the  same  plane  move  perpendicularly  to  the 
flam,  as  A  B  C,  fig.  184  a,  then  if  their  velocities  are  equal,  the 


Fig.  184& 


Fig.  184  a. 


^: 


FEg.l84o. 


motion  is  a  translation;  and  if  their  velocities  are  unequal,  the 
motion  is  a  rotation  about  the  axis  which  is  the  intersection  of  the 
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plane  of  the  three  points  with  the  plane  drawn  through  the  extx^- 
mities  V^  Vj,  V„  of  the  three  lines  which  represent  their  veloci- 
ties ;  the  angular  velocity  being  fonnd  as  in  Article  383. 

If  the  plane  of  rotation  is  known,  then  the  simultaneous  veloci- 
tiefl  of  two  points,  as  A  and  B  in  figs.  184  h  and  184  c,  are  sufficient 
to  determine  the  axis  O. 

385.    1l«iMlM  CMriMaed  wMi  TraadBiimi  !■  th*  Bmmm  VUmm. — 

Let  a  body  rotate  about  an  axis  C  (fig.  185), 

fixed  relatively  to  the  body,  with  an  angular 

velocity  a,  and  at  the  same  time  let  that  axis 

have  a  motion  of  translation  in  a  straight  path 

perpendicular  to  the  direction  of  the  axis,  with 

the  velocity  w,  represented  by  the  line  C  U.     It 

is  required  to  find  the  velocity  and  direction  of 

motion  of  any  point  in  the  body.      From  the  W|»~i86 

moving  axis  draw  a  straight  line  C  T  perpendi- 

cular  to  that  axis  and  to  0  U,  and  in  that  direction  into  which  the 

rotation  (as  represented  by  the  feathered  airow)  tends  to  turn  C  U, 

and  make 

0T=- (1.) 

Then  the  point  T  has,  in  virtue  of  VromdaiMm  dUmg  with  the  axis 
C,  a  forwa/rd  motion  with  the  velocity  u ;  and  in  virtue  of  rotor 
Hon  abatU  that  axis,  it  has  a  hackwoird  motion  with  the  velocity 

equal  and  opposite  to  the  former ;  and  its  resultant  velocity  is  0. 
Hence  every  point  in  the  body,  which  comes  in  succession  into  the 

position  T,  situated  at  the  distance  —  from  the  axis  C  in  the  direc- 
tion above  described,  is  fU  rest  at  the  tnstcmt  of  tia  arrivvng  at  that 
position;  that  is,  it  has  just  ceased  to  move  in  one  direction,  and 
is  about  to  move  in  another  direction ;  and  this  is  time  of  every 
point  which  arrives  at  a  line  traversing  T  parallel  to  C.  Conse- 
quently the  resultant  motion  of  the  body,  at  any  given  instant,  is 
the  same  as  if  it  were  rotating  about  the  line  which  at  the  instant 
in  question  occupies  the  position  T,  parallel  to  C,  at  the  distance 

- :  and  that  line  is  called  the  instaittakeous  azi&  To  find  the 
a 

motion  of  any  point  A  in  the  body  at  a  given  instant,  let  fall  the 

perpendicular  AT  from  that  point  on  the  instantaneous  axis;  then 

the  motion  of  A  is  in  the  direction  A  Y  perpendicular  to  the  plane 
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of  the  ingtantaneotus  axis  and  of  the  tnttontoneottf  radtua-^cedor 
A  T^  and  the  velodly  of  that  motion  is 

i>  =  a-AT (2.) 

386.  baIUhc  Cyitadcrs  TMekoM. — Eveiy  straight  line  parallel 
to  the  moving  axis  C,  in  a  cylindrical  sur&oe  described  about  C 

with  the  radius  -,  becomes  in  turn  the  instantaneous  axis.    Hence 
a 

the  motion  of  the  body  is  the  same  with  that  produced  by  the  roU- 
ing  of  such  a  cylindrioJ  surface  on  a  plane  FTP  parallel  to  C  and 

u 

to  0  U,  at  the  distance  -. 

The  path  described  by  any  point  in  the  body,  such  as  A,  which 
is  not  in  the  moving  axis  C,  is  a  curve  well  known  by  the  name  of 
trochoid.     The  particular  form  of  trochoid  called  the  eydoid^  is 
described  by  each  of  the  points  in  the  rolling  cylindrical  sur&ca 
"""     —  ^  Cylbidleri  Spftral  Pailw.— Another  mode 

of  represpnting  the  combination  of  rota- 
tion with  translation  in  the  same  plane 
is  as  follows  : — Let  O  be  an  axis  assumed 
as  fixed,  about  which  let  the  plane  O  C 
(containing  the  axis  O)  rotate  (right- 
handedly,  in  the  figure),  with  the  angu- 
lar velocity  a.  Let  a  rigid  body  have, 
reUUivdy  to  the  rotatmff  plane,  and  in  a 
direction  perpendicular  to  it,  a  transla- 
tion with  the  velocity  m.  In  the  plane 
O  C,  and  at  right  angles  to  the  axis  O, 

u 
take  O  T  =  -,  in  such  a  direction  that 

the  velocity 

«  =  a  •  or, 

which  ^e  point  Tin  the  rotating  plam  has  at  a  given  instant,  ahaU 
be  m  Ihe  contrary  direction  to  the  equal  velocity  of  translation 
«,  which  the  ngid  body  has  relatively  to  the  rotating  plane.  Then 
each  pomt  in  the  rigid  body  which  arrives  at  the  position  T  or  at 
any  position  in  a  line  traversing  T  parallel  to  the  fixed  axis  O  is 
at  rest  a«  «A^  xnstmU  of  its  occupying  that  position ;  thei^foi^  the 
Ime  traversmg  T  paraUel  to  the  fixed  axis  O  ]&  the  instanianeaZ 
aoena;  the  motion  at  a  given  instant  of  any  point  in  the  riirid  bodv 
suchas  A,  IS  at  right  angles  to  the  ladius-vector  A  T  drlwn^ 
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pendicnlar  to  the  instantaneous  axis;  and  the  velocity  of  that 
motion  is  given  by  the  equation 

t;  =  a  •  AT. 

All  the  lines  in  the  rigid  body  which  suooessiyely  occupy  the 
position  of  instantaneous  axis  are  situated  in  a  plane  of  that  body, 
P  T  P,  perpendicular  to  O  C ;  and  all  the  positions  of  the  instan- 
taneous  axis  are  situated  in  a  cylinder  described  about  O  with  the 
radius  O  T  ;  so  that  the  motion  of  the  rigid  body  is  such  as  is  pro- 
duced by  the  rolling  of  the  plane  TF  onthe  cylinder  whose  radiua  is 

O  T  =:  -.     Each  point  in  the  rigid  body,  such  as  A,  describes  a 

plane  spiral  about  the  fixed  axis  O.  For  each  point  in  the  rolling 
plane,  P  P,  that  spiral  is  the  involute  of  the  circle  whose  radius  is 
O  T.  For  each  point  whose  path  of  motion  traverses  the  fixed  axis 
O,  that  is,  for  each  point  in  a  plane  of  the  rigid  body  traversing  O 
parallel  to  P  P,  the  spiral  is  Archimedean,  having  a  radius-vector 
increasing  by  the  length  u  for  each  angle  a  through  which  it 
rotates. 

388.  CMBiitaied  P«nUei  BotattoM.— In  figs.  187,  188,  and  189, 


Fig.  189. 

let  O  be  an  axis  assumed  as  fixed,  and  O  C  a  plane  traversing  that 
axis,  and  rotating  about  it  with  ihe  angular  velocity  a.  Let  C  be 
an  axis  in  that  plane,  parallel  to  the  fixed  axis  O ;  and  about  the 
moving  axis  C  let  a  rigid  body  rotate  with  the  angular  velocity  b 
rdaJtivdy  to  the  plane  O  C ;  and  let  the  directions  of  the  rotations  a 
and  b  be  distinguished  by  positive  and  negative  signs.  The  body  is 
said  to  have  the  rotations  about  the  parallel  axes  O  and  0  coTnbined 
or  compounded,  and  it  is  required  to  find  the  result  of  that  com- 
bination of  parallel  rotations. 

Fig.  187  I'epresents  the  case  in  which  a  and  b  are  similar  in 
direction;  &g,  188,  that  in  which  a  and  6  are  in  opposite  direc- 
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tions,  and  5  is  the  greater ;  and  fig.  189,  tliat  in  which  a  and  b  are 
in  opposite  directions^  and  a  is  the  greater. 

Let  a  common  perpendicular  O  C  to  the  fixed  and  moving^  axes 
be  intersected  in  T  by  a  straight  line  parallel  to  both  those  axes,  in 
such  a  manner  that  the  distances  of  T  from  the  fixed  and  moving 
axes  respectively  shall  be  inversely  proportional  to  the  angal&r 
velocities  of  the  component  rotations  about  them,  as  is  expressed 
by  the  following  proportion : — 

a  :  5  :  :  CT  :  OT (1.) 

When  a  and  5  are  similar  in  direction,  let  T  fall  between  O  and  C, 
as  in  fig.  187 ;  when  they  are  contrary,  beyond,  as  in  figs.  188  and 
189.  Then  the  velocity  of  the  line  T  of  the  plane  O  C  is  a  •  O  T ; 
and  the  velocity  of  the  line  T  of  die  rigid  body,  rdativdy  to  the 
plane  O  C,  is  &  -  C  T,  equal  in  amount  and  contrary  in  direction  to 
the  former ;  therefore  each  line  of  the  rigid  body  which  arrives  at 
the  position  T  is  at  rest  at  the  instant  of  its  occupying  that  posi- 
tion, and  is  then  the  instamJtaneous  aana.  The  resultant  anfftUar 
vdocity  is  given  by  the  equation 

c  =  a  +  6; (2.) 

regard  being  had  to  the  directions  or  signs  of  a  and  b^  that  is  to 
say,  if  we  now  take  a  and  b  to  represent  arithmetical  magnitudes, 
and  affix  explicit  signs  to  denote  their  directions,  the  direction  of 
c  will  be  the  same  with  that  of  the  greater;  the  case  of  ^g.  187 
will  be  represented  by  the  equation  2,  already  given ;  and  those  of 
figs.  188  and  189  respectively  by 

c  =  6-a;  c  =  a-6 (2  A.) 

The  relative  proportions  of  a,  6,  and  c,  and  of  the  distances 
between  the  fixed,  moving,  and  instantaneous  axes,  are  given  by 

the  equation  

a:b  :c  ::  CT:  OT  :0C (3.) 

The  motion  of  any  point,  such  as  A,  in  the  rigid  body,  is  at  each 
instant  at  right  angles  .to  the  radius-vector  A  T  drawn  from  the 
point  perpendictdar  to  the  instantaneous  axis ;  and  the  velocity  of 

that  motion  is  

»  =  c-AT (4.) 

389.  OyllBdcr  BoUlBC  m  Oyltedcr)  KpUrtiMldm^ — All  the  lines 
in  the  rigid  body  which  successively  occupy  the  position  of  instan- 
taneous axis  are  situated  in  a  cylindrical  surface  described  about  C 
with  the  radius  CT ;  and  all  the  positions  of  the  instantaneous 
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axis  ^re  contained  in  a  cylindrical  sur&ce  deeciibed  about  O  with 
the  radius  O  T ;  therefore  the  resultant  motion  of  the  rigid  body 
is  that  which  is  produced  by  rolling  the  former  ^linder^  attached 
to  the  body,  on  the  latter  cylinder,  considered  as  a^ed. 

In  %.  187,  a  conyex  cyluider  rolls  on  a  convex  cylinder ;  in  Bg, 
188,  a  smaller  ccmyex  cylinder  roUs  in  a  larger  concave  cylinder ; 
in  %.  1.89,  a.  laq;^  concave  cylinder  rolls  on  a  smaller  convex 
cylinder. 

JSach  point  in  the  rolling  rigid  body  traces,  relatively  to  the 
fixed  axii^  a  curve  of  l^e  kind  (^led  epUrochoids,  The  epitrochoid 
txBOsd  by  a  point  ib  the  surface  of  ihe  rolling  cylinder  is  an  epi- 
cydoid. 

In  certain  cases,  the  epitrochoids  become  curves  of  a  more  simple 
class.  For  example,  each  point  in  the  moving  axia  0  traces  a 
circle. 

When  a  cylinder,  as  in  fig.  188,  rolls  within  a  concave  cylinder 
of  double  ii9  rcwUtUf  each  point  in  the  surface  of  the  rolling  cylinder 
moves  baokwaids  and  forwacds  in  a  stra^^t  line,  being  a  diameter 
of  the  fixed  cylinder;  each  point  in  the  axis  of  the  rolling  cylinder 
traces  a  circle  of  the  same  ladius  with  that  cylinder,  and  each  other 
point  in  or  attached  to  the  rolling  cylinder  traces  an  ellipse  of 
greater  or  less  eccentricity,  having  its  centre  in  the  fixed  axis  0. 
This  principle  has  been  made  available  in  instruments  for  drawing 
and  turning  ellipses. 

390.  Cnmsara  of  Byiap^ehoMik — ^The  following  being  given  : — 

the  radius  of  the  fixed  oyiinder,  OT  =  r, ; 

the  radius  of  the  rolling  cylinder,  CT  =  r. ; 

the  instantaneous  radius-vector  of  a  tracing-point  A,  AT  =  r ; 

the  angle  made  by  that  radius-vector  with  the  rotating  plane, 

^CTA  =  *»; 

it  is  required  to  find  the  radius  of  curvatore,  p,  of  the  path  of  the 
traciDg-point  A,  at  the  instant  under  consideration. 

The  radius  of  a  convex  oyiinder  is  to  be  considered  as  positive, 
and  that  of  a  concave  cylinder  as  negative ;  and  regard  is  to  be 

paid  to  the  principle,  that  cos  ^  is  <  ^[^^^1.^  [  according  as  tf  is 

{acute  ) 
obtuse/' 

Let  (/£  be  an  indefinite^  short  interval  of  time;  then  during 
that  interval  the  tracing-point  A  moves  through  the  distance  crdt. 
Let  the  direction  of  the  radius-vector  r,  which  is  perpendicular  to 
the  path  traced  by  A,  alter  in  the  same  time  by  the  angle  di» 
Then  the  ludius  of  curvature  of  the  path  of  A  ia 

2d 
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erdi  ^^  . 

P^-JT ^J 

To  determine  the  angular  motion  di  of  the  ladins-vector,  it  has  to 
be  considered,  that  the  absolute  angular  velocily  of  the  rolling 
cylinder  is  c,  which  giyes  that  cylinder  an  angnlar  motion,  cdt,in 
tifie  given  interval ;  and  also  that»  in  the  course  of  the  same  inter- 
val, a  new  line  comes  to  occupy  the  pomtion  of  instantaneous  axis, 
distant  from  the  original  line  by  the  length  br^dtfintk  direction 
apposite  to  that  of  the  rotation  c^  the  rollmg  cylinder.  The  effect 
of  this  shifting  of  the  instantaneous  axis  is,  to  turn  the  angular 
position  of  the  radius-vector  r,*in  a  negafiw  direction  relatively  to 
the  rolling  cylinder,  through  the  angle 

braCOB0'di 


which  being  combined  with  the  angular  motion  of  the  cylinder, 
edt,  gives  as  the  resultant  angular  motion  of  the  radius-vector, 


ai=(cJ-:^'^dt; 


which  being  substituted  in  equation  1,  gives  for  the  radius  of  cur- 
vature of  the  path  traced  by  A, 


cr 


(2.) 

C- 


r  er 

Now, 


c      n  +  r,' 


(attention  being  paid  to  the  implicit  signs  of  Ti  and  r.) ;  and  con- 
sequently, 


P  =  - "VI  ^.. W 


r 


The  sign  of  this  result,  when  <  ^^^^  [  >  ahows  that  the  curve 

traced  by  A  is  |  ^^^^  I  towards  T.     The  following  are  some 
I  cou  T  ex  I 

limited  cases : — 

L   When  the  tracing-point  is  the  surfiioe  of  the  rolling  cylinder, 

r  =  2  r. cos  #;  and  therefore^ 
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p  =  2r.cos.-^+^^; (4.) 

'which  is  the  radius  of  curvature  of  an  epicydoid. 

II.   When  a  cylinder  roUs  on  a  plane,  rj  becomes  infinitely  great 
as  compared  wi&  r,,  and  thus  reduces  equation  3  to 

p= (5.) 

r 

which  is  the  radius  of  curvature  of  a  trochoid, 

IlL  When  a  cylinder  rolls  on  a  plane,  and  the  tracing-point  is 
in  the  surface  o/the  cylinder,  r  =  2  r,  cos  #,  and 

p  =  2r  =  4r,  cos  /, (6.) 

which  is  the  radius  of  curvature  of  a  cycUnd, 

lY.  When  a  plane  roUs  on  a  cylinder,  r«  becomes  infinitely  great 
as  compared  with  r,  and  r;  and  equation  3  becomes 

^  ^  1     ncos#^ (^-^ 

r 

which  is  the  radius  of  curvature  of  a  spiral  of  the  class  mentioned 
in  Article  387. 

Y.   When  a  plane  rolls  on  a  cylinder,  and  the  tracmg-point  is  in 
the  plane,  cos  ^  =  0 ;  and  equation  7  becomes 

P  =  r, (8.) 

which  is  the  radius  of  curvature  of  the  involiUe  of  a  eirde, 

YI.  When  a  plane  rolls  on  a  cylinder,  and  the  tracing-point  is 
at  the  distance  r^  from  the  plane  on  the  side  next  the  cylinder, 

cos  /  =  — •;  and  equation  7  takes  the  following  form  : — 

"^^^^ • (^•) 

which  is  the  radius  of  curvature  of  an  Archimedean  spiraL  Let  R 
be  the  distance  of  a  point  in  that  spiral  firom  the  fixed  axis  O ;  then 
r»  =  R«  +  rf,and 


(B.'  +  f^i (9  A.) 


As  to  rolling  curves  in  general,  see  Professor  Clerk  Maxwell's  paper 
in  the  Transactions  o/the  Royal  Society  (/ Edinbiurgh,  yoL  xvi. 
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391.  B«Ml  mud  OppiiHg  PwidM  ■•frt— ■  OMUktaedU — Let  a 

plane  O  C  rotate  with  an  Aiign1<ir  yelocity  a  about  an  axis  O  con- 
tained in  the  plane,  and  let  a  rigid  bodj  rotate  about  the  axia  C 
in  that  plane  parallel  to  O,  with  an  angular  velocity  -  a,  equal  and 
opposite  to  that  of  the  plane.  Then  tiie  angular  velocity  of  the 
rigid  body  ia  nothing;  that  is,  ilB  motion  is  one  of  ^ftin«2(xln»t  on^ 
all  its  points  moving  in  equal  circles  of  the  radius  OC,  with  the 
velocity  a  *  O  0.  This  case  is  not  capable  of  being  represented  by 
a  rolling  action. 


392. 


Fig.  190. 


-In  fig.  190, 
let  O  A  be  an  axis  assumed  as 
fixed ;  and  about  it  let  the  plane 
A  O  C  rotate  with  the  an^ralar 
velodty  a.  Let  O  0  be  an  axis 
in  the  rotating  plane ;  and  aJbout 
that  axis  let  a  rigid  body  rotate 
with  the  angular  velocity  b  re- 
latively to  the  rotatmg  plane. 
Because  the  point  O  in  the 


rigid  body  is  fixed,  the  instantaneous  axis  must  traverse  that  point 
The  direction  of  that  axis  is  determined,  as  before,  by  considering 
that  each  point  which  arrives  at  that  line  must  have,  in  virtue  of 
the  rotation  about  O  0,  a  velocity  relatively  to  the  rotating  plane, 
equal  and  directly  opposed  to  that  which  the  coincident  p<Hnt  ei 
the  rotating  plane  has.  Hence  it  follows,  that  the  ratio  of  the  per- 
pendicular distances  of  eadb  point  in  the  idostantaBeous  axis  from 
the  fixed  and  moving  axes  respectively — ^that  is,  the  ratio  of  the 
sines  of  the  angles  which  the  instantaneous  axis  makes  with  the 
fixed  and  moving  axes — must  be  the  redprocal  of  the  ratio  of  the 
component  angular  velocities  about  those  axes ;  or  symbolically^  if 
O  T  be  the  instantaneous  axis, 


^AOT 


:C0T::6:a. 


,..(1.) 


This  determines  the  direction  of  the  instantaneous  axis,  which  may 
also  be  found  by  graphic  construction  as  follows  : — On  O  A  take 
O  a  proportional  to  a ;  and  on  O  0  take  O  b  proportional  to  6.  Let 
those  lines  be  taken  in  such  directions,  that  to  an  observer  looking 
^m  their  extremities  towards  O,  the  component  rotations  seem 
both  right-handed.  Complete  the  parallelogram  Obca;  the^a- 
gonal  O  c  will  be  the  instantaneous  axis. 

The  resultant  angular  velocity  about  lihis  instantaneous  axis  is 
found  by  considering,  that  if  C  be  any  point  in  the  moving  axia, 
the  linear  velocity  di  that  point  must  be  the  same,  whether  com- 
puted from  the  angular  velodty  a  of  the  rotating  plane  about  the 
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fixed  axis  OA,  or  from  the  ieB«ltaat  angular  yelodlyc  of  the  rigid 
body  about  the  instantaneous  axis.  Tluit  is  to  say,  let  0  D,  C  i^ 
be  perpendiculars  from  C  upon  O  A«  0%  respectiy ei^ ;  then 

butCTJ^.  C^::Bm.^AOC  :  sin  .^COT;  and  therefore 

sin.<^OOT  :si&.is::AOC  :  :a  :«; 
andy  eombinmg  this  proportion  inth  that  given  im  equation  1,  ire 
obtain  the  following  proportional  equation  :^ 

an^^COT  rsin^^AOT  :  sin  . 

:  :  _a_        :  b^       :  c  } (2.) 

:  ;  Oa       :  Ob      x 

that  is  to  say,  the  cmgrular  vdoeUies  of  the  component  and  reeuHani 
rotaltiioneareeou*hpraportion4d^ 

of  the  other  two  ;  e^nd  ^  diagonal  of  the  paraUdogram  Oh  ce^  repre-- 
eenie  loth  (he  direction  of  the  instantam^^ 
eUy  abofut  that  aada. 

393.  Bolliiif  CoBfla.^-AU  the  lines  which  successively  come  into 
the  position  of  instantaneous  axis  are  situated  in  the  surfJEuse  of  a 
cone  described  by  the  revolution  of  O  T  about  00 ;  and  all  the 
positions  of  the  instantaneous  axis  lie  in  the  surface  of  a  cone 
described  by  the  revolution  of  OT  about  OA.  Therefore  the 
motion  of  the  rigid  body  is  such  as  would  be  produeed  by  the  roll- 
ing of  the  former  of  those  cones  upon  the  latter. 

It  is  to  be  understood,  ih&t  either  of  the  cones  may  become  a 
flat  disc,  or  may  be  hollow,  and  touched  internally  by  the  other. 
For  example,  should  .^  A  O  T  become  a  right  angle,  the  fixed  cone 
would  become  a  flat  disc ;  and  should  .^  AOT  become  obtuse, 
that  cone  would  be  hollow,  and  would  be  touched  internally  by  the 
rolling  cone ;  and  similar  changes  may  be  made  in  the  rolling  cone. 

The  path  described  by  a  point  in  or  attached  to  the  rolling  cone 
is  a  spherical  tpUrochaid;  but  for  the  purposes  of  the  present  trea- 
tise, it  is  unnecessary  to  enter  into  details  respecting  the  pw^rties 
of  that  class  of  curvea 

894.  A■al•gf•fl»•«l•M•»*«l^(te»«'•^— If<*«P«oporiional 
equation  3  of  Article  388,  which  shows  the  relations  between  the 
component  angular  velocities  of  rotation  about  a  pair  of  parallel 
axes,  the  resultant  angular  velocity,  and  the  position  of  the  instan- 
taneous axis,  be  compared  with  the  propfflrtional  equation  of  Article 
39,  by  means  of  which,  as  explained  in  Article  40,  the  magnitude 
and  position  of  the  resultant  of  a  pair  of  parallel  forces  are  found, 
it  will  be  evident  that  those  equations  are  exactly  analogous. 

The  result  of  the  combination  of  a  lotoiaon  with  a  translation  m 
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the  same  plane,  in  producing  a  rotation  of  equal  angular  velodtj 
about  an  instantaneous  axis  at  a  certain  distance  to  one  side  of  the 
moving  axis,  as  explained  in  Article  385,  is  exactly  analogous  to 
the  result  of  the  combination  of  a  single  force  with  a  couple  in  pro- 
ducing an  equal  single  force  transferred  laterally  to  a  certain  dis- 
tance, as  explained  in  Article  41. 

The  result  of  the  combination  of  two  equal  and  opposite  rotations 
about  parallel  axes,  in  producing  a  translation  with  a  velocity 
which  is  the  product  of  the  angular  velocity  into  the  distanoa 
between  the  axes,  as  explained  in  Article  391,  is  exactly  analogoiis 
to  the  production  of  a  couple  by  means  of  a  pair  of  equal  and  oppo- 
site forces,  as  explained  in  Article  25. 

The  result  of  the  combination  of  two  rotations  about  intersecting 
axes,  as  explained  in  Article  392,  is  exactly  analogous  to  the  result 
of  the  combination  of  a  pair  of  inclined  forces  acting  through  one 
point,  as  explained  in  Article  51. 

The  combination  of  a  rotation  about  a  given  axis  with  a  transkr 
tion  parallel  to  the  same  axis,  as  explained  in  Article  382,  is  exactly 
analogous  to  the  combination  of  a  force  acting  in  a  given  line  with 
a  couple  whose  axis  is  parallel  to  the  same  line,  as  explained  in 
Article  60,  cases  4  and  5. 

It  thus  appears,  that  just  as  the  composition  and  resolution  of 
tranalatious  are  exactly  analogous  to  the  composition  and  resolution 
of  couples,  so  the  composition  and  resolution  of  rotations  are  exactly 
analogous  to  the  composition  and  resolution  of  single  forces;  that  is 
to  say,  if  lines  be  taken,  representing  in  direction  axes  of  rotation, 
and  in  length  the  angular  velocities  of  rotation  about  such  axes,  all 
mathematical  theorems  which  are  true  of  lines  representing  single 
forces  are  true  of  such  lines  representing  rotations :  and  if  with  this 
be  combined  the  principle,  that  all  mathematical  theorems  which 
are  true  of  lines  representing  in  direction  the  axes  and  in  length  the 
moments  of  couples  are  true  also  of  lines  representing  the  velocities 
and  directions  of  translations,  all  problems  of  the  resolution  and 
composition  of  motions  may  be  solved  by  referring  to  the  solutions 
of  analogous  problems  of  statics. 

395.  C^nqpuatlTa  H«liMU  im  OMtpMiad  B«iatloB« — ^The  velocity- 
ratio  of  two  points  in  a  rotating  rigid  body  at  any  instant  is  that  of 
their  perpendicular  distances  from  its  instantaneous  axis ;  and  the 
angle  between  the  directions  of  motion  of  the  two  points  is  equal 
to  that  between  the  two  planes  which  traverse  the  points  and  the 
instantaneous  axis. 

Section  4. — Varied  EoUUion, 

396.  Tart«ti««  •f  ABffaiar  Tetocitr  is  measured  like  variation  of 
linear  velocity,  by  comparing  the  change  which  takes  place  in  the 
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angular  velocity  of  a  rotating  body,  a  a,  during  a  given  interval  of 
time,  with  the  length  of  that  intervad,  a  t,  and  the  rcUe  ofvariaHan  is 
the  value  towards  which  the  ratio  of  the  change  of  ftngiilia.r  velocity  to 

Act 

the  interval  of  time,  — ,  converges,  as  the  length  of  the  interval  is 
indefinitely  diminished ;  being  represented  by 

da 

TV 

and  found  by  the  operation  of  differentiation. 

397.  ciHUige  9t  the  Axto  •€  itottotoB  has  been  already  considered, 
so  &r  as  it  is  consistent  with  uniform  angular  velocity,  in  the  pre- 
ceding section.  All  the  propositions  of  that  section  are  applicable 
also  to  cases  in  which  the  angular  vdacUy  ia  varied,  so  long  as  the 
ratio  of  each  pair  of  component  angular  velocities,  such  as  a  :  6,  is 
constant 

When  that  ratio  varies,  the  propositions  are  true  also,  provided 
it  be  understood,  that  the  rolling  ct/lindera  annd  oone»  unth  circular 
bases,  spoken  of  in  section  3,  are  simply  the  oeculating  cylinders  and 
cones  at  the  lines  of  contact  of  rolling  cylinders  and  cones  with  bases 
not  circular ;  and  that  r^,  r^  in  each  case,  represent  the  values  of 
the  variable  radii  of  curvature  of  non-circular  cylinders  at  their 
lines  of  contact,  and  .^  A  O  T,  .^  C  O  T,  the  variable  angles  of 
obliquity  of  the  osculating  circular  cones  of  non-circular  cones. 

398.  CeatpMoiM  ef  Varied  Beiaiiea. — ^The  most  convenient  way, 
in  most  cases,  of  expressing  the  mode  of  variation  of  a  rotatory 
motion,  is  to  resolve  the  angular  velocity  at  each  instant  into  three 
component  angular  velocities  about  three  rectangular  axes  fixed  in 
direction.  The  values  of  those  components,  at  any  instant,  show  at 
once  the  resultant  A^pgnlAy  velocity,  and  the  direction  of  the  instan- 
taneous axia  For  example,  let  a^  a^  a„  be  the  rectangular  com- 
ponents of  the  angular  velocity  of  a  rigid  body  at  a  given  instant. 

rotation  about  x  from  y  towards  «, 
about  y  from  z  towards  x, 
and  about  z  from  x  towards  y, 
being  considered  as  positive  ]  then 

a=V(a;+aJ  +  aO (1.) 

is  the  resultant  angular  velocity,  and 

cos«=?f;  cos/5=?!r;  cosy=-'; (2.) 

a  a  a. 

are  the  cosines  of  the  angles  which  the  instantaneous  axis  makes 
with  the  axes  of  a;,  y  and  z,  respectively. 
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CHAPTER  IIL 

X0TI05S  OF  PLIABLE  B0l>IE8y  AHD  OF  FLUIDB. 

399.  HMrfM  of  the  Sa^Mb— Tlie  sahjeck  of  the  preeent  49]ui|>«er, 
SD  fiBur  as  it  eomprebends  the  lelatiye  motiona  of  the  points  of 
pliable  solids,  has  been  already  treated  of  in  those  portioos  of  the 
Third  Chapter  of  Part  II.  which  relate  to  strains.  There  romain 
now  to  be  considered  the  following  branches  : — 

L  The  Motions  of  Flexible  Cords. 
n.  The  Motions  of  Fluids  not  altering  in  Volume. 
IIL  The  Motions  of  Fluids  altering  in  Volume. 

SflCfnov  l.-^MoUana  o/FiesnUe  Cords. 

400.  CtaMMi  Principles. — As  those  relative  motions  of  the  points 
of  a  cord  which  may  arise  from  its  extensibility,  belong  to  the  sub- 
ject  of  resistance  to  tension,  which  is  a  branch  of  that  of  strength 
and  stlffiiess,  the  present  section  is  confined  to  those  motiona  of 
which  a  flexible  cord  is  capable  when  the  length,  not  mereh^  of  the 
whole  cord,  but  of  each  part  lying  hetween  two  points  fixed  in  the 
oord,  is  invariable,  or  sensibly  invariable. 

In  order  that  the  ^gare  and  motions  of  a  flexible  oord  mav  be 
detenmned  from  cinematical  considerations  alone,  independenuy  of 
the  magnitude  and  distribution  of  forces  acting  on  the  oord,  its  weight 
must  be  insensible  compared  with  the  tension  on  it,  and  it  must 
6ver3rwhere  be  tight ;  and  when  that  is  the  case,  each  part  of  the 
cord  which  is  not  straight  is  maintained  in  a  curved  figure  by  pass- 
ing over  a  com)ex  surface.  The  line  in  which  a  tight  cord  lies  on  a 
convex  surface  is  the  shortest  line  which  it  is  possible  to  draw  on 
that  surface  bettreen  each  pair  of  points  in  the  course  of  the  cord. 
(It  is  a  well  known  principle  of  the  geometry  of  curved  sur&oes, 
that  the  osculating  pUme  at  each  point  of  such  a  line  is  perpendi- 
cular to  the  curved  sur&ce.) 

Hence  it  appears,  that  the  motions  of  a  tight  flexible  cord  of 
invariable  lengtid  and  insensible  weight  are  regi3ated  by  the  foDow- 
ing  principles : — 

I.  The  length  hehoeen  each  pair  of  paints  in  ^  cord  is  constanL 

IL  That  length  is  the  shortest  line  which  ocm  he  drawn  between  ite 
extremities  over  the  surfaces  by  uAich  the  cord  is  guided. 
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401.  »«tif  CiMtH.     The  motionB  of  a  eord  are  of  two  kincb— 
L  Travelling  of  a  oord  along  a  track  of  inTanable  form;  in 

which  case  the  velocities  of  all  points  of  the  oord  are  equal. 

II.  Alteration  of  the  €gure  of  the  track  by  the  motion  of  the 
guiding  surfaces. 

Those  two  kinds  of  motion  may  be  combined. 

The  most  usual  problems  in  practice  respecting  the  motions  of 
cords  are  those  in  which  cords  are  the  means  of  transmitting  mo- 
tion between  two  piecM  In  a  train  of  mechanism.  Such  problems 
will  be  considered  in  IVni  IV.  of  this  treatise. 

Next  in  point  of  frequency  in  practice  are  the  problems  to  be 
considered  in  the  emfwing  Article. 

402.  Cot«  ciBided  Wr  anAMM  of  BevirtatfOTi. — ^Let  a  cord  in  some 
portions  of  its  course  be  straight,  and  in  others  guided  by  the  sur^ 
faces  of  circular  drums  or  pidleys,  over  each  of  which  its  track  is 
a  circular  arc  in  a  plane  pNerpendicular  to  the  axis  of  the  guiding 
sur&ce.  Let  r  be  the  radius  of  any  one  of  the  guiding  surfaces, 
t  the  angle  of  inclination  which  the  two  straight  portions  of  the 
cord  contiguous  to  that  sorftce  make  with  each  other,  expressed  in 
length  of  arc  to  radius  imity.  Then  the  length  of  the  portion  of 
the  cord  which  lies  on  that  sorfisMe  is  r « ;  and  if  «  be  the  length  of 
any  straight  portion  of  the  cord,  the  total  length  between  two  given 
points  fixed  in  the  cord  may  be  expressed  thus  : — 

L  =  3  •  «  +  2  •  ri (1.) 

Let  c  be  the  distance  between  the  centres  of  a  given  adjacent  pair 
of  guiding  sui&ces,  b  the  length  of  the  straight  portion  of  cord 
which  lies  between  them,  s&d  r,  f^,  their  respective  radii ;  then 

evidentty  

,^J,?-{rz±z,J (2.) 

*^®  \  difference  I  ^  *^*  T9l^  being  employed,  according  as  the  cord 

{  d^ot  crof«  }  *^«  ""•  ^^ir^  0. 

Now  let  a  given  point  in  the  oord,  A,  be  considered  as  fixed,  and 
let  L  be  the  constant  length  of  cord  between  A  and  another  point 
in  the  cord,  B.  Let  one  of  the  guiding  surfaces  between  A  and  B 
be  moved  through  an  indefinitely  short  distance,  dx,mtk  direction 
which  makes  angles,  j^f,  with  the  two  contiguous  straight  divisions 
of  the  cord  respectively.  Then,  in  order  to  keep  the  cord  tight,  B 
must  be  drawn  longitudinally  through  the  distance, 

dx  -(cosj+cos/); (3.) 

and  consequently,  if  u  represent  the  velocily  of  translaticii  of  the 
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guiding  surface  in  the  given  direction,  and  v  the  longitudinal  velo- 
city of  the  point  B  in  the  cord, 

v=:u  {cos  j  +  QOBj); (4.) 

and  if  any  number  of  guiding  surfaces  between  A  and  B  be  trans- 
lated, each  in  its  own  direction, 

V  =  2  '  U  {OOB  j  +  COB  f) (5.) 

The  case  most  common  in  practice  is  that  in  which  Replies,  or 
straight  parts  of  the  cord,  are  all  parallel  to  each  other ;  so  that  i 
=  1S0°  in  each  case,  while  a  certain  number,  n,  of  the  guiding 
bodies  or  pulleys  all  move  simultaneously  in  a  direction  parallel  to 
the  plies  of  the  cord  with  the  same  velocity,  u.  Then  cos  J  =  cosy 
=  1 ;  and 

m  9  =  ntt (6.) 

Section  2. — Motions  of  Fluids  o/Canatcmt  Density. 

403.  ¥«l«citf  and  Ftow. — The  density  of  a  moving  fluid  mass 
may  be  either  exactly  invariable,  from  the  constancy  or  the  adjust- 
ment of  its  temperature  and  pressure,  or  sensibly  invariable,  from 
the  smallness  of  the  alterations  of  volume  which  the  actual  alterar 
tions  of  pressure  and  temperature  are  capable  of  producing.  The 
latter  is  the  case  in  most  problems  of  practical  mechanics  affecting 
liquids. 

Conceive  an  ideal  surface  of  any  flgiire,  and  of  the  area  A,  to  be 
situated  within  a  fluid  mass,  the  parts  of  which  have  motion  rela- 
tively to  that  surface ;  and  let  u  denote,  as  the  case  may  be,  the  tcni- 
/orm  velocity,  or  the  mecm  value  of  the  varying  velocity,  resolved 
in  a  direction  perpendicular  to  A,  with  which  the  particles  of  the 
fluid  pass  A.     Then 

Q=:mA (1.) 

is  the  volume  of  fluid  which  passes  from  one  side  to  the  other  of 
the  surface  A  in  an  imit  of  time,  and  is  called  ikejlow,  or  rate  <^ 
^ow,  through  A 

When  the  particles  of  fluid  move  obliquely  to  A,  let  i  denote 
the  angle  which  the  direction  of  motion  of  any  particle  passing  A 
makes  with  a  normal  to  A,  and  v  the  velocity  of  that  particle  ; 
then 

Ur:=V  '  cos  ^ (2.) 

When  the  velocity  normal  to  A  varies  at  difierent  points,  either 
from  the  variation  of  t?,  or  of  tf,  or  of  both,  the  flow  may  also  be 
expressed  as  follows : — Let  A  be  divided  into  indefinitely  small 
elements,  each  of  which  is  I'epresented  by  e^  A ;  then 
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Q  =  /"  udA  =  J  n  008  ^  •  c?A  j ...(3.) 

and  if  we  now  distinguish  the  mean  normal  vdocUy  from  the 
velocity  at  any  particular  point  by  the  symbol  u^  we  have^ 

O       [udA 

■^=i=}7r- <"' 

404.  Prtadple  mi  Oradiraitr.— AziOK.  When  the  motion  of  a  fluid 
qf  constant  density  is  considered  relaUvely  to  an  endosed  space  of 
invariable  volume  which  is  aJLvoaysfiUed  with  the  fluids  ihefiov)  into 
the  space  and  the  ficfw  out  of  it,  in  any  one  given  interval  of  time, 
must  be  equal — a  principle  expressed  symboliodly  by 

»-Q  =  o (5.) 

The  preceding  self-evident  principle  regulates  all  the  motions  of 
fluids  of  constant  density,  when  considered  in  a  purely  cinematical 
manner.  The  ensuing  articles  of  this  section  contain  its  most 
usual  applications 

405.  vtow  iH  a  siMMB.— A  stream  is  a  moving  fluid  mass,  in- 
definitely  extended  in  length,  and  limited  transversely,  and  having 
a  continuous  longitudinal  motion.  At  any  given  instant,  let  A,  A', 
be  the  areas  of  any  two  of  its  transverse  sections,  considered  as 
fixed ;  tt,  u\  the  mean  normal  velocities  through  them ;  Q,  Q',  the 
rates  of  flow  through  them ;  then  in  order  that  the  principle  of  con- 
tinuity may  be  fiiMlled,  those  rates  of  flow  must  be  equal ;  that  is, 

uA  =  u'A  =Q=:Q'  =  constant  for  all  cross 

sections  of  the  channel  at  the  given  instant; (1.) 

consequently, 

^^^ « 

or,  the  norvnal  velocities  at  a  given  instant  at  two  fixed  cross  sections 
arte  inversely  as  the  areas  of  these  sections. 

406.  PipM,  ChuuMb,  Cwnfmm,  wmiL  Jett. — When  a  stream  of 
fluid  completely  fills  a  pipe  or  tube^  the  area  of  each  cross  section 
is  given  by  the  figure  and  dimensions  of  the  pipe,  and  for  similar 
forms  of  section  varies  as  the  square  of  the  diameter.  Hence  the 
mean  normal  velocities  of  a  stream  flowing  in  a  full  pipe,  at  differ- 
ent cross  sections  of  the  pipe,  are  inversely  as  the  squares  of  the 
diameters  of  those  sections. 

A  channel  partiaUy  encloses  the  stream  flowing  in  it,  leaving  the 
upper  surface  free ;  and  this  description  applies  not  only  to  chan- 
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nels  commonly  so  called,  but  to  pipes  partially  filled.  In  tliis  case 
the  area  of  a  cross  section  of  the  stream  depends  not  only  on  the 
figure  and  dimensions  of  the  channel,  but  on  the  fiignre  and  eleva- 
tion of  the  free  upper  surfisuse  of  the  stream. 

A  iswrretA  is  a  stream  bounded  by  other  portions  of  fluid  wbose 
motions  are  different. 

A  ^  is  a  stream  whose  surfiace  is  either  free  all  round,  or  is 
touched  by  a  solid  body  in  a  small  portion  of  its  extent  only. 

407.  A  ■»-^*«--g  Ctemat  is  a  part  of  a  stream  which  moTes 
towards  or  from  an  axis.  It  is  evident  that  such  a  stream  cannot 
extend  to  the  axis  itself,  but  must  turn  aside  into  a  different  couFse 
at  some  finite  distance  from  the  axis.  Conoeiye  a  radiating  cur- 
rent to  be  cut  by  a  cylindrical  suifiice  of  the  radius  r  described 
about  the  axis,  and  let  h  be  the  depth,  parallel  to  the  axis,  of  the 
portion  of  that  surface  which  is  traversed  by  the  current ;  then 
the  metm  radial  componeniy  Uy  of  the  velocity  of  the  current  at 
that  surface  has  the  value, 

Q 

2xrA 

408.  A  TMrifls,  EM7t  w  widri,  is  a  stream  which  either  returns 
imto  itself,  or  moves  in  a  spiral  course  towards  or  from  an  axis.  In 
the  latter  case  two  or  more  successive  turns  of  the  same  vortex  may 
touch  each  other  laterally  without  the  intervention  of  any  solid 
partition. 

409.  gjcaiy  K^itoB  of  a  fluid  relatively  to  a  given  space  considered 
as  fixed  is  that  in  which  the  velocity  and  direction  of  the  motion  of 
the  fluid  at  each  fixed  point  is  uniform  at  every  instant  of  the  time 
under  consideration ;  so  that  although  the  velocity  and  direction  of 
the  motion  of  a  given  particle  of  the  fluid  may  vary  while  it  is 
transferred  from  one  point  to  another,  that  particle  assumes,  at  each 
fixed  point  at  which  it  arrives,  a  certain  definite  velocity  and 
direction  depending  on  the  position  of  that  point  alone ;  which 
velocity  and  direction  are  successively  assumed  by  each  particle 
which  successively  arrives  at  the  same  fixed  point. 

The  steady  motion  of  a  stream  is  expressed  by  the  two  conditions, 
that  the  area  of  each  fixed  cross  section  is  constant,  and  that  the 
flow  through  each  cross  section  is  constant ;  that  is  to  say. 

If  u  represents  the  normal  velocity  of  a  fluid  moving  steadily,  al 
a  gwenfioo&d  poMj  then 

57=0' W 
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expresses  the  condition  of  steady  motion.  Next,  let  u  pepresent  the 
nomuJ  yeloGity,  not  at  a  given  Jtased  povnt,  bat  cfa  gwen  identiecU 
pcufide  of  fiuid;  then  the  Tariation  undergone  by  tt  in  an  indefi- 
nitely small  intorval  of  time,  dt^iA  titat  arising  from  its  being 
transfeived  from  one  cross  section  to  anotiKr,  whose  distance  do'wn 
the  stream  from  t^e  former  is  e?  9  =: «  *  (^  t    Hence,  denoting  by 

d  u 

—  -  6? »,  the  indefinitely  small  rariation  of  Telocity  which  takes 

place  firom  this  cause,  and  by  -jj-,  the  rate  at  which  that  yanadon 
takes  place,  we  have 

d^u     du    ds^       #?»     , 
dt  "^  ds'dl^^'d ,-•'••••>- V^) 

Most  of  the  problems  respecting  streams  which  ocoiir  in  pvaotioe 
have  reference  to  steady  motion. 

410.  In  VmattmAj  n«ii«B,  the  Telocity  at  each  Jkoed  point  varies, 

at  a  rate  denoted  by  -77  i  <^d  the  total  mito  of  variation  of  the 

velocity  of  an  vndvdducd  particle  in  a  stream,  being  found  by  adding 
together  the  rates  of  variation  due  to  lapse  of  time  and  to  change  of 
position,  is  expressed  by 

d'u      du      du    ds      ^^   1         «^«*  /^  v 

'dT'^dt^'da'Ji^dt'^^'  «f7 ^^'^ 


411.  MteapM  of  Ptatowk — Let  a  mass  -of  fluid  of  invariable 
volume  be  enclosed  in  a  vessel,  two  portions  of  the  boundary  of 
which  (called  pistons)  aoe  moveable  inwards  and  outwards,  the  rest 
of  the  boundary  being  &s,ed.  Then,  if  motion  be  tiansmitted 
between  the  pistons  by  moving  one  inwards  and  the  other  outwards, 
it  follows,  from  the  invariability  of  the  volume  of  the  enclosed  fluid, 
that  the  velocities  of  the  two  pistons  at  each  instant  will  be  to  each 
other  in  the  inverse  ratio  of  the  areas  of  the  respective  projections 
of  the  pistons  on  planes  normal  to  their  dii'ections  of  motion.  This 
is  the  principle  of  the  transmission  of  motion  in  the  hydraulic  press 
and  hydraulic  crane. 

The  flow  produced  by  a  piston  whose  velocity  is  u,  and  the  area 
of  whose  projection  on  a  plane  perpendicular  to  the  direction  of  its 
motion  is  A,  is  gEven,  as  in  other  oases,  by  the  equation 

Q  ss  <^ A».  .^*^„.^,^^m^ .  »*.-- ■  .(1.) 

-When  tt 
in  the  moi 
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412.    CI«Mnl  mmenmtUd  B«aailMM  of  O^vtlmltir^— When  the 
motions  of  a  fluid  of  invariable  density  are  considered  in  the  most 
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general  way,  the  principle  of  continuity  stated  in  Article  4Q4  ia 
express  symbolically  in  the  following  manner.  The  space  as- 
sumed as  fixed,  to  which  the  motion  of  &e  fluid  is  referred,  ia  oon- 
ceived  to  be  divided  into  indefinitely  small  rectangular  elementary 
spaces,  each  having  for  its  linear  dimensions,  dx,dyfdz,  and  for 
^e  axeaa  of  lis  tl^ee  ]pem  o£  ^€68,  dy  d Zj  dzdx,  dxdy.     Lei 

x^x  +  dXyhe  the  co-ordinates  of  the  pair  of  faces,  dydz ; 
y,y  +  dyy  „  „  „  „  dzdx\ 

ZyZ-^dz,  „  „  „  „  dxdy. 

Let  the  velocity  of  the  particles  of  water  at  any  point  be  resolved 
into  three  rectangular  components,  u,  v,  to,  parallel  respectively  to 
X,  y,  z,  with  proper  algebraical  signs.  Let  outward  flow  be  posi- 
tive, and  inward  flow  negativa  The  values  of  the  flow  for  the  six 
flEboes  are  as  follows  : — 

Through  the  first  face  <fy<f«,   -^wdydz; 

„        „    BGOond&cedydZf  {u -{■  •y—dx)dydz; 

€t  X 

„  „  first  face  (fare?  a;,  —vdzdx; 

„  „  second  face  dzdx,  (v  +  -r—  dy)  dzdx; 

„  „  ^xst  fa/oe  d X d y,  ^wdxdyj 

„  „  seoondfyucedxdy,  {to -^ --T- dz)dxdy. 

Adding  those  six  parts  of  the  flow  together,  and  equating  the 
result,  in  virtue  of  the  principle  of  continuity,  to  nothing,  we  find 
the  following  equation  : — 

(du      dv      dto\  J    J    J        A. 
and,  striking  out  the  common  factor, 

j^*|-^r:=»- ('•) 

This  is  the  general  differeminaL  eqiuxtion  of  conUnuUy  in  a  fluid  of 
invariable  volume. 

413.  CI«Bcnd  nMTeraUial  BqnattoMs  •€  Steady  llI«Cio«.  —  If  each 
particle  which  arrives  successively  at  a  given  point  assumes  a  velo- 
city and  direction  of  motion  depending  on  the  position  of  the  point 
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alone,  and  not  on  the  lapse  of  time,  that  state  of  steady  motion  is 
represented  by  the  equations, 

du  dv     f.     dw    f.  --  . 

dT-^'dt'=^'dJ'^'' <^-> 

where  u,  «,  w,  are  the  component  vdociiies  at  a  faxd  point.  Next, 
instead  of  the  velocities  at  a  fixed  point,  let  i^  9,  tr,  be  the  compo- 
nent vdocUiea  of  cm  individval  pc^rtide;  then  in  the  indefinitely 
short  interval  dty  the  co-ordinates  of  that  particle  alter  by  the 
lengths  dx=:udt,  dy^=ivdty  dz=:U)dt;  and  it  assumes  the 
component  yelodties  proper  to  its  new  position,  differing  from  its 
original  velocities  by  quantities,  which,  being  divided  by  dt,  give 
the  rates  of  variation  of  the  component  velocities  of  an  individtuU 
pcurtide^  viz. : — 


d'u         du  .      du  ,      du 
d  'V  dv  ,       dv  ,       dv 


dt  dx         dy         dz' 

d'fo  dw  ,       dto  .      dw 

dt  dx  dy  dz 


...(2.) 


414  GcBCiBl  Dlffnmitlal  B«ntlMis  mi  VwuMmOj  lllMl«B.r~When 
the  motion  is  not  steady,  each  of  the  thi^ee  rates  of  variation  in  the 
equations  2  of  Article  413  requires  the  addition  of  a  term  represent- 
ing the  rate  of  variation  of  velocity  due  to  lapse  of  time  indepen- 
dmUy  of  change  ofposUion^  as  follows : — 

d'u      du  .       du  ,       du  .       du  .,  ^ 

dt       dt  dx         dy         dz'  ^   ' 

and  similar  equations  for  --j—  and  —^  :  the  presence  of  the  dot 

denoting  that  the  velocities  are  those  of  an  individual  particle,  and 

its  absence,  that  they  are  those  at  a  fixed  point 

415.  K^Mitions  of  i»i«pis«eBi««t. — In  all  the  preceding  Articles, 

a;,  y,  and  Zy  denote  the  co-ordinates  of  a  real  or  ideal  faaed  point  in 

the  space  to  which  the  motions  of  the  fluid  are  referred;  and  the 

du 
differentials  -j—,  &c.,  refer  to  the  differences  amongst  the  condi- 
d  X 

tions  of  the  fluid  at  different  points  in  that  space.     Let  S,  9,  ^, 

represent  the  co-ordinates  of  an  individual  particle;  then  the  three 

components  of  the  velocity  of  that  particle  have  the  values 

^5  ^»  ^^  n^ 
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and  the  three  conipcments  of  the  rate  ofwmaHim  of  ita  motion, ; 
deimed  in  Article  366,  are 


^T^  -    dt  '  df^  dt  '  df^    dt 


m 


the  valuee  of  -jtj  "jT*  *^<^  "T/T"*  1^^®"^  taken  from  Article  413  for 

steady  motioii,  and  from  Article  414  for  unsteady  moticm. 

416.  A  w«T«  is  a  state  of  unsteady  motion  of  a  mass,  whether 
solid  or  fluid,  such,  that  the  state  of  motion  which  at  a  givoai  inatant 
of  time  takes  place  amongst  the  partides  occupying  a  certain  apaoe, 
is  transmitted  to  other  particles  occupying  a  certain  othw  ^lace, 
along  a  continuous  course,  it  may  be  unchanged,  or  it  may  be  with 
modifications  which  still  leave  a  certain  similarity  between  the 
motions  of  the  particles  originally  affected,  and  of  those  affected  in 
succession. 

For  example,  let  a  given  fixed  point  O  be  taken  as  the  origin, 
and  let  the  particle  which  is  at  that  point,  at  an  instant  of  time 
denoted  by  0,  have  a  certain  velocity  and  directiou  of  motion. 
After  the  lapse  of  the  time  t,  let  another  partide  which  is  at  a  point 
A,  distant  from  O  by  the  length  a;,  have  either  the  same  velocity 
and  direction  of  motion,  or  a  velocity  and  <firection  bearing  a 
definite  relation  to  those  of  the  origimd  particle;  the  motion  so 
communicated  having  been  transmitted  in  succession  to  ail  t^ 
particles  between  O  and  A 

The  velocity  of  trcmsmission  or  propagation  of  a  wave,  when,  con- 
stant, is  the  ratio,  -,  of  the  distance  between  two  points  to  the  time 
t 

which  elapses  between  the  instants  when  the  motions  at  those 
points  are  similar.  Let  a  denote  that  velocity;  then  the  condition 
of  motion  at  any  point  whose  distance  from  the  origin  is  as,  at  the 
instant  t,  depends  ttpon,  or  is  ajunctum  cfyat-^x;  which  quantity^ 
or  a  quantity  bearing  some  definite  proportion  to  it,  is  csdUied  the 
phase  of  the  wave  motion.  Wave  motion  in  fluids  of  invadahle 
density  is  regulated  by  the  principle  of  caf^inuitp  already  stated. 

417.  OMiiiAti«m  in  a  fluid,  is  a  motion  in  which  each  individual 
particle  of  the  fluid  returns  over  and  over  again  to  the  same  posi- 
tion, and  repeats  over  and  over  again  the  same  motions  The 
period  a£  an  oscillation  is  the  interval  of  time  which  elapses 
between  the  commencement  of  a  series  of  movements,  and  the 
commencement  of  the  repetition  of  the  same  movements.  The 
most  usual  kind  of  oscillation  in  a  fluid  is  that  of  a  series  of  oecil- 
latory  tca/veSf  in  which  a  certain  state  of  motion  is  transmitted 
onward  from  particle  to  particle,  that  motion  being  oscillatoiy. 
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Section  3. — Motions  of  Fluids  of  Varying  Densiti/. 

418.  Fi«w  •f  ▼•■■■i«  mad  Flow  •€  BlaM. — In  the  case  of  a  fluid 
of  Y^rying  density,  the  volume,  which  in  an  unit  of  time  flows 
through  a  given  area  A,  with  a  normal  velocity  u,  is  still  repre- 
sented, as  for  a  fluid  of  constant  density,  by 

Q  =  At.; (1.) 

but  the  absolute  quantity,  or  mass  of  fluid  which  so  flows,  bears  no 
longer  a  constant  proportion  to  that  volume,  but  is  proportional 
to  the  volume  multiplied  by  the  density.  The  density  may  be 
expressed,  either  in  units  of  weight  per  unit  of  volume,  or  in 
arbitrary  units  suited  to  the  particular  case.  Let  g  be  the  density; 
then  ihejlow  o/fnass  may  be  thus  expressed  : — 

tQ  =  9Au (2.) 

419.  The  Priactpl«  «f  Co«UmMit7»  as  applied  to  flidds  of  varying 
density,  takes  the  following  form  : — tJieJlow  into  or  out  of  any  fixed 
space  of  constant  volume  is  tliot  dus  to  the  variation  of  density  (done. 

To  express  this  symbolically,  let  there  be  a  fixed  space  of  the 
constant  volume  V,  and  in  a  given  interval  of  time  let  the  density 
of  the  fluid  in  it,  which  in  the  flrst  place  may  be  supposed  uniform 
at  each  instant,  change  from  ei  to  ^  Then  the  mass  of  fluid  which 
at  the  beginning  of  the  interval  occupied  the  volume  V,  occupies 

at  the  end  of  the  interval  the  volume  — -  ;  and  the  diflerence  of 

those  volumes  is  the  volume  which  flows  through  the  surface 
bounding  the  space,  outuxvrd  if  (s  is  less  than  fi,  inuxvrd  if  es  is 
greater  then  ft.  Let  t^—t^hQ  the  length  of  the  interval  of  time ; 
tiien  the  rate  of  flow  of  volume  is  expressed  as  follows  : — 


Q=— ^? L 


^-,  - ^'-^ 

If  the  rate  of  flow  is  variable  during  the  instant  in  question,  the 
above  equation  gives  its  mean  value;  and  in  that  case  the  exact 
rate  of  Jlow  ofvdume  at  a  given  instant  is  the  value  towards  which 
the  result  of  equation  1  converges  as  the  interval  of  time  is  inde- 
finitely diminished,  viz, : — 

<*-=^- « 

Theflow  of  mass  at  the  same  instant  is 


«.--^' •« 
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Next  let  it  be  supposed  that  the  density  of  the  fluid  varies  at 
different  points  of  the  space.  Then  on  the  right-hand  side  of 
equation  3,  *  is  to  be  held  to  represent  the  mean  densUy  thrcughoui 
t/be  space  at  the  given  instant;  while  on  the  left-hand  side,  e  most 
be  held  to  represent  the  mean  densUy  at  the  ev/r/ace  through  which  the 
flow  takes  place.  Let  that  surface  be  divided  into  parts,  over  each  of 
which  the  density  is  uniform  at  a  given  instant ;  let  Q'  represent  the 
part  of  the  flow  of  volume  which  takes  place  through  one  of  those 
parts  of  the  surface,  and  e'  the  density  of  the  fluid  so  flowing,  so  that 
Q*  i  is  the  part  of  the  flow  of  mass  whi(ih  takes  place  through  the  part 
of  the  suri^e  in  question;  then  for  equation  3  is  to  be  substituted 

--^^--^ (*•) 

420.  Strconi. — To  apply  the  preceding  principles  to  a  streaia  of 
fluid  of  varpng  density,  let  the  aaeis  of  the  stream  be  a  liuje,  sti&igfat 
or  curved,  which  traverses  the  centres  of  gravity  of  all  the  cross 
sections  of  the  stream  made  at  right  angles  to  that  a^ds,  and  let 
distances  from  a  flxed  point  in  that  axis,  measured  down-streamy  be 
denoted  by  s,  and  the  area  of  any  cross  section 'by  A.  Let « „  «,,  be 
'  the  positions  of  two  cross  sections  ef  the  stream  whose  distance 
apart  along  the  axis  is  s^  —  Sx)  then  the  volume  of  the  space 
between  those  cross  sections  is 


V 


=/;;Ae^. (1.) 


Let  Qi  be  the  rate  of  flow  of  volume  through  the  first  cross  section ; 
Qj  that  through  the  second;  w,,  u^,  the  corresponding  mean  velo- 
cities normal  to  Ihe  respective  cross  sections;  e  the  mean  density  of 
the  fluid  in  the  space  V ;  ^i  the  mean  density  at  the  first  cross  section, 
and  ^j  that  at  the  second.     Then  equation  4  of  Article  419  becomes 

Q.^-Q.e.=  ^=-^./:;A... (2.) 

The  rate  at  which  the^cnr  of  mass  varies,  in  passing  from  one  cross 
section  of  the  stream  to  another,  is  the  limit  to  which  the  ratio 

Q2  g>  -  Qi  ^i 


«t 

-»i 

converges  as  the  distance  s^ 

-»i 

is  indefinitely  dimini^ecl; 

that  is 

to  say, 

",?'■« 

da 

Ad, 
dt  

..(3.) 

The  m^an  norTrud  velocity  at  a  given  cross  section  of  a  stream 

tion 

by  Google 


having  the  value  «  =  -- ,  is  subject  to  the  equation 
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da      "       dt  ^^-^ 

421.  Steady  BlMlon^— In  the  case  of  steady  motion  in  a  fluid  of 
varying  density,  the  density,  velocity,  and  direction  of  motion  at 
each  fixed  point  of  the  space  to  which  the  motion  is  referred,  are 
constant,  and  are  assumed  successively  by  each  particle  which  arrives 
at  the  given  point  Hence  in  this  case,  equation  4  of  Article  419 
becomes 

2-Q'e'=0 (1.) 

The  case  of  a  stream  is  expressed  by  the  forms  assumed  by  equations 
3  and  4  of  Article  420,  viz.  :— 


d  '  Q    _^d'  Auf^ 


^8  rf7~~"' (^-^ 

that  is  to  say,  the  flow  of  mass  is  tmiform/or  aU  cross  sections  of  the 
s^eam;  and  being  also  constant  for  all  instants  of  time,  is  therefore 
absolutely  constant 

422.  Pistovs  aad  CjUmden. — Let  a  mass  of  fluid  of  variable 
density  be  enclosed  in  a  space  whose  volume  is  capable  of  being 
varied  by  the  motion  of  one  or  more  pistons.  Let  A  be  the  area 
of  the  projection  of  a  piston  on  a  plane  perpendicular  to  its  direction 
of  motion;  u  its  normal  velocity,  positive  if  outward,  negative  if 
inward  ',  (  the  density  of  the  fluid  in  contact  with  it;  V  the  whole 
volume  of  fluid  enclosed;  i  its  mean  density.  Then  equation  4 
becomes 

the  last  expression  being  introduced  because  ^  V  =  the  mass  en- 
closed, is  constant     If  the  density  is  uniform,  then  , 

A  ^^  /IN 

'•^^=^' (1^-) 

as  is  otherwise  evident 

If  the  space  is  not  completely  enclosed,  but  has  an  opening  whose 
cross  section  is  A",  and  at  which  the  mean  normal  velocity  of  the 
stream  is  u"  (positive  outward),  and  the  density  ^",  then  the  flow  of 
.mass  through  that  opening.  A"  w"  ^'',  is  to  be  included  in  the  sum- 
mation at  ^e  left  side  of  equation  1. 

423.  ctomevai  DitfercMttei  B«aaii«u. — As  in  Article  412  and  the 
subsequent  Articles,  let  u,  v,  and  1/7,  be  the  rectangular  components 
of  the  velocity  of  the  fluid  at  any  given  fixed  point  in  the  space  to 
which  the  motion  is  referred,  and  dx,dy,dz,  the  dimensions  of  an 
indefinitely  miall  fixed  rectangular  portion  of  that  space.  Then 
considering  the  pair  of  faces  of  that  space  whose  common  area  is 
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dyd^Zy  the  flow  of  mass  in  at  the  first  fiwe  is  -  w^  *  ^y  ^^  *^^  *^^ 
flow  of  mass  out  at  the  second  face  is  (w  c  +  -^^^*)  dydz'.^e 
resultant  of  which  pair  of  flows  is 

—T-^  ,AxAydz, 
ax 

Taking  the  corresponding  resultant  for  the  other  two  pairs  of  &ces, 
adding  the  three  quantities  thus  found  together,  observing  that 
Y  =  dxdydz,  and  dividing  by  that  common  factor,  the  equation 
4  of  Article  419,  which  expresses  the  principle  of  continuity, 
becomes  the  following  : — 

-d^'^-dV^^'dr-"'dt' ^^-^ 

which  is  the  equation  of  continuity  for  a  fluid  of  varying  density. 
This  equation  may  be  otherwise  expressed  as  follows  : — 

^\dx^  dy^  dzJ    '   \   dx        dy         dz     ,dt/ 
or  dividing  by  e, 

^  +  ^+^+(„-^  +  «;^+«,/+j^)hyp.log.,  =  0.(2A.) 
dx    dy     dz     \    dx       dy        dz    dtj 

The  first  three  terms  of  the  last  equation  are  identical  with  the 
three  terms  of  the  equation  of  continuity  for  a  fluid  of  uniform 
density. 

The  conditions  of  Bieady  motion  are  the  following : — 

di^^'  dt-^'  dt-^'  dt"^' ^^^ 

which  conditions  apply  to  a  flxed  point  in  spcice,  and  not  to  an 
individual  particle  of  fluid.  The  rates  of  variation  of  the  component 
velocities  and  of  the  density  of  an  individual  particle  of  fluid  are 
expressed  as  follows  : — 

d'u      du  ,      du  .     du  .       du  ,.  . 

-dr=di+'*d^+''di;+«'di' (*•> 

and  similar  equations  for  — j-Tj  "jT"*  ^^^  TT* 
at      at  at 

424.  The  motioiu  •f  Coaaecied  B«dica  form  the  subject  of  the 

Theory  of  Mechanism,  to  which  the  Fourth  Part  of  this  treatise 

relates. 
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PART  IV, 

THEOEY  OP  MECHANISBL 


CHAPTER  L 

DEFINinOKS  Ain>  OENEBAL  PRIKaPLlSS. 

425.  VhcOTT  •r  Pare  HMhurimi  iBemmmiL — Mochinu  are  bodies, 
or  assemblages  of  bodies,  which  transmit  and  modify  motion  and 
force.  The  word  "  machine,"  in  its  widest  sense,  may  be  applied 
to  every  material  substance  and  system,  and  to  the  material  uni- 
verse itself;  but  it  is  usually  restricted  to  works  of  human  art,  and 
in  that  restricted  sense  it  is  employed  in  this  treatise.  A  machine 
transmits  and  modifies  motion  when  it  is  the  means  of  mftlriTig  one 
motion  cause  another ;  as  when  the  mechanism  of  a  clock  is  the 
means  of  making  the  descent  of  the  weight  cause  the  rotation  of 
the  hands.  A  machine  transmits  and  modifies  force  when  it  is  the 
means  of  making  a  given  kind  of  physical  energy  perform  a  given 
kind  of  work  ;  as  when  the  furnace,  boiler,  water,  and  mechanism 
of  a  marine  steam  engine  are  the  means  of  making  the  energy  of 
the  chemical  combination  of  fuel  with  oxygen  perform  the  work  of 
overooming  the  resistance  of  water  to  the  motion  of  a  ship.  The 
acts  of  transmitting  and  modifying  motion,  and  of  transmitting  and 
modifying  force,  take  place  together,  and  are  connected  by  a  cer- 
tain law ;  and  until  lately,  they  were  always  considered  together 
in  treatises  on  mechanics ;  but  recently  great  advantage  in  point 
of  clearness  has  been  gained  by  first  considering  separately  the  act 
of  transmitting  and  modifying  motion.  The  principles  which  re- 
gulate this  function  of  machines  constitute  a  branch  of  Cinematics, 
called  the  theory  of  pure  Tnechamem,  The  principles  of  the  theory 
of  pure  mechanism  having  been  first  established  and  understood, 
those  of  the  theory  of  the  toork  offnachi'(ie8f  which  regulate  the  act 
of  transmitting  and  modifying  force,  are  much  more  readily  de- 
monstrated and  apprehended  than  when  the  two  departments  of 
^e  theory  of  machines  are  mingled.  The  establishment  of  the 
theory  of  pure  mechanism  as  an  independent  subject  has  been 
mainly  accomplished  by  the  labours  of  Mr.  WilHs,  whose  no- 
menclature and  methods  are,  to  a  great  extent,  followed  in  this 
treatise. 
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426.  The  cteaerai  Problem  of  the  theoiy  of  pure  mecbanism 
may  be  stated  as  follows  : — Criven  the  mode  of  ooTVuection  of  two  or 
more  moveable  points  or  hodiea  with  each  otfi/er,  and  trnth  certain  fixed 
bodies;  required  the  comparative  motions  of  the  m/ovecMe  points  or 
bodies:  and  conversely,  wfien  the  comparative  motions  of  two  or 
more  moveable  points  are  given,  to  find  tlieir  proper  mode  of  connec- 
tion. 

The  term  "comparative  motion'*  is  to  be  understood  as  in 
Articles  358,  367,  379,  and  395.  In  those  Articles,  the  oompara- 
tive  motions  of  points  belonging  to  one  body  have  already  been 
considered.  In  order  to  constitute  mechanismj  two  or  more  bodies 
must  be  so  connected  that  their  motions  depend  on  each  other 
through  cinematical  principles  alone. 

427.  Fnunei  iHoTinc  Pieces)  CoHiieccen. — The  froffns  of  a  ma- 
chine is  a  structure  which  supports  the  vnoving  pieceSy  and  regulates 
the  path  or  kind  of  motion  of  most  of  them  directly.  In  considei^ 
ing  the  movements  of  machines  mathematically,  the  frame  is  con- 
sidered as  fixed,  and  the  motions  of  the  moving  pieces  are  referred 
to  it.  The  frame  itself  may  have  (as  in  the  case  of  a  sliip  or  of  a 
locomotive  engine)  a  motion  relatively  to  the  earth,  and  in  that 
case  the  motions  of  the  moving  pieces  relatively  to  the  earth  ar& 
the  resultants  of  their  motions  relatively  to  the  frame,  and  of  the 
motion  of  the  frame  relatively  to  the  earth ;  but  in  all  problems  of 
pure  mechanism,  and  in  many  problems  of  the  work  of  machines, 
the  motion  of  the  frame  relatively  to  the  earth  does  not  require  to 
be  considered. 

The  moving  pieces  may  be  distinguished  into  primary  and  second- 
ary; the  former  being  those  which  are  directly  carried  by  the 
frume,  and  the  latter  those  which  are  carried  by  other  moving 
pieces.  The  motion  of  a  secondary  moving  piece  relatively  to  the 
frame  is  the  resultant  of  its  motion  relatively  to  the  primary  piece 
which  carries  it,  and  of  the  motion  of  that  primary  piece  relatively 
to  the  fi*ame. 

Connectors  are  those  secondary  moving  pieces,  such  as  links,  belts, 
cords,  and  chains,  which  transmit  motion  from  one  moving  piece 
to  another,  when  that  transmission  is  not  effected  by  immediate 
contact 

428.  Bearings  are  the  surfaces  of  contact  of  primary  moving 
pieces  with  the  frame,  and  of  secondary  moving  pieces  with  the 
pieces  which  carry  them.  Bearings  guide  the  motions  of  the  pieces 
which  they  support,  and  their  figures  depend  on  the  nature  of  those 
motions.  The  bearings  of  a  piece  which  has  a  motion  of  transla- 
tion in  a  straight  line,  must  have  plane  or  cylindrical  surfaces, 
exactly  straight  in  the  direction  of  motion.  The  bearings  of  rotate 
ing  pieces  must  have  surfaces  accurately  turned  to  Jigures  qfrevolur 
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tiorij  audi  as  cjlinden,  spheres,  conoids^  and  flat  discs.  The  bearing 
of  a  piece  whose  motion  is  helical^  nrast  be  an  exact  screw,  of  a 
pitch  e<|iial  to*  that  of  the  helical  motion  (Article  382).  Those 
parts  of  moving  pieces  which  touch  the  bearings^  should  have 
surfaces  accurately  fitting  those  of  the  bearings.  They  may  be 
distinguished  into  slides,  for  pieces  which  move  in  straight  lines, 
gudgeons,  journals,  hushes,  and  pwots,  for  those  which  rotate,  and 
screws  for  those  which  move  helically. 

The  accurate  formation  and  fitting  of  bearing  surfaces  is  of  primary 
importance  to  the  correct  and  efficient  working  of  machines.  Sur- 
faces of  revolution  are  the  most  easy  to  form  accurately,  screws  are 
more  difficult,  and  planes  the  most  difficult  of  all.  The  success  of 
Mr.  Whitworth  in  making  true  planes,  is  regarded  as  one  of  the 
greatest  achievements  in  the  construction  of  machinery. 

429.  The  notioMs  •f  Priniarr  AI«v1bc  Pieecs  are  limited  by  the 
fact,  that  in  order  that  different  portions  of  a  pair  of  bearing  sur- 
faces may  accurately  fit  each  other  during  their  relative  motion, 
those  surfaces  must  be  either  straight,  circular,  or  helical;  from 
which  it  follows,  that  the  motions  in  question  can  be  of  three  kinds 
only,  viz : — 

L  Straight  trandation,  or  shifting,  which  is  necessarily  of  limited 
extent,  and  which,  if  the  motion  of  the  machine  is  of  indefinite 
duration,  must  be  reciprocating;  that  is  to  say,  must  take  place 
alternately  in  opposite  directions.  (See  Part  III.,  Chapter  II., 
Section  1.) 

II.  Simple  rotation,  or  turning  about  a  fixed  axis,  which  motion 
may  be  either  continuous  or  reciprocating,  being  called  in  the 
latter  case  oscillation,     (See  Part  III.,  Chapter  II.,  Section  2.) 

III.  Helical  or  screw-like  motion,  to  which  the  same  remarks 
apply  as  to  straight  translation.  (See  Part  III.,  Chapter  II., 
Section  3,  Article  382.) 

430.  TM  Hloti««B  of  8«cofli«aiT  AloviMip  Ptocca  relatively  to  the 
pieces  which  carry  them,  are  limited  by  the  same  principles  which 
apply  to  the  motions  of  primary  pieces  relatively  to  the  frama  But 
the  motions  of  secondary  moving  pieces  relatively  to  the  frame  may 
be  any  motions  which  can  be  compounded  of  straight  translations 
and  simple  rotations  according  to  the  principles  already  explained 
in  Part  IIL,  Chajiter  II.,  Section  3, 

431.  An  EleneBiaiT  Combinniimi  in  mechanism  consists  of  a 
pair  of  primary  Tnoving  pieces,  so  connected  that  one  transmits 
motion  to  the  other. 

The  piece  whose  motion  is  the  cause  is  called  the  driver ;  that 
whose  motion  is  the  effect,  the  foUower.  The  coniMdym  between 
the  driver  and  the  follower  may  be — 

L  By  rolling  contact  of  their  sur&ces,  as  in  toothless  wheela. 
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II.  By  sliding  contact  of  their  surfaces,  as  in  toothed  wheels, 
screws^  wedges,  cams,  and  escapements, 

III.  B7  bands  or  wrapping  connectors^  snch  as  Mfo,  eone^r,  and 
gearing-chains, 

I Y.  By  link'iffork,  such  as  cotmecUng  rods,  vmwrsal  joints,  and 

V.  By  redvplicaticn  0/ cords,  as  in  the  case  of  ropes  and  pul]ej& 
YI.  By  an  intervening  fimd,  transmitting  motion  between  two 
pistona 

The  varions  cases  of  the  transmission  of  motion  fifom  a  driver  to 
a  follower  are  further  classified,  according  as  the  relation  between 
their  directions  of  motion  is  constant  or  changeable,  and  according 
as  the  ratio  of  their  velocities  is  constant  or  variable.  This  latter 
principle  of  classification  is  employed  by  Mr.  Willis  as  the  founda- 
tion of  a  primary  division  of  the  subject  of  elementary  combinations 
in  mechanism  into  classes,  which  are  subdivided  according  to  the 
mode  of  connection  of  the  pieces.  In  the  present  treatise,  Momen- 
tary combinations  will  be  classed  primarily  according  to  the  mode 
of  connection. 

432.  Une  •€  €ouieeti«M. — In  every  class  of  elementary  combina- 
tions, except  those  in  which  the  connection  is  made  by  reduplica- 
tion of  cords,  or  by  an  intervening  fluid,  there  is  at  each  instant 
a  certain  straight  Ime,  called  the  line  0/ eormeetion,  or  line  of  mutual 
action  of  the  driver  and  follower.  In  the  case  of  rolling  contact, 
this  is  any  straight  line  whatsoever  traversing  the  point  of  contact 
of  the  sur&ces  of  the  pieces  7  in  the  case  of  sliding  contact,  it  ia  a 
Une  perpendicular  to  those  surfaces  at  their  point  of  contact ;  in 
the  case  of  wrapping  connectors,  it  is  the  centre  line  of  that  part 
of  the  connector  by  whose  tension  the  motion  is  transmitted ;  in 
the  case  of  link-work,  it  is  the  straight  line  passing  through  the 
points  of  attachment  of  the  link  to  the  driver  and  follower. 

433.  Privci^le  mi  CMiaedtoB. — The  line  of  connection  of  the 
driver  and  follower  at  any  instant  being  known,  their  comparative 
velocities  are  determined  by  the  following  principle  : — The  respeo- 
tive  linear  velocities  of  a  point  in  tJte  driver,  and  a  point  in  the  fol- 
lower,  each  sitiuited  anywhere  in  the  line  0/ connection,  wre  to  each 
other  inversdy  ae  the  cosines  of  the  respective  angles  made  by  the  paths 
of  the  points  wiilh  the  line  of  comnection.  This  principle  might  be 
otherwise  stated  as  follows  : — The  components,  along  dU  line  of  con- 
nection,  cf  the  vdocUies  ofaaiy  two  points  situated  in  thai  line,  are 
equal. 

434.  AdjvatmcBta  •f  Speeds — ^The  velodty-ratio  of  a  driver  and 
its  follower  is  sometimes  made  capable  of  being  changed  at  will,  by 
means  of  apparatus  for  varying  the  position  of  their  Sne  of  conneo- 
tian;  as  when  a  pair  of  rotating  cones  are  embraced  by  a  belt 
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which  caB  be  shifted  so  as  to  connect  portions  of  their  surfaces  of 
different  diameters. 

435.  A  Twmin  •f  oiechaBini  consists  of  a  series  of  moving  pieces, 
each  of  which  is  follower  to  that  which  drives  it,  and  driver  to  that 
which  follows  it. 

436.  jLMMVBse  c— MMitigm  in  mechanism  are  those  by  which 
compound  motions  are  given  to  secondary  pieces. 
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CHAPTER  IL 

ON  EUSMENTABT  GOHBIKATIONS  AND  TBAINB  OF  MBCHABISI. 

Section  h^—EoRing  CantaeL 

437.  Pitck  Smikees  are  those  surfaces  of  a  pair  of  moTiog  pi«^ 
which  touch  each  other  when  motion  is  communicated  by  roHx: 
contact  The  line  of  contact  is  that  line  which  at  each  ic5x: 
traverses  all  the  pairs  of  points  of  the  pair  of  pitch  suz&oes  vlk£ 
are  in  contact. 

438.  Smooth  Wheels,  Boilers.  Snoecli  BaclM^— Of  a  pair  of  je 
mary  moving  pieces  in  rolling  contact,  both  may  rotate,  or  cer 
may  rotate  and  the  other  have  a  motion  of  sliding,  or  stni^ 
translation.  A  rotating  piece,  in  rolling  contact^  is  called  a  tm»' 
whed,  and  sometimes  a  roller;  a  sliding  piece  may  be  caSkd « 
smooth  rack. 

439.  Oeneral  CoMdltioiu  ef  Belltog  Cmtweib— The  whole  d  i: 
principles  which  regulate  the  motions  of  a  pair  of  pieces  in  icS^ 
contact  follow  from  the  single  principle,  that  eaehpoir  o/pointiw^ 
pUch  8u/rface8,  which  cure  in  contcLct  ai  a  given  instafd,  imuA  at  ^ 
instant  be  moving  in  tJie  sams  direction  with  the  satne  uMty. 

The  direction  of  motion  of  a  point  in  a  rotating  body  bemg  ^ 
pendicular  to  a  plane  passing  through  its  axis,  the  condition,  tL»: 
each  pair  of  points  in  contact  with  each  other  must  move  in^' 
same  direction  leads  to  the  following  consequences : — 

I.  That  when  both  pieces  rotate,  their  axes,  and  all  their  pat* 
of  contact,  lie  in  the  same  plane. 

II.  That  when  one  piece  rotates  and  the  other  slides,  the  aii>  »- 
the  rotating  piece,  and  all  the  points  of  contact,  lie  in  a  plane  p 
pendicular  to  the  direction  of  motion  of  the  sliding  piece. 

The  condition,  that  the  velocities  of  each  pair  of  points  of  o** 
tact  must  be  equal,  leads  to  the  following  consequences  :■— 

III.  That  the  angular  velocities  of  a  pair  of  wheels,  in  nfc 
contact,  must  be  inversely  as  the  perpendicular  distances  of  ^'. 
pair  of  points  of  contact  from  the  respective  axes. 

IV.  That  the  linear  velocity  of  a  smooth  rack  in  roUing  c<^^' 
with  a  wheel,  is  equal  to  the  product  of  the  angular  velodtrof  ^ 
wheel  by  the  perpendicular  distance  from  its  axis  to  a  pair  of  Y^^ 
of  contact 
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Bespecting  the  line  of  contact,  the  above  principles  IIL  and  lY. 
lead  to  the  following  condusiona  : — 

Y.  That  for  a  pair  of  wheels  with  parallel  axes,  and  for  a  wheel 
and  rack,  the  line  of  contact  is  straight,  and  parallel  to  the  axes  or 
axis ;  and  hence  that  the  pitch  surfaces  are  either  plane  or  cylin- 
drical (the  term  '^  cylindrical"  including  all  surfaces  generated  by 
the  motion  of  a  straight  line  parallel  to  itself). 

YI.  That  for  a  pair  of  wheels,  with  intersecting  axes,  the  line  of 
contact  is  also  straight,  and  traverses  the  point  of  intersection  of 
the  axes ;  and  hence  that  the  rolling  surfaces  are  conical,  with  a 
common  apex  (the  term  '' conical"  including  all  surfaces  generated 
by  the  motion  of  a  straight  line  which  traverses  a  fixed  point). 

4:40.  circviwr  c^Uadrical  Wheels  are  employed  when  an  uniform 
velocity-ratio  is  to  be  communicated  between  parallel  axes.  Figs. 
187,  188,  and  189,  of  Article  388,  may  be  taken  to  represent  pairs 
of  such  wheels ;  0  and  O,  in  each  figure,  being  the  parallel  axes  of 
the  wheels,  and  T  a  point  in  their  line  of  contact.  In  fig.  187, 
both  pitch  surfiaices  are  convex,  the  wheels  are  said  to  be  in  outside 
geaHnQy  and  their  dii%ctions  of  rotation  are  contrary.  In  figs.  188 
and  189,  the  pitch  surface  of  the  larger  wheel  is  concave,  and  that 
of  the  smaller  convex ;  they  are  said  to  be  in  inside  gearing,  and 
their  directions  of  rotation  are  the  same. 

To  represent  the  comparative  motions  of  such  pairs  of  wheels 

symboHcally,  let  

OT=ri,  CT  =  r^ 

be  their  radii :  let  tTC  =  c  be  the  line  of  centres,  or  perpendicular 
distance  between  the  axes,  so  that  for 

outside )  „^'\^„  .,_*.  -4-<..  n  \ 

inside    |gearmg,c=ri=!=r2 (1.) 

lict  a^f  CTg,  be  the  angular  velocities  of  the  wheels,  and  v  the  common 
linear  velocity  of  their  pitch  surfaces ;  then 


1^1  =  *2^2>  I (2) 

the  sign  db  applying  to  |  ^^/ 1  gearing. 

441'.  A  smi«ht  Back  sad  Circular  Wheel,  which  are  used  when 
an  uniform  velocity-ratio  is  to  be  communicated  between  a  sliding 
piece  and  a  turning  piece,  may  be  represented  by  fig.  185  of  Article 
385,  C  being  the  axis  of  the  wheel,  P  T  P  the  plane  surface  of  the 
rack,  and  T  a  point  in  their  line  of  contact.  Let  r  be  the  radius  of 
the  wheel,  a  its  angular  velocity,  and  v  the  linear  velocity  of  the 
rack;  then 

f;=:ra. 
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442.  B«T«1  WlMebt  whose  pitch  sur&ces  are  frustia  of  regular 
cones,  are  used  to  traDsmit  an  uniform  angular  velocity-ratio 
between  a  pair  of  axes  which  intersect  each  other.  Fig.  190  of 
Article  392  will  serve  to  illustrate  this  case;  O  A  and  O  C  being 
the  pair  of  axes,  intersecting  each  other  in  O,  O  T  the  line  of  con- 
tact, and  the  cones  describ^  by  the  revolution  of  O  T  about  O  A 
and  O  C  respectively  being  the  pitch  surfaces,  of  which  narrow  zones 
or  frustra  are  used  in  practice. 

Let  a„  Oa,  be  the  angular  velocities  about  the  two  axes  respec- 
tively; and  let  tj  =  .^  A  O  T,  i,  =  .^  C  O  T,  be  the  angles  made 
by  those  axes  respectively  with  the  line  of  contact ;  then  from 
the  principle  IIL  of  Article  439  it  follows,  that  the  angular  velocity- 
ratio  is 


.(1.) 


a,  _  sin  t, 

ai  ""  sin  ii' 

Which  equation  serves  to  find  the  angular  velocity-ratio  when  the 
axes  and  the  line  of  contact  are  given. 

Conversely,  let  the  angle  between  the  axes,* 

be  given,  and  also  the  ratio  ^ ;   then  the  position  of  the  line  of 
contact  is  given  by  either  of  the  two  following  equations  : — 


smti=r 


a^sin^ 


smt5  = 


/s/(a!  + a|  +  2  ai  Ojoos^y 
Oisiny ^ 


.(2.) 


J{ai  +  al  +  2ai  a,cosj) ' 

Graphically,  the  same  problem  is  solved  as  follows : — ^On  the  two 

axes  respectively,  take  lengths  to  represent  the  angular  velocities 

of  their  respective  wheels.     Complete  the  parallelogram  of  which 

those  lengths  are  the  sides,  and  its  diagonal  will  be 

the  line  of  contact     As  in  the  case  of  the  rolling 

cones  of  Article  393,  one  of  a  pair  of  bevel  wheels 

may  be  a  flat  disc,  or  a  concave  cone. 

443.  If  ott-circniar  WbeeU  are  used  to  transmit  a 
variable  velocity-ratio  between  a  pair  of  parallel 
axes.  In  fig.  191,  let  Cj,  Cg,  represent  the  axes  of 
such  a  pair  of  wheels;  T|,  T,,  a  pair  of  points  which 
at  a  given  instant  touch  each  other  in  the  line  of 
contact  (which  line  is  parallel  to  the  axes  and  in 
the  same  plane  with  them) ;  and  TJi,  Uj,  another 
pair  of  points,  which  touch  each  other  at  another 
instant  of  the  anotion;  and  let  the  four  points,  T„ 


Fig.  191. 
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T^,  TJ„  IT2,  he  in  one  plane  perpendicnkr  to  the  two  axes,  and  to 
the  line  of  contact.  Then  for  eveiy  sach  set  of  four  points,  the 
two  following  equations  must  be  fulfilled  :•— 

arc  Ti  TJi  =  arc  T,  U,;  J  ^   ' 

and  those  equations  show  the  geometrical  relations  which  must 
exist  between  a  pair  of  rotating  surfaces  in  order  that  they  may 
move  in  rolling  contact  round  fixed  axes. 

The  same  conditions  are  expressed  difierentiallj  in  the  following 
manner  : — Let  r^,  r,,  be  the  radii  vectorea  of  a  pair  of  points  which 
touch  each  other;  dsi,  da^a.  pair  of  elementary  arcs  of  the  cross 
sections  T,  U„  T,  TJ,,  of  the  pitch  surfaces,  and  c  the  line  of  centres 
or  distance  between  the  axes.     Then 

ds^^^ih    \ (2.) 

dr^  dr^'  ) 

If  one  of  the  wheels  be  fixed  and  the  other  be  rolled  upon  it,  a 
point  in  the  axis  of  the  rolling  wheel  describes  a  circle  of  the  radius 
c  round  the  axis  of  the  fixed  wheel 

The  equations  1  and  2  are  made  applicable  to  truuie  gearing  by 
putting  —  instead  of  +  and  +  instead  of  — . 

The  angular  velocity-ratio  at  a  given  instant  has  the  value 

^-?i (3.) 

As  examples  of  non-circular  wheels,  the  following  may  be 
mentioned : — 

I.  An  ellipse  rotating  about  one  focus  rolls  completely  round  in 
outside  gearing  with  an  equal  and  similar  ellipse  also  rotating  about 
one  focus,  the  distance  between  the  axes  of  rotation  being  equal  to 
the  major  axis  of  the  eUipses,  and  the  velocity-ratio  varying  from 

1  —  excentricity  .    1  +  excentricity 
1  +  excentricity       1  —  excentricity' 

II.  A  hyperbola  rotating  about  its  farther  focus,  rolls  in  inside 
gearing,  through  a  limited  arc,  with  an  equal  and  similar  hyperbola 
rotating  about  its  nearer  focus,  the  distance  between  the  axes  of 
rotation  being  equal  to  the  axis  of  the  hyperbolas,  and  the  velocity- 
ratio  vaiying  between 

excentricity  +1       , 

r-r-TT- r  and  unity, 

excentncity  —  1  '' 
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III.  Two  logarithmic  spirals  of  equal  obliqtiity  rotate  in  rolling 
contact  with  each  other  through  an  indefinite  angle.  (For  farther 
examples  of  non-circular  wheels,  see  Professor  Clerk  Maxwell's 
paper  on  Rolling  Curves,  Trcma.  Roy.  Soa,  JSdin,,  voL  xvL,  and 
Professor  Willis's  work  on  Mechanism.) 

Section  2. — Sliding  CorUacL 

444.  Skew-Berel  wiiecia  are  employed  to  transmit  an  nniform 
velocity-ratio  between  two  axes  which  are  neither  parallel  nor 


Fig,  192. 


Fig.  193. 


Fig.  194. 


intersecting.  The  pitch  sur&oe  of  a 
skew-bevel  wheel  is  a  frustrum  or 
zone  of  a  hf/perboloid  of  reoolution. 
In  fig.  192,  a  pair  of  large  portions  of 
such  hyperboloids  are  shown,  rotat- 
ing about  axes  A  £,  C  D.  In  fig.  193 
are  shown  a  pair  of  narrow  zones  of 
the  same  figures,  such  as  are  employed 
in  practice. 

A  hyperboloid  of  revolution  is  & 
surface  resembling  a  sheaf  or  a  dice 
box,  generated  by  the  rotation  of  a  straight  line  round  an  axis  from 
which  it  is  at  a  constant  distance,  and  to  which  it  is  inclined  at  a 
constant  angle.  If  two  such  hyperboloids,  equal  or  unequal,  be 
placed  in  the  closest  possible  contact,  as  in  &g,  192,  they  will  touch 
each  other  along  one  of  the  generating  straight  lines  of  each,  which 
will  form  their  line  of  contact,  and  will  be  inclined  to  the  axes 
A  B,  C  D,  in  opposite  directions.  The  axes  wiU  neither  be  parallel, 
nor  will  they  intersect  each  other. 

The  motion  of  two  such  hyperboloids,  rotating  in  contact  with 
each  other,  has  sometimes  beem  classed  amongst  cases  of  rolling 
contact;  but  that  classification  is  not  strictly  correct;  for  although 
the  component  velocities  of  a  pair  of  points  of  contact  in  a  direction 
at  right  angles  to  the  line  of  contact  are  equal,  still,  as  the  axes  are 
neither  parallel  to  each  other  nor  to  the  line  of  contact,  the  velocities 
of  a  pair  of  points  of  contact  have  components  along  the  line  of 
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contact,  which  are  unequal,  and  their  difference  constitutes  a  lateral 
sliding. 

The  directions  and  positions  of  the  axes  being  given,  and  the 

required  angular  velocity-ratio,  — ,  it  is  required  to  find  the  Mi- 

q^UHe8  of  the  generating  line  to  the  two  axes,  and  its  radii  vectores, 
or  least  perpendicular  distances  from  these  axes. 

In  fig.  194,  let  A  £,  C  D,  be  the  two  axes«  and  G  K  their  common 
perpendicular. 

On  any  plane  normal  to  the  common  perpendicular  G  K  A,  draw 
a  5  II  A  B,  c  (^  II  C  D,  in  which  take  lengths  in  the  following  pro- 
portions : — 

complete  the  parallelogram  hpeq,  and  draw  its  diagonal  e  h/;  the 

line  of  contact  E  H  F  will  be  parallel  to  that  diagonal 

From  p  let  fall  p  m  perpendicular  to  he.     Then  divide  the 

common  perpendicular  G  K  in  the  ratio  given  by  the  proportional 

equation  

Ti:7^:mh::GK:GK:  KH; 

then  the  two  segments  thus  found  will  be  the  least  distances  of 

the  line -of  contact  from  the  axes. 

The  first  pitch  surfece  is  generated  by  ihe  rotation  of  the  line 
E  H  F  about  the  axis  A  B  with  the  radius  vector  G  H  =  r, ;  the 
second,  by  the  rotation  of  the  same  line  about  the  axis  C  D  with 
the  radius  vector  H  K  =  r. 

To  draw  the  hyperbola  which  is  the  longitudinal  section  of  a 
skew-bevel  wheel  whose  generating  line  has  a  given  radiiis  vector 
and  obliquity,  let  A  G  B,  fig.  195,  re- 
present the  axis,  G  H  X  A  G  B,  the 
radius  vector  of  the  generating  line, 
and  let  the  straight  line  E  G  F  make 
with  the  axis  an  angle  equal  to  the 
obliquity  of  the  generating  line.  H 
will  be  the  vertex,  and  E  G  F  one  of  ^'S- 195. 

the  asymptotes,  of  the  required  hyperbola.  To  find  any  number  of 
points  in  that  hyperbola,  proceed  as  follows  : — DrawXW  Y  parallel 
to  G  H,  cutting  GE  in  W,  and  make  XY  =  J  (GH«  +  X"W^ 
Then  will  Y  be  a  point  in  the  hyperbola. 

445.  Groored  Wheels. — To  increase  the  friction  or  adhesion 
between  a  pair  of  wheels,  which  is  the  means  of  transmitting  force 
and  motion  from  one  to  the  other,  their  surfaces  of  contact  are 
sometimes  formed  into  alternate  circular  ridges  and  grooves,  con- 
stituting what  is  called  frictional  gearing.     Fig.   196  is  a  cross 
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section  illustrating  the  kind  of  Motional  gearing  invented  by  Mr. 
Bobertson.  TJie  comparative  motion  of  a  pair  of  wheels  thai 
ridged  and  grooved  is  nearly  the  same  with  that 
of  a  pair  of  smooth  wheels  in  rolling  contact, 
having  cylindrical  or  conical  pitch  sur&ces  lying 
midway  between  the  tops  of  the  ridges  and  bottoms 
of  the  groovea 

The  relative  motion  of  the  faces  of  contetct  of 
the  edges  and  grooves  is  a  rotatoiy  sliding^  about 
the  line  of  contact  of  the  ideal  pitch  sur£Eices  as  an  instantaneous 
axis. 

The  angle  between  the  rides  of  each  groove  is  about  40® ;  and  it 
is  stated  that  the  mutual  friction  of  the  wheels  is  about  once  and 
a-half  the  force  with  which  their  axes  are  pressed  towards  each  other. 

446.  TmUi  •€  Wheels. — ^The  most  usual  method  of  commani- 
eating  motion  between  a  pair  of  wheels,  or  a  wheel  and  a  rack, 
and  the  only  method  which,  by  preventing  the  possibility  of  the 
rotation  of  one  wheel  unless  accompanied  by  the  other,  insures  the 
preservation  of  a  given  velocity-ratio  exactly,  is  by  means  of  the 
projections  called  teeth. 

The  pUch  surface  of  a  wheel  is  an  ideal  smooth  surface,  inter- 
mediate between  the  crests  of  the  teeth  and  the  bottoms  of  the 
spaces  between  them,  which,  by  rolling  contact  with  the  pitch  sur- 
face of  another  wheel,  would  communicate  the  same  velocity-ratio 
that  the  teeth  communicate  by  their  sliding  contact  In  designing 
wheels,  the  forms  of  the  ideal  pitch  surfaces  are  first  determined, 
and  from  them  are  deduced  the  forms  of  the  teeth. 

Wheels  with  cylindrical  pitch  surfaces  are  called  spur  whe^s; 
those  with  conicsd  pitch  surfaces,  bevd  wlieda;  and  those  with 
hyperboloidal  pitch  surfaces,  skew-hevd  wheels. 

The  piicJh  line  of  a  wheel,  or,  in  circular  wheels,  the  pitch  cirde, 
is  a  transverse  section  of  the  pitch  surface  made  by  a  surface  per- 
pendicular to  it  and  to  the  axis ;  that  is,  in  spur  wheels,  by  a  plane 
perpendicular  to  the  axis ;  in  bevel  wheels,  by  a  sphere  described 
about  the  apex  of  the  conical  pitch  surface;  and  in  skew-bevel 
wheels,  by  any  oblate  spheroid  generated  by  the  rotation  of  an 
ellipse  whose  foci  are  the  same  with  those  of  the  hyperbola  that 
generates  the  pitch  surface. 

The  pitch  point  of  a  pair  of  wheels  is  the  point  of  contact  of  their 
pitch  lines ;  that  is,  the  transverse  section  of  the  line  of  contact  of 
the  pitch  surfaces. 

Similar  terms  are  applied  to  racks. 

That  part  of  the  acting  surface  of  a  tooth  which  projects  beyond 
the  pitch  surface  is  called  the  /ace;  that  which  lies  within  the 
pitch  surface^  iheJUmk. 
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Hie  radiTis  of  the  pitch  circle  of  a  circular  wheel  is  called  the 
geomdricai  radius  ;  that  of  a  circle  touching  the  crests  of  the  teeth 
is  called  the  real  radius;  and  the  difference  between  those  radii, 
the  addendum, 

447.  Filch  muA  Nmmikm  •f  Tedh. — The  distance,  measured  along 
the  pitch  line,  from  the  face  of  one  tooth  to  the  face  of  the  next,  is 
called  the  pitch. 

The  pitch,  and  the  number  of  teeth  in  circular  wheels^  are  regu- 
lated by  the  following  principles  : — 

I.  In  wheels  which  rotate  continuously  for  one  revolution  or 
more,  it  is  obviously  necessary  that  the  pitch  should  be  an  aliquot 
pari  of  the  circum/erence. 

In  wheels  which  reciprocate  without  performing  a  complete  re- 
volution, this  condition  is  not  necessary.  Such  wheels  are  called 
sectors. 

II.  In  order  that  a  pair  of  wheels,  or  a  wheel  and  a  rack,  may 
work  correctly  together,  it  is  in  all  cases  essential  that  the  pitch 
should  be  Hie  saane  in  each, 

IIL  Hence,  in  any  pair  of  circular  wheels  which  work  together, 
the  numbers  of  teeth  in  a  complete  circumference  are  dir^ly  as 
the  radii,  and  inversely  as  the  angular  velocities. 

lY.  Hence  also,  in  any  pair  of  circular  wheels  which  rotate 
continuously  for  one  revolution  or  more,  the  ratio  of  the  numbers 
of  teeth,  and  its  reciprocal,  the  angular  velocity-ratio,  must  be  ex- 
pressible in  whole  numbers. 

V.  Let  n,  N,  be  the  respective  numbers  of  teeth  in  a  pair  of 
wheels,  N  being  the  greater.  Let  «,  T,  be  a  pair  of  teeth  in  the 
smaller  and  larger  wheel  respectively,  which  at  a  particular  instant 
work  together.  It  is  required  to  find,  first,  how  many  pairs  of 
teeth  must  pass  the  line  of  contact  of  the  pitoh  sur&oes  before  t 
and  T  work  together  again  (let  this  number  be  called  a);  secondly, 
with  how  many  different  teeth  of  the  larger  wheel  the  tooth  t  wul 
work  at  different  times  (let  this  number  be  called  b)  ;  and  thirdly, 
with  how  many  different  teeth  of  the  smaller  wheel  the  tooth  T 
will  work  at  different  times  (let  this  be  called  e). 

Case  1.  If  n  is  a  divisor  of  N, 

a  =  Nj  5=-;  c=l (1.) 

n 

Case  2.  If  the  greatest  common  divisor  of  N  and  »  be  d*,  a  num- 
ber less  than  n,  so  that  n  ^mdy'N  =  Md,  then 


=  mK  =  Mn  =  Minc?;  6  =  Mj  c  =  m. (2.) 

byGoogk 


Case  4  ^^  ^  <^^  ^  ^  prime  to  each  other^ 
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a  «  Nn;  ft  «  N;  c  «  n. (3.) 

It  ia  considered  desirable  by  millwrights,  with  a  view  to  the 
preservation  'of  the  uniformity  of  shape  of  the  teeth  of  a  pair  of 
wheels,  that  each  given  tooth  in  one  wheel  should  work  wiih  as 
many  different  teeth  in  the  other  wheel  as  possibla  They,  there- 
fore, study  to  make  the  numbers  of  teeth  m  each  pair  of  wheels 
which  work  together  such  as  to  be  either  prime  to  each  other,  or  to 
have  their  greatest  common  divisor  as  small  as  is  possible  con- 
sistently with  the  purposes  of  the  machine. 

YL  The  smallest  number  of  teeth  which  it  is  practicable  to  give 
to  a  pinion  (that  is,  a  small  wheel),  is  regulated  by  the  principle, 
that  in  order  that  the  communication  of  motion  from  one  wheel  to 
another  may  be  continuous,  at  least  one  pair  of  teeth  should  always 
be  in  action ;  and  that  in  order  to  provide  for  the  contingency  of  a 
tooth  breaking,  a  second  pair,  at  least,  should  be  in  action  aba 
For  reasons  which  will  appear  when  the  forms  of  teeth  are  con- 
sidered, this  principle  gives  the  following  as  the  least  numbers  of 
teeth  which  can  be  usually  emj^oyed  in  pinions  having  teeth  of  the 
three  classes  of  figures  named  below,  whose  properties  will  be  ex- 
plained in  the  sequel : — 

I.  Involute  teeth,. 25. 

IL  Epicyoloidal  teeth, 13. 

IIL  Cylindrical  teeth,  or  staves, 6L 

448.  BnatiHc  €«f . — When  the  ratio  of  the  angular  velocitiea  of 
two  wheels,  being  reduced  to  its  least  terms,  is  expressed  by  gp^ll 
numbers,  less  than  those  which  can  be  given  to  wheels  in  practice, 
and  it  becomes  necessary  to  employ  multiples  of  those  numbers  by 
A  common  multiplier,  which  becomes  a  common  divisor  of  the 
numbers  of  teeth  in  the  wheels,  millwrights  and  engine-makers 
avoid  the  evil  of  frequent  contact  between  the  same  pairs  of  teeth, 
by  giving  one  additional  tooth,  called  a  htmting  cog,  to  the  larger 
of  the  two  wheela  This  expedient  causes  the  velocity-ratio  to  be 
not  exactly  but  only  approximately  equal  to  that  which  was  at  first 
contemplated ;  and  therefore  it  cannot  be  used  where  the  exactness 
of  certain  velocity-ratios  amongst  the  wheels  is  of  importance  as 
in  clockwork.  ' 

449.  A  TniiB  mr  Whceiwwk  consists  of  a  series  of  axes,  each 
having  upon  it  two  wheels,  one  of  which  is  driven  by  a  wheel  on 
the  preceding  axis,  while  the  other  drives  a  wheel  on  the  following 
axis.  If  the  wheels  are  all  in  outside  gearing,  the  directioB  of 
rotation  of  each  axis  is  contrary  to  that  of  the  adjoining  axes.  In 
some  cases,  a  single  wheel  upon  one  axis  answers  the  purpose  both 
of  receivmg  motion  from  a  wheel  on  the  preceding  axis  a^d  giving 
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motton  to  a  wheel  oit  the  following  axis.  Such  a  wheel  is  oftDed 
an  idle  tuhed :  it  aflects  the  direetion  of  rotation  only,  and  not  the 
velocity-Tatia 

Let  the  series  of  axes  he  distinguished  by  numbers  1,  2,  S, 
Sk.  •  •  • ,  m ;  let  the  numbers  of  teeth  in  the  driving  wfieeU  be 
denoted  by  N's,  each  with  the  number  of  its  axis  affixed  >  thu% 
Njy  Nj,  &a  •  • . .  N«_i;  and  let  the  numbers  of  teeth  in  the  driven 
or  foUmoing  wheels  be  denoted  by  n\  each  with  the  numb^  of  its 
axis  affixed  >  thus,  ni,  n^  ko,  .  ,  .  ,  n^  Then  the  ratio  of  the 
angular  velocity  a«  of  the  m^  axis  to  the  angular  velocity  a^  of  the 
firsrt^  axis  is  the  product  of  the  m— 1  velocity-ratios  of  tiie  succes- 
sive elementary  combinations^  viz. : — 

(1.) 

that  IS  to  say,  the  velocity-ratio  of  the  last  and  fbrst  axes  is  tho 
ratio  of  the  product  of  the  numbers  of  teeth  in  the  drivers  to  the 
product  of  the  numbers  of  teeth  in  the  followers;  and  it  is  obvious, 
that  so  long  as  the  same  drivers  and  followers  constitute  the  train^ 
the  order  in  which  they  succeed  each  other  does  not  affect  the 
resultant  velocity-ratio. 

Supposing  aQ  the  wheels  to  be  in  outside  gearing,  then  as  each 
elementary  combination  reverses  the  direction  of  rotation,  and  as 
the  number  of  elementaty  combinations,  m  -  1,  is  one  less  than 
the  number  of  axes,  m,  it  is  evident  that  if  m  is  odd,  the  direction 
of  rotation  is  preserved,  and  if  even,  reversed 

It  is  often  a  question  of  importance  to  determine  the  numbers  of 
teeth  in  a  train  of  wheels  best  suited  for  giving  a  determinate  ' 
velocity-ratio  to  two  axes.  It  was  shown  by  Young,  that  to  do 
this  with  the  Ucust  total  nwmber  of  teeth,  the  velocity-ratio  of  each 
elementary  combination  should  approximate  as  nearly  as  possible 
3*59.  Tins  would  in  many  cases  give  too  many  axes;  and  as  a 
useful  practical  rule  it  may  be  laid  down,  that  A'om  3  to  6  ought 
to  be  the  limit  of  the  velocity-ratio  of  an  elementary  combination 
in  wheelwork. 

Let  rr  be  the  velocity-ratio  required,  reduced  to  its  least  terms, 

and  let  B  be  greater  than  0. 

If  P^  is  not  greater  than  6,  and  0  lies  between  the  prescribed 

minimum  number  of  teeth  (which  may  be  called  <),  and  its  double 
2  ^  then  one  pair  of  wheels  will  answer  the  purpose,  and  B  and  G 
will  themselves  be  the  numbers  required.  Should  B  and  0  be 
inconveniently  large,  they  are  if  possible  to  be  resolved  into  fiftetonv 
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and  those  factors,  or  if  they  are  too  small,  multiples  of  them,  need 
for  the  numbers  of  teeth.    Should  B  or  0,  or  both,  be  at  once  inoon- 

yeniently  large,  and  prime,  then  instead  of  the  exact  ratio  j= ,  some 

ratio  approximating  to  that  ratio,  and  capable  of  resolution  into  con- 
venient factors,  is  to  be  found  by  the  method  of  continued  fractions. 

Should  pr  be  greater  than  6,  the  best  number  of  elementaiy 

combinations, »»  -  1,  will  lie  between 

kgB-kgC  ^^  log  B- logo 

log  6  log  3  ^   ' 

Then,  if  possible,  B  and  O  themselves  are  to  be  resolved  each 
into  m  —  1  factors  (counting  1  as  a  fJEtctor),  which  factors,  or 
multiples  of  them,  shall  be  not  less  than  t,  nor  greater  than  6  <;  or 
if  B  and  C  contain  inconveniently  large  prime  factors,  an  approxi- 
mate velocity-ratio,  found  by  the  method  of  continued  fractions,  is 

to  be  substituted  for  -  as  before. 
\j 

So  far  as  the  resultant  velocity-ratio  is  concerned,  the  order  of 
the  drivers  N  and  of  the  followers  n  is  immaterial;  but  to  secure 
equable  wear  of  the  teeth,  as  explained  in  Article  447,  Principle  V., 
the  wheels  ought  to  be  so  arranged  that  for  each  elementaiy  com- 
bination the  greatest  conmion  divisor  of  N  and  n  shall  be  either 
1,  or  as  small  as  possible. 

450.  PrfBcipl«  mf  fiilMiiig  c«Btact. — The  line  of  action,  or  of  eon- 
.  nection,  in  the  case  of  sliding  contact  of  two  moving  pieces,  is  the 
common  perpendicular  to  their  surfaces  at  the  point  where  they 
touch;  and  the  principle  of  their  comparative  motion  is,  that  the 
components^  oLcmg  that  perpendicular,  of  the  vdodtiea  of  any  two 
points  traversed  by  it,  a/re  equal. 

Case  1.  Two  shiftiTig  pieces,  in  sliding  contact,  have  linear  velo- 
cities proportional  to  the  secants  of  the  angles  which  their  directions 
of  motion  make  with  their  line  of  action. 

Case  2.  Two  rotating  pieces,  in  sliding  contact,  have  angular 
velocities  inversely  proportional  to  the  perpendicular  distances 
from  their  axes  of  rotation  to  their  line  of  action,  each  multiplied 
by  the  sine  of  the  angle  which  the  line  of  action  makes  with  the 
particular  axis  on  which  the  perpendicular  is  let  faU. 

In  fig.  197,  let  Ci,  C,,  represent  the  axes  of  rotation  of  the  two 
ieces;  Ai,  At,  two  portions  of  their  respective  surfaces;  and  T^, 
\  a  pair  of  points  in  those  surfiices,  which,  at  the  instajit  under 
consideration,  are  in  contact  with  each  other.  Let  Pi  P,  be  the 
Qommon  perpendicular  of  the  sux^&oes  at  the  pair  of  points  Tu  T,; 
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that  is,  the  line  qf<ietion;  and  let  C|  P„  G,  P,,  be  the  common  per- 
pendiculars of  the  line  of  action  and  of  the  two  axes  respectivelj. 
Then  at  the  given  instant,  the  components 
along  the  line  Fj  F,  of  the  velocities  of  the 
points  P„  Ps,  are  equal  Let  t,,  t,,  be  the 
angles  which  that  line  makes  with  the  direc- 
tions of  the  axes  respectively.  Let  Oi,  a.,  be 
the  respective  angular  velocities  of  the  moving 
pieces;  then 

consequently^ 


sin  ti  =  Oa  *  Ca  Ft  *  sin  h; 


crp\ 


smti 


; 0) 


<h      C,  Ps  sin  is 

which  is  the  principle  stated  above. 

When  the  line  of  action  is  perpendicular  in  direction  to  both 
axes,  then 8inii=:Binis=  1;  and  equation  1  becomes 


.(1    A.) 


When  the  aoces  are  pamdld,  «i  =:  t^  Let  I  be  the  point  where 
the  line  of  action  cuts  the  plane  of  the  two  axes;  then  the  triangles 
Pi  d  I,  Pa  Ca  I,  are  similar;  so  that  equation  1  a  is  equivalent  to 
the  following : — 


»!      iOa' 


.(1  B.) 


Case  3.  A  roUUing  piece  and  a  shifUng  piece,  in  sliding  contact, 
have  their  comparative  motion  regulated  by  tlie  following  piin- 
ciple  : — Let  C  P  denote  the  perpendicular  distance  from  the  axis  of 
the  rotating  piece  to  the  line  of  action ;  i  the  angle  which  the  direc- 
tion of  the  line  of  action  makes  with  that  axis;  a  the  angular 
velocity  of  the  rotating  piece;  v  the  linear  velocity  of  the  sliding 
piece;  /the  angle  which  its  direction  of  motion  makes  with  the 

line  of  action;  then  

v  =  a  •  CP  -sin*  •  sec/. (2.) 


When  the  line  of  action  is  perpendicular  in  direction  to  the  axis 
of  the  rotating  piece,  sin  f  s=  1 ;  and 

v  =  a-CPsec-^'=a-rC; (2  a.) 

-where  1 0  denotes  the  distance  from  the  axis  of  the  rotating  piece 
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to  the  point  where  the  liae  of  action  cuts  a  perpendicular  from  thai 
axis  on  the  direction  of  motion  of  the  shifting  piece. 

451.  Tecch  •r  Spar-WhMla  •■«  Backa*    CtoMml  PttortplB       The 

figures  of  the  teeth  of  wheels  are  regulated  hy  the  principle^  ikM 
this  teeth  of  a  pair  o/wheds  afiaU  give  the  same  vetocity-^ratio  bjf  ikmr 
diding  corUacty  which  the  ideal  smooth  piich  eurfaoes  would  give  6y 
their  rolling  contact.  Let  B,,  Bf,  in  fig.  197|  be  parts  of  the  pitdi 
lines  (that  is,  of  cross  sections  of  the  pitch  mr&oes)  of  a  pair  of 
wheels  with  paiallel  axes,  and  I  the  pitch  point  (that  is,  a  seefckm 
of  the  line  of  contact).  Then  the  angulai'  velocities  which  would  be 
given  to  the  wheels  by  the  rolling  contact  of  those  pitch  lines  are 
inversely  as  the  segments  I  Ci,  I  Ct,  of  the  line  of  centres;  and  this 
also  IB  the  proportion  of  the  angular  velocities  given  by  a  pair  of 
surfaces  iu  sliding  contact  whose  line  of  action  traverses  the  point 
I  (Article  450,  case  2,  equation  1  B).  Hence  the  condition  of 
correct  working  for  the  teeth  of  wheels  with  paralld  axes  is,  ikat 
the  line  of  action  of  the  teeth  shall  at  every  instant  franerse  the  line 
of  contact  of  the  pilch  surfaces;  and  the  same  condition  obviooaly 
applies  to  a  rack  sliding  in  a  direction  perpendicular  to  that  of  the 
axis  of  the  wheel  with  which  it  works. 

452.  Tc«ili  DrMribed  hy  BvUiaa  OnrvM. — ^From  the  principle  of 
the  preceding  Article  it  follows,  that  at  every  instant^  the  position 
of  the  point  of  contact  Ti  in  the  cross  section  of  the  acting  Bur&ee 
of  a  tooth  (such  as  the  line  A,  Ti  in  fig.  197),  and  the  corresponding 
position  of  the  pitch  point  I  in  the  pitch  line  I  Bi  of  the  wheel  to 
which  that  tooth  belongs,  are  so  related,  that  the  line  I  Ti  which 
joins  them  is  normal  to  the  outline  of  the  tooth  A,  Ti  at  the  point 
Tj.  Now  this  is  the  relation  which  exists  between  the  tradng- 
point  T„  and  the  instantaneous  axis  or  line  ofeowtaet  I,  in  a  roUii^ 
curve  of  such  a  figure,  that  being  roUed  upon  the  pitch  surfiiuje  B|, 
its  tracing-ix>int  Ti  traces  the  outline  of  the  tooth.  (As  to  rolling 
curves,  see  Articles  386,  387,  389,  390,  393,  396,  397,  and  Professor 
Clerk  Maxwell's  paper  there  referred  to). 

In  order  that  a  pair  of  teeth  may  work  correctly  together,  it  is 
necessary  and  sufficient  that  the  indamlaneous  radii  vectores  fix>m 
the  pitdi  point  to  the  points  of  contact  of  the  two  teeth  should 
coincide  at  each  instant,  as  expressed  by  the  equation 

Trai-IT,; (1.) 

and  this  condition  is  fulfilled,  if  the  outlines  of  the  two  teeth  he  traced 
hy  the  motion  of  the  same  tracing-point,  in  rolling  the  same  rolling 
curve  on  tlie  same  side  of  the  pitch  surfaces  of  the  respective  u^ieels. 

Thejlank  of  a  tooth  is  traced  while  the  roUing  curve  rolls  inside 
of  the  pitch  line;  tiie  faccj  while  it  rolls  ou^ide.    Hence  it  is 
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evident  that  the  flamih  of  the  teeth  of  the  driving  -wheel  drive  the 
Jacn  of  the  teeth  of  the  driven  wheel;  and  that  the  /acea  of  the 
teeth  of  the  driving  wheel  drive  the  flafnk9  of  the  teeth  of  the 
driven  wheel  The  former  takes  place  while  the  point  of  contact 
oi  the  teeth  is  approaeking  the  pitch  point,  as  in  fig.  197,  snpposii^ 
the  motion  to  be  from  Pi  towards  Pg;  the  latter,  after  the  point  of 
contact  has  ptssed,  and  while  it  is  rixedmg  /romy  the  pitch  poinl 
The  pitch  pomt  divides  the  path  of  the  point  of  contact  of  the  teeth 
into  two  parts,  called  the  fiuh  of  approach  and  the  path  o/recesB; 
and  the  lengths  of  those  paths  must  be  so  adjuBted,  that  two  pairs 
of  teeth  at  least  shall  be  in  action  at  each  instant 

It  is  evidently  necessary  that  the  surfaces  of  contact  of  a  pair  of 
teeth  should  either  be  boUi  convex,  or  that  if  one  is  convex  and  the 
other  concave,  the  concave  surface  i^ould  have  the  flatter  curvature. 

The  equations  of  Article  390  give  the  relations  which  exist 
between  the  radius  of  curvature  of  a  pitch  line  at  the  pitch  point 

ifj),  the  radius  of  curvature  of  the  rolling  curve  at  the  same  point 
r,),  the  radius  vector  of  the  tracing-point  (r  =  I T),  the  angle  made 
by  that  line  with  the  line  of  centres  of  the  fixed  and  rolling  curves 
(fi  =  .^^T IC),  and  the  radius  of  curvature  of  the  curve  traced  by 
the  point  T  (A  all  at  a  given  instant 

When  a  pair  of  tooth  surfaces  are  both  convex  absolutely,  that 
which  is  a  face  is  concave,  and  that  which  is  a  flank  is  convex, 
towards  the  pitch  point;  and  this  is  indicated  by  the  values  of  e 
having  contrary  signs  for  the  two  teeth,  being  positive  for  the  face 
and  negative  for  ^e  flank.  The  /ace  of  a  tooth  is  always  convex 
absolutely,  and  concave  towards  the  pitch  pointy  ^  being  positive; 
so  that  if  it  works  with  a  concave  flank,  the  value  of  t  for  that  flank 
is  positive  also,  and  greater  than  for  the  face  with  which  it  works. 
453.  The  sudiac  •r  a  P«iv  •r  Tceiii  Mi  Each  Oihfv,  that  is,  their 
relative  motion  in  a  direction  perpendicular  to  their  line  of  action, 
is  found  by  supposing  one  of  the  wheels,  such  as  1,  to  be  fixed,  the 
line  of  centres  Cj  C,  to  rotate  backwards  round  C,  with  the  aiigular 
velocity  ai,  and  the  wheel  2  to  rotate  round  C,  as  before  with  the 
angular  velocity  a,  relatively  to  the  line  of  centres  C,  Cj,  bo  as  to 
have  the  same  motion  as  if  its  pitch  surface  rolled  on  the  pitch 
surfece  of  the  first  wheel  Thus  the  rdative  motion  of  the  wheels 
is  unchanged;  but  1  is  considered  as  fixed,  and  2  has  the  resultant 
motion  given  by  the  principles  of  Article  389;  that  is,  a  rotation 
about  the  instantaneous  axis  I  with  the  angular  velocity  ai  +  a» 
Hence  the  velocity/  of  sliding  is  that  due  to  this  rotation  about  I, 
with  the  radius  TT  =  r;  that  is  to  say,  its  value  is 

r(a^^a,); (1.) 

so  that  it  is  greater,  the  farther  the  point  of  contact  is  from  the 
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'  line  of  oentres ;  and  at  the  instaiit  when  that  point,  passing  the  line  of 
centres,  coincides  with  the  pitch  pomt,  the  vdocity  of  sliding  ia  null, 
and  the  action  of  the  teeth  is,  for  the  instant,  that  of  rolling  contact. 
The  Yoots  of  the  teeth  slide  towards  each  other  during  the  ap- 
proach, and  from  each  other  during  the  recess.  To  find  the  amount 
«r  toUd  cUsUmce  through  which  the  sliding  takes  place,  let  l|  be  the 
time  occupied  hj  the  approach^  and  t^  that  occupied  hj  the  receas; 
then' the  distance  of  sliding  is 

9  =  pr{a,  +  a,)dt+pr{a,  +  a,)di; (2.) 

or  in  another  form,  ifdi  denote  an  element  of  the  change  of  angu- 
lar position  of  one  wheel  relatively  to  the  other,  ti  the  amount  of 
that  change  during  the  approach,  and  tg  during  the  recess,  then 

'{ai  +  €h)di=sd%;  and 

s^f'^rdi+prdi ...(3.) 

^ee  also  Article  455.) 

454.  TiM  Am  •r  CMitaet  •■  th«  Pilch  I«tacs  is  the  length  of  that 
portion  of  the  pitch  lines  which  passes  the  pitch  point  during  the 
action  of  one  pair  of  teeth ;  and  in  order  that  two  pairs  of  teeth  at 
least  may  be  in  action  at  each  instant,  its  length  should  be  at  least 
double  of  the  pitcL  It  is  divided  into  two  parts,  the  arc  of  ap- 
proach and  the  arc  of  recess.  In  order  that  the  teeth  may  be  of 
length  sufficient  to  give  the  required  duration  of  contact,  the  dis- 
tance moved  over  by  the  point  I  upon  the  pitch  line  during  the 
rolline  of  a  rolling  curve  to  desciibe  the  face  and  fiank  of  a  tooth, 
must  oe  in  all  equal  to  the  length  of  the  required  arc  of  contact 
It  is  usual  to  make  the  arcs  of  approach  and  recess  equal 

455.  The  ijeBcih  •f  a  To«iii  may  be  divided  into  two  parts, 
that  of  the  face  and  that  of  the  flank.  For  teeth  in  the  dnving 
wheel,  the  length  of  the  flank  depends  on  the  arc  of  approach, — ^that 
of  the  face,  on  the  arc  of  recess ;  for  those  in  the  following  wheel, 
the  length  of  the  flank  depends  on  the  arc  of  recess, — that  of  the 
£eu»,  on  the  arc  of  approach 

Let  gi  be  the  arc  of  approach,  q,  that  of  recess ;  Zj  the  length  of 
the  flank,  Hi  the  length  of  the  face  of  a  tooth  in  the  driving  wheel 
Let  Ti  be  the  radius  of  curvature  of  the  pitch  line,  ro  that  of  the  rolling 
curve,  r  the  radius  vector  of  the  tracing-point,  at  any  instant  The 
angular  velocity  of  the  rolling  curve  relatively  to  the  wheel  is 
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the  poeitive  sign  applying  to  rolling  outside,  or  describing  the  &C6y 
and  the  negative  sign  to  rolling  inside,  or  describing  the  flank 
Hence  the  velocity  of  the  tracing-point  at  a  given  instant  is 

and  oonsequentlj 


dt    U'^n/' 


(1) 


For  the  following  wheel,  qi  and  qg  have  to  be  interchanged,  so  that^ 
if  r,  be  the  radius  of  that  wheel, 


'« 


The  equations  2  and  3  evidently  give  the  means  of  finding  the  dis- 
tance of  sliding  between  a  pair  of  teeth,  in  a  different  form  from 
that  given  in  Article  453 ;  for  that  distance  is 

=rx-*i)'^^i:<^,*d'^- « 

456.  To  lasMe  Ocarlag  all  the  preceding  principles  apply,  ob- 
serving that  the  radius  of  the  gi^eater,  or  concave  pitch  surface,  is 
to  be  considered  as  negative,  and  that  in  Article  453,  the  difference 
of  the  angular  velocities  is  to  be  taken  instead  of  their  suul 

457.  iHT«liit«  Teeth  ttw  circvlar  Wheeia,  being  the  first  of  the 
three  kinds  mentioned  in  Article  447,  are  of  the  form  of  the  in- 
volute of  a  circle,  of  a  radius  less  than  the  pitch  circle  in  a 
ratio  which  may  be  expressed  by  the  sine  of  a  certain  angle  #, 
and  may  be  traced  by  the  pole  of  a  logarithmic  spiral  rolling  on 
the  pitch  circle,  the  angle  made  by  that  spiral  at  each  point  with 
its  own  radius  vector  being  the  complement  of  the  given  angle  0, 
But  this  mode  of  describing  involutes  of  circles,  being  more  com- 
plex than  the  ordinary  method,  is  mentioned  merely  to  show  that 
they  fall  under  the  general  description  of  curves  described  by 
roUing. 
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In  fig.  198,  let  0„  C.,  be  the  centres  of  two  cirealar  wheels^ 
whose  pitch  cirolefl  sre  B ,  B'.  Through  the  pitch  point  I  draw 
the  intended  line  ofwAwn,  P,  Pa,  making  the  angle  C I P  ss  #  with 
the  line  of  centres.     From  Cj,  Cg,  draw 


Ci  Pi  =  I  Ci  •  sin  ^, ) 
^.  =  rQi-sin^,j 


.{!.) 


perpendicular  to  Pi  P^  with  which  two  perpendicidars  as  radii, 
describe  circles  (called  haae  circles)  D|,  D^ 

Buppose  the  base  circles  to  be  a  pair  of 
drculur  pulleys,  connected  by  means  of  a 
cord  whose  course  from  pulley  to  pullej  is 
Pi  I  Pr  As  the  line  of  connection  of  those 
pulleys  is  the  same  with  that  of  the  proposed 
teeth,  they  will  rotate  with  the  required 
Telocity-ratia  Now  suppose  a  tracing-point 
T  to  be  fixed  to  the  coid,  so  as  to  be  carried 
along  the  path  of  contact  P.  I  P^  That 
point  wiH  trace,  on  a  plane  rotating  along 
with  the  wheel  1,  part  of  the  involute  of 
the  base  circle  Dj,  and  on  a  plane  rotating 
along  with  the  wheel  2,  part  of  the  involute 
of  the  base  circle  D„  and  the  two  curves  so 
traced  will  always  touch  each  other  in  the 
required  point  of  contact  T,  and  will  therefore  fulfil  the  condition 
required  by  Article  451. 

All  involute  teeth  of  the  same  pitch  work  smoothly  together. 
To  find  the  length  of  the  path  of  contact  on  either  side  of  the 
pitch  point  I,  it  is  to  be  observed  that  the  distance  between  the 
fronts  of  two  successive  teeth  as  measured  along  Pi  I  P^  is  less 
than  the  pitch  in  the  ratio  sin  ^  :  1,  and  consequently  that  if  dis- 
tances not  less  than  the  pitch  x  sin  ^  be  marked  off  eiiJier  way  from 
I  tov/ards  P^  and  P,  respectively,  as  the  extremities  of  the  path  of 
contact,  and  if  the  addendum  circles  be  described  through  the 
points  so  found,  there  will  always  be  at  least  two  pairs  of  teeth  in 
action  at  once.  In  praotioe,  it  is  usual  to  make  the  path  of  oontaot 
somewhat  longer,  vi&,  about  2^  times  the  pitch ;  and  with  this 
length'  of  path  and  the  value  of  S  which  is  usual  in  practice,  vi&, 
75p,  the  addendum  is  about  i^  of  the  pitch 

The  teeth  of  a  rOitA,  to  work  correctly  with  wheels  having  invo- 
lute teeth,  should  have  pkne  surfaces,  perpendicular  to  the  line  of 
connection,  and  consequently  making,  with  the  direction  of  motion 
of  the  lack^  angles  equal  to  the  before-mentioned  angle  0, 
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4^8.  WMlig  •r  MmwwMmtB  VMih^ — ^Tlie  disUmoe  throngli  which  & 
pair  of  involute  teeth  elide  on  each  other,  is  found  hy  observing 
that  the  distance  from  the  point  of  contact  of  the  teeth  to  the  pitch 
point  is  given  by  the  equation 

^ " ^  eT *" ^  "^ ^ ; 0) 

which  reduoas  equation  3  of  Article  455  to  the  fbUoiring : — 

•2i±i?.M^ (2.) 


^.4) 


This  distanoe  may  also  be  ezpressed  in  terms  of  the  extreme  dis- 
tances of  the  point  of  contact  from  the  pitch  point.  Let  these  be 
denoted  by  ^  ^^ ;  then 

<,  =  ft8in^;^=ft8in^;a2id»  =  (- +  -J  •  |^^..(2A.) 

For  inside  gearing,  the  difference  of  the  reciprocab  of  the  radii  of 

the  wheels  is  to  be  taken  instead  of  their  suul  ' 

The  preceding  formulaB^  which  are  exact  for  involute  teeth,  are 

approximately  correct  for  all  teeth,  if  ^  be  taken  to  represent  the 

mean  value  of  the  angle  C I P  between  the  line  of  centres  and  the 

line  of  action, 

31 
Hie  usual  value  of  t  being  75^*,  sin  ^  =  ^  nearly, 

459.  The  AdAMiAaai  •f  Ibv«1ms  Teeik,  that  is,  their  projection 
beyond  the  pitch  circle,  is  found  by  considering,  tiiat  for  one  of  the 
wheels  in  £g.  198,  such  as  the  wheel  1,  the  r»xZ  rctdius,  or  radius 
of  the  addendum  circle,  is  the  hypothenuse  of  a  right-angled  tri- 
angle, of  which  one  side  is  the  radius  of  the  base  circle  C  P,  and  the 
other  is  PT[  +  the  portion  of  the  path  of  contact  beyond  I.  Now 
G^  =  ri  •  sin  #  ;  Pi  =  r| .  cos  /.  Let  ^  be  the  portion  of  the  path 
of  eontact  above  mentioned  (  =  g,  •  sin  ^),  and  d^  the  addendum  of 
the  wheel  1 ;  then 

(r, +  <;,)•  c=r;  •  sin*  4-^{r,  cos  ^  +  <.)»; (1.) 

and  for  the  wheel  2  the  suffixes  1  and  2  are  to  be  interchanged. 

31  1 

The  usual  value  of  sin  ^  is  about  — ,  and  that  of  cos  ^  about  --. 

The  same  formula  apply  to  teeth  of  any  figure,  if  ^  be  taken  to 
represent  the  extreme  value  of  the  angle  C I  P. 

460.  The  teiallcat  FlBtoB  vrUk  ■■▼•lata  Teeth  of  a  given  pitch  J9, 
has  its  size  fixed  by  the  consideration  that  the  path  of  contact  of 
the  flanks  of  its  teeth,  which  must  not  be  less  than  jp  •  sin  ^,  cannot 
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be  greater  than  the  distanoe  along  the  line  of  action  from  the  pitdi 
point  to  the  base  circle,  I P  =  r  *  cos  ^.     Hence  the  least  radius  is 
r  =  ptan  $; (1.) 

which,  for  #  =  75^^  gives  for  the  radius'  r  =  3-867  p,  and  for  the 
circumference  of  the  pitch  circle,  p  x  3-867  x  2  x  =  24-3  j:?;  to 
which  the  next  greater  integer  multiple  of  p  is  25  p;  and  therefore 
tfverUy-Jime,  as  formerly  stated,  in  Article  447,  is  the  least  number 
of  involute  teeth  to  be  employed  in  a  pinion. 

461.  jBpicircl«Mal  Teeth. — For  tracing  the  figures  of  teeUi,  the 
most  convenient  rolling  curve  is  the  circle.  The  path  of  contact 
which  a  point  in  its  circumference  traces  is  identical  with  the  circle 
itself;  the  flanks  of  the  teeth  are  internal,  and  their  faces  external 
epicycloids,  for  wheels;  and  both  flanks  and  &ce8  are  cycloids  for 
a  rack. 

Wheels  of  the  same  pitch,  with  epicycloidal  teeth  traced  bj  the 
same  rolling  circle,  all  work  correctly  with  each  other,  whatsoever 
may  be  the  numbers  of  their  teeth;  and  they  are  said  to  belong  to 
the  eame  set 

For  a  pitch  circle  of  twice  the  radius  of  the  rolling  or  describing 
circle  (as  it  is  called),  the  internal  epicycloid  is  a  straight  line,  being 
in  fact  a  diameter  of  the  pitch  circle ;  so  that  the  flanks  of  the  teeth 
for  such  a  pitch  circle  are  planes  radiating  from  the  axis.  For  a 
smaller  pitch  circle,  the  flanks  would  be  convex,  and  incurved  or 
umder-evJty  which  would  be  inconvenient;  therefore  the  smallest 
wheel  of  a  set  should  have  its  pitch  circle  of  twice  the  radius  of  the 
describing  circle,  so  that  the  flanks  may  be  either  straight  or  concava 
In  fig.  199,  let  B  be  part  of  the  pitch  circle  of  a  wheel,  0  0  l&e 

line  of  centres,  I  the  pitch-point, 
B  the  internal,  and  R'  the  ecpial 
external  describing  circles,  so  pliCoed 
as  to  touch  the  pitch  circle  and  each 
other  at  I;  let  DID'  be  the  paUi 
of  contact,  consisting  of  the  path  of 
approach  D  I,  and  the  path  of  re- 
cess I D'.  In  order  that  there  may 
always  be  at  least  two  pairs  of  teeth 
in  action,  each  of  those  arcs  should 
be  equal  to  the  pitch. 

The  angle  ^,  on  passing  the  line  of 
centres,  is  90°;  the  least  value  of  that 
angle  is  ^  =.^0 1 D  =  .^Cr  Iiy. 
It  appears  frx>m  experience  that 
Fig.  199.  the  least  value  of  ^  shoiUd  be  about 

60°;  therefore  the  arcs  D I  =  I  D*  should  each  be  one-sixth  of  a  dr- 
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cmnference;  therefore  the  circmnferenoe  of  the  describing  circle 
should  be  six  times  the  pitch. 

It  follows  that  the  smallest  pinion  of  a  set,  in  which  pinion  the 
flanks  are  straight,  should  have  hoelve  teeth,  as  has  already  been 
stated  in  Article  .447. 

462.  The  A«Mca4mM  ftr  BplcrcM^Bl  TMth  is  found  from  the 
formtda  already  given  in  Article  459,  equation  1,  by  putting  for 
i  the  angle  C I D,  and  for  ^  the  chord  Ijy  =  2  Tq  *  cos  ^,  ro  being 
the  radius  of  the  rolling  circle.     Hence 

{ri  +  d,y  =  f\  8in«^  +  {r  +2ro)«-co8«^ (1.) 

3  1 

For  the  usual  value  of  ^,  60®,  sin*  ^  =  7,  and  cos*  ^  =  7  ;  whence 

4  4 

{r,-\^d,y  =  r'  +  r^r,  +  fi (2.) 

462  A.  The  SIUIbs  ^r  BpicrctoUtel  Tedk  is  deduced  from  equation 
3  of  Article  455^  by  observing,  that  the  radius  vector  of  the  point 
of  contact  is 

r=2roSin2-^^, (1.) 

and  that  the  extreme  values  of  ^  are  the  arcs  of  approach  and 
recess, 

j=5r.  =  2r,g-*), (2.) 

whence  we  have 

=  8{l-mnt)^oQr^  +  l)i (3) 

which,  for  t  =  60°,  has  the  value 

.=  107^(1+1) (3  a.) 

463.  Apprazteate  BplcycMdbil  Tedk^r— Mr.  Willis  has  shown 
how  to  approximate  to  the  figure  of  an  epicydoidal  tooth  by  means 
of  two  circular  arcs,  one  concave,  for  the  flaiJc,  the  other  convex,  for 
the  fSBU5e,  and  each  having  for  its  radius,  the  mean  radius  of  curva- 
ture of  the  epicydoidal  arc.  Mr.  Willis's  formulce  are  deduced  in 
his  own  work  from  certain  propositions  respecting  the  transmission 
of  motion  by  linkwork.  In  the  present  treatise  they  will  be 
deduced  from  the  values  already  given  for  the  radii  of  curvature  of 
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epicydoidfl  in  Artide  890,  case  1,  equation  4:  vix,  let  r,  be  the 
radius  of  the  pitch  circle,  r,  that  of  the  rolling  eirele,  f  the  rmdiaa 
of  corvatare  required;  then 

C  =  2ro'coe^^l^^^  =  4roCOB^  ^'^^^  >...^(1.) 

the  sign  +  applying  to  an  external  epict^doid,  that  is,  to  the  .^m»  of 
a  tooth,  and  the  sign  —  to  an  intmrTuU  epicydoidy  that  ia,  to  the 
flank  of  a  tootL 

To  find  the  distances  of  the  centres  of  curvature  of  the  given 
point  in  an  epicycloid  from  the  point  of  contact  I  of  the  pitch  cirde 
and  rolling  circle,  there  is  to  be  subtracted  from  the  radius  of  cur- 
vature, the  instantaneous  radius  vector^  r  =  2  ro  cos  ^;  that  is  to  say, 

e  -  r  =  arocoa^  •     J]^    (2.) 

The  value  to  be  assumed  for  ^  is  its  mean  value,  that  is,  75^^;  and 
cos  ^  =  -  nearly :  fois  nearly  equal  to  the  pitch, p;  and  if  n  be  the 
number  of  teeth  in  the  wheel, 

6  :  «  :  :  r«  :  r|i 

Therefore,  for  the  proportions  approved  of  bj  Mr.  Willis,  equation 
2  becomes 

'-♦•=1  s^' <^) 

+  being  used  for  the  &ee,  and  -  for  the  flank ;  also 

r  =  |  nearly (4) 

Hence  the  following  con- 
struction In  fig.  200,  let 
B  C  be  part  of  the  pitch 
circle,  A  the  point  where  a 
tooth  is  to  cross  it     Set  off 

AB  =  AC=:|.  E^wradii 

,v„     «T»  «^       ,.  ,  of  the  pitch  circle,  DB,  EC. 

Draw  PB,  CG,  making  angles  of  75^^  with  those  radii,  in  which 
take 

»*-|-.-Tra'W=|.-i-j5 (^, 
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Bound  F,  with  the  radius  F  A,  draw  the  circular  arc  A  H ;  this 
-will  be  the  &ce  of  the  tootL  Round  G,  with  the  radius  G  A, 
draw  the  circular  arc  G  K;  this  will  be  the  flank  of  the  tooth. 

To  fifccilitate  the  application  of  this  rule,  Mr.  Willis  has  published 
tables  of  the  values  of  c  ~  «*>  and  invented  an  instrument  called  the 

464.  Teeth  •€  WIimI  aad  Tnm4le. — A  trundle^  as  in  fig.  201, 
\ks^  Cylindrical  pins  called  stavea  for  teeth.  The  face  of  the  teeth 
of  a  wheel  suitable  for  driving  it,  in  outside  gearing,  are  described 
by  first  tracing  external  epicycloids  by  rolling  the  pitch  circle  B^  of 
the  trundle  on  the  pitch  cucle  B^  of  the  driving  wheel,  with  the 


Fig.  SOU  Hg.  SOS. 

centre  of  a  stave  for  a  tracing-point,  as  shown  by  the  dotted  lines, 
and  then  drawing  curves  parallel  to  and  within  the  epicycloids,  at 
a  distance  from  them  equal  to  the  radius  of  a  stave.  Trundles 
having  only  six  staves  will  work  with  large  wheels. 

To  drive  a  trundle  in  inside  geartriffy  the  outlines  of  the  teeth  of 
the  wheel  should  be  curves  jMuralkl  to  internal  epicycloids.  A 
peculiar  case  of  this  is  represented  in  fig.  202,  where  the  radius  of 
the  pitch  circle  of  the  tnmdle  is  exactly  one-half  of  that  of  the 
pitch  circle  of  the  wheel ;  the  trundle  has  three  equi-distant  staves; 
and  the  internal  epicycloids  described  by  fheir  centres  while  the 
pitch  circle  of  the  trundle  is  rolling  within  that  of  the  wheel,  are 
three  straight  lines,  diameters  of  the  wheel,  making  angles  of  60® 
with  each  other.  Hence  the  surfaces  of  the  teeth  of  the  wheel 
form  three  straight  grooves  intersecting  each  other  at  the  centre, 
each  being  of  a  breadth  equal  to  the  diameter  of  a  stave  of  the 
trundle. 

46^.  immch«i«m  me  Tedh. — ^Toothed  wheels  being  in  general 
intended  to  rotate  either  way,  the  backs  of  the  teeth  are  made 
similar  to  the  fironta  The  apace  between  two  teeth,  measured  on 
the  pitch  circle,  is  made  about  one-fifth  pait  wider  than  the  thick- 
ness of  the  tooth  on  the  pitch  circle;  that  is  to  say, 

thiokneBs  of  tooth  ss  T-r  P^^ 
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width  of  space  =  --  pitch. 

The  differenoe  of  pr  of  the  pitch  is  called  the  ho/ck-lcuh. 

The  clearance  allowed  between  the  points  of  teeth  and  the  bottoms 
of  the  spaces  between  the  teeth  of  the  other  wheel,  is  about  one- 
tenth  of  the  pitch. 

The  thickness  of  a  tooth  is  fixed  according  to  the  principles  alreadj 
stated  in  Article  326;  and  the  breadt/^  is  so  adjusted,  that  when 
multiplied  by  the  pitch,  the  product  shall  contain  one  square  «fiG4 
for  each  160  lbs.  of  force  transmitted  bj  the  teeth. 

466.  Hr.  Bmmg*m  Pmccm. — Mr.  Sang  has  published  an  elaborate 
work  on  the  teeth  of  wheels,  in  which  a  process  is  followed  differing 
in  some  respects  from  any  of  those  before  described.  A  form,  is 
selected  for  the  path  of  the  point  of  contact  of  the  teeth,  and  fix>m 
that  form  the  figures  of  the  teeth  are  deduced.  For  details,  the 
reader  is  referred  to  Mr.  Sang^s  work. 

467.  The  Tedh  •f  m  Berei-Wheei  have  acting  Surfaces  of  the 
conical  kind,  generated  by  the  motion  of  a  line  traversing  the  apex 
of  the  conical  pitch  surface,  while  a  point  in  it  is  carried  round  iihe 
outlines  of  the  cross  section  of  the  teeth  made  by  a  sphere  described 
about  that  apex. 

The  operations  of  describing  the  exact  figures  of  the  teeth  of 
bevel- wheels,  whether  by  involutes  or  by  rolling  curves,  are  in  every 
respect  analogous  to  those  for  describing  the  figures  of  the  teeth  of 
spur-wheels,  except  that  in  the  case  of  bevel-wheels,  all  those 
operations  are  to  be  performed  on  the  surface  of  a  sphere  described 
about  the  apex,  instead  of  on  a  plane,  substituting  j>o^  for  centres^ 
and  great  circles  for  straight  lines. 

In  consideration  of  the  practical  difficulty,  especially  in  the  case 
of  large  wheels,  of  obtaining  an  accurate  spherical  surface,  and  of 
drawing  ui)on  it  when  obtamed,  the  following  approanmate  method, 
proposed  originally  by  Tredgold,  is  generally  used : — Let  O,  fig. 
203,  be  the  apex,  and  O  C  the  axis  of  the 
pitch  cone  of  a  bevel- whee] ;  and  let  the 
largest  pitch  circle  be  that  whose  radius  is 
C  R    Perpendicular  to  O  B  draw  B  A  cut- 
ting the  axis  produced  in  A,  let  the  outer 
rim  of  the  pattern  and  of  the  wheel  be  made 
a  portion  of  the  surface  of  the  cone  whose 
apex  is  A  and  side  A  B.    The  narrow  zone 
of  that  cone  thus  employed  will  approach 
^'  sufficiently  near  to  a  zone  of  the  q)here 

described  about  O  with  the  radius  O  B,  to  be  used  in  its  stead.   On 


Digitized 


byGoogk 


TEKfH— CAICS— SCBEW8 — PITCH.  449 

a  plane  surface,  ynth  the  radius  A  B,  draw  a  circular  arc  B  D ;  a 
sector  of  that  circle  will  represent  a  portion  of  the  surface  of  the 
cone  ABC  devdaped,  or  spread  otU  fiaL  Describe  the  figures  of 
teeth  of  the  required  pitch,  suited  to  the  pitch  circle  B  D,  as  if  it 
-were  that  of  a  spur-wheel  of  the  radius  A  B;  those  figures  will  be 
the  required  cross  sections  of  the  teeth  of  the  bevel- wheel,  made  by 
the  conical  zone  whose  apex  is  A. 

\i%%.  T«eiii  •r  Mm w-Berd  Wheel* — The  cross  sections  of  the  teeth 
of  a  skew-bevel  wheel  at  a  given  pitch  circle  are  similar  to  those  of 
a  bevel  wheel  whose  pitch  surface  is  a  cone  touching  th^  hyperbo- 
loidal  pitch  surfiice  of  the  skew-bevel  wheel  at  the  given  pitch 
circle;  and  the  surfaces  of  the  teeth  of  the  skew-bevel  wheel 
are  generated  by  a  straight  line  which  moves  round  the  outlines 
of  the  cross  section  and  at  the  same  time  is  maintained  at  the 
constant  perpendicular  distance  G  H  (fig.  195,  Article  444)  from 
the  az]& 

469.  The  Teeth  mi  i«e»CtamilBr  Wheeb  are  described  by  rolling 
circles  or  other  ciirves  on  the  pitch  surfaces,  like  the  teelJi  of  cir« 
cular  wheels;  and  when  they  are  small  compared  with  the  wheels 
to  which  they  belong,  each  tooth  is  nearly  amilar  to  the  tooth  of  a 
circular  wheel  having  the  same  radius  of  curvature  with  the  pitch 
surfisM^e  of  the  actual  wheel  at  the  point  where  the  tooth  is  situated 

470.  A  €•«  or  Wiper  is  a  single  tooth,  either  rotating  continu- 
ously or  oscillating,  and  driving  a  sliding  or  turning  piece,  either 
constantly  or  at  intervals.  Ail  the  principles  which  have  been 
stated  in  Article  450,  as  being  applicable  to  sliding  contact,  are 
applicable  to  cams ;  but  in  designing  cams,  it  is  not  usual  to  deter* 
mine  or  take  into  consideration  the  foorm  of  the  ideal  pitch  surfieu^ 
which  would  give  the  same  comparative  motion  by  rolling  contact 
that  the  cam  gives  by  sliding  contact 

471.  Sciew*.  Pilch. — ^The  figure  of  a  screw  is  that  of  a  convex 
or  concave  cylinder  with  one  or  more  helical  projections  called 
ihreada  winding  round  il  Convex  and  concave  screws  ai'e  dis* 
tingnished  technically  by  the  respective  names  of  fnale  and  female; 
a  short  concave  screw  is  called  a  nvl;  and  when  a  screw  is  spoken 
of  without  qualification,  a  convex  screw  is  usiially  understood. 

The  relation  between  the  cidvanee  and  the  rotation,  which  com- 
pose the  motion  of  a  screw  working  in  contact  with  a  fixed  nut  or 
helical  guide,  has  already  been  demonstrated  in  Article  382,  equa- 
tion 1 ;  and  the  «ame  relation  exists  between  the  rotation  of  a 
screw  about  on  axis  fixed  longitadinidly  relatively  to  the  frame- 
work, and  the  advance  of  a  nut  in  which  that  screw  rotates,  the 
nut  being  free  to  shifb  longitudinally,  but  not  to  turn.  The  advance 
of  the  nut  in  the  latter  case  is  in  the  direction  opposite  to  that  of 
the  advance  of  the  screw  in  the  former  case. 

2q 
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A  screw  is  called  righ^handed  or  left-handedy  aooording  as  its 
advance  in  a  fixed  nut  is  aooompanied 
by  right-handed  or  lef^handed  rotation. 
when  viewed  hj  an  observer  ,/9vfi»  whom 
the  advance  talces  place.  Fig.  204  re- 
presents a  right-handed  screw,  and  fig. 
205  a  left-handed  screw. 

The  pitch  of  a  screw  of  one  thread, 
and  the  total  pitch  of  a  screw  of  anv 
number  of  threads,  is  the  pitch  of  the 
Fig.  204.       Fi    205        helical  motion  of  that  screw,  as  ex- 
^'       *       plained  in  Article  382,  and  is  the  dis- 
tance (marked  p  in  figs.  204  and  205)  measured  parallel  to  the  axis 
of  the  screw,  between  the  corresponding  points  in  two  consecutiire 
turns  of  the  same  thread. 

In  a  screw  of  two  or  more  threads,  the  distance  measnred  paralld 
to  the  axis,  between  the  corresponding  points  in  two  adjacent 
threads,  may  be  called  the  divided  pitch. 

472.  NmvuiI  and  circHiar  pitcii« — ^When  the  pitch  of  a  screw  is 
not  otherwise  specified,  it  is  always  understood  to  be  measured 
parallel  to  the  axis.  But  it  is  sometimes  convenient  for  particolar 
purposes  to  measure  it  in  other  directions;  and  for  that  porpoee  a 
cylindrical  pitch  ewrface  is  to  be  conceived  as  described  about  the 
axis  of  the  screw,  intermediate  between  the  crests  of  the  threads 
and  the  bottoms  of  the  grooves  between  them. 

If  a  helix  be  now  described  upon  the  pitch  cylinder,  so  as  to 
cross  each  turn  d  each  thread  at  right  angles,  the  distance  betweoi 
two  corresponding  points  on  two  successive  turns  of  the  same 
thread,  measured  along  this  noTTrud  hdix,  may  be  called  the  normal 
pitch;  and  when  the  screw  has  more  than  one  thread,  the  normal 
pitch  from  thread  to  thread  may  be  called  the  normal  divided  pitch. 
The  distance  from  thread  to  thread  measured  on  a  circle  described 
on  the  pitch  cylinder,  and  called  the  pitch  circle^  may  be  called  the 
circular  pitch;  for  a  screw  of  one  thread  it  is  one  circamference ; 
for  a  screw  of  n  threads 

one  circumference 


The  following  set  oi  formulse  show  the  relations  amongst  the  difiTer- 
ent  modes  of  measuring  the  pitch  of  a  screw.  The  pitch,  properly 
speaking,  as  originally  defin^,  is  distinguished  as  the  axud  pitdi^ 
and  is  the  same  for  all  parts  of  the  same  screw :  the  normal  and 
circular  pitch  depend  on  the  radius  of  the  pitch  cylinder; 

Let  r  denote  the  radius  of  the  pitch  cylinder ; 

n,  the  number  of  threads ; 
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if  the  obliquity  of  the  threads  to  the  pitch  circles,  and  of  the 
normal  helix  to  the  axis ; 


5.4;}  ^^"^{^Sdii  pitch; 


the  norm.l{  Sid  pitch; 


p^  the  circular  pitch  ; 

Then 

.      .  2vr 

Pt=  Pa'  cotan  »=/>«•  cosec  %  = : 

n 

2*r'tant 

P-=i>*'8ec*=jp.-tant  = • 

n 

.    .                  .      2xr-8ini 
|j.  =  p,  •  sm  ♦  =  ^.  •  cos  I  = . 

473.  Screw  Qcaringi — A  pair  of  convex  screws,  each  rotating 
about  its  axis,  are  used  as  an  elementaiy  combination,  to  transmit 
motion  by  the  sliding  contact  of  their  threads.  Such  screws  are 
commonly  called  endless  screws.  At  the  point  of  contact  of  the 
screws,  their  threads  must  be  parallel ;  and  their  line  of  connection 
is  the  common  perpendicular  to  the  acting  sur&ces  of  the  threads 
at  their  point  of  contact.     Hence  the  following  principles : — 

I.  If  the  screws  are  both  right-handed  or  both  left-handed,  the 
angle  between  the  directions  of  their  axes  is  the  sum  of  their  obli- 
quities : — if  one  is  right-handed  and  the  other  left-handed,  that 
angle  is  the  difference  of  their  obliquities. 

IL  The  normal  pitch,  for  a  screw  of  one  thread,  and  the  normal 
divided  pitch,  for  a  screw  of  more  than  one  thread,  must  be  the 
same  in  each  screw. 

III.  The  angular  velocities  of  the  screws  are  inversely  as  their 
number  of  threads. 

474.  iio«ke*»  Gmrins  ifl  a  case  of  screw  gearing,  in  which  the 
axes  of  the  screws  ai-e  parallel,  one  screw  being  right-handed  and 
the  other  lefb-handed,  and  in  which,  from  the  shortness  and  great 
diameter  of  the  screws,  and  their  large  num- 
ber of  threads,  they  are  in  fact  wheels^  with 
teeth  whose  crests,  instead  of  being  parallel 
to  the  line  of  contact  of  the  pitch  cylinders, 
cross  it  obUquely,  so  as  to  be  of  a  screw-like  "  ~  2^^ ' 
or  helical  form.  In  wheelwork  of  this  kind, 
the  contact  of  each  pair  of  teeth  commences  at  the  foremost  end  of 
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the  helical  front  and  tenniiiates  at  the  afbermost  end;  and  the 
helix  is  of  such  a  pitch  that  the  contact  of  one  pair  of  teeth  does 
not  terminate  until  that  of  the  next  pair  has  commenced.  The 
object  of  this  is  to  increase  the  smoothness  of  motion. 

With  the  same  object^  Dr.  Hooke  invented  the  making  of  the 
fronts  of  teeth  in  a  series  of  steps.  A 
wheel  thus  formed  resembles  in  shape  a 
series  of  equal  and  similar  toothed  dias: 
placed  side  by  side,  with  the  teeth  of 
each  a  little  behind  those  of  the  preced- 
ing disc.  In  such  a  wheel,  let  p  be  the 
Fig.  207.  circular  pitch,  and  w  the  number  of  stepe. 

Then  the  arc  of  contact,  the  addendum,  and  the  extent  of  sliding, 

are  those  due  to  the  smaller  pitch  ^,  while  the  strength  of  the  teeth 

is  that  due  to  the  thickness  corresponding  to  the  entire  pitch  />  j  so 
that  the  smooth  action  of  small  teeth  and  the  strength  of  Lu^' 
teeth  are  combined.  Stepped  teeth  being  more  expensive  and 
difficult  to  execute  than  common  teeth,  are  used  for  special  pur- 
poses only. 

475.  The  Wheel  aad  Screw  is  an  elementaiy  combination  of  two 
screws,  whose  axes  are  at  right  angles  to  each  other,  both  being 
right-handed  or  both  left-handed.  As  the  usual  object  of  this  com- 
bination is  to  produce  a  change  of  angular  velocity  in  a  ratio 
greater  than  can  be  obtained  by  any  single  pair  of  ordmary  wheels, 
one  of  the  screws  is  commonly  wheel-like,  being  of  lai-ge  diameter 
and  many-threaded,  while  the  other  is  short  and  of  few  threads; 
and  the  angular  velocities  are  inversely  as  the  number  of  threada 


Fig.  208. 


Fig.  K09. 


Fig.  208  represents  a  side  view  of  this  combination,  and  fig.  209 
a  cross  section  at  right  angles  to  the  axis  of  the  smaller  screw.  It 
has  been  shown  by  Mr.  Willis,  that  if  each  section  of  both  screws 
be  made  by  a  plane  perpendicukr  to  the  axis  of  the  large  screw  or 
wheel,  the  outlines  of  the  threads  of  the  larger  and  smaller  acvew 
Tihould  be  thoae  of  the  teeth  of  a  wheel  and  rack  respectively;  BjB,, 
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in  fig.  208,  for  example,  being  the  pitch  circle  of  the  wheel,  and 
13,  £,  the  pitch  line  of  the  rack. 

The  periphery  and  teeth  of  the  wheel  are  usuallj  hollowed  to 
fit  the  screw,  as  shown  at  T,  fig.  209. 

To  make  the  teeth  or  threads  of  a  pair  of  screws  fit  correctly  and 
work  smoothly,  a  hardened  steel  screw  is  made  of  the  figure  of  the 
smaller  screw,  with  its  thread  or  threads  notched  so  as  to  form  a 
cutting  tool ;  the  larger  screw,  or  wheel,  is  cast  approximately  of 
the  required  figure ;  the  larger  screw  and  the  steel  screw  are  fitted 
up  in  their  proper  relative  position,  and  made  to  rotate  in  contact 
with  each  otiier  by  turning  the  steel  screw,  which  cuts  the  thread* 
of  the  larger  screw  to  their  true  figure. 

476.  The  Bcbulre  MldlBS  mi  a  Pair  mt  Screws  at  their  point  of 
contact  is  found  thus: — Let  rj,  r,,  be  the  radii  of  their  pitch  cylin- 
ders, and  ti,  tj,  the  obliquities  of  their  threads  to  their  pitch  circles, 
one  of  which  is  to  be  considered  as  negative  if  the  screws  are  con- 
trary-handed. Let  u  be  the  common  component  of  the  velocities 
of  a  pair  of  points  of  contact  along  a  line  touching  the  pitch  sur- 
faces and  perpendicular  to  the  threads,  at  the  pitch  point,  and  v 
the  velocity  of  sliding  of  the  threads  over  each  other.     Then 


t*  =  Oi  ri  •  sm  *i  =  Ojrj  •  sin  t, ;  \ 

so  that  I (1.) 

u  u         \        "        "^  '^ 

€h  =   ; — r  ;  O,  =   : — r  J  J 

*      r,'sinti  r, -smtj 

and 

V  =  a^r^'  cos  ii  +  a^^ '  ^^  h  =  ^  (cotan  t,  +  cotan  tg) (2.) 

When  the  screws  are  contrary-handed,  the  difference  instead  of  the 
sum  of  the  terms  in  equation  2  is  to  be  taken. 

477.  oidhaai*B  ceapUns* — A  coupling  is  a  mode  of  connecting  a 
pair  of  shafts  so  that  they  shall  rotate  in  rs. 

the  same  direction,  with  the  same  mean 
angular  velocity.  If  the  axes  of  the  shafts 
are  in  the  same  straight  line,  the  coupling 
consists  in  so  connecting  their  contiguous 
ends  that  they  shall  rotate  as  one  piece; 
but  if  the  axes  are  not  in  the  same  straight 
line,  combinations  of  mechanism  are  re-  ] 
quired.  A  coupling  for  parallel  shafts 
which  acts  by  sliding  contact  was  invented  p    2^0 

by  Oldham,  and  is  represented  in  fig.  210.  *' 

C,,  Co,  are  the  axes  of  the  two  parallel  shafts ;  D^,  Dg,  two  cross- 
heads,  facing  each  other,  fixed  on  the  ends  of  the  two  shafts  re- 
spectively; Ej;  Ep  a  bar,  sHding  in  a  diametral  groove  in  the  fece  of 
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I>i ;  Ea,  E^  a  bar,  sliding  in  a  diametral  groove  in  the  face  of  D, ; 
those  bars  are  fixed  together  at  A,  so  as  to  form  a  rigid  cross.  The 
angular  velocities  of  the  two  discs  and  of  the  cross  are  all  equal  at 
every  instant.  The  middle  point  of  the  cross,  at  A,  revolves  in 
the  dotted  circle  described  upon  the  line  of  centres  C„  C>,  as  a  dia- 
meter, twice  for  each  turn  of  the  discs  and  cross;  the  instantaneous 
axis  of  rotation  of  the  cross,  at  any  instant,  is  at  I,  the  point  in 
the  circle  C„  C„  diametrically  opposite  to  A. 

01dham*8  coupling  may  be  used  with  advantage  where  the  axes 
of  the  shafts  are  intended  to  be  as  nearly  in  the  same  straight  line 
as  is  possible,  but  where  there  is  some  doubt  as  to  the  practica* 
bility  or  permanency  of  their  exact  continuity. 

Section  3. — Connection  hy  Bands, 

478.  Baads  cianed. — ^Bands,  or  wrapping  connectors,  for  com- 
municating motion  between  pulleys  or  drums  rotating  about  fixed 
axes,  or  between  rotating  pulleys  and  drums  and  shifting  pieces, 
may  be  thus  classed  : — 

I.  Bdta^  which  are  made  of  leather  or  of  gutta  percha,  are  flat 
and  thin,  and  require  nearly  cylindrical  pulleys.  A  belt  tends  to 
move  towards  that  part  of  a  pulley  whose  radius  is  greatest ;  pulleys 
for  belts,  therefore,  are  slightly  swelled  in  the  middle,  in  order 
that  the  belt  may  remain  on  the  pulley  unless  forcibly  shifted.  A 
belt  when  in  motion  is  shifted  off  a  pulley,  or  from  one  pulley  on 
to  another  of  equal  size  alongside  of  it,  by  pressing  against  that 
part  of  the  belt  which  is  moving  toioards  the  pulley. 

II.  Cords,  made  of  catgut,  hempen  or  other  fibres,  or  wire,  are 
nearly  cylindrical  in  section,  and  require  either  drums  with  ledges^ 
or  grooved  pulleys. 

III.  Chains,  which  are  composed  of  links  or  bars  jointed  together, 
require  pulleys  or  drums,  grooved,  notched,  and  toothed,  so  as  to 
fit  the  links  of  the  chains. 

Bands  for  communicating  continuous  motion  are  endless. 

Bands  for  communicating  reciprocating  motion  have  usually  their 

ends  made  fast  to  the  pulleys  or  drums  which  they  connect,  and 

which  in  this  case  may  be  sectors. 

479.  Principle  •€  Gannectlaa  by  Bands. — The  line  of  connection 
of  a  pair  of  pulleys  or  drums  connected  by  means  of  a  band,  is  the 
central  line  or  axis  of  that  part  of  the  band  whose  tension  transmits 
the  motion.  The  principle  of  Article  433  being  applied  to  tlus 
case,  leads  to  the  following  consequences  : — 

I.  For  a  pair  of  rotating  pieces,  let  r^,  r„  be  the  perpendiculars 
let  fall  from  theii*  axes  on  the  centre  line  of  the  band,  ^i,  <?„  their 
angular  velocities^  and  t^t,,  the  angles  which  the  centre  line  of  the 
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band  makes  with  the  two  axes  respectively.  Then  the  longitudi- 
nal velocity  of  the  band,  that  is,  its  component  velocity  in  the 
direction  of  its  own  centre  line,  is 

u  =  riax  Binti  =  r,a,  sintVj » (1.) 

-whence  the  angular  velocity-ratio  is 

Ot  __  Tt  sin  it  ^2 . 

Oj       r,  sin  I'l ^  "' 

When  the  aaxs  are  parallel  (which  is  almost  always  the  case),  i\  =  tu 
and 

^•=5 (3.) 

The  same  equation  holds  when  both  axes,  whether  pai-allel  or  not, 
are  perpendicular  in  direction  to  that  part  of  the  band  which  trans- 
mits the  motion ;  for  then  sin  t'l  =  sin  f't  =  1. 

II.  For  a  rotating  piece  and  a  eliding  piece,  let  r  be  the  perpendi- 
cular from  the  axis  of  the  rotating  piece  on  the  centre  line  of  the 
band,  a  the  angular  velocity,  i  the  angle  between  the  directions  of 
the  band  and  axis,  u  the  longitudinal  velocity  of  the  band,  j  the 
angle  between  the  direction  of  the  centre  line  of  the  band  and  that 
of  the  motion  of  the  sliding  piece,  and  v  the  velocity  of  the  sliding 
piece;  then 

u  =  ra  sin  i  =  v  cosj;  and (4.) 

ra  sin  %  ,,- v 

V  = 7- (5.) 

cos^ 

When  the  centre  line  of  the  band  is  parallel  to  the  direction  of 

motion  of  the  sliding  piece,  and  perpendicular  to  the  direction  of 

the  axis  of  the  rotating  piece,  sin  t  =  cos  ^'  =  1,  and 

vz=u  =  ra (6.) 

480.  The  Pitch  8«Hkc«  •€  a  Pailcy  •r  i^raw  is  a  surface  to 
which  the  line  of  connection  is  always  a  tangent;  that  is  to  say, 
it  is  a  surface  parallel  to  the  acting  surface  of  the  pulley  or  drum, 
and  distant  from  it  by  half  the  thickness  of  the  band. 

481.  circHlar  P«ilc7«  and  TDwumm  are  used  to  communicate  a 

Fig.  211.  Fig.  212. 

constant  velocity-ratio.     In  each  of  them,  the  length  denoted  by  r 
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in  tbe  eqiiati<ma  of  Article  479  is  constant,  and  is  called  the  ^^ 
tive  radvusy  being  equal  to  the  real  ladiua  of  the  pnllej  or  drum 
added  to  half  the  thickness  of  the  band. 

A  crossed  belt  connecting  a  pair  of  circular  pulleys,  as  in  fig.  211, 
reverses  the  direction  of  rotation ;  an  open  heU,  as  in  fig.  212,  pre- 
serves that  direction. 

482.  The  i<migtk  mi  mm  emjims  Belt,  connecting  a  pair  of  pulleys 
whose  effective  radii  are  C^  Tj  =  rt,  C,  T,  =  Tu  with  parallel  axes 
whose  distance  apart  is  C^  Cj  =  c,  is  given  by  formuUe  founded  on 
equation  1  of  Article  402,  viz., — L  =  s  • «  +  2  •  r  t.  Each  of  tbe  two 
«qual  straight  parts  of  the  belt  is  evidently  of  the  length 

8  =  J(f  -  (r.  +  r,)*  for  a  crossed  belt :  , 


:}• 


s  =  J<^  -  (rj  -  r,)*  for  an  open  belt  j 

Vx  being  the  greater  radius,  and  r^  the  less.  Let  t|  be  the  urc  to 
radius  unity  of  the  greater  pulley,  and  i,  that  of  the  less  pulley, 
with  which  the  belt  is  in  contact  j  then  for  a  crossed  belt 

tj  =  t,=  ^v  +  2aro    sin^ii^^  ; 

and  for  an  open  belt,  .  (2.) 

h=(»  +  2arc.sin!jJl!>);  <,=  (x-2  arc  •  sin  !lJl!iV 

and  the  introduction  of  those  values  into  equation  1  of  Article  402 
gives  the  following  results  : — 
For  a  crossed  belt, 

L  =  2  Jc»-(ri  +  r,)«  +  (r^  +  r,)'  /'»  +  2arc    ain  •  ^^— ^j  ; 
and  for  an  open  belt, 
L  =  2^c--(ri-r,)*  +  x(n  +  r,)  +  2(ri-r,)-arc-8in*^ii:^'. 


(3.) 


As  the  last  of  these  equations  would  be  troublesome  to  employ  in 
a  practical  application  to  be  mentioned  in  the  next  Article,  an 
approximation  to  it,  suificiently  close  for  practical  purposes,  is 
obtained  by  considering,  that  if  r  —  rj  is  small  compai'ed  with  c, 

VcMn^^"  =  c  -  ^~^  nearly,  and  arc  •  sin  •  ^llll*  =  "^.i:::^^ 

46  c  c  c 

nearly ;  whence,  for  an  open  belt, 

Lnearly  =  2  c  +  *  (ri  +  n)  +  ^^^-^^^ (3  a.) 
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483.  ■>•<<  C——  (figa.  213,  214,  215,  216)  are  a  oontrivanoe  for 


Fig.  218. 


Fig.  214. 


Fig.  215.  Fig.  216. 


varying  and  adjusting  the  velocity-ratio  communicated  between  a 
pair  of  parallel  shafts  by  means  of  a  belt,  and  may  be  either  conti- 
nuous cones  or  conoids,  as  in  figs.  213,  214,  whose  velocity-ratio 
can  be  varied  gradually  while  they  are  in  motion  by  shifting  the 
belt ;  or  sets  of  pulleys  whose  radii  vary  by  steps,  as  in  figs.  215, 
216,  in  which  case  the  velocity-ratio  can  be  changed  by  shifiing 
the  belt  from  one  pair  of  pulleys  to  another. 

In  oi*der  that  the  belt  may  be  equally  tight  in  every  possible 
position  on  a  pair  of  speed-cones,  the  quantity  L  in  the  equations 
of  Article  482  must  be  constant 

For  a  orosaed  belt,  as  in  figs.  213  and  215,  L  depends  solely  on 
e  and  on  r^  +  Vg.  Now  c  is  constant,  because  the  axes  are  parallel, 
therefore  the  aum  of  the  radii  of  the  pitch  circles  connected  in  every 
position  of  the  belt  is  to  be  constant  That  condition  is  fulfilled 
by  a  pair  of  continuous  cones  generated  by  the  revolution  of  two 
straight  lines  inclined  opposite  ways  to  their  respective  axes  at 
equal  angles,  and  by  a  set  of  pairs  of  pulleys  in  which  the  sum  of 
the  radii  is  the  same  for  each  pair. 

For  an  open  belt,  the  following  practical  rule  is  deduced  from  the 
approximate  equation  3  A  of  Article  482  : — 

Let  the  speed-cones  be  equal  and  similar  conoids,  as  in  fig.  214, 
but  with  their  large  and  sniall  ends  turned  opposite  ways.  Let  r^ 
be  the  radius  of  the  large  end  of  each,  r,  that  of  the  small  end,  r^ 
that  of  the  middle ;  and  let  y  be  the  aoffiUa,  measured  perpendi- 
cular to  the  axis,  of  the  arc  by  whose  revolution  each  of  the  conoids 
is  generated,  or,  in  other  words,  the  bulging  of  the  conoids  in  the 
middle  of  their  length ;  then 


y  =  ^o 


^Ti^yjH  —  (^t-^')* 


2xc 


.(1.) 


2  «■  =  6*2832  j  but  6  may  be  used  in  most  practical  cases  without 
sensible  error. 
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The  radii  at  the  middle  and  ends  being  thus  determinedy  make 
the  generating  curve  an  arc  either  of  a  circle  or  of  a  parabola. 

For  a  pair  of  stepped  cones,  as  in  fig.  216,  let  a  series  of  differ- 
eneea  of  tiie  radii,  or  values  of  ri  —  r,,  be  assumed ;  then  for  each 
pair  of  pullcTs,  the  sum  of  the  radii  is  to  be  computed  from  the 
difference  by  the  formula 

*-i  +  ''i=2r.-^*; (2.) 

2  Tq  being  that  sum  when  the  radii  are  equal 

Section  4. — LinkworL 

484.  Dcflaltimu. — ^The  pieces  which  are  connected  hj  linkwork, 
if  thej  rotate  or  oscillate,  are  usually  called  cranks,  beams,  and 
levers.  The  link  by  which  they  are  connected  is  a  rigid  b^,  which 
may  be  straight  or  of  any  other  figure ;  the  straight  fig^ure  being 
the  most  £Bivourable  to  strength,  is  used  when  there  is  no  special 
reason  to  the  contrary.  The  link  is  known  by  various  names  under 
various  circumstances,  such  as  coupling  rody  connecting  rod,  crank 
rod,  eccentric  rod,  <fec.  It  is  attached  to  the  pieces  which  it  connects 
by  two  pins,  about  which  it  is  free  to  turn.  The  effect  of  the  link 
is  to  maintain  the  distance  between  the  centres  of  those  pins  in- 
variable ;  hence  the  line  joining  the  centres  of  the  pins  is  the  line 
of  connection;  and  those  centres  may  be  called  the  connected  points. 
In  a  turning  piece,  the  perpendicular  let  &11  from  its  connected 
point  upon  its  axis  of  rotation  is  the  arm  or  crank  arm. 

485.  Priaeiplm  •f  €«ii«eetton. — The  whole  of  the  equations 
already  given  in  Article  479  for  bands,  are  applicable  to  linkwork. 
The  axes  of  rotation  of  a  pair  of  tm*ning  pieces  connected  by  a  link 
are  almost  always  parallel,  and  perpendicular  to  the  line  of  connec- 
tion ;  in  which  case  the  angular  velocity-ratio  at  any  instant  is  the 
reciprocal  of  the  ratio  c^  the  common  perpendiculars  let  fall  fit>m 
the  line  of  connection  upon  the  respective  axes  of  rotation  (Article 
479,  equation  3). 

486.  ]>ea4  P«i«ta. — K  at  any  instant  the  direction  of  one  of  the 
crank  arms  coincides  with  the  line  of  connection,  the  common 
perpendicular  of  the  line  of  connection  and  the  axis  of  that  crank 
arm  vanishes,  and  the  directional  relation  of  the  motions  becomes 
indeterminata  The  position  of  the  connected  point  of  the  crank 
arm  in  question  at  such  an  instant  is  called  a  dead  point.  The 
velocity  of  the  other  connected  point  at  such  an  instant  is  null, 
unless  it  also  reaches  a  dead  point  at  the  same  instant,  so  that  the 
line  of  connection  is  in  the  plane  of  the  two  axes  of  rotation,  in 
which  case  the  velocity-ratio  is  indeterminate. 
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487.  C^Hpllim  •f  Parallel  Axea. — Tlie  only  case  in  wHch  an  uni- 
form angular  yelocity-ratio  (being  that  of  equality^  is  communicated 
\yj  linkwork,  is  that  in  which  two  or  more  pandiel  shafts  (such  as 
those  of  the  driving  wheels  of  a  locomotive  engine)  are  made  to 
rotate  with  constantly  equal  angular  velocities,  by  having  equal 
cranks,  which  are  maintained  pe^rallel  by  a  coupling  rod  of  such  a 
length  that  the  line  of  connection  is  equal  to  the  distance  between 
the  axes.  The  cranks  pass  their  dead  points  simultaneously.  To 
obviate  the  unsteadiness  of  motion  which  this  tends  to  cause,  the 
shafts  are  provided  with  a  second  set  of  cranks  at  right  angles  to 
the  first,  connected  by  means  of  a  similar  coupling  rod,  so  that  one 
set  of  cranks  pass  their  dead  points  at  the  instant  when  the  other 
set  are  farthest  from  theirs. 

488.  The  CenpAraUTe  jamOmm  mf  the  Ceaaected  Petals  in  a  piece 
of  linkwork  at  a  given  instant  is  capable  of  determination  by  the 
method  explained  in  Article  384 ;  that  is,  by  finding  the  instanta- 
neous axis  of  the  link ;  for  the  two  connected  points  move  in  the 
same  manner  with  two  points  in  the  link,  considered  as  a  rigid  body. 

If  a  connect^  point  belongs  to  a  turning  piece,  the  di^ction  of 
its  motion  at  a  given  instant  is  perpendicular  to  the  plane  contain- 
ing the  axis  and  crank  arm  of  the  piece.  If  a  connected  point 
belongs  to  a  shifting  piece,  the  direction  of  its  motion  at  any 
instant  is  given,  and  a  plane  can  be  drawn  perpendicular  to  that 
direction. 

The  line  of  intersection  of  the  planes  perpendicular  to  the  paths 
of  the  two  connected  points  at  a  given  instant,  is  the  instarUafieous 
aais  of  the  IxTik  at  that  instant;  and  the  vdocUiea  of  the  connected 
'points  are  directly  as  their  distances  from  that  axis. 

In  drawing  on  a  plane  sur&ce,  ^e  two  planes  perpendicular  to 
the  paths  of  the  connected  points  are  represented  by  two  lines 
(being  their  sections  by  a  plane  nonnal  to  them),  and  the  instanta- 
neous axis  by  a  point;  and  should  the  length  of  the  two  lines 
render  it  impracticable  to  produce  them  until  they  actually  inter- 
sect, the  velocity-ratio  of  the  connected  points  may  be  found  by 
the  principle,  that  it  is  equal  to  the  ratio  of  the  segments  which  a 
line  parallel  to  the  line  of  connection  cuts  off  from  any  two  lines 
drawn  from  a  given  point,  perpendicular  respectively  to  the  paths 
of  the  connected  points. 

JSxample  L  Ttoo  Rotating  Pieces  with  Parallel  Axes  (^g,  217). — 
Let  C„  Oty  be  the  parallel  axes  of  the  pieces ;  T„  T„  their  con- 
nected points ;  C,  T„  CjT„  their  crank  arms ;  T,  T„  the  link.  At 
a  given  instant,  let  v^  be  the  velocity  of  T, ;  v,  that  of  T,. 

To  find  the  ratio  of  those  velocities,  produce  Cj  T„  C,  T„  till 
they  intersect  in  K ;  K  is  the  instantaneous  axis  of  the  link  or 
connecting  rod,  and  the  velocity-ratio  is 
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»,  :t>, ::  KT,  :KT,. 


.(1.) 


Should  K  be  inoonvenieiitlj  far  off,  draw  any  triangle  with  its 
sides  respectively  parallel  to  Ci  T„  C,  T.  and  Ti  T, ;  the  ratio  of 
the  two  sides  fibrst  mentioned  will  be  the  velocity-ratio  reqmred. 
For  example,  draw  d  A  parallel  to  0^  Ti,  cutting  T^  T.  in  A;  then 


Vj  :t^::C,A  :C,T>. 


.(2,) 


Fig.  217. 


F!g.  218. 


EaxvrwpU  IL  Rotating  Piece  and  Sliding  Fieoe  (fig.  218). — ^Let 
Ct  be  the  axis  of  a  rotating  piece,  and  T,  B  the  straight  line  along 
which  a  sliding  piece  moves.  Let  Ti,  Tt,  be  the  connected  points, 
CgT,  the  crank  arm  of  the  rotating  piece,  and  T,  T,  the  liiik  or 
connecting  rod.  The  points  T,,  Tg,  and  the  line  Tj  R,  are  supposed 
to  be  in  one  plane,  perpendicular  to  the  axis  C.  Draw  T|  K  per- 
pendicular to  Ti  B,  intersecting  C.  T«  in  £ ;  K  is  the  instantaneous 
axis  of  the  link ;  and  the  rest  of  the  solution  is  the  same  aa  in 
Example  I. 

489.  An  SceMiiri«  (fig.  219)  being  a  circular  disc  keyed  on  a 
shaft,  with  whose  axis  its  centre  does  not  ca> 
incide,  and  used  to  give  a  reciprocating  motion 
to  a  rod,  is  equivalent  to  a  •crank  whose  con- 
nected point  is  T,  the  centre  of  the  eccentric 
disc,  and  whose  crank  arm  is  C  T,  the  distance 
of  that  point  from  the  axis  of  the  shaft,  called 
the  eccentridtf/. 

An  eccentric  may  be  made  capable  of  having  its  eccentricity 
altered  by  means  of  an  adjusting  screw,  so  as  to  vary  the  extent 
of  the  reciprocating  motion  which  it  communicates,  and  which  is 
called  the  throw,  or  travel,  or  length  of  stroke. 

490.  The  Kiemg0k  •f  Btrokm  of  a  point  in  a  reciprocating  pieoe  is 
the  distance  between  the  two  ends  of  the  path  in  which  that  point 
moves.     When  it  is  connected  by  a  link  with  a  point  in  a  con- 


Tig.  219. 
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tinnoiisly  rotating  piece,  the  ends  of  the  stroke  of  the  reciprocating 
point  correspond  with  the  dead  points  of  the  continuously  revolving 
piece  (Article  486). 

Let  S  be  the  length  of  stroke  of  the  reciprocating  piece,  L  the 
length  of  the  line  of  connection,  and  R  the  crank  arm  of  the  con- 
tinuously turning  pieca  Then  if  the  two  ends  of  the  stroke  be  in 
one  straight  line  with  the  axis  of  the  crank, 

S  =  2R; (1.) 

and  if  their  ends  be  not  in  one  straight  line  with  that  axis,  then 
S,  L  —  £.,  and  L  +  R,  are  the  three  sides  of  a  triangk,  having  the 
angle  opposite  S  at  that  axis ;  so  that  if  ^  be  the  supplement  of  the 
arc  between  the  dead  points, 

S»=2(L*+R^-2(L»-R»)cos^n 

,      2L»  +  2R'-S«  \ (2) 

"°"^=      2(L--R^)     •  ^ 

491.  n«oke*s  VniTinwd  jr«tac  (fig.  220)  is  a  contrivance  for  coup- 
ling shafts  whose  axes  intersect  each  other  in  a  point. 

Let  O  be  the  point  of  intersection 
of  the  axes  O  C„  O  Cg,  and  i  their 
angle  of  inclination  to  each  other.  ( 
The  pair  of  shafts  Ci,  C..,  terminate 
in  a  pair  of  forks  F„  F^  in  bearings 
at  the  extremities  of  which  turn  the 
gudgeons  at  the  ends  of  the  arms  of 
a  rectangular  cross  having  its  centre 
at  O.     This  cross  is  the  link;  the 

connected  points  are  the  centres  of  pj    jgo.      ^ 

the  bearings  F„  F,.   At  each  instant 

each  of  those  points  moves  at  right  angles  to  the  central  plane  of 
its  shaft  and  fork,  therefore  the  line  of  intei'section  of  the  central 
planes  of  the  two  forks,  at  any  instant,  is  the  instantaneous  axis  of 
the  cross,  and  the  vdocity-raiio  of  the  points  F„  F,  (which,  as  the 
forks  aw  equal,  is  also  the  angtUar  vdociiy-ratio  of  the  shafts),  is 
equal  to  the  ratio  of  the  distances  of  those  points  from  that  instan- 
taneous axis.  The  mean  value  of  that  Telocity-ratio  is  that  of 
equality  ;  for  each  successive  qtia/rter  twm  is  made  by  both  shafts  in 
the  same  time ;  but  its  actual  value  fluctuates  between  the  limits, 

—  = ;  when  Fi  is  in  the  plane  of  the  axes ;  \ 

a       COS!  (   ...fl.) 


^  3=  COS  i  when  Fs  is  in  that  plane. 


ai 
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Its  value  at  intermediate  instants,  as  well  as  the  relation  between 
the  positions  of  the  shafts,  are  given  by  the  following  equations  : — 
Let  ^1,  ^t,  be  the  angles  respectively  made  by  the  central  planes  of 
the  forks  and  shafts  with  the  plane  of  the  two  axes  at  a  given 
instant;  then 

tan  ^1  *  tan  9,  =  cos  t ; 

a,  c?^g      tan  9i  +  cotan  ^1  V (2.) 


4- 


ai  d  ^1      tan  ^«  +  cotan  ^i 

492.  The  B«abie  n«ok«'s  jr«tat  (fig.  221)  is  used  to  obviate  the 
vibratoiy  and  unsteady  motion  caused  by  the  fluctuation  of  the 

^  velocity-ratio  indicated  in  the  equa- 
'*  tions  of  Article  491.  Between  the 
two  shafts  to  be  connected,  O^  Cj, 
there  is  introduced  a  short  interme- 
diate shaft  Ca,  making  equal  angles 
with  Ci  and  C,,  connected  with  each 
^'  22**  of  them  by  a  Hooke's  joint,  and 

having  both  its  own  forks  in  the  same  plane. 

Let  %  be  the  angle  of  inclination  of  Ci  and  Ct,  and  also  that  of 
C9  and  Cj.  Let  ^„  ^ ,  ^3,  be  the  angles  made  at  a  given  instant  by 
the  planes  of  the  forks  of  the  three  shafts  with  the  plane  of  their 
axes,  and  let  ai,  o^  Oj,  be  their  angular  velocities.     Then 

tan  ^,  *  tan  ^,  =  cos  t  =  tan  ^x '  tan  ^; 

whence  tan  ^  =  tan  ^j ;  and  Os  =  a,; 

so  that  the  angular  velocities  of  the  first  and  third  shafts  are  equal 
to  each  other  at  every  instant. 

493.  A  cuck,  being  a  reciprocating  bar,  acting  upon  a  ratchet 
wheel  or  rack,  which  it  pushes  or  pulls  through  a  certain  arc  at 
each  forward  stroke,  and  leaves  at  rest  at  each  backward  stroke,  is 
an  example  of  intermittent  linkwork.  During  the  forward  stroke, 
the  action  of  the  click  is  governed  by  the  principles  of  linkwork; 
during  the  backward  stroke,  that  action  cease&  A  catch  or  pali^ 
turning  on  a  fixed  axis,  prevents  the  ratchet  wheel  or  rack  ftovx 
reversing  its  motion. 

Section  5. — EedupliccUum  of  Cords, 

494.  D«aaiu«as. — The  combination  of  pieces  connected  by  the 
several  plies  of  a  cord  or  rope  consists  of  a  pair  of  cases  or  frames 
called  blocks,  each  containing  one  or  more  pulleys  called  shectves, 
^^e  of  the  blocks  called  the  /all-block,  B„  is  fixed;  the  other,  or 
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rummng-block,  B„  is  moveable  to  or  from  the  fall-block,  with  which 
it  is  connected  by  means  of  a  rope  of  which  one  end  is  attached 
either  to  the  fall-block  or  to 
the  running-block,  while  the 
other  end,  Ti,  called  the  /all, 
or  taclde-fcM,  is  free;  while  i  x 

the  intermediate  portion  of 
the  rope  passes  alternately 
round  the  pulleys  in  the  fall- 
block  and  running-block.  The 
whole  combination  is  called  a  ^ 

tcteJde  or  pv/rchoM, 

495.  TheTetodty-Biotochief- 
ly  considered  in  a  tackle  is  that 
between  the  velocities  of  the 
running-block,  u,  and  of  the 
tackle-Ml,  v.  That  ratio  is 
given  by  equation  6  of  Article  , 

402  (which  see),  viz.  : —  Fig.  222.  Fig.  228. 

i?  =  nw; (1.) 

where  n  is  the  number  of  plies  of  rope  by  which  the  running-block 
is  connected  with  the  fall-block.  Thus,  in  fig.  222,  n  =  7 ;  and  in 
fig.  223,  w  =  6. 

496.  The  Telocity  •f  A«y  Fly  of  the  rope  is  found  in  the  follow- 
ing manner : — 

L  For  a  ply  on  the  side  of  the  fall-block  next  the  tackle-fell, 
such  as  2,  4,  6,  fig.  222,  and  3,  5,  ^g.  223,  it  is  to  be  considered 
what  would  be  the  velocity  of  that  ply  if  it  were  itself  the  tackle- 
fall.  Let  that  velocity  be  denoted  by  t/,  and  let  n'  be  the  number 
of  plies  between  the  ply  in  question  and  the  point  of  attachment  by 
which  the  first  ply  (marked  1  in  the  figures)  is  fixed  to  one  or  other 
block.     Then 

f/=:n'tt (1.) 

II.  For  a  ply  on  the  side  of  the  fall-block  farthest  from  the 
tackle-faU,  the  velocity  is  equal  and  contrary  to  that  of  the  next 
succeeding  ply,  with  which  it  is  directly  connected  over  one  of  the 
sheaves  of  the  fall-block. 

III.  If  the  first  ply,  as  in  ^g,  223,  is  attached  to  the  fall-block, 
its  velocity  is  nothing;  if  to  the  running-block,  its  velocity  is  equal 
to  that  of  the  block. 

497.  Whit«*s  Tackle* — ^The  sheaves  in  a  block  are  usually  made 
all  of  the  same  diameter,  and  turn  on  a  fixed  pin;  and  they  have, 
consequently,  difierent  angular  velocitiea     But  by  making  the 
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diameter  of  each  sheave  proportional  to  the  velocity,  rdoHvdy  to 
the  hloeky  of  the  ply  of  rope  which  it  is  to  carry,  the  angular  velo- 
cities of  the  sheaves  in  one  block  may  be  rendered  equal,  so  that 
the  sheaves  may  be  made  all  in  one  piece^  and  may  have  journals 
turning  in  fixed  bearings.  This  is  called  WhUe'a  Tackle^  from  iiie 
inventor^  and  is  represented  in  figs.  222  and  223. 

Sectiok  6. — Hydrcmlic  Connection, 

498.  The  C}«aeml  Priadpie  of  the  communication  of  motion 
betweeu  two  pistons  by  means  of  an  intervening  fluid  of  constant 
density  has  already  been  stated  in  Article  411,  viz.,  that  the  velo- 
cities of  the  pistons  are  inversely  as  their  areas,  measured  on  planes 
normal  to  their  directions  of  motion. 

Should  the  density  of  the  fluid  vary,  the  problem  is  no  longer  one 
of  pure  mechanism ;  because  in  that  case,  besides  the  communication 
of  motion  firom  one  piston  to  the  other,  there  is  an  additional  motion 
of  one  or  other,  or  both  pistons,  due  to  the  change  of  volume  of  the 
fluid. 

499.  Taives  are  used  to  regulate  the  communication  of  motion 
through  a  fluid,  by  opening  and  shutting  passages  through  which 
the  fluid  flows}  for  example,  a  cylinder  may  be  provided  with  valves 
which  shall  cause  the  fluid  to  flow  in  through  one  passage,  and 
out  through  another.  Of  this  use  of  valves,  two  cases  may  be 
distinguished. 

I.  When  Hie  piston  moves  the  fluids  the  valves  may  be  what  is 
called  aelf-actvng;  that  is,  moved  by  the  fluid.  If  there  be  two 
l^assages  into  the  cylinder,  one  provided  with  a  valve  opening 
inwards,  and  the  other  with  a  valve  opening  outwards;  then 
during  the  outward  stroke  of  the  piston  the  former  valve  is  opened 
and  the  latter  shut  by  the  inwaixl  pressm^  of  the  fluid,  which  flows 
in  through  the  former  passage;  and  during  the  inward  stroke  of 
the  piston,  the  former  valve  is  shut  and  the  latter  opened  by  the 
outward  pressure  of  the  fluid,  which  flows  out  through  the  latter 
passaga  This  combination  of  cylinder,  piston,  and  valves,  consti- 
tutes a  pump. 

IL  W/ien  the  fluid  moves  the  piston,  the  valves  must  be  opened 
and  shut  by  mechanism,  or  by  hand  In  this  case  the  cylinder  is 
a  working  cylinder  ^ 

500.  In  the  Hydraniie  Press,  the  rapid  motion  of  a  small  piston 
in  a  pump  causes  the  slow  motion  of  a  large  piston  in  a  working 
cylinder.  The  pump  draws  water  from  a  reservoir,  and  forces  it 
into  the  working  cylinder;  during  the  outward  stroke  of  the  pomp 
piston,  the  piston  of  the  working  cylinder  stands  still ;  dunng  the 
inward  stroke  of  the  pump  piston,  the  piston  of  the  working 
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cylinder  moves  outward  with  a  velocity  as  mucli  less  than  that  of 
the  pump  piston  as  its  area  is  greater.  When  the  piston  of  the 
-working  cylinder  has  finished  its  outward  stroke,  which  may  be  of 
any  length,  it  is  permitted  to  be  moved  inwards  again  by  opening 
a  valve  by  hand  and  allowing  the  water  to  escape. 

501.  In  the  HydmaUo  H«ist,  the  slow  inward  motion  of  a  large 
piston  drives  water  from  a  large  cylinder  into  a  smaller  cylinder, 
and  causes  a  more  rapid  outward  motion  of  the  piston  of  the  smaller 
cylinder.  When  the  latter  piston  is  to  be  moved  inward,  a  valve 
between  the  two  (flinders  is  closed,  and  the  valve  of  an  outlet  from 
the  smaller  cylinder  opened,  by  hand,  so  as  to  allow  the  water  to 
escape  from  the  smaller  cylinder.  The  larger  cylinder  is  fiUed  and 
its  piston  moved  outward,  when  required,  by  means  of  a  pump,  in 
a  manner  resembling  the  action  of  a  hydraulic  press. 

Section  7. — Trains  of  Mecfiianism. 


502.  Tndwi  mt  EicBMBiwT  CawbiHatiMis  have  been  defined  in 
Article  435,  and  illustrated  in  the  case  of  wheelwork,  in  Article 
449,  and  in  the  case  of  a  double  Hooke's  joint,  in  Ai'ticle  492.  The 
general  principle  of  their  action  is  that  the  comparative  motion  of 
the  first  driver  and  last  follower  is  expressed  by  a  ratio,  which  is 
found  by  multiplying  together  the  several  velocity-ratios  of  the 
series  of  elementary  combinations  of  which  the  train  consists,  each 
with  the  sign  denoting  the  directional  relation. 

Two  or  more  trains  of  mechanism  may  ocmvergt  into  one ;  as  when 
the  two  pistons  of  a  pair  of  steam  engines,  each  through  its  own 
connecting  rod,  act  upon  one  crank  shaft  One  train  of  mechanism 
may  diverge  into  two  or  more ;  as  when  a  single  shaft,  driven  by  a 
prime  mover,  carries  several  pulleys,  each  of  which  drives  a  different 
machine.  The  principles  of  comparative  motion  in  such  converging 
and  diverging  trains  are  the  same  as  in  simple  trains. 
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CHAPTER  III. 


ON  AOOREaATE  CX>MBmATIONa 


503.  The  Ctoacnl  PrincipiM  of  aggregate  oombinations  have 
already  been  given  in  Part  IIL,  Chapter  11. ,  Section  3.  The 
problems  to  which  those  principles  are  to  be  applied  may  be  divided 
into  two  classes. 

I.  Where  a  secondary  moving  piece  is  connected  at  three,  or  at 
two  points,  as  the  case  may  be,  with  three  or  with  two  other  pieces 
whose  motions  are  given ;  so  that  the  problem  iayfroni  tJte  motions 
of  three  or  of  two  points  in  the  seconda/ry  piece,  to  find  its  motion  as  a 
whole f  and  the  motion  of  any  point  in  it.  The  solution  of  this  pro- 
blem is  given  in  Articles  383  and  384. 

II.  Where  a  secondary  piece,  C,  is  carried  by  another  piece,  B ; 
and  denoting  the  frame  of  the  machine  by  A,  there  are  given  two 
out  of  the  three  motions  of  A,  B,  and  C,  relatively  to  each  other, 
and  the  third  is  required.  The  motion  of  C  relatively  to  A  is  the 
resultant  of  the  motion  of  C  relatively  to  B,  and  of  B  relatively  to 
A ;  and  the  problem  is  solved  by  the  methods  already  explained  in 
Articles  385  to  395,  inclusive.  • 

Mr.  Willis  distinguishes  the  effects  of  aggr^ate  combinations 
into  aggregate  velocitieSy  whether  linear  or  angular,  produced  in 
secondary  pieces  by  the  combined  action  of  different  drivers^  and 
aggregate  paths,  being  the  curves,  such 
as  cycloids  and  trochoids,  epicycloids 
and  epitrochoids,  described  by  given 
points  in  such  secondary  pieces. 

The  following  Articles  give  examples 
of  the  more  ordinary  and  useful  aggre- 
gate combinations. 

504.  I^MTereBltal  WtadlsM. —  In  fig. 
224,  the  axis  Aj  carries  two  barrels  of 
different  radii,  r,  being  the  greater,  and 
Ta  the  less.  A  nmning  block  containing 
a  single  pulley  ia  hung  by  a  rope  which 
passes  below  the  pulley,  and  has  one 
end  wound  round  the  laiger  barrel,  and 
the  other  wound  the  contrary  way  round 
the  smaller  barrel    When  the  two  barrels  rotate  together  with  the 


Big.  224. 
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oommon  aDgular  velocity  a,  the  division  of  the  rope  which  hangs 
from  the  larger  barrel  moves  with  the  velocity  ar^,  and  the  divi- 
sion which  hangs  from  the  smaller  barrel  moves  in  the  contrary 
direction  with  the  velocity  —avg  (whose  direction  is  denoted  by 
the  negative  sign).  These  are  also  the  velocities  of  the  two  points 
at  opposite  extremities  of  a  diameter  of  the  pulley,  where  it  is 
touched  by  the  two  vertical  divisions  of  the  rope,  llie  velocity  of 
the  centre  of  the  pulley  is  a  mean  between  those  two  velocities ; 
that  is,  their  half-difference^  because  their  signs  are  opposite ;  or 
denoting  it  by  v, 

2      


.(1.) 


The  ingtanUmeotM  axis  of  the  pulley  may  be  found  by  the  method 
of  Article  384,  as  follows  :— In  fig.  184  c,  let  A  and  B_be^the  two 
ends  of  the  horizontal  diameter  of  the  pulley,  and  let  A  V.  =  a  n, 
and  BVj  z=ara  represent  their  velocities ;  join  V.  V»  cutting  A  B 
in  O ;  this  is  the  instantaneous  axis,  and  its  distance  from  the 
centre  or  moving  axis  of  the  pulley  is  obviously 

AB  •  ^^^. (2.) 

The  motion  of  the  centre  of  the  pulley  is  the  same  with  that  of  a 


point  in  a  rope  wound  on  a  barrel  of  the  radius 


2    ' 


The  use  of 


the  contrivance  is  to  obtain  a  slow  motion  of  the  pulley  without 
using  a  small,  and  therefore  a  weak,  barrel 

505.   c«niv«md  ScrawK.  —  (Fig.  225.)     On  the  same  axis  let 
there  be  two  screws  Sj  Sj,  and  Si  S^  of  the  respective  pitches 


o 


W/ 


B,  U 


N^/H|  P^tP   J) 


I%.226. 


Fig.  i22«. 


Pi  and  p„  pi  being  the  greater,  and  let  the  screws  in  the  first  in- 
stance be  both  right-handed  or  both  left-handed.  Let  Ni  and  Nt 
be  two  nuts,  fitted  on  the  two  screws  respectively.  When  the 
compound  screw  rotates  with  the  angular  velocity  a,  the  nuts  ap- 
proach towards  or  recede  from  each  otiier  with  the  relative  velocity. 


_a{pi-'P,), 
""       2x      ' 


Vss 


.(1.) 
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being  that  due  to  a  screw  whose  pitch  is  the  difference  of  the  two 
pitches  of  the  compound  screw.  (See  Article  382,  equation  1.) 
The  object  of  this  contrivance  is  to  obtain  the  slow  advance  due 
to  a  fine  pitch,  together  with  the  strength  of  large  threads. 

Fig.  226  represents  a  compound  screw  in  which  the  two  screws 
are  contrary^handed,  and  the  relative  velocity  of  the  nuts  Ni,  N» 
is  that  due  to  the  sum  of  the  two  pitches ;  or,  as  these  are  usually 
equal,  to  double  the  pitch  of  each  screw.  This  combination  b\  used 
in  coupling  railway  carriages. 

506.  liink  iii«ti«B. — Let  0  be  the  axis  of  the  shaft  of  a  steam 

engine,  C  T  the  crank, /the  connected  point  (see  Article  489)  of  the 

^iB^,^^  fonoard  eccentric    (which   is 

stated  to  move  the  slide 
valve  when  the  engine  moves 
forwards),  b  the  connected 
point  of  the  backioard  eooenr 
trie  (which  is  suited  to  move 
the  slide  valve  when  the 
engine  is  reversed),  /¥  the 
Yig,  227.  forward  and  b  B  the  back- 

ward eccentric  rods,  FB  a 
piece  called  the  link,  jointed  to  those  two  rods  at  F  and  B,  S  a 
slider,  which  is  capable  of  being  slid  to  and  fixed  at  different 
positions  in  the  link,  and  to  which  the  slide  valve  rod  is  jointed. 
Let  the  arrow  represent  the  direction  of  forward  rotation  of  the 
shaft,  and  at  the  instant  represented  in  the  figure,  let  the  piston 
be  at  one  end  of  its  stroke.  Let  L  L  be  a  Hne  showing  the  position 
in  which  the  crank  arm  of  an  eccentric  should  stand,  in  order  that 
the  middle  of  the  stroke  of  the  slide  valve  should  be  at  the  same 
instant  with  the  extremity  of  the  stroke  of  the  piston.  The  angle 
..li^  L  0/  is  the  angvla/r  lead  or  advance  of  the  forward  eccentric, 
and  the  angle  .^  L  C  6  (usually  equal  to  the  former)  the  angular 
had  or  advance  of  the  backward  eccentric. 

When  S  is  at  F,  the  engine  is  mfuU  forward  gear,  the  motion 
of  the  slide  valve  being  governed  by  the  forward  eccentric  alona 
The  stroke  or  throv)  of  the  slide  valve  is  2  Of  and  its  lead  corre- 
sponds to  the  angle  .^t::!  L  Of 

When  S  is  at  B,  the  engine  is  in  full  backward  gear,  the  motion 
of  the  slide  valve  being  governed  by  the  backward  eccentric  alone. 
The  stroke  or  throw  of  the  slide  valve  is  2  C  5  (usually  =  2  Of\ 
and  its  lead  corresponds  to  the  angle  .^i^hCb  (usually  =  ..li^  L  Cfy, 
When  S  is  at  A,  the  engine  is  in  mid  gear,  the  velocity  of  the 
valve  rod  at  each  instant  being  a  mean  between  those  which  it 
would  receive  from  either  eccentric  separately. 
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The  lead  corresponds  to  90^  or  a  quarter  of  a  revolutioiL  The 
throw  is  nearly^  though  not  exactly^  =  2  C  a,  a  being  the  middle 
of  the  straight  line  fh. 

To  find  eoaadly  the  motions  of  the  slide  yalve  for  different  posi- 
tions of  the  slider  S,  it  is  best  to  draw  a  diagram  to  a  scale,  repre- 
sentiQg  the  positions  of  the  eccentrics,  rods,  and  link,  for  a  series 
of  angular  positions  of  the  crank  (usually  dividing  a  revolution  into 
24  equal  angles) ;  and  the  corresponding  series  of  positions  of  S 
when  fixed  at  various  points  in  the  link.  Several  examples  of 
this  process  axe  given  in  Mr.  D.  K.  Clark's  treatise  on  Bailway 
Machinery. 

A  useful  af^OTAmaJtvm  to  the  motions  of  the  valve,  when  the 
rods  are  long  compared  with  the  link,  is  got  by  dividing  the  line 
fh  at  8  in  the  same  proportion  in  which  S  divides  F  B,  and  con- 
sidering the  motion  of  the  valve  as  produced  by  the  crank  C  8 ; 
so  that  the  throw  is  approximately  2  C  «,  and  the  lead  approxi- 
mately .^  L  0  «. 

507.  Panai«l  ]il«ti«M  are  jointed  combinations  of  linkwork, 
designed  to  guide  the  motion  of  a  reciprocating  piece,  such  as  the 
piston  rod  of  a  steam  engine,  either  exactly  or  approximately  in  a 
straight  line,  in  order  to  avoid  the  fiiction  which  attends  die  use 
of  straight  guidea  Four  kinds  of  parallel  motion  will  now  be 
described: — 

I.  An  Bzaet  PunOtel  ni«tl«B,  believed  to  have  been  first  proposed 
by  Mr.  Scott  Russell,  is  represented  in  fig.  228.  The  same  parts 
of  the  mechanism  are  marked  with  the  ^ 

same  letters,  and  different  successive        'r\l"  7-^'"''^ 

positions  are  indicated  by  numerals  I      ^^^"^S^''''        • 

affixed.     The  lever  CT  turns  about  ■    ^y^''''\"i>>^    • 

the  fixed  centre  C,  and  carries,  jointed  T;Tirr(V^^  *^y'  r^^^^^* 
to  its  other  end,  the  bar  or  link  P  T  Q,  i\s^~75^^^^^ 

inwhichPT  =  TQ  =  CT.    The  point  \       ^^^^>^ 

Q  is  jointed  to  a  slider  which  slides  in  I^-^^''^ 

guides  along  the  straight  line  C  Q.       ^  ^    ^.^ 

FromQ  draw  QD-LCQ,  cutting  CT  *"«•  Z28. 

produced  in  D;  then  by  Article  488,  D  is  the  instantaneous  axis 
of  the  link ;  and  because  D  P  ||  C  Q,  the  motion  of  P,  which  is 
-L  D  P,  is  always  -i-  C  Q ;  that  is  to  say,  the  point  P  moves  in  the 
straight  line  P,  C  Pj,  -i-  C  Q.  In  a  steam  engine,  a  pair  of  the 
combinations  here  shown  are  used,  one  at  each  side  of  the  cylinder; 
and  the  pair  of  bars  P  Q  are  jointed  at  their  extremities  P  to  the 
head  of  the  piston  rod.  The  distance  through  which  Q  slides  at 
each  single  stroke  of  the  piston,  of  the  length  Pi  P,  =  S,  is  given 
by  the  equation 
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2Q,Q,=  2{pQ-^PQi_|,}. 


.(1) 


and  is  small  compared  with  the  length  of  stroke  of  the  piston. 

II.  An  Approximate  Parallel  Metioa*  somewhat  resembling  the 
preceding,  is  obtained  by  guiding  the  link  P  Q  entirely  by  means 
of  oscillating  levers,  instead  of  by  a  lever  and  a  slide.  To  find  the 
length  and  the  position  of  the  axis  of  one  of  those  levers,  e  i,  select 
any  convenient  point,  ty  in  the  link  P  Q,  and  lay  down  on  a  drawing 
the  extreme  and  middle  positions,  ^,  ^,  t^  of  that  point,  corre- 
sponding to  the  extreme  and  middle  positions  of  the  link  P  Q.  The 
centre  c  of  a  circle  traversing  those  three  points  will  be  the  required 
axis  of  the  lever,  and  c  t  will  he  its  length;  and  if  the  link  P  Q  is 
guided  by  two  such  levers,  the  extreme  and  middle  positions  of  P 
will  be  in  one  straight  line,  and  the  other  positions  of  that  point 
very  nearly  in  one  straight  line. 

IIL  Watt's  ApproxlnMite  Parallel  MotieB. — In  fig.  229,  let  C  T, 
c  ^,  be  a  pair  of  levers^  connected  by  a  link  T  t,  and  oscillating  about 


Rg.  229. 

the  axes  C,  c,  between  the  positions  marked  1  and  3.  Let  the 
middle  positions  of  the  levers,  C  Tj,  c  ^,  be  parallel  to  each  other. 
It  is  required  to  find  a  point  P  in  the  link  T  t,  such,  that  its  middle 
position  P2,  and  its  ex^me  positions  Pi,  P9,  shall  be  in  the  same 
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straight  line  perpendicular  to  C  T^  c  ^  and  so  to  place  the  axes  C,  o, 
on  the  lines  C  Tj,  ct^,  that  the  path  of  P,  between  the  positions 
Pi,  P,,  P,,  shall  be  as  near  as  possible  to  a  straight  lina 

The  axes  C,  c,  are  to  be  so  placed,  that  the  middle  M  of  the 
versed  sine  Y  T^,  and  the  middle  m  of  the  versed  sine  v  t^  o£  the 
respective  arcs  whose  equal  chords  Ti  T,  =  ti  t^  represent  the  stroke, 
may  each  be  in  the  line  of  stroke  M  m.  Then  Tj  and  T,  will  be  as 
far  to  one  side  of  that  line  as  T,  is  to  the  other,  and  t^  and  ^  will 
be  as  &r  to  the  latter  side  of  the  same  line  as  4  is  to  the  former; 
consequently,  the  two  extreme  positions  of  the  link,  T|  ^,  T,  t^,  are 
parallel  to  each  other,  and  inclined  to  M  m  at  the  same  angle  in 
one  direction  that  the  middle  position  of  the  link  T2  ^  is  inclined 
to  that  line  in  the  other  direction;  and  the  three  intersections 
Pi  P,  P3,  are  at  the  same  point  on  the  link. 

The  position  of  the  point  P  on  the  link  is  found  by  the  following 
proportional  equation : — 

:  :  TV  +  tv  :  TY  :  tv 
:  :  C~M  +  cm:  em  I  CM 

The  positions  of  the  point  P  in  the  link,  intermediate  between  its 
middle  and  extreme  positions,  are  near  enough  to  a  straight  Hne 
for  practical  purposea  When  there  are  given,  the  axes  0,  c,  the 
Hne  of  stroke  Pj  P,  P,,  the  length  of  stroke  Pj  P,  =  S,  and  the  per- 
pendicular distsmce  M  m  between  the  middle  positions  of  the  two 
levers,  the  following  equations  serve  to  compute  the  lengths  of  the 
levers  and  link : — 

g«        __         g« 

Versed  sines,  T  V  =  —r-^ — ,  tv  =  — -=^  ; 

8CM'  8cm' 


.(2.) 


.(3.) 


Levers,  CT  =  CM  +  ^;  c<  =  c"^+-„-^ 

Link,  Tl  =  >>/{M^«  +  (m:iS'}- 

rV.  Watt's  PamUel  nation  lli«duied  by  having  the  guided  point 
P  in  the  prolongation  of  the  link  T  t  beyond  its  connected  points, 
instead  of  between  those  points,  is  represented  by  fig.  230.  In  this 
case,  the  centres  of  the  two  levers  are  at  tlie  same  side  of  the  link, 
instead  of  at  opposite  sides,  the  shorter  lever  being  the  farther  from 
the  guided  point  P;  and  the  equations  2  and  3  are  modified  as 
follows : — 
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Segments  of  the  link,  T  «  :  FT  :  P< 

:  :tv  —  TY  iTYitv 
:  :  C M  —  cm  : cm  :  CM.  . 

S"        —       S' 


.(4) 


Versed  sines, 

Levers, 

link,  Tt 


TY: 


8CM 


;tv. 


Scm 


CT  =  CM  +  ^;c?=c-^+^; 


=V{^+^^^=i^'}- 


.(«•) 


This  parallel  motion  is  used  in  some  maiine  engines,  in  a  position 
inverted  with  respect  to  that  in  the  figure,  P  being  the  upper,  and 
t  the  lower  end  of  the  link. 


Fig.  231. 

^  When  Watt's  parallel  motion  (III.) 
-^  is  applied  to  steam  engines  with  beams, 
it  is  more  usual  to  guide  the  air  pump 
rod  than  the  piston  rod  directly  bj 
means  of  the  point  P.  The  head  of 
the  piston  rod  is  guided  by  being  con- 
nected with  that  point  by  means  of  a 
pwraUdogram  of  bais,  shown  in  fig.  231. 
€  is  the  axis  of  motion  of  the  beam  of 
the  engine,  ctA,  one  arm  of  that  beam, 
C  T  a  lever  called  the  radius  bar  or 
bridle  rod,  T  t  a,  link  called  the  bad: 
link,  CTfCty  and  T  <,  form  the  com- 
bination already  described  (HI.),  and 
shown  in  &g.  229 ;  and  the  point  P,  found  as  already  shown,  is 
guided  in  a  vertical  line,  almost  exactly  straight  The  total  length 
of  the  beam  arm,  c  A,  is  fixed  by  the  proportion 


Fig.  230. 
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Tt:Ti::Ci:  CAj (6.) 

that  is^  ^  A  is  very  nearly  a  third  proportional  to  C  T  and  c  t  Draw 
A  B  II  T  f^  and  c  P  B  intersecting  it;  then  from  the  proportion  6  it 
follows  that  AB  =  T<.  ABis  the  main  livky  by  the  lower  end 
of  which;  B,  the  head  of  the  piston  rod  is  guided.  BT=and||rA 
is  the  poflraUd  bcMr,  by  which  the  main  and  back  links  are  connected. 

c  B      c  A 
P  moves  sensibly  in  a  straight  line;  r=:^  =  '=^  is  a  constant  ratio; 

c  P       ct 
therefore  B  moves  sensibly  in  a  straight  line  parallel  to  that  in 
which  P  movea 

A  paralldogram  analogous  to  ABTt  may  also  be  combined  with 
the  parallel  motion  lY. 

508.  BpicycUe  TnlM. — ^The  term  epicydic  train  is  used  by  Mr. 
Willis  to  denote  a  train  of  wheels  carried  by  an  arm,  and  having 
certain  rotations  relatively  to  that  arm,  which  itself  rotatea  The 
arm  may  either  be  driven  by  the  wheels,  or  assist  in  driving  them. 
The  comparative  motions  of  the  wheels  and  of  the  arm  relatively  to 
each  other  and  to  the  frame,  and  the  aggregate  paths  traced  by 
points  in  the  wheels,  are  determined  by  the  principles  of  the  com* 
position  of  rotations,  already  explained  in  Articles  385  to  395. 
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509.  BiriatoM  •€  the  Bmhieei, — The  science  of  Dynamics,  which 
treats  of  the  relations  between  the  motions  of  bodies  and  the  forces 
acting  amongst  them,  may  be  divided  into  two  primary  divisions, 
according  as  it  has  reference  to  balanced  forces  and  uniform  motions, 
or  to  unbalanced  forces  and  varying  motions.  A  secondary  mode 
of  dividing  the  subject  is  founded  on  the  distinction  between  ques- 
tions respecting  the  motions  of  masses  which  are  either  insensibly 
small,  or  which,  being  of  sensible  magnitude,  have  motions  of  trans- 
lation only, — questions  respecting  the  motions  of  rigid  bodies  and 
rigidly  connected  systems  which  rotate, — and  questions  respecting 
the  motions  of  pliable  bodies  and  of  fluids.  The  dynamics  of  fluids 
has  received  the  special  name  of  hydrodynamiica.  It  is  a  branch  of 
mechanics  so  extensive  in  its  applications,  and  depending  so  much 
in  its  details  upon  special  experiments,  as  to  require  a  separate 
work  for  its  full  exposition ;  nevertheless,  in  the  present  treatise 
its  fundamental  principles  will  be  set  forth  in  their  proper 
place. 

The  dynamical  principles  of  the  motions  of  rotating  rigid  bodies^ 
of  pliable  bodies,  and  of  fluids,  are  deduced  from  those  of  the  motions 
of  rigid  bodies  having  motions  of  simple  translation,  by  conceiving 
the  bodies  under  consideration  to  be  divided  into  indefinitely  small 
molecules  or  particles,  so  that  the  laws  of  the  motion  of  each  mole- 
cule shall  differ  from  those  of  a  body  having  a  motion  of  simple 
translation  to  an  extent  less  than  any  given  diflerence.  It  is  to 
such  indefinitely  small  molecules  that  the  term  physical  point, 
already  mentioned  in  Article  7,  is  applied. 

Hence  it  appears  that  the  laws  of  the  relations  between  the 
motions  of  a  so-called  physical  pointy  and  the  forces  acting  on  it, 
are  the  foundation  of  the  science  of  dynamics  ;  and  the  same  laws 
are  applicable  to  a  rigid  body  in  which  every  point  moves  in  the 
same  manner  at  the  same  instant;  that  is  to  say,  which  ha^  a 
motion  of  translation,  as  defined  in  Article  369. 
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The  subjects  to  wIllcIl  the  principles  of  dynamics  relate  will 
therefore  be  classed  in  the  following  manner : — 

I.  Uniform  Motion. 

IL  Varied  Translation  of  Points  and  Rigid  Bodiea 
IIL  Rotations  of  Rigid  Bodies. 
IV.  Motions  of  Pliable  Bodies. 

V.  Motions  of  Fluids. 


CHAPTER  L 

ON  UNIFOBH  MOTION  UNDEB  BALANCED  F0BGB& 

510.  Fine  jjKw  mt  AEvtfoa. — A  body  Wider  the  action  of  no  force, 
or  of  balcmced  forces,  is  either  at  rest,  or  moves  wniforrrdy,  (Uniform 
motion  has  been  defined  in  Article  354.) 

Such  is  the  first  law  of  motion  as  usually  stated ;  but  in  tliat 
statement  is  implied  something  more  than  the  literal  meaning  of 
the  words ;  for  it  is  understood,  that  the  rest  or  motion  of  the  hody 
to  which  the  law  refers,  is  its  rest  or  motion  relativdy  to  another 
body  which  is  also  tmder  the  action  of  no  force,  or  of  balanced  forces. 
Unless  this  implied  condition  be  fulfilled,  the  law  is  not  tru& 
Therefore  the  complete  and  es^licit  statement  of  the  first  law  of 
motion  is  as  follows : — 

If  a  pair  of  bodies  be  each  under  the  action  of  no  force,  or  of 
balanced  forces,  the  motion  of  each  of  those  bodies  relativdy  to  the 
other  is  either  none  or  uniform. 

The  first  law  of  motion  has  been  learned  by  experience  and 
observation  :  not  directly,  for  the  circumstances  supposed  in  it 
never  occur ;  but  indirectly,  from  the  fact  that  its  consequences, 
when  it  is  taken  in  conjunction  with  other  laws,  are  in  accordance 
with  all  the  phenomena  of  the  motions  of  bodiea 

The  first  law  of  motion  may  be  regarded  as  a  consequence  of  the 
definitions  offeree  and  of  balance  (Articles  12,  13) :  at  the  same 
time  it  is  to  be  observed,  that  the  framing  of  those  definitions  has 
been  guided  by  experimental  knowledge. 

511.  fflbrtj  RcMlalttBcei  I<aieral  Force. — Let  F  denote  a  force 
applied  to  a  moving  point,  and  tf  the  angle  made  by  the  direction 
of  that  force  with  the  direction  of  the  motion  of  the  point.  Then, 
by  the  principles  of  Article  57,  the  force  F  may  be  resolved  into 
two  rectangular  components,  one  along,  and  the  other  across,  the 
direction  of  motion  of  the  point,  viz.  :— 
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The  direct  force,  F  cos  /. 
The  2a^a^  force,  E  sin  /. 

A  direct  force  is  further  distinguished,  according  as  it  acts  toith  or 
CLgainat  the  motion  of  the  point  (that  is,  according  as  ^  is  acute  or 
obtuse),  by  the  name  of  effiyrt,  or  of  resistcmcey  as  the  case  may  be. 
Hence  each  force  applied  to  a  moving  point  may  be  thus  decom- 
X>osed  : — 

EffoH,  P  =  P  cos  ^,  if  ^  is  acute; 

Besietance,   R  =  F  cos  (*~^)  if  tf  is  obtuse;  ^ (1.) 

Lateral  force,  Q  =  F  sin  ^. 

512.  The  GoBdiitioBs  •f  i7air«rai  Rivtimi  of  a  pair  of  points  are, 
that  the  forces  applied  to  each  of  them  shall  balance  each  other ; 
that  is  to  say,  that  the  lateral  forces  applied  to  each  point  shall 
balance  each  other,  and  that  the  efforts  applied  to  each  point  shaU 
balance  tJie  resistances. 

The  direction  of  a  force  being,  as  stated  in  Article  20,  that  of 
the  motion  which  it  tends  to  produce,  it  is  evident  that  the  balance 
of  lateral  forces  is  l^e  condition  of  uniformity  of  direction  of  motion, 
that  is,  of  motion  in  a  straight  line ;  and  that  the  balance  of  efforts 
and  resistances  is  the  condition  oiuniformily  of  velocity, 

513.  Work  consists  in  moving  against  resistance.  The  work  is 
said  to  be  performed,  and  the  resistance  overcome.  Work  is  mea- 
sured by  the  product  of  the  resistance  into  the  distance  through 
which  its  point  of  application  is  moved.  The  unit  of  uxyrk  com- 
monly used  in  Britain  is  a  resistance  of  one  pound  overcome  through 
a  distance  of  one  foot,  and  is  called  afoot-pound. 

514.  Energr  means  capacity  for  performing  vxyrh.  The  energy  of 
an  effort,  or  potential  energy^  is  measured  by  the  product  of  the 
effort  into  the  distance  through  which  its  point  of  application  is 
capable  of  being  moved.  The  unit  of  energy  is  the  same  with  the 
unit  of  work. 

When  the  point  of  application  of  an  effort  has  been  moved  through 
a  given  distance,  energy  is  said  to  have  been  exerted  to  an  amount 
expressed  by  the  product  of  the  effort  into  the  distance  through 
which  its  point  of  application  has  been  moved. 

515.  Knergr  and  Work  of  Taryinff  Forces. — If  an  effort  has  dif- 
fei*ent  magnitudes  during  different  portions  of  the  motion  of  its 
point  of  application  through  a  given  distance,  let  each  different 
magnitude  of  the  effort  P  be  multiplied  by  the  length  a«  of  the 
corresponding  portion  of  the  path  of  the  point  of  application ;  the 
sum 

2Pa« (1.) 

is  the  whole  energy  exerted.      If  the  effort  varies  by  insensible 
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degrees,  the  energy  exerted  is  the  iaUegral  or  limit  towards  which 
that  sum  approaches  continually,  as  the  divisions  of  the  path  arc 
made  smaller  and  more  numerous,  and  is  expressed  by 

-Pda (2.) 


/ 


Similar  processes  are  applicable  to  the  finding  of  the  work  pei^ 
formed  in  overcoming  a  varying  resistance.  As  to  int^ration  in 
general,  see  Article  81. 

516.  A  i>7Bam«m«ter  wt  ladiicator  is  an  instrument  which  mea- 
sures and  records  the  energy  exerted  by  an  effort  It  usually  con- 
sists essentially,  firaty  of  a  piece  of  paper  moving  with  a  velocity 
proportional  to  that  of  the  point  of  application  of  the  effort,  and 
having  a  straight  line  marked  on  it  parallel  to  its  direction  of 
motion,  called  fiie  zero  line ;  and  secondly y  of  a  spring,  acted  upon 
and  bent  by  the  effort,  and  carrying  a  pencil  whose  perpendicular 
distance  from  the  zero  line,  as  regulated  by  the  bending  of  the 
spring,  is  proportional  to  the  effort  The  pencil  traces  on  the  piece 
of  paper  a  line  like  that  in  fig.  24  of  Article  81,  such  that  its  ordu 
ncUe  EF,  perpendicular  to  the  zero  line  OX  at  a  given  point, 
represents  the  effort  P  for  the  corresponding  point  in  the  path  of 
the  point  of  application  of  the  effort ;  and  the  area  between  two 

ordinatea,  such  as  A  0  D  B,  represents  the  energy  exerted,   I  l^da, 

for  the  corresponding  portion,  A  B,  of  the  path  of  the  point  of 
application  of  the  effort 

517.  The  EnergT  andi  Work  of  Finid  Pfcwge  may  be  expressed 
as  follows  : — Let  A  denote  the  projection  on  a  plcme  perpendicular 
to  tJie  direction  of  motion  of  the  moving  body,  of  that  portion  of  the 
body's  surface  to  which  the  pressure  is  applied,  p  the  intensity  of 
the  pressure  in  units  of  force  per  unit  of  area  (Article  86),  and  a  a 
the  distance  through  which  the  body  is  moved  in  a  given  interval 
of  time;  then  during  that  interval,  the  energy  exerted  by,  or  work 
j-terformed  against,  the  fluid  pi'essure,  according  as  it  acts  with  or 
against  the  motion,  is  given  by  the  formula 

P  •  A«  (or  R  •  A«)  =^  A  •  A«  =^ '  aV; ..(1.) 

where  a  V  ia  the  volume  of  the  space  swept  through  by  the  portion 
of  the  body's  surfu^  which  is  pressed  upon,  during  the  given 
interval  of  time. 

518.  The  €mi«enr«ti«B  of  Encrgr*  in  the  case  of  uniform  motion, 
means  the  feu^t,  that  Hie  energy  exerted  is  equal  to  the  work  performed; 
and  is  a  consequence  of  the  first  law  of  motion,  as  is  shown  by  the 
consideration  of  the  following  cases : — 

Case  1.  For  the  forces  acting  an  a  single  point,  the  principle  is 
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self-evident;  for  as  the  effort  applied  to  the  point  balances  the 
resistance,  iJie  products  of  these  forces  into  the  distance  trayereed 
bj  the  point  in  any  interval  must  be  equal;  that  is, 

P  •  A«  =  R  'A8 (1.) 

Case  2.  For  the  forces  acting  on  any  system  of  balanced  pointSy 
the  principle  must  be  true,  because  it  is  true  for  those  acting  on 
each  single  point  of  the  system.     This  is  expressed  as  follows  : — 

2-Pa«  =  2-Ra« (2.) 

Case  3.  When  a  system  of  points  are  rigidly  connected,  so  that 
their  relative  positions  do  not  iJter,  there  is  neither  energy  exerted 
nor  work  performed  by  the  forces  which  act  amongst  the  points  of 
the  system  themselves;  and  therefore,  from  case  2  it  follows,  that  the 
principle  of  the  conservation  of  energy  is  true  of  the  forces  acting 
between  the  points  of  the  system  and  external  bodies. 

Symbolically,  let  the  efforts  acting  amongst  the  points  of  the 
system  be  denoted  by  P„  the  resistances  by  R, ;  the  efforts  acting 
between  the  points  of  the  system  and  external  bodies  by  P^,  and 
the  resistances  by  R,.     Then  by  case  2, 

2(Pj  +  P,)A5  =  2(R,  +  R^A«; 

but  by  the  condition  of  rigidity, 

3-PiA«  =  0;  3-RiA«  =  0; 
therefore, 

3PgA«=jR,A« (3.) 

Case  4.  The  same  principle  is  demonstrable  in  the  same  manner, 
for  the  forces  acting  between  external  bodies  and  the  points  of  a 
system  so  connected,  that  though  not  absolutely  rigid,  tliey  do  not 
vary  their  relative  positions  in  the  directions  in  which  the  internal 
forces  of  the  system  aet  Such  is  the  ideal  condition  in  which  a 
train  of  meclumism  would  be,  if  no  resistance  arose  from  the  mode 
of  connection  of  the  pieces. 

619.  The  PHncipie  •r  Tfrtaal  TciscttiM  is  the  name  given  to  the 
application  of  the  principle  of  the  conservation  of  energy  to  the 
determination  of  the  conditions  of  equilibrium  amongst  the  forces 
externally  applied  to  any  connected  system  of  points.  That  appli- 
cation is  effected  in  the  following  manner  : — ^Let  P  be  any  one  of 
the  externally  applied  forces  in  question.  The  conditions  of  equili- 
brium are  those  of  uniform  motion.  Conceive  the  points  of  the 
system  to  be  moving  with  uniform  velocities  in  any  manner  which 
is  consistent  with  the  absence  of  all  exertion  of  energy  and  perfor- 
mance of  work  by  their  mutual  or  internal  forces.    Let  v  be  the 
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velocity,  or  any  mimber  proportional  to  the  velocity,  of  the  point 
to  which  the  external  force  F  is  applied,  and  ^  the  angle  between 
the  direction  of  that  force  and  the  direction  of  motion  of  its  point 
of  application.  Then  from  cases  3  and  4  of  the  principle  of  the 
conservation  of  energy,  it  follows  that  the  condition  of  equilibrium 
amongst  the  forces  E  is 

5'Fvcos^  =  0; (1.) 

attention  being  paid  to  the  principle,  that  cos  ^  is  <  ^!^^^  \ 

when  ^  is  <  ^  >  .  The  same  principle  may  be  otherwise  ex- 
pressed thus :  let  V  be  the  virtual  velocity  of  any  point  to  which  an 
effort  P  is  applied,  u  the  virtual  velocity  of  any  point  to  which  a 
resistance  R  is  applied;  then 

2'PV=3-Rt* (2.) 

The  principle  thus  expressed  is  called  that  of  virtual  vdocUies, 
because  the  velocities  denoted  by  v  are  merely  velocities  which  the 
points  of  the  system  might  have. 

As  the  proportions  of  the  several  velocities  v  are  all  that  are 
required  in  using  this  principle,  it  enables  the  conditions  of  equili- 
brium of  the  forces  applied  to  any  body  or  machine  to  be  founds  so 
soon  as  the  comparcUive  velocities  of  the  points  of  application  of 
those  forces  have  been  determined  by  means  of  the  principles  of 
cinematics,  and  of  the  theory  of  mechanism;  and  every  proposition 
which  has  been  proved  in  Farts  III.  and  lY.  of  this  treatise, 
respecting  the  comparative  velocities  of  points  in  a  body  or  in  a 
train  of  mechanism,  can  at  once  be  converted  into  a  proposition 
respecting  the  equilibrium  of  forces  applied  to  those  points  in  given 
directions. 

520.  Energj  •£  CompoaeBt  Forces  and  AEadoui. — Let  the  motion 
A  «  of  a  point  in  a  given  interval  of  time  make  angles,  «,  fi,  y,  with 
three  rectangular  axes;  then 

A  tf  '  cos  «,  A  9  *  cos  /S,  A  «  *  cos  y^ 

are  the  three  components  of  that  motion.  To  that  point  let  there 
be  applied  a  force  F,  making  with  the  same  axes  the  angles  »',  fi',  /, 
so  that  its  rectangular  components  are 

F  •  cos  «',  F  •  cos  /3',  F  •  cos  y'. 

Then  multiplying  each  component  of  the  motion  by  the  component 
of  the  force  in  its  own  direction,  there  are  found  the  three  quantities 
of  eneigy  exerted, 
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F  •  A  «  ■  COS  «  COS  «'; 

F  '  A  «  '  cos  /3  cos  /3'; 

F  •  A«  •  cosy  cosy'; 

and  the  sam  of  those  three  quantities  of  energy  is  the  whole  energy 
exerted     Now  it  is  well  known^  that 

cos  «  cos  •'  +  cos  /9  cos  fS*  +  cos  y  cos  •  =  cos  0, 

P  being  the  angle  between  the  directions  of  the  force  and  of  the 
motion ;  so  that  the  addition  of  the  three  quantities  of  energy  in 
the  formulse  1  gives  for  the  whole  energy  exerted,  simply 

F  '  Atf  -cos  ^, 

as  in  former  examples;  and  similar  remarks  apply  to  work  per- 
formed. 


21 
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CHAPTER  IL 

ON  THE  VARIED  TRANSLATION  OF  POINTS  AND  RIGID  BODIEBL 

Section  1. — Definitions, 

521.  The  Alaiw,  mt  ivertia,  of  a  body,  is  a  qiiantity  proportional  to 
the  unbalanced  force  which  is  required  in  order  to  produce  a  given 
definite  change  in  the  motion  of  the  body  in  a  given  interval  of  time. 

It  is  known  that  the  weight  of  a  body,  tliat  is,  the  attraction 
between  it  and  the  earth,  at  a  fixed  locality  on  the  earth's  surfiice, 
acting  unbalanced  on  the  body  for  a  fixed  interval  of  time  (&  g,, 
for  a  second),  produces  a  change  in  the  body's  motion,  which  is  the 
same  for  all  bodies  whatsoever.  Hence  it  follows,  that  the  masses 
ofaU  bodies  (vre  proportional  to  their  weights  at  a  given  locality  on 
the  earth*  8  surface. 

This  fact  has  been  learned  by  experiment ;  but  it  can  also  be 
shown  that  it  is  necessary  to  the  permanent  existence  of  the  uni- 
verse ;  for  if  the  gravity  of  all  bocHes  whatsoever  were  not  propoi^ 
tional  to  their  respective  masses,  it  would  not  produce  similar  and 
equal  changes  of  motion  in  all  bodies  which  arrive  at  similar  posi- 
tions with  respect  to  other  bodies,  and  the  different  parts  which 
make  up  stars  and  systems  would  not  accompany  each  other  in  their 
motions,  never  departing  beyond  certain  limits,  but  would  be  dis- 
persed and  reduced  to  <^os.  Neither  an  imponderable  body,  nor 
a  body  whose  gravity,  as  compared  with  its  mass,  differs  in  the 
slightest  conceivable  degree  from  that  of  other  bodies,  can  belong 
to  the  system  of  the  universe.* 

522.  The  Ceatre  ef  MaM  of  a  body  is  its  centre  of  graviiy,  found 
in  the  manner  explained  in  Part  I.,  Chapter  Y.,  Section  1. 

523.  The  nemeatam  of  a  body  means,  the  product  of  its  mass 
into  its  velocity  relatively  to  some  point  assumed  as  fixed.  The 
momentum  of  a  body,  like  its  velocity,  can  be  resolved  into  com- 
ponents, rectangular  or  otherwise,  in  the  manner  already  explained 
for  motions  in  Part  IIL,  Chapter  L 

524.  The  BcMliaaf  RlemeBtam  of  a  system  of  bodies  is  the  re- 
sultant of  their  separate  momenta,  compounded  as  if  they  were 
motions  or  statical  couples. 

*  Sec  the  Rev.  Dr.  WheweU*8  demonstration  "that  aU  matter  gravitates." 

Digitized  by  VjOOQIC 


HOHENTUM — IMPULSE.  483 

Theorem.  Tlie  Tnomentum  of  a  system  of  hodtea  is  the  same  as  if 
an  their  masses  were  concentrated  at  the  centre  ofgramty  of  the  sys- 
tem. Conceive  the  velocity  of  each  of  the  bodies  to  be  resolved 
into  three  rectangular  components.  Consider  all  the  component 
velocities  parallel  to  one  of  the  rectangular  directions.  These  are 
the  rates  of  variation  of  the  perpendicular  distances  of  the  bodies 
from  a  certain  plana  If  the  mass  of  each  of  the  bodies  be  multi- 
plied by  its  distance  from  a  certain  plane,  the  products  added,  and 
the  sum  divided  by  the  sum  of  the  masses,  the  result  is  the  distance 
of  the  centre  of  gravity  of  the  whole  system  from  that  plane ;  there- 
fore, if  the  component  velocity  of  each  of  the  bodies  in  a  direction 
perpendicular  to  that  plane  be  multiplied  by  the  mass  of  the  body, 
the  sum  of  such  products  for  all  the  bodies  of  the  system  will  be 
the  product  of  the  entire  mass  of  the  system  into  the  velocity  of  its 
centre  of  gravity  in  a  direction  perpendicular  to  the  plane  in  ques- 
tion; so  that  this  product  is  one  of  the  three  rectangular  com- 
ponents of  the  resultant  momentum  of  the  system  of  bodies ;  and 
the  same  may  be  proved  for  the  other  rectangular  components. 
Expressed  symbolically,  let  w,  v,  tr,  be  the  three  rectangular  com- 
ponents of  the  velocity  of  any  mass,  m,  belonging  to  a  system  of 
bodies,  and  u^  v^  w^  the  rectangular  components  of  the  velocity 
of  the  centre  of  gravity  of  that  system  of  bodies ;  then 


%' 

jm  =  2 

mw,  ' 

^o' 

2m  =  2 

mvy 

^0 

'  2m  =  2 

-mw. 

.(1.) 


CoROLLART.  The  resultant  momentUTrt  of  a  system  of  bodies  rela- 
tively to  t/ieir  common  centre  of  gravity  is  nothing  ;  that  is  to  say, 

525.  Tariati«BS  and  Berlaa^Bs  mt  ffl[«niciitam  are  the  products 
of  the  mass  of  a  body  into  the  rates  of  variation  of  its  velocity  and 
deviation  of  its  direction,  found  as  explained  in  Part  III.,  Chapter 
I.,  Section  3. 

526.  impalM  is  the  product  of  an  unbalanced  force  into  the  time 
during  which  it  acts  unbalanced,  and  can  be  resolved  and  com- 
pounded exactly  like  force.  If  F  be  a  force,  and  dton  interval  of 
time  during  which  it  acts  unbalanced,  Fdtia  the  impulse  exerted 
by  the  force  during  that  time.  The  impulse  of  an  unbalanced 
force  in  an  unit  of  time  is  the  magnitude  of  the  force  itself. 

527.  Imp«l»e,  Accdenitiiig,  Belarding,  Deflectlay. —  Correspond- 
ing to  the  resolution  of  a  force  applied  to  a  moving  body  into  effort 
or  resistance^  as  the  case  may  be,  and  lateral  stress,  as  explained  in 


Digitized 


byGoogk 


«e;Wl.) 


484  PRINCIPLES  OF  DYNAMICS. 

Article  511,  there  is  a  resolution  of  impulse  into  accelerating  or 
retarding  impulse,  which  acts  with  or  against  the  body's  motion, 
and  deflecting  impulse,  which  acts  across  Uie  direction  of  the  bodj's 
motioiL  Thus  if  /,  as  before,  be  the  angle  which  the  unbalanced 
force  F  makes  with  the  body's  path  during  an  indefinitely  short 
interval;  dt, 

Tdt  =  ¥coBf  '  dtia  accelerating  impulse  if  /  is  acute  ; 

Hdt^Fcos^r-t)  'dt  is  retarding  impulse  if  ^  is  obtuse ;  ^(1.) 

Qdt  =  ¥aii^dtia  deflecting  impulse. 

528.  BelalA«BS  betwcoi  ImpalM,  BacrgTt  •■<  Wwlb — ^If  v  be  the 

mean  velocity  of  a  moving  body  during  the  interval  dtoi  the  action 
of  the  unbalanced  force  E,  then  d8  =  vdtis  the  distance  described 
by  that  body ;  and  according  as  ^  is  acute  or  obtuse,  there  is  either 
energy  exerted  an  the  body  by  the  accelerating  impulse  to  the  amount 

'Pds  =  Fvcoa  $  •  dt\  (1.) 

or  vxyrh  perf armed  by  the  body  agcdnet  the  retarding  impulse  to  the 
amount 

Rds  =  Fv  cos  (x-^  •  dt (2.) 

Section  2. — Law  of  Varied  Trandation, 


529,  BMMidi  Iaw  •€  AEttdwi. — Change  of  momentum  is  propor- 
tional to  the  impulse  producing  it.  In  this  statement,  as  in  that  of 
the  first  law  of  motion,  Article  510,  it  is  implied  that  the  motion 
of  the  moving  body  under  consideration  is  refeired  to  a  fixed  point 
or  body  whose  motion  is  uniform. 

In  questions  of  applied  mechanics,  the  motion  of  any  part  of  the 
earth's  surface  approaches  sufficiently  near  to  uniformity  to  be 
treated  as  uniform  without  sensible  error  in  practice. 

The  unit  of  mass  being  arbitrary,  may  be  so  assumed  as  to  make 
change  o/Tnomentum  equal  to  the  impulse  producing  it, 

530.  0«Berai  f^aaU^as  mi  Djnamics. — To  express  the  second 
law  of  motion  algebraically,  two  methods  may  be  followed  :  the 
first  method  beiug  to  resolve  the  change  of  momentum  into  direct 
variation  and  deviation,  and  the  impulse  into  direct  and  deflecting 
impulse ;  and  the  second  method  being  to  resolve  both  the  change 
of  momentum  and  the  impulse  into  components  parallel  to  thi«e 
rectangular  axes. 

First  method,    m  being  the  mass  of  the  body,  v  its  velocity^  and 
r  the  radius  of  curvature  of  its  path,  it  follows  from  Articles  361 
and  362  that  the  rate  of  direct  variation  of  its  momentum  is 
dv  dU 


"^Tt^"^    d^' 
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and  from  Articles  363  and  364^  that  the  rate  of  deviation  of  its 
momentum  is 

r 

Equating  these  reepectiyely  to  the  direct  and  lateral  impulse  per 
unit  of  time,  exerted  bj-an  unbalanced  force  F,  making  an  angle  ^ 
-with  the  direction  of  the  body's  motion,  we  find  the  two  following 
equations : — 

Por  -R  =  Poo8^  =  m*^  =  in^-j; (1.) 

Q=:F8in/  =  — (2.) 

The  radius  of  curvature  r  is  in  the  direction  of  the  deviating  force  Q. 
Second  method.     As  in  Article  366,  let  the  velocity  of  the  body 

be  resolved  into  three  rectangular  components,  -j--,  -j^,  -r- ;  so  that 

(it     d  t     (tt 

the  three  component  rates  of  variation  of  its  momentum  are 
cFaj       d^y       d*z 

Also  let  the  unbalanced  foitw  F,  making  the  angles  «,  /8,  y,  with 
the  axes  of  co-ordinates,  and  its  impulse  per  unit  of  time,  be 
resolved  into  three  components,  F„  F,,  F^     Then  we  obtain 

F,  =  F  COS  •  =  w»  •  -j^ 

«       ^  d^V 

Fy  =  Fcos/8  =  m  j^ 

F,  =  Fcosy=ml| 

three  equations,  which  are  substantially  identical  with  the  equa- 
tions 1  and  2. 

531.  BloM  !■  Tenia  •£  Weight. — A  body's  own  weight,  acting 
unbalanced  on  the  body,  produces  velocity  towards  the  earth, 
increasing  at  a  rate  per  second  denoted  by  the  symbol  ^,  whose 
numerical  value  is  as  follows : — Let  x  denote  the  latitude  of  the 
place,  h  its  elevation  above  the  mean  level  of  the  sea, 

gi  =  32  169545  feet  per  second ; 

being  the  value  of  <7  for  x  =  45®  and  ^  =  0,  and 

R  =  20887540  feet  (1  +  000164  cos  2  x), 

Digitized  by  VjOOQIC 


(3.) 


4:86  PRINCJIPLES  OP  DYNAMICS. 

the  earth's  radius  at  the  locality  of  observation ;  then 

9=91  '  (1-0-00284  cos  2  X)  •  (l  -^) (1.) 

For  latitudes  exceeding  45°,  it  is  to  be  borne  in  mind  that  cos  2  a 
is  negative,  and  the  terms  containing  it  as  a  factor  have  their  signs 
reversed. 

For  piiictical  purposes  connected  with  ordinary  machines,  it  is 
sufficiently  accurate  to  assimie 

^  =  32*2  feet  per  second  nearly.  (2.) 

If,  then,  a  body  of  the  weight  W  be  acted  upon  by  an  unbalanced 
force  F,  the  change  of  velocity  in  the  direction  of  F  produced  in  a 
second  will  be 

whence 

-  =  7 <'•> 

is  the  expression  for  the  mass  of  a  body  in  terms  of  its  weight, 
suited  to  make  a  change  of  momentum  equal  to  the  impulse  pro- 
ducing it.  m  being  absolutely  constant  for  the  same  body,  g  and 
W  vary  in  the  same  proportion  at  different  elevations  and  in 
different  latitudes. 

532.  An  AbMbite  VuH  •f  Force  is  the  force  which,  acting  during 
an  unit  of  time  on  an  arbitrary  unit  of  mass,  produces  an  unit  of 
velocity.  In  Britain,  the  unit  of  time  being  a  second  (as  it  is  else- 
where), and  the  unit  of  velocity  one  foot  per  second,  the  unit  of 
mass  employed  is  the  mass  whose  weight  in  vacuo  at  London  and 
at  the  level  of  the  sea  is  a  grain,  being  tA?j  of  the  standard  avoir- 
dupois pound. 

The  weight  of  an  unit  of  mass,  in  any  given  locality,  has  for  its 
value  in  absolute  units  of  force,  the  co-efficient  g,  explained  in  the 
last  Article,  and  given  by  equation  1.  The  weight  of  a  standard 
pound,  in  British  units  of  force,  is  7,000  g.  Absolute  units  of  force 
are  employed  chiefly  to  express  the  values  of  electrical  and  magnetic 
forces. 

t>33.  The  iii«ti«B  of  a  FalliMg  Body,  xmder  the  unbalanced  action 
of  its  own  weight,  a  sensibly  uniform  force,  is  a  case  of  the  uni- 
formly varied  velocity  described  in  Article  361.  In  the  equations 
of  that  Article,  for  the  rate  of  variation  of  velocity  a,  is  to  be  sub- 
stituted the  co-efficieni  g,  mentioned  in  the  last  Article.  Then  if 
Vq  be  the  velocity  of  the  body  at  the  beginning  of  an  interval  of 
time  t,  its  velocity  at  the  end  of  that  time  is 
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v  =  Vo  +  gt, (1.) 

the  mean  velocitj  diiring  that  time  is 

-"2~        ^'^  2' ^  -^ 

and  the  vertical  height  faUen  through  is 

h  =  v,t+l^ (3.) 

The  preceding  equations  give  the  final  velocity  of  the  body,  and  the 
height  fallen  through,  each  in  terms  of  the  initial  velocity  and  the 
time.  To  obtain  the  height  in  terms  of  the  initial  and  final  velo- 
cities, or  vice  versa,  equation  2  is  to  be  multiplied  hj  v  —  Vq  =  gt, 
the  acceleration,  and  compared  with  equation  3 ;  giving  the  follow- 
ing results : — 


.(4.) 


2g 

When  the  body  falls  firom  a  state  of  rest,  Vq  is  to  be  made  =  0  j  so 
that  the  following  equations  are  obtained  : — 

.  =  gt;k  =  i^=f^ (5.) 

The  height  h  in  the  last  equation  is  called  the  height  or  /aU  due  to 
ike  vdoeiiy  v;  and  that  velocity  is  called  the  vdodty  due  to  the  heiglit 
or  fall  h 

Should  the  body  be  at  first  projected  vertically  upwards,  the 
initial  velocity  Vq  is  to  be  made  negative.  To  find  the  height  to 
which  it  will  rise  before  reversing  its  motion  and  beginning  to  fall, 
17  is  to  be  made  =  0  in  the  last  of  the  equations  4 ;  then 

^  —  T-^ <^-) 

being  a  rise  equal  to  the  fall  due  to  the  initial  velocity  v^ 

534.  An  I7av«sisted  PT«»jeeUi«»  or  a  projectile  to  whose  motion 
there  is  no  sensible  resistance,  has  a  motion  compounded  of  the 
vertical  motion  of  a  falling  body,  and  of  the  horizontal  motion  due 
to  the  horizontal  component  of  its  velocity  of  projection.  In  fig. 
232,  let  O  represent  the  point  from  which  the  projectile  is  originally 


Digitized 


byGoogk 


488  PBINCnPLES-OF  DTKAXICS. 

projected  in  the  direction  O  A,  making  the  angle  X  O  A  =  ^  with 
ft  hoiizontal  line  O  X  in  the  same  vertical  plane  with  O  A.     !Let 

horizontal  distances  parallel  to 
O  X  be  denoted  by  a?,  and  verti- 
cal ordinates  parallel  to  O  Z  by  2;, 
positive  upwards,  and  nc^tive 
-s;-^ —  downwards.    In  the  equations  of 
^     vertical  motion,  the  symbol  h  of 
the  equations  of  Article  533  is  to 
be  replaced  by  —  z,  because  of  A 
^'  *'*•  and  z  being  measured  in  opposite 

directions. 

Let  Vo  be  the  velocity  of  projection.    Then  at  the  instant  of  pro- 
jection, the  components  of  that  velocity  are, 

horizontal,  -=-  =  t?o  cos  ^;  vertical,  -j—  =  v©  sin  ^; 
at  at 

and  alter  the  lapse  of  a  given  time  t,  those  components  have  become 
^~  =  Vo  cos  ^  =  constant; 

az  .  ^ <^> 


Hence  the  co-ordinates  of  the  body  at  the  end  of  the  time  t  are 

horizontal,  x  =  VqCos^  't;       \ 

vertical,  z  =  Vomnf  '^  —  ^;  j  ^  '' 

OB 

and  because  t  = -.  those  co-ordinates  are  thus  related, 

Vq  cos  r 

«  =  oj  •  tan  /  —  .  /    ,    •  a^; (3.) 

2  ^i  cos*  0       '  ^    ' 

an  equation  which  shows  the  path  O  B  0  of  the  projectile  to  be  a 
parabola  with  a  vertical  axis,  touching  O  A  in  O. 

The  total  velocity  of  the  projectile  at  a  given  instant,  being  the 
resultant  of  the  components  given  by  equation  1,  has  for  the  value 
of  its  square 

«•  =  57  +  ^=  ^^  ^Vowa.t-gt  +  g'f  =  tjj  — 2^«;...(4.) 
from  the  last  form  of  which  is  obtained  the  equation 
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29    ' 

wMcli,  being  oompared  witli  equation  4  of  Article  533,  shows  that 
t?ie  rdoHon  between  the  variation  of  vertical  elevaiiony  and  the  varich 
tion  qf  the  square  of  the  restdtant  velocity,  is  the  same,  whether  the 
vdocity  is  in  a  vertical,  inclined,  or  horizontal  direction.  This  is  a 
particular  case  of  a  more  general  principle,  to  be  explained  in  the 
sequel 

The  resistance  of  the  air  prevents  any  actual  projectile  near  the 
earth's  surflEu^e  from  moving  exactly  as  an  unresisted  projectile. 
The  approximation  of  the  motion  of  an  actual  projectile  to  that  of 
an  unresisted  projectile  is  the  closer,  the  slower  is  the  motion,  and 
the  heavier  the  body,  because  of  the  resistance  of  the  air  increasing 
with  the  velocity,  and  because  of  its  proportion  to  the  body's  weight 
being  dependent  upon  that  of  the  body's  surface  to  its  weight. 

535.  The  n^itoB  ^f  a  B«47  aims  ■■  lacliMed  PMh,  under  the 
force  of  gravity  alone,  is  r^ulated  by  the  principle,  that  the  varinr 
tion  of  momentum  in  each  interval  of  time  is  equal  to  the  impulse 
exerted  in  that  interval,  by  that  component  of  the  body's  weight 
which  acts  along  the  direction  of  motion.  If  the  path  is  straight, 
the  other  rectangular  component  of  the  body's  weight  is  balanced 
by  the  resistance  of  the  sui^ce  or  other  guiding  body  which  causes 
the  inclined  path  to  be  described;  if  the  path  is  curved,  the  difference 
between  those  two  forces  which  act  across  it  is  employed  in  deviat- 
ing the  direction  of  motion  of  the  body. 

Let  V  be  the  velocity  of  the  body  at  any  instant,  -j-,  as  before, 

Cb  t 

the  rate  of  variation  of  that  velocity,  ^  the  inclination  of  the  body's 
path  to  the  horizon,  positive  upwards,  and  negative  downwards. 
Then  the  body  is  acted  upon  in  a  direction  along  its  path  by  a  force 
equal  to  its  weight  multiplied  by  sin  ^,  which  is  a  resistcmce  if  /  is 
positive,  and  an  effort  if  tf  is  negative;  therefore 

51  =  -^«^' (1) 

When  the  inclination  of  the  path  is  uniform,  this  rate  of  varia- 
tion of  velocity  is  constant,  and  the  body  moves  in  the  same  manner 
with  an  unresisted  body  moving  vertically,  except  that  each  change 
of  velocity  occupies  an  interval  of  time  longer  in  the  ratio  of  1  :  sin  tf 
for  the  inclined  path  than  for  the  vertical  patL 

The  motion  of  a  body  in  any  path  on  an  inclined  plane  being 
resolved  into  two  rectangular  components,  one  horizontal,  and  the 
other  in  the  direction  of  steepest  declivity, — the  horizontal  com- 
ponent (in  the  absence  of  friction)  is  unifonn,  and  the  inclined 
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component  takes  place  according  to  the  law  expressed  bj  equation 
1  of  this  Article.  Consequently,  the  resultant  motion  of  the  body 
is  that  of  an  um*esisted  projectile,  as  described  in  Article  53i, 
except  that  ^  •  sin  #  is  to  be  substituted  for  g. 

The  motions  of  bodies  on  inclined  planes  being  slower,  and  there- 
fore more  easily  observed  than  their  vertical  motions,  were  used  by 
Galileo  to  ascertain  the  laws  of  dynamics,  which  he  discovered. 

For  a  body  sliding  on  an  inclined  plane  without  friction,  the 
equation  connecting  the  velocity  directly  with  the  position  of  the 
body  is  the  following  : — 

uj  —  «"  =  2  5^  sin  ^  •  «'; 

where  v^  is  the  velocity  at  the  origin  of  tbe  motion,  and  v  the 
velocity  which  the  body  has  when  it  reaches  a  x)osition  whose 
inclined  co-ordinate  relatively  to  the  origin  of  the  motion  is  s^, 
positive  upwards.  But  s!  an  ^  =  z,  the  difference  of  vertical  decc^ 
lion  of  the  two  positions  of  the  body;  so  that  the  variation  of  the 
square  of  the  velocity  bears  the  same  relation  to  the  difference  of 
vertical  elevation  in  the  present  case  as  in  the  case  of  an  unresisted 
projectile,  or  a  free  body  moving  vertically. 

536.  An  Uniform  BffMC  or  Rcsiatance,  unbalanced,  causes  the 
velocity  of  a  body  to  vary  according  to  the  law  expressed  by  this 
equation, 

Ti=fr. (1.) 

where  fh&  the  constant  ratio  which  the  unbalanced  force  bears  to 
the  weight  of  the  moving  body,  positive  or  negative  according  to 
the  dii*ection  of  the  force;  so  that  by  substituting  fgior  g  hi  the 
equations  of  Article  533,  those  equations  are  transformed  into  the 
equations  of  motion  of  the  body  in  question,  h  being  taken  to 
represent  the  distance  traversed  by  it  in  a  positive  direction. 

In  the  apparatus  known  by  the  name  of  its  inventor,  Atwood, 
for  illustrating  the  effect  of  uniform  moving  forces,  this  principle 
is  applied  in  order  to  produce  motions  following  the  same  law  with 
those  of  £eilling  bodies,  but  slower,  by  a  method  less  liable  to  errors 
caused  by  friction  than  that  of  Galileo.  Two  weights,  P  and  B^  of 
which  P  is  the  greater,  are  hung  to  the  opposite  ends  of  a  cord 
passing  over  a  finely  constructed  pulley.  Considering  tbe  masses 
of  the  cord  and  pulley  to  be  insensible,  the  weight  of  the  mass  to 
be  moved  is  P  +  R,  and  the  moving  force  P  -  B,  being  less  than 
the  weight  in  the  ratio, 

P-R 


•^"P  +  R- 


Digitized 


byGoogk 


DEYIATINO  AND  CENTRIFUGAL  FORCE.  491 

Consequently  the  two  weights  move  according  to  the  same  law  with 
a  falling  body,  but  slower  in  the  ratio  of /to  1. 

537.  A  DeTteitac  v««cc,  which  acts  unbalanced  in  a  direction 
perpendicular  to  that  of  a  body's  motion,  and  changes  that  direc- 
tion without  changing  the  velocity  of  the  body,  is  equal  to  the  rate 
of  deviation  of  the  body's  momentum  per  unit  of  tune,  as  the  fol- 
lowing equation  expresses : — 

«-7r'^ (>•) 

Q  being  the  deviating  force,  W  the  weight  of  the  body,  W  -r  ^  its 
mass,  «■  its  velocity,  and  r  the  radius  of  curvature  of  its  path. 

In  the  case  of  an  unresisted  projectile,  already  mentioned  in 
Article  534,  the  deviating  force  at  any  instant  is  that  component 
of  the  body's  weight  which  acts  perpendicular  to  its  direction  of 
motion;  that  is  to  say 

"-^VO^jD-"^^^' w 

The  well  known  expression  for  the  radius  of  curvature  of  any  curve 
whose  co-ordinates  are  x  and  z  is 

r-^  A,^A'.^'^       /      ^      y.t^o'cos'^ 

Consequently  Q  r  =  ,  which  agrees  with  equation  1. 

In  the  case  of  projectiles,  just  described,  and  of  the  heavenly 
bodies,  deviating  force  is  supplied  by  that  component  of  the  mutual 
attraction  of  two  masses  which  acts  perpendicular  to  the  direction 
of  their  relative  motion.  In  machines,  deviating  force  is  supplied 
by  the  strength  or  rigidity  of  some  body,  which  guides  the  deviating 
mass,  making  it  move  in  a  curve. 

A  pair  of  free  bodies  attracting  each  other  have  both  deviated 
motions,  the  attraction  of  each  guiding  the  other;  and  their  devia- 
tions of  momentum  are  equal  in  equal  times;  that  is,  theii*  devia- 
tions of  motion  are  inversely  as  their  masse& 

In  a  machine,  each  revolving  body  tends  to  press  or  draw  the 
body  which  guides  it  away  from  its  position,  in  a  direction  from 
the  centre  of  curvature  of  the  path  of  the  revolving  body;  and  that 
tendency  is  resisted  by  the  strength  and  stiffness  of  the  guiding 
body,  and  of  the  frame  with  which  it  is  connected. 

538.  CeatrifkiSBl  Force  is  the  force  with  which  a  revolving  body 
reacts  on  the  body  that  guides  it,  and  is  equal  and  opposite  to  the 
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deviating  force  with  which  the  guiding  body  acts  on  the  reyolvizig 
body. 

In  &ct,  as  has  been  stated  in  Article  12,  every  force  is  an  action 
between  two  bodies;  and  demoting  force  and  cenirifugcU  force  are 
but  two  different  names  for  the  same  force,  applied  to  it  according 
as  its  action  on  the  revolving  body  or  on  the  goiding  body  is  under 
consideration  at  the  time. 

539,  A  BevttlTlBS  SiMFle  PcndHfam  consists 
of  a  small  mass  A,  suspended  from  a  point  C  by 
a  rod  or  cord  C  A  of  insensibly  small  weight  as 
compared  with  the  mass  A,  and  revolving  in  a 
circle  about  a  vertical  axis  C  R  The  tension  of 
the  rod  is  the  resultant  of  the  weight  of  tb 
mass  A,  acting  vertically,  and  of  its  oentrifngal 
force,  acting  horizontally ;  and  therefore  the  rod 
Fig.  288.  will  assume  such  an  inclioation  that 

height  B C  _          weight          _  9^  n  \ 

radius  AB  ~  centrifugal  force  ""   v* ^  '^ 

where  r  =  A  R     Let  T  be  the  number  ofhtme  per  second  of  the 
pendulum;  then 

V  =  2»Tr; 

and  therefore,  making  B  C  ~  A, 

=  (in  the  ktitude  of  London)  ?:?1^*  =  9-7848mches   ^^^ 

When  the  speed  of  revolution  varies,  the  inclination  of  the  pendu- 
lum varies,  so  as  to  adjust  the  height  to  the  varying  speed. 

540.  DeTteting  F«rce  ta  T«nM  of  AiiaaUu*  Y^^^tUf* — If  the  radius 
of  curvatxure  of  the  path  of  a  revolving  body  be  regarded  as  a  sort 
of  arm  of  constant  or  variable  length  at  the  end  of  which  the  body 
is  carried,  the  angular  velocity  of  that  arm  is  given  by  the  expres- 
sion, 

» =  I a) 

Let  ar  be  substituted  for  v  in  the  value  of  deviating  force  of 
Article  537,  and  that  value  becomes 

« -  ^^- p.) 
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Xn  the  case  of  a  body  revolving  with  uniform  velocity  in  a  circle, 
like  the  bob  A  of  the  revolving  pendulum  of  Article  539,  a=2vT, 
inrhere  T  is  the  number  of  revolutions  per  second,  so  that 

Q  =  — - — ) (3) 

from  which  equation  the  height  of  a  revolving  pendulum  might  be 
deduced  with  the  same  result  as  in  the  last  Article. 

541.  BecttUMHkur  €)mmpwumm  •€  -MHnrtmtim^  Wmnm^ — First  Demon- 
gtratioru  Let  O  in  fig.  234  be  the  centre 
of  the  circular  path  E  F  G  H  of  a  body 
revolving  in  a  circle  with  an  uniform 
velocity,  through  which  centre  draw 
rectangular  axes,  0  X  and  0  Y,  in  the 
plane  of  revolution.  Let  the  angle 
..^  XOAy  which  at  any  instant  the 
radius  vector  of  the  revolving  body 
makes  with  the  axis  of  x,  be  denoted 
by  tf.    Let 

A  D  ■=  «  =  r  •  cos  ^,  and  )  /,  v 
iTd  '    s  (  \^')  Kg.  284. 

be  the  rectangular  co-ordinates  of  the  revolving  body  at  any  in- 
stant Let  Q«,  Qy9  be  the  components  of  the  deviating  force, 
parallel  to  0  X  and  0  T  respectively.  Then  from  the  obvious 
proportion  between  the  magnitudes  of  those  components, 

Q  :  Q.  :  Q,  ::  r  :  »  :  y, (2.) 

combined  with  the  equation  2  of  Article  540,  follow  the  values  of 
those  components, 

Q.  .  -5^-,  Q,  .  -^ (3.) 

Those  two  components  have  the  negative  sign  affixed,  because  they 
represent  forces  tending  to  Himm^h  the  co-ordinates  x  and  y,  to 
which  they  are  proportional 

Second  Demonstration, — The  same  result  may  be  obtained,  though 
less  simply,  by  the  second  method  described  in  Article  530,  as  fol- 
lows : — Let  intervals  of  time,  t,  be  reckoned  from  an  instant  when 
the  revolving  body  is  at  R  Then  0  =  at,  and  the  values  of  the 
co-ordinates  x  and  y,  in  terms  of  the  time,  are 

X  =  r  COS  at;  y  «  rsina^. (4.) 

The  components  of  the  velocity  of  the  body  are, 
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-— .  =  —ar  sm  at; -^  =  ar  COS  at, (5.) 

at  (it 

the  velocity  parallel  to  each  co-ordinate  being  proportional  to  the 
other.     The  components  of  the  variation  of  motion  are 

^■^  _« 

=  —err  coBat  =  -o'aj; 


.(6.) 


dt' 

^=  -a«rsina«=  -a^y; 

W 

which  being  multiplied  by  the  mass  — ,  reproduce  the  components 

of  the  deviating  force  as  before  given  in  equation  3. 

542.  Straight  Oacillati«B  IS  the  motion  performed  by  a  body 
which  moves  to  and  fro  in  a  straight  line,  alternately  to  one  side 
and  to  the  other  of  a  central  point;  and  in  order  that  this  motion 
may  take  place,  the  body  must  be  urged  at  each  instant  towards 
the  central  point 

In  most  cases,  the  force  so  acting  on  the  oscillating  body  is  either 
exactly  or  very  nearly  proportional  to  its  displacement,  or  distance 
from  the  central  point  of  equilibrium ;  that  is  to  say,  that  force 
follows  the  law  of  one  of  the  rectangular  components  of  the  deviat- 
ing force  of  a  body  revolving  uniformly  in  a  circle  once  for  each 
double  oscillation  of  the  oscillating  body. 

In  fig.  234,  let  a  body  B,  equal  in  weight  to  the  body  A,  start 
at  the  same  instant  from  E,  and  oscillate  to  and  fro  along  the  dia- 
meter E  G,  while  A  revolves  in  the  circle  E  F  G  H.  Then  if  B  is 
urged  towards  the  centre  O  with  a  force  at  each  instant  propor- 
tional to  its  distance  from  that  point,  and  given  by  the  equation 

<J.=  -^, w 

being  equal  to  the  parallel  component  of  the  deviating  force  of  A, 
B  will  accompany  A  in  its  motion  parallel  to  O  X ;  both  those 
bodies  being  at  each  instant  in  the  same  straight  line  B  A  ||  O  Y 
at  the  distance 

X  =  rcosat  =  rcostf (2.) 

from  O :  the  velocity  of  B  being  at  each  instant  equal  to  the  par- 
allel component  of  the  velocity  of  A ;  that  is  to  say, 

dx 

—  =  — arsina<=  — orsintf; (3.) 

and  each  double  oaciUaHon  of  B,  from  E  to  G  and  back  again  to  E^ 
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being  performed  in  the  same  time  with  a  reyolation  of  A ;  that  is 
in  the  time 


n       a  V  jrQ' 


•(*•) 


where  r  is  the  wmi-ampLUvde  of  the  oscillation,  O  E  =  0  G,  Q  is 
the  correspondiDg  greatest  magnitude  of  the  force  urging  the  body 
towards  O,  being  the  same  with  the  entire  deviating  force  of  A, 
and  n  is  the  number  of  double  oscillations  in  a  second.  (The 
angle  ^  =  a  ^  is  called  the  phase  of  the  oscillation.) 

The  greatest  value  Q  of  the  force  which  must  act  on  B  to  pro- 
duce n  double  oscillations  of  the  semi-amplitude  r  in  a  second,  is 
given  by  the  equation 

Q  =  —:r-  = 1 ^ (5.) 


9 


9 


being  similar  to  equation  3  of  Article  540. 

Revolution  in  a  circle  may  be  regarded  as  compounded  of  two 
oscillations  of  equal  amplitude,  in  directions  at  right  angles  to  each 
other. 

543.  JEiUpiical  OaclllattoHs  or  BeT«l«ti«Bs  compounded  of  tWD 
straight  oscillations  of  equal  periods,  but  un- 
equal amplitudes,  may  be  performed  by  a  body 
urged  towards  a  central  point  by  a  force  pro- 
portional to  its  distance  firom  that  point  In 
fig.  235,  let  A  be  the  position  of  the  body  at 
any  instant ;  let  O  A  =  ^,  and  let  the  force 
urging  the  body  towards  O  be 

^=^. (..) 

h  being  a  constant.    Then  the  rectangtdar  com- 
ponents of  that  force  are 


Fig.  286. 


the  former  force  being  suited  to  maintain  a  straight  oscillation 
parallel  to  O  X,  and  the  latter,  a  straight  oscillation  parallel  to 
O  Y,  the  period  of  a  double  oscillation  in  either  case  being  the 
same,  viz. : — 

according  to  equation  4  of  Article  542.  Hence  let  Xi  =  OE  =  00- 
be  the  semi-amplitude  of  the  former  straight  oscillation,  and  yi  = 
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O  P  =  0  H  that  of  the  latter ;  then  at  any  instant  the  oo-ordinates 
of  the  body  will  be 

x=zXiC08ht;  y  =  yi  anbt; (4.) 

which  equations  being  respectively  divided  by  Xi  and  y^,  the  results 
squared,  and  the  squares  added  together,  give 


i  +  ^  =  i;. 


.(5.) 


the  well  known  equation  of  an  ellipse  described  about  O  as  a  centre 
with  the  semi-axes  ajj,  yi.  The  components  of  the  velocity  of  the 
body  at  any  instant  are 


dx  -        .    » ^  1*1 

-—  =  ^oxtemot=  — o  —  y; 
at  yi 

^^  =  6y,cos6<  =  6^ax 
dt         ^  Xi 


.(6.) 


6U.  A 


lalHM  consists  of  an  indefinitely 
srnaU  weight  A,  fig.  236,  hung  by  a  cord  or  rod  of  in- 
sensible weight  A  0  from  a  point  C,  and  swinging  in  a 
vertical  plane  to  and  fro  on  either  side  of  a  central  point 
D  vertically  below  C.  The  path  of  the  weight  or  bob 
is  a  circular  arc,  ADR 

The  weight  W  of  the  bob,  acting  vertically,  may  be 
resolved  at  any  instant  into  two  components,  via. : — 


W  •oos.^DCArsW 


BO 
OA' 


acting  along  C  A,  and  balanced  by  the  tension  of  the 
Fig.  286.      rod  or  cord,  and 

AB 


Wsin.^DCA  =  W 


CA' 


acting  in  the  direction  of  a  tangent  to  the  arc,  towards  D,  and  un- 
balanced.    The  motion  of  A  depends  on  the  latter  force. 

When  the  arc  A  D  E  is  small  compared  with  the  length  of  the 
pendulum  A  C,  it  very  nearly  coincides  with  the  chord  ABE;  and 
the  horizontal  distance  A  B,  to  which  the  moving  force  is  propor- 
tional, is  very  nearly  equal  to  the  distance  of  the  bob  from  D,  the 
central  point  of  its  oscillations.  Hence  the  bob  is  very  nearly  in 
the  condition  of  straight  oscillation  described  in  Article  542  ;  and 
the  time  which  it  occupies  in  Tnalring  a  double  oscUkUion  is  there- 
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fore  found  approximately  by  means  of  equation  4  of  that  Article, 


n  V   jfQ 


.(1.) 


where  r  denotes  the  semi-amplitude,  and  Q  the  maximum  value  of 
W  •  ^=.     But  if  the  length  of  the  pendulum,  CA,  be  made  =  t, 

yre  have  

Q  AB      r      -  , 

~  =  max.  •;==■  =  7,  nearly : 

whence,  approximately,  for  small  arcs  of  oscillation, 
l  =  2»A/i;  and 

which  being  compared  with  equation  2  of  Article  539,  shows,  tkiU 
the  length  (^  a  simple  oeciUating  peTidvlum,  making  a  given  number 
of  small  double  oscUlcUions  in  a  second,  is  sensibly  equal  to  the  height 
of  a  revolving  pendvlwra^  making  the  same  number  of  revolutions  in 
a  second. 

When  the  amplitude  of  oscillation  becomes  of  considerable  mag- 
nitude, the  period  of  oscillation  is  no  longer  sensibly  independent 
of  the  length  of  the  arc,  but  becomes  longer  for  greater  amplitudes, 
according  to  a  law  which  can  be  expressed  by  an  elliptic  Unction, 
but  which  it  is  unnecessary  to  explain  in  this  treatise.  (See  Le- 
gendre,  Traiie  des  Fonctions  dliptiques,  voL  i.,  chap.  viiL) 

545.  Cycioidal  PeDdaiam* — ^In  order  that  the  oscillations  of  a 
simple  pendulum  may  be  exactly  isochronous  (or  of  equal  duration) 
for  all  amplitudes,  the  bob  must  oscillate  in  a  curve,  the  lengths  of 
whose  arcs,  measured  from  its  lowest  point,  are  proportional  to  the 
sines  of  their  angles  of  declivity  at  their  upper  ends,  to  which  sines 
the  moving  forces  at  those  upi)er  ends  are  proportional.  That  this 
may  be  the  case,  the  radius  of  curvature  at  each  point  of  the  curve 
must  be  proportional  to  the  cosine  of  the  declivity :  the  greatest 
radius  of  curvatun^,  at  the  lowest  point  of  the  curve,  being  equal  to 
I,  as  given  by  equation  1  of  Article  544 ;  and  from  Article  390, 
case  3,  equation  G,  it  appears  that  such  a  curve  is  a  cycloid,  traced 
by  a  rolling  circle  whose  mdius  is 

'•.=1 (1) 

2k 
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It  is  well  known  that  a  cycloid  is  the  involute  of  an  equal  and 
similar  cycloid.     Hence,  in  fig.  237,  let  C  F,  C  G,  be  a  pair  of 

cycloidal  di/eeks,  described  by  rolling  a 
circle  of  the  radius  r^  on  a  horizontal 
line  traversing  C ;  let  C  A  be  a  flex- 
ible line,  fixed  at  C,  and  having  a  bob 
at  A,  its  length  being  I  =  ir^  =  C  D 
=  the  length  of  each  of  the  semi- 
cycloids  OF,  C  G.  Then  as  the 
^  pendulum  CA  swings  between  the 

17-  ^aT  cycloidal    cheeks,   the  bub  oscillates 

^*  in  an  arc  of  the  cycloid  FDG;  its 

double  oscillations,  for  all  amplitudes,  have  exactly  the  periodic 
time  given  by  equation  1  of  Article  544,  being  that  of  a  revo- 
lution of  a  revolving  pendulum  of  the  height  CD;  and  the 
motion  of  the  bob  in  its  cycloidal  path  follows  the  law  of  straight 
osciUations  described  in  Article  542. 

546.  Rcaidnal  Fwcea. — If  two  bodies  be  acted  upon  at  eveiy 
instant  by  unbalanced  forces  which  are  parallel  in  dii'ection,  and 
proportional  to  the  masses  of  the  bodies  in  magnitude,  the  varia- 
tions of  the  motions  of  those  two  bodies,  relatively  to  a  fixed  body, 
whether  by  change  of  velocity  or  by  deviation,  are  simultaneous 
and  equal;  so  that  their  motion,  relatively  to  each  other,  is  the 
same  with  that  of  a  pair  of  bodies  acted  upon  by  no  force  or  by 
balanced  forces ;  that  is,  according  to  the  first  law  of  motion.  Article 
510,  that  motion  is  none  or  uniform. 

If  two  bodies,  A  and  B,  be  acted  upon  by  any  unbalanced  forces 
whatsoever,  and  if  from  the  force  acting  on  B  there  be  taken  away  a 
force  parallel  to  that  acting  on  A,  and  proportional  to  the  mass  of 
B  (in  other  words,  if  with  the  actual  force  acting  on  B  there  be 
combined  a  force  equal  and  opposite  to  that  wliich  would  make  the 
motion  of  B  change  in  the  same  manner  with  that  of  A),  then  the 
resultant  or  residual  unbalanced  force  acting  on  B  is  that  corre- 
sponding to  the  variationa  of  the  motion  o/B  rdativdy  to  A. 
•  This  is  the  exact  statement  of  the  case  of  a  body  near  the  earth*s 
surface.  From  the  total  attraction  between  the  body  and  the  earth 
is  to  be  taken  away  the  deviating  force  necessary  to  make  the  body 
accompany  the  earth's  surface  in  its  motion,  by  revolving  in  a  circle 
round  the  earth's  axis  once  in  a  sidereal  day  (Article  352).  The 
residual  force  is  the  weight  of  the  body,  W  =  pr  7»,  which  regulates 
its  motions  relatively  to  the  earOCe  surface.  Thus  the  variations  of 
the  co-efficient  g  in  different  localities  of  the  earth's  surfiice,  at 
different  elevations,  expressed  by  the  formulae  of  Article  531,  are 
due  partly  to  variations  of  attraction,  and  partly  to  variations  of 
deviating  force. 
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When  bodies  are  carried  in  a  ship  or  vehicle,  and  are  free  to 
move  with  respect  to  it,  then  when  the  ship  or  vehicle  varies  its 
motion,  the  boidies  in  question  perform  motions  relatively  to  the 
ship  or  vehicle,  such  as  would,  in  the  case  of  the  uniform  motion  of 
the  ship  or  vehicle,  be  produced  by  the  application  to  the  bodies  of 
forces  equal  and  contrary  to  those  which  would  make  them  accom- 
pany the  ship  or  vehicle  in  the  variations  of  its  motion. 

Section  3. —  TransformcUicm  of  Energy. 

547.  The  Actml  Bnergy  of  a  moving  body  relatively  to  a  fixed 
point  is  the  product  of  the  mtiM  of  the  body  into  one-Jicdf  of  the 
sqtuvre  of  its  velocity,  or,  as  Article  533  shows,  the  product  of  the 
vxighi  of  the  body  into  the  height  due  to  its  velocity;  that  is  to  say^ 
it  is  represented  by 

mV__WV  .-. 

2    -  2g  ^^-^ 

The  product  m  r*,  the  double  of  the  actual  energy  of  a  body,  is 
sometimes  called  its  vis-viva.  Actual  energy,  being  the  product  of 
a  vxigkt  into  a  height,  is  expressed,  like  potential  energy  and  work, 
in  foot  pounds  (Article  513,  514). 

548.  Coatponenis  •f  Actnal  EncrirT. — The  actual  energy  of  a  body 
(unlike  its  momentum)  is  essentiaJly  positive,  and  irrespective  of 
direction.     Let  the  velocity  v  be  resolved  into  three  components, 

-TTf  -jyi  -f-.t  parallel  to  three  rectangular  axes;  then  the  quantities 

of  actual  energy  due  to  those  three  components  respectively  are 

W     da^     W     dy"     W     ds? 
2g'  dt''  2g'  dH''  2g'  dt^' 

But  the  square  of  the  resultant  velocity  is  the  sum  of  the  squares  of 
its  three  components,  or 

-_  rfo*  \d^  ids^ 
IF'^'dt^'^d?' 

therefore  the  actual  energy  of  the  body  is  simply  the  sum  of  the 
actual  energies  due  to  the  rectangular  components  of  its  velocity. 

549.  BaervT  ^f  Varied  lil«ti«B. — THEOREM  L  A  deviating  force 
prodtices  no  change  in  a  body's  acltud  energy,  because  such  force 
produces  change  of  direction  only,  and  not  of  velocity;  and  actual 
energy  is  irrespective  of  direction,  and  depends  on  velocity  only. 

Theorem  II.  The  increase  of  actual  energy  produced  by  an  un- 
balanced effort  is  equal  to  tfis  potential  energy  exerted.  This  theorem 
is  a  consequence  of  the  second  law  of  motion^  deduced  as  follows  :— 
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Let  m  =  W  -=-  ^,  be  the  mass  of  a  moving  body  acted  upon  by  an 
eflfort  P,  and  a  resistance  R,  the  effort  being  the  greater,  so  ih&t 
there  is  an  unbalanced  effort  P  -  R;  and  in  the  first  place  let  that 
unbalanced  effort  be  constant  Then  the  body  is  uniformly  acce- 
lerated; and  if  its  velocity  at  the  beginning  of  a  given  interval  of 
time  ^t  is  Vi,  and  its  velocity  at  the  end  of  that  interval  v^  the 
increase  of  the  body's  momentum  is 

-  {v.  -  r,)  =  (P  -  B)  A  t (1.) 

y 
Because  of  the  uniformity  of  the  acceleration  of  the  body,  its  mean 

velocity  is  -^-^ — -,  and  the  distance  traversed  by  it  is 

Let  both  sides  of  equation  1  be  multiplied  by  that  mean  velocity; 
the  following  equation  is  obtained : — 

^^^  =  (P-R)..; (2.) 

now  the  first  side  of  this  equation  is  the  increaee  o/t^ie  hody^e  octtMol 
energy,  and  the  second  is  the  potential  energy  exerted  by  the  un- 
balanced effort;  and  those  two  quantities  are  equal — Q.  K  D. 

When  the  unbalanced  effort  varies,  let  c? «  be  taken  to  denote  a 
distance  in  which  it  varies  less  thsn  in  any  given  proportion,  and 
d  *  if  the  change  in  the  square  of  the  velocity  in  that  distance;  then 

y^d'^       Wvdv 

"IT"  =  —y-  =  (^—^)ds\ (3.) 

or  if  9i, «},  denote  the  two  extremities  of  a  finite  portion  of  the 
body's  path, 

^:^=/>>R)d.. (3^) 

Theorem  IIL  The  diminution  of  actual  energy  produced  hy  an 
unbalanced  resistance  is  equal  to  Hie  work  performed  in  mcving  against 
the  reAstance,  This  is  a  consequence  of  the  second  law  of  motion, 
demonstrated  by  considering  It  to  be  greater  than  P  in  the  equa- 
tions of  the  preceding  theorem;  so  that  equation  1  becomes 

^(t».-t..)  =  (R-P)^«; (4.) 

equation  2  becomes 
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^^  =  (K-F)", W 

and  equation  3  and  3  A  become 

Wd-«*            Wvdv      ^      _ 
27-= ^  =  (R-P)rf* (6.) 

2^^         =  j^  (R  — P)d«. (6  A.) 

550.  KBcrfT  «t«f«i  BBd  Bcstoiwd. — A  body  alternately  accelerated 
and  retarded,  so  as  to  be  brought  back  to  its  original  speed,  per- 
forms work  by  means  of  its  retardation  exactly  equal  in  amount  to 
the  potential  energy  exerted  in  producing  its  acceleration;  and  that 
amount  of  energy  may  be  considered  as  stored  during  the  accelera- 
tion, and  restored  during  the  retardation. 

551.  The  TrBmmimvmuMmm  •€  Bacrfr  is  a  term  applied  to  such 
processes  as  the  expenditure  of  potential  energy  in  the  production 
of  an  equal  amount  of  actual  energy,  and  t?ic«  versa. 

552.  The  C^MscrvatloB  of  Energy  %m  Tnrlcd  9I«tton  IS  a  fact  or 
principle  expressed  by  combining  the  Theorems  II.  and  IIL  of 
Article  549  with  the  definition  of  stored  and  restored  energy  of 
j^rticle  550,  and  may  be  stated  as  follows  : — in  any  interval  of  time 
dwring  a  body's  motion^  the  potential  energy  exerted,  added  to  the 
energy  restored,  is  equal  to  the  energy  stored  added  to  the  work  'gcr- 

formed.      This  principle,  expressed  in  the  form  of  a  differential 
equation,  is  as  follows : — 

P4,,:W^ri^,_J^^^^     ^ 

which  includes  equations  3  and  6  of  Article  549;  and  in  the  form 
of  an  integral  equation, 

j-pd,-^<^p9_|Rtf,^0 (2.) 

553.  PeH«4iciii  nrotioB. — If  a  body  moves  in  such  a  manner  that 
it  periodically  returns  to  its  original  velocity,  then  at  the  end  of 
each  period,  the  entire  variation  of  its  actual  energy  is  nothing; 
and  in  each  such  period  the  whole  potential  energy  exerted  is  equal 
to  the  whole  work  performed,  exactly  as  in  the  case  of  a  body 
moving  uniformly  (Article  517). 

554.  neasnrcs  of  VabaUiMccd  Force. — From  Articles  530  and  531, 
and  from  Article  549,  it  appears  that  the  magnitude  of  an  un- 
balanced force  may  be  computed  in  two  ways,^-either  from  the 
change  of  momentum  which  it  produces  by  acting  for  a  given  time, 
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or  by  the  change  of  energy  which  it  prodaces  by  actiiig  along  a 
given  distance.  Both  thoee  ways  of  computing  are  expressed  in  the 
following  equation : — 

""  g    dt       g  '  ds' 

and  each  is  a  necessary  consequence  of  the  other ;  yet  in  former 
times  a  fallacy  prevailed  that  they  were  inconsistent  and  contra- 
dictory, and  a  bitter  controversy  long  raged  between  their  respec- 
tive partizaus. 

555.  Earrir  dae  f  ObU«B«  Fmrce. — It  has  already  been  stated 
in  Chapter  I.  of  this  Part,  and  esi)ecially  in  Article  520,  that  if  an 
unbalanced  force  F  acts  on  a  body  while  it  moves  through  the  dis- 
tance d  8,  making  the  angle  4  with  the  direction  of  the  force,  the 
product 

Fcos0'd8 

represents  the  energy  exerted,  if  ^  is  acute,  or  the  work  performed, 
if  ^  is  obtuse,  during  that  motion.  Now  that  product  may  be 
treated  mathematically  in  two  ways :  either  as  the  product  of  F 
cos  ^  =  P  (or,  as  the  case  may  be,  F  cos  (»  —  ^  =  R),  the  component 
of  the  force  along  the  direction  of  motion,  into  d  8,  the  motion ;  or 
as  the  product  of  F,  the  entire  force,  into  cos^  'd8,  the  component 
of  the  motion  in  the  direction  of  the  force.  The  former  method  is 
that  pursued  in  the  preceding  Articles ;  but  occasionally  the  latter 
may  be  the  more  convenient.  For  example,  when  the  force  F  is 
either  directed  towards  or  from  a  central  point,  or  is  always  per- 
pendicular to  a  given  surface;  let  z  denote  the  distance  of  the  body 
at  any  instant  from  the  cenlxal  point,  or  its  normal  distance  from 
the  given  surface,  as  the  case  may  be ;  then 

dz=zQO&9'ds (1.) 

is  the  component  of  the  motion  of  the  body  in  the  direction  of  z. 

The  force  F  is  to  be  treated  as  positive  or  negative  according  as 
it  tends  to  increase  or  diminish  z.  Then  if  t7j,  v^^  be  the  velocities 
of  the  body,  and  z^,  z^,  its  distances  from  the  given  point  or  surface 
at  the  beginning  and  end  of  a  given  interval,  the  change  of  its 
actual  energy  in  that  interval  is 

^<^=/>.o.....=  />..; W 

and  if  F  is  either  constant,  or  a  function  of  z  only,  the  velocity  of 
V  varies  with  z  alone. 

This  principle,  as  applied  to  the  force  of  gravity  near  the  earth's 
surface,  has  already  been  illustrated  in  Ai-ticles  53B,  53i,  and  535; 
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for  in  that  case,  z  denotes  the  elevation  of  the  body  above  a  given 
level,  E  =  —  W  (because  it  tends  to  diTninish  z\  and  therefore 

^^-.-'^ (3-) 

as  was  formerly  proved  by  another  process. 

556.  A  ii«cipr«c«tiB«  Force  is  a  force  which  acts  alfcemately  as 
an  effort  and  as  an  equal  and  opposite  resistance,  according  to  the 
direction  of  motion  of  the  body.  Such  a  force  is  the  weight  of  a 
body  which  alternately  rises  and  falls ;  or  the  attraction  of  a  body 
towards  a  point  from  which  its  distance  periodically  changes.  Such 
a  force  is  the  force  F  in  the  last  Article,  when  it  is  constant,  or  a 
function  of  z  only ;  and  such  is  the  elasticity  of  a  perfectly  elastic 
body.  The  work  which  a  body  performs  in  moving  against  a  reci- 
procating force  is  employed  in  inci-easing  its  own  potential  energy, 
and  is  not  lost  by  the  body. 

557.  ^he  Total  EMcrgy  of  a  body  is  the  sum  of  its  potential  and 
actual  enei-giea  It  is  evident,  that  if  at  each  point  of  the  course 
of  a  moving  body  its  total  energy,  or  capacity  for  performing  work, 
be  added  to  the  work  which  it  has  already  performed,  the  sum 
must  be  a  constant  quantity,  and  equal  to  the  initial  energy  which 
the  body  possessed  before  beginning  to  perform  work.  If  a  body 
performs  no  work,  its  total  energy  is  constant ;  and  the  same  is  the 
case  if  its  work  consists  only  in  moving  Uaelf  to  a  place  wfiere  its 
potential  energy  is  greater^  that  is,  moving  against  a  reciprocating 
force ;  and  the  increase  of  potential  energy  so  obtained  being  taken 
into  account,  balances  the  work  performed  in  obtaining  it 

Example  1.  If  a  body  whose  weight  is  W  be  at  a  height  z^  above 
the  ground,  and  be  moving  with  the  velocity  t?,  in  any  direction, 
its  initial  total  energy  relatively  to  the  ground  is 


W 


i-^f)-' <'■) 


of  which  W;?!  is  jwtential  and  W  ^  actual     Supposing  the  body 

to  have  moved  without  any  resistance  except  such  as  may  arise 
from  a  component  of  its  own  weight,  which  is  a  reciprocating  force, 
to  a  different  height  Zg  above  the  ground,  its  total  energy  relatively 
to  the  ground  is  now 

^(^+ft)^ (2) 

being  the  same  in  amount  as  before,  but  differently  divided  between 
the  actual  and  potential  forms. 
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Example  II.  Should  the  motion  of  the  body  be  oppooed  by  a 
resistance  such  as  friction,  which  is  not  a  reciprocating  force,  then 
the  total  energy  in  the  second  position  of  the  body  is  diminished  to 

Example  III.  Let  a  body  oscillate  (as  in  Article  542)  in  a  straight 
line  traversing  a  central  point  towards  which  the  body  is  urged  by 
a  force  yar3ring  as  the  distance  from  the  point ;  let  a;,  be  the  aemi- 
amplitude  of  oscillation,  x  the  displacement  at  any  instant,   —  Qi 

Q  /J. 

the  greatest  value  of  the  moving  force,  so  that ^—  is  the  value 

for  the  displacement  x.  Then  when  the  body  is  at  its  extreme 
displacement,  its  actual  energy  is  nothing ;  and  its  total  energy, 
which  is  all  potential,  is 


tj>'-^ w 


When  the  body  is  in  the  act  of  passing  the  central  point,  its  poten- 
tial energy  is  nothing,  and  its  total  energy,  which  is  now  all  actual, 
is  in  amount  the  same  as  before,  viz. : — 

-27  ="^2"^ ^'^ 

f^o  being  the  maximum  velocity.  At  any  intermediate  point,  the 
total  energy,  partly  actual  and  partly  potential,  is  still  the  same, 
being 

"27+~2"="27'^^^+'T"*^^  ^  =  "2~--<^-) 

where,  as  before,  a=  2  »n ;  n  being  the  number  of  double  oscilla- 
tions in  a  second.  For  the  elliptic  oscillations  of  Article  543,  the 
total  energy  of  the  body  is  at  each  instant  the  sum  of  the  quanti- 
ties of  energy  due  to  the  two  straight  oscillations  of  which  the 
elliptic  oscillation  is  compounded ;  and  for  a  body  revolving  in  a 
circle,  and  urged  towards  the  centre  by  a  deviating  force  propor- 
tional to  the  radius  vector,  the  total  energy  relatively  to  the  centre 
is  one-half  actual  and  one-half  potential,  viz. : — 

-27+^  =  ^'- (^-J 


Digitized 


byGoogk 


STffTEU  OF  BODIES — ^ANGFULAB  UOICENTUIL  505 

Section  4 — V(med  TrcmdaHon  of  a  System  of  Bodies. 

55S,  CwuarrmU^m^nmmmmmm. — Theokem.  The  muhud  actions 
q/a  system  of  bodies  cannot  change  their  resultant  momentum,  (Re^ 
sxiltant  momentum  has  been  defined  in  Article  524.)  Eveiy  force 
is  a  pair  of  equal  and  opposite  actions  between  a  pair  of  bodies ;  in 
ajiy  given  interval  of  time  it  constitutes  a  pair  of  equal  and  oppo- 
site impulses  on  those  bodies,  and  produces  equal  and  opposite 
momenta.  Therefore  the  momenta  produced  in  a  system  of  bodies 
by  their  mutual  actions  neutralize  each  other,  and  have  no  result- 
ant, and  cannot  change  the  resultant  momentum  of  the  s3rstenL 

559.  niotioii  of  Centra  of  Ontrity. — CoROLLART.  The  variations 
of  the  motion  of  the  centre  of  gravity  of  a  system  of  bodies  are  wJioUy 
produced  by  forces  exerted  by  bodies  external  to  the  system  ;  for  the 
motion  of  the  centre  of  gravity  is  that  which,  being  multiplied  by 
the  total  mass  of  the  system,  gives  the  resultant  momentum,  and 
this  can  be  varied  by  external  forces  only. 

It  follows  that  in  all  dynamical  questions  in  which  the  mutual 
actions  of  a  certain  system  of  bodies  are  alone  considered,  the  centre 
of  gravity  of  that  system  of  bodies  may  be  correctly  treated  as  a 
point  whose  motion  is  none  or  uniform ;  because  its  motion  cannot 
be  changed  by  the  forces  under  consideration. 

560.  The  Aa^vlar  HomentHn,  relatively  to  a  fixed  point,  of  a 
body  having  a  motion  of  translation,  is  the  product  of  the  momen- 
tum of  the  body  into  the  perpendicular  distance  of  the  fixed  point 
from  the  line  of  direction  of  the  motion  of  the  body's  centre  of 
gravity  at  the  instant  in  question ;  and  is  obviously  equal  to  the 
product  of  the  mass  of  the  body  into  double  the  area  swept  by  the 
radius  vector  drawn  from  the  given  point  to  its  centre  of  gravity 
in  an  unit  of  time.  Let  m  be  the  mass  of  the  body,  v  its  velocity, 
I  the  length  of  the  before-mentioned  perpendicular ;  then 

,      Wvl 
mvl  = 

is  the  angular  momentum  relatively  to  the  given  point. 

Angular  momenta  are  compounded  and  resolved  like  forces, 
each  angular  momentum  being  represented  by  a  line  whose  length 
is  proportional  to  the  magnitude  of  the  angular  momentum,  and 
whose  direction  is  perpendicular  to  the  plane  of  the  motion  of  the 
body  and  of  the  fixed  point,  and  such,  that  when  the  motion  of  the 
body  is  viewed  from  the  extremity  of  the  line,  the  radius  vector  of 
the  body  seems  to  have  right-handed  rotation.  The  direction  of 
such  a  Ime  is  called  the  aocis  of  the  angular  momentum  which  it 
represents.  The  resuUant  a/ngular  momentum  of  a  system  of  bodies 
is  the  resultant  of  all  their  angular  momenta  relatively  to  their 
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common  centre  of  gravity;  and  the  axis  of  that  resultant  angnlar 
momentum  is  called  the  cuds  of  angular  moTnefUum  of  the  system. 
The  term  angular  momentum  was  introcTuced  by  Mi*.  Hay  ward. 

561.  AKsatar  inp«lM  is  the  product  of  the  moment  of  a  couple 
of  forces  (Article  29)  into  the  time  during  which  it  acta  Let  F  be 
the  force  of  a  couple,  I  its  leverage,  and  d  t  the  time  during  which 
it  acts,  then 

Yldt 

is  angular  impulse.  Angular  impulses  are  compounded  and  reaolved 
like  the  moments  of  couples. 

562.  BdatloM  •r  Angalar  ImpMlfle  mmA  Aa^vlar  lll<icjif« — 

Theoreil  The  variaiicn,  in  a  given  time,  of  the  angular  Tnofneatum 
of  a  body  J  is  equal  to  the  angrdar  impulse  producing  that  variaHon, 
and  lias  tlie  same  axis.  This  is  a  consequence  which  is  deduced 
from  the  second  law  of  motion  in  the  following  manner  : — Conceive 
an  unbalanced  force  F  to  be  applied  to  a  body  m,  and  an  equal, 
opposite,  and  parallel  force,  to  a  fixed  point,  during  the  interval  dt; 
and  let  I  be  the  perpendicular  distance  from  the  fixed  point  to  the 
line  of  action  of  the  first  force.  Then  the  couple  in  question  exerts 
the  angular  impulse 

Fldt 

At  the  same  time,  the  body  m  acquires  a  variation  of  momentum 
in  the  direction  of  the  force  applied  to  it,  of  the  amount 

mdv=zFdt; 
so  that  relatively  to  the  fixed  point,  the  variation  of  the  body's 
nngular  momentum  is 

mldv  =  ¥ldt', (1.) 

being  equal  to  the  angular  impulse,  and  having  the  same  axis. — 
Q.  E.  D. 

563.  GoMsrrmtfMi  of  Ansalar  nomencmk — ^TheorEIL  Tlie  resfdtn 
ant  anj\da/r  momentum  of  a  systein  of  bodies  cannot  be  changed  in 
magnitiule,  nor  in  tlie  direction  of  its  axis,  by  tlie  mtUucd  actions  of 
Hie  bodies. 

Considering  the  common  centre  of  gravity  of  the  system  of  bodies 
as  a  fixed  point,  conceive  that  for  each  force  with  which  one  of  the 
bodies  of  the  system  is  urged  in  virtue  of  the  combined  action  of  all 
the  other  bodies  upon  it,  there  is  an  equal,  opposite,  and  parallel 
force  applied  to  the  common  centre  of  gravity,  so  as  to  form  a 
couple.  The  forces  with  which  the  bodies  act  on  each  other  are 
equal  and  opposite  in  pairs,  and  their  resultant  is  nothing;  there- 
fore, the  resultant  of  the  ideal  forces  conceived  to  act  at  the  common 
centime  of  gravity  is  nothing,  and  the  supposition  of  these  forces  does 
not  efiect  the  equilibrium  or  motion  of  the  system.  Also,  tiie 
resultant  of  all  the  couples  thus  formed  is  nothing;  therefore,  the 
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resultani  of  their  angular  impulses  is  nothing ;  therefore,  the  result- 
ant of  the  several  variations  of  angular  momentum  produced  by 
those  angular  impulses  is  nothing;  therefore,  the  resultant  angular 
momentum  of  the  system  is  invariable  in  amount  and  in  the  direc- 
tion of  its  axis. — Q.  K  D. 

This  theorem  is  sometimes  called  the  principle  of  the  con9ervation 
ofoflreae.  When  applied  to  a  system  consisting  of  two  bodies  only, 
it  forms  one  of  the  laws  discovered  by  Kepler,  by  observation  of 
the  motions  of  the  planet& 

In  considering  the  relative  motions  of  a  system  of  bodies  as 
depending  on  their  mutual  actions  only,  the  axis  of  angular  momen- 
tum may  be  treated  as  ^fixetl  direction,  as  already  stated  in  Article 
348.  A  plane  perpendicular  to  the  axis  of  angular  momentum  is 
called  by  some  writers  the  invariable  plane.  The  nearest  approach 
to  an  al»olutely  fixed  dii*ection  yet  known  is  the  invariable  axis  of 
the  discovered  bodies  of  the  solai*  system. 

564.  Actual  EBcrjiE7ora97MemorBodles. — THEOREM.  Theocttud 
energy  of  a  system  of  bodies  relatively  to  a  point  external  to  tfte  system, 
is  the  sum  of  tlve  actual  energies  of  Hie  bodies  relatively  to  their  common 
centre  of  gravity^  added  to  the  acttuU  energy  due  to  the  motion  of  the 
mass  oftJie  wlwle  system  with  a  velocity  equal  to  tJiot  which  its  centre 
of  gravity  lias  relatively  to  tJie  external  point. 

Let  the  motion  of  each  of  the  bodies,  and  of  their  common  centre 
of  gravity,  relatively  to  the  external  point,  be  resolved  into  three 
rectangular  components.  Let  m  be  any  one  of  the  masses,  and  u, 
V,  w,  the  components  of  its  velocity  relatively  to  the  external  point; 
let  2  •  771  be  the  mass  of  the  whole  system,  and  u^  v^  Wq,  the  com- 
ponents of  the  velocity  of  its  centre  of  gravity  relatively  to  the 
external  point. 

Conceive  the  motion  of  each  of  the  bodies  to  be  resolved  into  two 
parts;  that  which  it  has  in  common  unth  the  centre  of  gravity  rela- 
tively to  the  external  point,  and  that  which  it  has  relatively  to  the 
centre  qf  gravity.     The  component  velocities  of  the  first  part  are 

and  those  of  the  second  part 

u  —  «o  =  «';  V  —  To  =  t/;  V)  —  Wo  =  u/; 

so  that  the  components  of  the  whole  motion  of  the  body  may  be 
represented  by 

u  =  Uo  +  u';  v  =  Vo  +  t/;  w  =:Wo  +  u/. 

Then  the  actual  energy  of  the  system  relatively  to  the  external 
point  is 
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which  being  developed,  and  common  factors  removed  outside  the 
sign  of  summation,  gives 

i  (mJ  +  t?J  +  i/?J)  •  3  w 
+  Wo  *  3  •  w  w'  +  t'o  •  2  •  m  t?'  +  Wo  '  3  '  w  «? 
+  i2'm{u'^  +  v''  +  v/^.    ' 

But  in  Article  524  it  has  been  shown,  that  the  resultant  momentum 
of  a  system  of  bodies  relatively  to  their  common  centre  of  gravily 
is  nothing;  that  is  to  say, 

so  that  the  above  expression  for  the  actual  eneigy  of  the  system 
becomes  simply 

i(Mo  +  «^+«'o)'2m  +  i2'm(M^  +t/"  +  ti/*); (1.) 

of  which  the  first  term  is  tJie  dctval  eTiergy  of  the  whoU  Tnass  of  the 
system  due  to  ifie  motion  of  the  centre  of  gravity  rdatvody  to  the 
external  poirU^  and  the  second  term  is  the  sum  of  the  achuU  energies 
oftJye  bodies  relatively  to  Uieir  common  cent/re  of  gravity, — Q.  E  D. 

Those  two  parts  of  the  actual  energy  of  a  system  may  be  distin- 
guished as  the  exterrud  and  irUernal  actual  enerffir. 

CoROLLAKY.  The  mutuol  actions  of  a  system  ^bodies  change  their 
internal  atrial  energy  al^me. 

565.  ConsrrratloB  of  Iniornnl  Energr. — LaW.  The  total  internal 
energy,  actual  and  potential^  of  a  system  of  bodies,  cannot  be  changed 
by  their  mvinwl  actions.  This  is  a  proposition  made  known  partly 
by  reasoning  and  partly  by  experiment.  The  total  internal  energy 
of  a  system  is  the  s\mi  of  the  total  energies  of  the  bodies  of  which 
it  consists  relatively  to  their  common  centre  of  gravity.  It  has 
been  shown  in  Articles  549  to  557,  that  the  total  enei^  of  a  single 
body  can  be  diminished  only  by  performing  work  against  a  resist- 
ance which  is  not  a  reciprocating  force;  in  other  words,  against  an 
irreversible  or  passive  resistanca 

Now  it  has  been  proved  by  experiment,  that  all  work  performed 
against  passive  resistances  is  accompanied  by  the  production  of  an 
equal  amount  of  energy  in  a  different  form  (as  when  friction  pro- 
duces heat) ;  therefore  the  total  internal  energy  of  a  system  of  bodies 
cannot  be  changed  by  their  mutual  actions. — Q.  K  D. 

Although  this  law  has  become  known  in  the  first  instance  by 
experiment  and  observation,  it  can  be  shown  d  priori  to  be  necessary 
to  the  stability  of  the  universe. 

666.  Coiiivion  is  a  pressure  of  inappreciably  short  duration  be- 
tween two  bodiea  The  most  usual  problem  in  cases  of  collision  is^ 
when  two  bodies  whose  masses  are  given  move  before  the  collision 
in  one  straight  line  with  given  velocities,  and  it  is  required  to  find 
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their  velocities  after  the  collisioiL  The  two  bodies  form  a  system 
whose  resultant  momentum  and  internal  energy  are  each  unaltered 
by  the  co]lision;  but  a  certain  fraction  of  the  internal  energy, 
ascertained  by  experiment,  disappears  as  motion,  and  appears  as 
beat  If  the  bodies  were  perfectly  elastic,  this  Auction  would  be 
nothing ;  but  no  actual  body  is  perfectly  elastia 

Let  m,,  m^  be  the  masses  of  the  two  bodies,  and  t«„  tC|,  their 
velocities  before  the  collision,  whose  directions  ^ould  be  indicated 
by  their  sigQ&  Then  the  velocity  of  their  common  centre  of  gra- 
vity is 

^^u,m,+u,r,H    .^, 

and  this  is  not  altered  by  the  coULdon;  neither  is  the  external 
energy,  whose  amount  is 

(m,  +  m,)!| (2.) 

The  internal  energy  of  the  ciystem  of  two  bodies  is 

2  "'"  2  ^   -^ 

When  the  bodies  strike  together,  this  actual  internal  energy  is 
expended  in  aJteiing  the  figures  of  the  bodies  at  and  near  their 
surface  of  contact,  in  opposition  to  their  elastic  force.  So  soon  as 
the  relative  motion  of  the  bodies  has  been  thus  stopped,  the  elastic 
force  begins  to  restore  their  figures,  and  to  cause  them  to  fly 
asunder ;  and  if  they  were  perfectly  elastic,  this  would  reproduce 
all  the  actual  energy  of  relative  motion  given  by  the  formula  3,  so 
that  the  bodies  would  separate  with  velocities  i-elatively  to  their 
common  centre  of  gravity,  equal  and  opposite  to  their  original 
velocities  relatively  to  that  point ;  that  is  to  say,  with  the  velocities 

relatively  to  the  common  centre  of  gravity,  and  the  velocities 

v,  =  2wo-t^,  t7,  =  2^,-«a, (4.) 

relatively  to  the  earth.  But  as  a  certain  proportion,  which  may  be 
denoted  by  l-k^,  of  the  internal  actual  energy  takes  the  form  of 
heat,  owing  to  the  imperfect  elasticity  of  the  bodies,  the  internal 
actual  energy  due  to  visible  motion  alter  the  collision  is 

2 "^  2 ' (^•) 

the  velocities  of  the  bodies,  relatively  to  their  common  centre  of 
gravity,  after  the  collision,  are 
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A;(tio-«i),  ^(Mo-«t); 
and  their  velocities  relatively  to  the  earth  are 

t7i  =  (l  +k)  Uo-kui ;  v,  =  (l  +k)fiQ—ku, (6.) 

Shoidd  the  bodies  be  perfectly  soft,  or  inelcutic,  k  =  0;  in  which 

v^  =  v,  =  9io; (7.) 

that  is,  the  bodies  do  not  fly  asunder  after  the  collision,  but  proceed 
together  with  the  velocity  of  their  common  centre  of  gravity. 

567.  The  Acdon  of  Unbatanced  External  Fareeii  on  a  system  of 
bodies,  considered  as  a  whole,  is  to  vary  the  resultant  momentum 
and  the  i*esultant  angular  momentum.  It  has  been  shown  in 
Article  60,  that  every  system  of  forces  can  be  reduced  to  a  single 
force  and  a  couple.  The  system  of  forces  applied  to  a  system  of 
bodies  is  to  be  reduced  to  a  single  force  acting  through  the  cenixe 
of  gravity  of  the  system,  and  a  couple,  as  shown  in  equations  5,  6, 
7,  8,  of  Article  60 ;  then  in  a  given  interval  of  time,  the  variation 
of  resultant  momentum  of  the  system  is  equal  to  and  in  the  direc- 
tion of  the  impulse  of  the  single  resultant  force,  and  the  variation 
of  angular  momentum  is  equal  to  the  angular  impulse,  and  about 
the  axis,  of  the  resultant  couple. 

To  express  this  by  general  equations,  let  the  components  of  the 
momentimi  of  any  mass  m  belonging  to  the  sjrstem,  whose  rectan- 
gular co-ordinates  are  x,  y,  «,  be  m  -j-,  m  -~-^  w  -tt.  Then  the 
rates  of  variation  of  these  components  are 

d^x       d^y       d'z  „  . 

'*5F''^d?'"*rf? ^^-^ 

Also,  the  rectangular  components  of  the  angular  momentum  of  that 
mass  are 

about,,«»(4f-y^);abouty,^(4--.j-j); 

about..m(y^-a:^); : (2.) 


whose  rates  of  vamtion  are 
m 
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jet  F,y  F,,  F,,  be  the  components  of  the  force  eztemallj  applied 
o  a  point  whose  co-ordinates  are  x,  y,  z.  Then  hj  the  equality  of 
he  resultant  impulse  to  the  variation  of  resultant  momentum. 


■•■•(*•) 


ind  by  the  equality  of  the  resultant  angular  impulse  to  the  varia- 
tion of  the  r^ultant  angular  momentum, 

•('(^-»3?)-(^--»'s?)}=»4 W 

The  use  of  those  equations  is  to  determine  the  effect  of  a  given 
system  of  external  forces  on  a  system  of  bodies  when  the  relations 
amongst  the  motions  of  those  bodies  are  known,  without  taking  into 
consideration  the  internal  forces  acting  between  the  bodies,  which 
latter  forces  it  is  sometimes  difficult  or  impossible  te  determine  until 
the  effects  of  the  external  forces  have  first  been  found. 

568.  Dctmnlnacion  of  th«  Interoal  ForcM. — ^When  the  relations 
which  exist  between  the  motion  of  the  system  as  a  whole, — that  is, 
its  resultant  momentum  and  angular  momentum, — ^and  the  motions 
of  the  several  bodies  of  which  it  consists,  are  fixed  by  cinematical 
principles,  then  the  motion  of  each  body  can  be  determined  when 
the  externally  applied  forces  are  known.  Then  if,  from  the  force 
externally  applied  to  each  body  at  each  inetant,  there  is  taken  away 
the  force  required  to  prodv/x  Uie  clumge  of  motion  of  the  body  which 
takes  place  at  that  instcmt,  the  remainder  must  be  bala/M^ed  by,  and 
equal  and  opposite  to,  the  interrud  force  acting  on  the  body  in  ques- 
tion; and  this,  which  is  the  principle  op  D'Alembert,  serves  to 
determine  the  internal  forces.  Using  the  notation  of  the  last 
Article,  the  components  of  the  internal  force  applied  to  a  given 
body  of  the  system  are 


"g-F. 


569.  Bmidnni  Eximai  Forces. — If  the  resultant  external  force 
acting  through  the  centre  of  gi-avity  of  a  ^stem  of  bodies  be  sup- 
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posed  to  be  divided  into  parallel  components,  each  applied  to  one 
of  the  bodies  and  proportional  to  the  mass  of  the  body  to  vhich  it 
is  applied,  such  will  be  the  system  of  external  forces  required  to 
make  all  the  bodies  of  the  system  have  equal  and  parallel  motions 
at  each  instant  in  common  with  their  centre  of  gravity.  Then  if 
the  forces  so  determined  be  taken  away  from  &e  forces  actually 
applied  to  the  several  bodies^  the  residual  external  forces,  being 
combined  with  the  internal  forces,  will  constitute  those  forces 
which  regulate  the  motions  of  the  bodies  relatively  to  their  com- 
mon centre  of  gravity  considered  as  a  fixed  point 
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CHAPTER  IIL 


ROTATIONS   OF  RIGID   BODIES. 


570.  TiM  KottoM  of  »  BigM  B«d7,  OF  of  a  bodj  whicli  sensiblj 
preserves  the  same  figure,  has  already  been  shown  in  Fart  III., 
Chapter  II.,  to  be  always  capable  of  being  resolved  at  each  instant 
into  a  translation  and  a  rotation;  and  by  the  aid  of  the  principles 
explained  in  Section  3  of  that  chapter,  the  component  rotation  can 
always  be  conceived  to  take  place  about  an  axis  traversing  the 
centre  of  gravity  of  the  body,  and  to  be  combined,  if  necessary, 
with  a  translation  of  the  whole  body  in  a  curved  or  sti-aight  path 
along  with  its  centre  of  gravity.  The  variations  of  the  momeiV' 
tv/m  of  the  translation,  whether  in  amount  or  in  direction,  are 
due  to  the  resultant  force  acting  through  the  centre  of  gravity 
of  the  body,  and  are  exactly  the  same  with  those  of  the  momen- 
tum of  the  entire  mass  if  it  were  concentrated  at  that  centre; 
the  variations  of  the  angular  momentum  of  the  rotation  are 
due  to  the  resultant  couple  which  is  combined  with  that  re- 
sultant forca  The  variations  of  actiud  energy  are  due  to  both 
causes. 

When  the  translation  of  the  centre  of  gravity  of  a  rotating  body, 
and  its  rotation  about  an  axis  traversing  that  centre,  are  known, 
the  motion  of  every  point  in  the  body  is  determined  by  cinematical 
principles,  which  have  been  explained  in  Part  IIL,  Chapter  II., 
Section  3 ;  so  that  by  the  aid  of  D'Alembert's  principle  (Article 
568)  the  internal  forces  acting  amongst  the  parts  of  the  body  can 
be  completely  determined. 

In  the  investi^tions  of  questions  respecting  the  motions  of 
rigid  bodies,  there  are  certain  quantities,  lines,  and  points,  de- 
pending on  the  figui-es  of  the  bodies,  the  mode  of  distribution 
of  their  masses,  and  the  way  in  which  their  motions  are  guided, 
whose  use  facilitates  the  understanding  of  the  subject  and 
the  computation  of  results,  and  which  are  related  to  each  other 
by  geometrical  principles.  These  are,  TrumierUa  of  inertia,  radii 
of  gyration,  Tnoments  of  deviation,  and  centres  of  percussion. 
Their  geometrical  relations  are  considered  in  the'  following  seo- 
tion. 
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Section  1. — On  Moments  oflneriid^  Badii  of  Gyration,  Moments  of 
DevicUion,  cmd  Centres  of  Percussion, 

571.  The  MomeHt  of  inatia  of  an  indefinitelj  small  body,  or 
"  physical  point,"  relatively  to  a  given  axis,  is  the  product  of  the 
mass  of  the  body,  or  of  some  quantity  proportional  to  the  mass, 
such  as  the  weight,  into  the  square  of  its  perpendicular  distance 
from  the  axis  :  3ius  in  the  following  equation  : — 

I  Wr* 

i  =  m  r»  =  ^!^-^, (1.) 

9  9  ^   ^ 

r  is  the  perpendicular  distance  of  the  mass  m,  whose  weight  is  W, 
from  a  given  axis;  and  the  moment  of  inertia,  according  to  the 
unit  employed,  is  either  I,  or  I  -f-  ^;  the  former,  when  the  unit  is 
the  moment  of  inertia  of  an  unit  of  vxigkb  at  the  end  of  an  arm 
whose  length  is  unity;  and  the  latter,  when  the  unit  is  the  moment 
of  inertia  of  an  unit  of  mass  at  the  end  of  the  same  arm.  For  the 
purposes  of  applied  mechanics,  the  former  is  the  more  convenient 
unit,  and  will  be  employed  in  this  treatise. 

By  an  extension  of  the  term  "  moment  of  inertia,"  it  is  applied 
to  the  product  of  any  quantity,  such  as  a  volume,  or  an  area,  into 
the  square  of  the  distance  of  the  point  to  which  that  quantity 
relates  from  a  given  axis,  as  has  already  been  exemplified  in  Article 
95,  and  in  the  theory  of  resistance  to  bending;  but  in  the  remainder 
of  this  treatise  the  term  will  be  used  in  its  strict  sense,  and  accord- 
ing to  the  unit  of  measure  already  specified;  that  is,  in  British 
measures,  moment  of  inertia  will  h%  expressed  by  the  product  of  a 
certain  number  of  pornids  avoirdupois  into  the  square  of  a  certain 
number  oifeet. 

The  geometrical  relations  amongst  moments  of  inertia,  to  which 
the  present  section  refers,  are  independent  of  the  unit  of  measure. 

572.  The  noneiit  of  inertia  of  a  System  of  PKjaical  PolM%  rela- 
tively to  a  given  axis,  is  the  sum  of  the  moments  of  inertia  of  the 
several  points ,  that  is, 

I  =  2.Wr' (1.) 

573.  The  MonieBt  of  Inertia  of  a  Rigid  Body  is  the  Sum  of  the 

moments  of  inertia  of  all  its  parts,  and  is  found  by  integration ;  that 
is,  by  conceiving  the  body  to  be  divided  into  small  parts  of  regular 
figure,  multiplying  the  weight  of  each  of  those  parts  into  the  square 
of  the  distance  of  its  centre  of  gravity  from  the  axis,  adding  the 
products  together,  and  finding  the  value  towards  which  their  sum 
converges  when  the  size  of  the  small  parts  is  indefinitely  diminisheoL 
For  example^  let  the  body  be  conceived  to  be  built  up  of  rectangular 
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molecules^  vrhoee  dimensions  toe  dx,  dy,  and  d  z,  the  yolume  of 
each  dxdydz,  and  the  weight  of  unity  of  volume  u).     Then 


///•'- 


dxdy  dz (1.) 


Hence  follows  the  general  principle  which  will  afterwards  be 
iUustrated  in  special  cases,  that  propositions  relative  to  the  geome- 
trical relations  amongst  the  moments  of  inertia  of  systems  of  points 
are  made  applicable  to  continuous  bodies  bj  substituting  integration 

for  ordinary  summation;  that  is,  for  example,  by  putting  /  /  / 

for  2,  and  w  *  dxdy  dziorW. 

574.  The  Badln  •r  dynoioH  of  a  body  about  a  given  axis  is  that 
length  whose  square  is  the  mean  ofaUthe  squarea  of  the  distances 
of  the  indefinitely  small  equal  particles  of  the  body  from  the  axis, 
and  is  found  by  dividing  the  moment  of  inertia  by  tiie  weight,  thus, 


.(1.) 


When  Gfymbols  of  integration  are  used,  this  becomes 


j  I  I  7^  w  '  d X  dy  dz 

''  =  fff     ,  ,  .  ^^'^ 

/  /  /  \D  '  ax  d  yd  z 


575,  CMipmicafs  •r  oiMicac  of  iHertte. — Let  the  positions  of  the 
particles  of  a  body  be  referred  to  three  rectangular  axes,  one  of 
which,  O  X,  is  that  about  which  the  moment  of  inertia  is  to  be 
taken.     Then  the  square  of  the  radius  vector  of  any  particle  is 

r»  =  y-  +  «»; 

so  that  the  moment  of  inertia  round  the  axis  of  a;  is 

I,  =  a  •  W  y»  +  J  •  W  «•; (1.) 

that  is  to  say,  the  mmnent  of  inertia  of  a  body  rotmd  a  given  axis 
may  he  found  by  adding  together  the  ewm  of  the  products  of  the  weights 
of  the  pa/rtides,  each  muUtplied  by  the  squa/re  of  each  of  its  distances 
from  a  pair  of  planes  cutting  each  other  at  right  angles  in  the  given 
axis. 

In  the  same  maimer  it  may  be  shown  that  the  moments  of 
inertia  of  the  same  body  roimd  the  other  two  axes  are  given  by  the 
equations 

I,  =  a-W«'  +  2-W»»;I.  =  a-Wa:'+2W  y'...(2.) 
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576.  iHMMiiia  •r 
Theorem.  The  moment  of  inertia  of  a  hody  aboiU  any  given  axis 
is  equal  to  its  mom^ent  of  inertia  ahout  cm  axis  traversing  its  centre 
qfgrtwity  paraUd  to  the  given  aads,  added  to  the  moment  of  inertia 
about  the  given  axis  due  to  the  whole  mass  of  the  body  concentrated  at 
its  centre  of  gravity. 

Take  the  given  axis  for  the  axis  of  x,  and  any  two  planes  tra- 
versing it  at  right  angles  to  each  other  as  the  planes  oi  xy  and 
zx',  then^  as  in  the  preceding  Aiticle, 

I,  =  a- Wy«  +  J    W**. 

^^  ^09  ^  t)e  the  perpendicular  distances  of  the  centre  of  gravity  of 
the  body  from  the  two  co-ordinate  planes  before  mentioned;  con- 
ceive a  new  axis  to  traverse  that  centre  of  gravity,  parallel  to  the 
given  axis;  let  two  co-ordinate  planes  parallel  to  the  original 
co-ordinate  planes  traverse  that  new  axis;  and  let  y^,  £,  be  the 
perpendicular  distances  of  a  given  particle  from  those  new  co- 
ordinate planes.     Then 

y  =  yo  +  3/;  «  =  «b  +  «'; 

and  introducing  those  values  of  the  original  co-ordinates  into  the 
value  of  I,,  we  find 

I,  =  J  •  W  (yo  +  3/)'  +  '  •  W  («b  +  ^y 

but  because  j/  and  s!  are  the  distances  of  a  particle  from  planes 
traversing  the  centre  of  gravity  of  the  body,  , 

2  -Wj/rrO;  2  -Wl^iziO; 
and  the  preceding  equation  is  reduced  to  the  following : — 

I,  =  (j/5  +  ;^3W+,-W(y»  +  «0 (1.) 

which  expresses  the  theorem  to  be  proved. 

This  theorem  may  be  more  briefly  expressed  as  follows : — ^Let 
Ig  be  the  moment  of  inertia  of  a  body  about  an  axis  traversing  its 
centre  of  gravity  in  any  given  direction,  and  I  the  moment  of 
inertia  of  the  same  body  about  an  axis  parallel  to  the  former  at  the 
perpendicular  distance  r^;  then 

I  =  rj  •  2  W  +  I, (2.) 

An  analogous  proposition  for  surfaces  has  been  demonstrate  in 
Article  95,  Theorem  V. 

CoKOLLABY  L   The  radius  of  gyration  (f )  of  a  body  about  any 


Digitized 


byGoogk 


MOMENTS  OF  D7EBTIA.  517 

axis  is  equal  to  the  hypothenuse  of  a  right-angled  triangle,  of  which 
the  two  legs  are  respectively  equal  to  the  radius  of  gjrration  of  the 
body  about  an  axis  traversing  the  centre  of  gravity  parallel  to  the 
given  axis  ^^),  and  to  the  perpendicular  distance  between  these  two 
axes  (rj.     That  is  to  say, 

(=rl+tl (3.) 

CoROLLABY  H.  The  moment  of  inertia  of  a  body  about  an  axis 
traversing  its  centre  of  gravity  in  a  given  direction,  is  less  than  the 
moment  of  inertia  of  the  same  body  about  any  other  axis  parallel 
to  the  first 

Corollary  III.  The  moments  of  inertia  of  a  body  about  all 
axes  parallel  to  each  other,  which  lie  at  equal  distances  from  its 
centre  of  gravity,  are  equal. 

577.  c^mbliMd  Homcais  of  inertfau — THEOREM.  The  combined 
moment  of  vnerHa  of  a  rigidly  connected  system  of  bodies  about  a 
given  aods,  is  equal  to  ths  combined  moment  of  inertia  which  tlie  sys- 
tem wovld  have  about  the  given  axis,  if  each  body  V)ere  concentrcUed 
at  its  oum  centre  of  gravity,  added  to  the  sum  of  the  several  moments 
o/ inertia  of  the  bodies,  about  axes  traversing  their  respective  centres 
of  gravity,  paraUd  to  the  given  axis. 

Let  W  now  denote  the  weight  of  one  of  the  bodies,  1^  its  moment 
of  inertia  about  an  axis  traversing  its  own  centre  of  gravity  parallel 
to  the  given  common  axis,  and  r^  the  distance  of  its  centre  of  gravity 
from,  that  common  axis.  Then  the  moment  of  inertia  of  that  body 
about  the  conmion  axis,  according  to  Article  576,  equation  2,  is 

I=:WrJ  +  Ir 

Consequently,  the  combined  moment  of  inertia  of  the  system  of 
bodies  is 

2l  =  ,.WrJ  +  2l,; (1.) 

— Q.  E.  D. 

578.  SnuBFlM  of  HoBiMit*  of  iBCTtla  Mi4  Ra^tt  of  OTntloii  of 

homogeneous  bodies  of  some  of  the  more  simple  and  ordinary 
figures,  are  given  in  the  following  tablea  In  each  case,  the  axis  is 
supposed  to  traverse  the  centre  of  gravity  of  the  body;,  for  the 
principles  of  Article  576  enable  any  other  case  to  be  easily  solved. 
The  axes  are  also  supposed,  in  each  case,  to  be  axes  of  symmetry  of 
the  figure  of  the  body.  In  subsequent  Articles,  it  wi]l  be  shown 
what  relations  exist  between  the  moments  of  inertia  of  the  same 
body  about  axes  traversing  it  in  different  directions. 

The  column  headed  W  gives  the  weight  of  the  body;  that 
headed  I„  gives  the  moment  of  inertia;  that  headed  e'^  the  square 
of  the  rsulius  of  gyration.  The  weight  of  an  unit  of  volume  is  in 
each  case  denoted  by  to. 
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Body. 

I.  Sphere  of  radioB  r, 

II.  Spheroid  of  revolution — 
polar  semi-axis  a,  equa- 
torial radius  r, 

III.  Ellipsoid  —  semi-axes,  a, 
ft,  c, 

lY.  Spherical  shell— external 
radius  r,  internal  r^,.... 

v.  Spherical  shell,  insensibly 
thin  —  radius  r,  thick- 
ness dr, 

YI.  Circular  cylinder — ^length 
2a,  radius  r, 

YII.  Elliptic  cylinder— length 
2a,  transverse  semi- axes 

».«, 

YHI.  Hollow  circular  cylinder- 
length  2a,  external  ra- 
dius r,  internal  r^, 

IX.  Hollow  circular  cylinder, 
insensibly  thin  —  length 
2a,  radius  r,  thickness  dr^ 

X.  Circular  cylinder — length 
2a,  radius  r, 

XI.  Elliptic  cylinder — length 
2a,  transverse  semi-axes 
ftiCi f 

XII.  Hollow  circular  cylinder- 
length  2a,  external  ra- 
dius r,  internal  /, ....... 

XIII.  Hollow  circular  cylinder, 
insensibly  thin  —  radius 
r,  tliickness  dr, 

XIY.  Rectangular  prism  —  di- 
mensions 2a,  26,  2c...... 

XY.  Rhombic  prism — length 
2a,  diagonals  26,  2c,.... 

XYI.  Rhombic  prism,  as  above, 
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579.  M^iMBts  •f  lawtla  fmud  br  mwiaimm  and 

Each  of  the  solids  mentioned  in  the  table  of  the  preceding  Article 
can  be  divided  into  two  equal  and  symmetrical  halves  by  a  plane 
X)erpendicular  to  the  axis.  The  radius  of  gyration  of  each  of  those 
halves  is  the  same  with  that  of  the  original  solid.  Each  of  the 
solids  can  also  be  divided  into  four  equal  and  symmetrical  wedges 
or  sectors  by  planes  traversing  the  axis;  and  those  which  are  soUds 
of  revolution  can  be  divided  into  an  unlimited  number  of  such 
wedges  or  sectors.  The  radius  of  gyration  of  each  such  sector  about 
the  original  axis,  which  forms  its  edge,  is  the  same  with  that  of 
the  original  solid 

To  find  the  radius  of  gyration  of  any  such  sector  about  an  axis 
parallel  to  its  edge,  the  original  axis,  and  traversing  the  centre  of 
gravity  of  the  sector,  let  r^  be  the  distance  of  that  centre  of  gravity 
from  l^e  original  axis,  f o  the  radius  of  gyration  of  the  original  solid, 
and  ^'o  the  radius  of  gyration  of  the  sector  about  the  new  axis  in 
question ;  then  from  Article  576,  equation  3,  it  follows  that 

eo  =  e3-»^ (1-) 

Example,  In  case  15  of  Article  578,  the  square  of  the  radius  of 
gyration  of  a  rhombic  prism  about  its 

longitudinal  axis  is  found  to  be  — — , 

h  and  c  being  the  two  semi-diagonals. 
Let  6g.  238  represent  such  a  prism, 
and  let  A  be  one  end  of  its  longitu- 
dinal axis,  and  BAB  =  26,  CAC  =  ^*»-  2^^- 
2  c,  its  two  diagonals.  Divide  the  prism  into  four  equal  right- 
angled  triangular  prisms  by  two  planes  traversing  the  diagonals 
and  the  longitudinal  axis  ;  the  radius  of  gyration  of  each  of  those 
prisms  about  that  axis  is  the  same  with  that  of  the  original  prism. 
Bisect  B C  in  D,  and  join  AD,  in  which  take  Tq  =  AE  =  f  A D  = 

J  B  0  =  ^^-5 —  j  then  E  is  the  extremity  of  a  longitudinal  axis 

traversing  the  centre  of  gravity  of  the  triangular  prism  A  B  C,  and 
the  radius  of  gyration  of  that  prism  about  that  new  axis  is  given 
by  the  equation 

580.  n^mcBts  •f  laeHia  found  hj  Tnuisfennati«a. — The  moment 
of  inertia  and  radius  of  gyration  of  a  body  about  a  given  axis  arc 
not  changed  by  any  transformation  of  its  figure  which  can  be 
effected  by  shifting  its  particles  parallel  to  the  given  axis  j  and  the 
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radius  of  gyration  is  not  altered  by  altering  the  dimensions  of  the 
body  parallel  to  the  axis  in  a  constant  ratio  -,  for  example,  in  cases 
1  and  2  of  Article  578,  the  radius  of  gyration  of  a  spheroid  about 
its  polar  axis  is  the  same  with  that  of  a  sphere  of  the  same  eqaa> 
torml  radius. 

If  the  dimensions  of  a  body  in  all  directions  transverse  to  the 
axis  are  altered  in  a  constant  ratio,  the  radius  of  gyration  is  altered 
in  the  same  ratio. 

If  the  dimensions  of  a  body  transverse  to  its  axis,  in  two  direc- 
tions perpendicular  to  each  other,  are  altered  in  different  ratios  ; 
for  example,  if  the  dimensions  denoted  by  y  are  altered  in  the  ratio 
fn,  and  the  dimensions  denoted  by  «  in  the  ratio  n,  then  the  radius 
of  gyration  (  of  the  original  body  is  to  be  conceived  as  the  hypo- 
thenuse  of  a  right-angled  triangle  whose  sides  are,  n  parallel  to  y, 
and  ^  parallel  to  z,  and  are  given  by  the  equations 

"         2W    '  ^         sW    ' ^^'^ 

and  the  radius  of  gyration  ^'  of  the  transformed  body  will  be  the 
hypothenuse  of  a  new  right-angled  tiiangle  whose  sides  are  m  «  and 
n  i ;  that  is  to  say, 

e'"  =  wi«i»»  +  w«^ (2.) 

This  method  may  be  exemplified  by  deducing  th^tdius  of  gyration 
of  an  ellipsoid  about  any  one  of  its  axes  (Article  o78,  case  3)  from 
that  of  a  sphere  (t^.,  case  1). 

581.  The  Ceatre  of  PercuMlon  of  a  body,  for  a  given  axis,  is  a 
point  so  situated,  that  if  part  of  the  mass  of  the  body  were  concen- 
trated at  that  point,  and  the  remainder  at  the  point  directly  oppo- 
site in  the  given  axis,  the  statical  moment  of  the  weight  so  distri- 
buted (Article  42),  and  its  moment  of 
inertia  about  the  given  axis,  would  be  ^ 
the  same  as  those  of  the  actual  body ' 
in  every  position  of  the  body. 

In  fig.  239  let  XX  be  the  given 
axis,  and  G  the  centre  of  gravity  of 
the  body.     It  is  evident,  in  the  first 
place,  that  the  centre  of  percussion 
must  be  somewhere  in  the  perpendi- 
cular C  G  B  let  fall  from  the  centre  of 
gravity  on  the  given  axis.     Secondly, 
^         in  order  that  t£e  statical  moment  of 
F!g.  239.         "         *^®  whole  mass,  concentrated  partly  at 
C,  and  partly  at  the  centre  of  percus- 
sion B  (still  unknown),  may  be  the  same  with  that  of  the  actual 
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body,  the  centre  of  gravity  must  be  unaltered  by  tbat  concen- 
tration of  mafis ;  that  in  to  say,  the  masses  concentrated  at  B  and 
C  must  be  inversely  as  the  distances  of  those  points  from  G. 
Hence  denoting  the  weights  of  those  masses  by  the  letters  B  and 
C  respectively,  and  the  weight  of  the  whole  body  by  W,  we  have 
the  proportion 

W  :  0  :  B  :  :  BO  :  GB  :  GC (1.) 

Lastly,  in  order  that  the  moment  of  inertia  of  the  mass  as  supposed 
to  be  concentrated  at  B  and  0,  about  the  axis  X  X,  may  be  the 
same  with  that  of  the  actual  body,  we  must  have 

B-B^  =  Wt'  =  W(^!  +  »^) (2.) 

where  ro=  G  C,  and  ^o  is  the  radius  of  gyration  of  the  body  about 
an  axis  parallel  to  X  X  and  traversing  G ;  and  substituting  for  B 
its  value  from  equation  1,  viz.,  B  =  Wro-r-  B  C,  we  find,  for  the  dis- 
tance of  the  centre  of  percussion  from  the  axis, 

I.     '" 

and  for  its  distance  from  the  centre  of  gravity, 

GB  =  BO  —  ro  =  ^' (4.) 

The  last  equation  may  also  be  expressed  in  the  form 

GB  •  GC  =  eJ; (5.) 

which  preserves  the  same  value  when  GB  and  GC  are  inter- 
changed ;  thus  showing,  that  if  a  new  axis  parallel  to  the  original 
axis  XX  be  made  to  traverse  the  original  centre  of  percussion,  the 
<new  centre  of  percussion  is  the  point  C  in  the  original  axis. 

The  proportion  in  which  the  mass  of  the  body  is  to  be  considered 
as  distributed  between  B  and  C  takes  the  following  form,  when 
each  of  the  last  three  terms  of  the  proportion  1  is  multiplied  by 
ro  =  GC:— 

W  :C  :B::d  +  ri'&'  ^o-v (^O 

The  preceding  solution  is  represented  by  the  following  geometrical 
construction : — Draw  G  D  -L  C  G  and  =  ^o ;  join  C  D,  perpendicu- 
lar to  which  draw  D  B  cutting  C  G  produced  in  B ;  this  point  is 
the  centre  of  percussion. 

Also,  C  D  =  f  ,  the  radius  of  gyration  about  X  X  ;  and  D  B  is  the 
radius  of  gyration  about  an  axis  traversing  B  parallel  to  XX 
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If  C  £  be  taken  =  C  D,  E  is  sometimes  called  tlie  CBsms  of 
QTRATiOH  of  the  body  for  the  axis  XX* 

562.  Km  CcMiv  mt  riwr— !■■  exists  when  the  axis  traTerses  the 
centre  of  grayity  of  the  body.  In  that  case, 
the  statical  moment  of  the  body  is  nothing  ; 
and  an  eqnal  mass,  concentrated  and  uni- 
formly distribnted  round  the  circle  BBB, 
whose  radius  is  ^  the  radius  of  gyration,  or 
at  a  set  of  symmetrically  arranged  points  in 
that  circle,  has  the  same  moment  c^  inexiia 
with  the  actual  body. 
583.  niiMiMii  mt  ifito  mhmmg  im1Im«  Asm. — ^The  object  of  the 
present  Article  and  the  remaining  Articles  of  this  section  is  to 
show  the  relations  which  exist  amongst  the  moments  of  inertia  of 
a  body  about  axes  traversing  a  fixed  point  in  it  in  different  direc- 
tions. The  mathematical  processes  which  it  is  necessary  to  employ 
for  that  purpose,  though  not  very  abstruse,  are  somewhat  complex; 
and  the  reader  who  w^es  to  study  the  more  simple  parts  of  the 
subject  only,  may  take  the  conclusions  for  granted. 

It  has  already  been  shown  in  Article  575  that  the  moment  of 
inertia  of  a  body  about  a  given  axis  denoted  by  «,  is  given  by  the 
equation 

I.  =  Sy«  +  S««; (1.) 

in  which,  for  the  sake  of  brevity,  s  *  W  has  been  replaced  by  the 
single  ^fmbol  S.  The  fixed  point  being  the  origin  of  co-ordinates, 
let  S  E^  be  the  sum  of  the  products  of  the  weight  of  each  particle 
into  the  square  of  its  distance  from  that  point ;  a  sum  which  is 
independent  of  the  directions  of  the  axis.  Then  because  £.'  =  26*  + 
y  +  «*,  the  moments  of  inertia  of  the  body  relatively  to  three  rec- 
tangular axes  may  be  expressed  as  follows : — 

I,  =  SR«-Saj»;  I,  =  SR«-Sy';  I,  =  SR«-Sa». (2.) 

Further,  let  the  three  sums  of  the  weights  of  the  particles  of  the 
body,  each  multiplied  by  the  product  of  a  pair  of  its  co-ordinates, 
be  thus  expressed : — 

Sy«;  Bzx;'Bxy (3.) 

These  will  be  called  moments  of  deviation. 

Now,  let  three  new  rectangular  axes  of  co-ordinates,  denoted 
by  a/,  y',  a',  traverse  the  same  fixed  point  in  the  body;  let  the 
angles  which  they  make  with  the  original  axes  be  denoted  by 

*  As  to  the  centres  of  peicassion  and  gyration,  and  other  remarkable  points  in  a 
rigid  body,  see  s  memoir  by  M.  Poinsot  in  LioiwUU'a  Journal  for  1857. 
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.(4.) 


'^^    ^i    ^^ 

^j  ^j  \, 

Then  for  any  given  particle,  the  new  co-ordinates  are  thus  expressed 
in  terms  of  the  ongmal  co-ordinates  : — 

od  =zx  "COS  xsd  +  y  'cosyaf  +  «  -cos  zx\ (5.) 

and  analogous  equations  for  i/  and  2!^;  and  the  original  co-ordinates 
are  thus  expressed  in  terms  of  the  new  co-ordinates  : — 

x=z3i^'co&xaf  +  f/'(iosxf/  +  sf  'cosxz!;  &c (6.) 

The  nine  angles  of  equation  4  are  connected  by  the  relations  : — that 
the  sum  of  the  squares  of  the  cosines  of  any  three  angles  in  one 
line,  or  in  one  column,  is  unity ;  for  example, 

_    A  A  A  .    . 

COS*  fleas' +  COS*  ay  +  cos*a5«'  =  1; (7.) 

and  that  the  sum  of  the  three  products  of  the  pairs  of  cosines  of 
the  angles  in  a  pair  of  lines,  or  a  pair  of  columns,  is  nothing ;  for 
example, 

A  ^/i  ^  AA  ^  f  t%       /a  \ 

COS  yaf 'COS  zx  +  cos  y y" cos  z ^  +  y s^ ' cos  z x  =i  0,„.{fi.) 

A  relation  deduced  from  the  preceding  is  this,  that  the  cosine  of 
each  angle  is  equal  to  the  difference  between  the  binary  products 
of  the  cosines  of  the  four  angles,  which  are  neither  in  the  same  line 
nor  in  the  same  column  with  the  first,  these  binary  products  being 
taken  diagonally  ;  for  example, 

A  A  A.  A  A 

COS  xaf  =  cos  yi/ 'COS  zaf  —  cos  ys^'coBzy (9.) 

and  similarly  for  the  other  cosines. 
Now,  if  for  the  new  co-ordinates  aC,  y,  «',  in  the  six  integrals, 

So^,  S3/»,  S«^,  Sy^,  S«'aj',  Saf^, 

there  are  substituted  their  values  in  terms  of  the  original  co-ordi- 
nateSy  as  given  by  equation  5  for  x",  and  analogous  equations  for 
y'  and  s^,  there  are  obtained  the  six  expressions  for  those  integrals 
relatively  to  the  new  axes,  in  terms  of  the  integrals  relatively  to  the 
original  axes,  and  of  the  cosines  of  the  nine  angles  between  the 
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new  and  the  original  axes ;  btit  it  is  nnneoesaarj  here  to  write  ihose 
equations  at  length,  for  they  are  precisely  similar  to  Uie  ec[aaiion9  of 
trimsfornudion  in  Article  106  {j^a^ies  92,  93),  substitating  only 

Sir*,  Sy*,  S««,  Syar,  S^o:,  Say, 

for    p.„Pn,PM.fPfnPM^Pn» 

and  making  the  like  substitutions  in  the  symbols  referring  to  the 
new  co-ordinates.         ' 

584.  Priacipal  Axes  •f  laoriliu— TheoREK.  At  each  point  in  a 
body  there  is  a  system  of  three  rectangular  cuces,/or  tohich  the  momenis 
o/ deviation  are  each  equal  to  nothing. 

Supposing  such  a  set  of  axes  to  exist,  let  co-ordinates  parallel  to 
them  be  denoted  by  a?,,  y„  Zi.  Then  the  property  which  they  are 
required  to  have  is  expr^sed  by  the  equations 

ByiZi  =  0;  Sz^Xi^O;  S«,yi  =  0 (1.) 

Co-ordinates  parallel  to  a  set  of  axes,  for  which  the  intends 
S«*,  &C.,  have  been  determined,  being  denoted  by  jb,  y,  «^  we  have 
for  each  particle, 

A      ,  A      ,  A 

x^=x^  cos  aaji  +  yi COS  ajyi  +  «i  cos  xzxi 

sCi  a:  =  £cj  cos  xqi^-y  Xi  yj  cos  as yi  +  a?i  z^  cos  xz^ ; 
and  consequently, 

SaJia:  =  co8ajaj,  'SicJ  +  cosxcyi-Saj, yi  +  oo8a:«i*S«ia^; 

but  because  of  the  conditions  expressed  by  the  equations  1,  this  is 
reduced  to 

So^io;  =  cos  ««!  -SaiJ; (2.) 

and  by  similar  reasoning  it  is  shown  that 

'  A 
Sojjyrrrcosya,,    ^^,,  ^ 


yoj, -Sa?;  ) 
^Oi'Sa^.    ) 


o  a:^ «  =  cos  « 
Now,  from  the  equation 

A  A  A 

a?,  =  a:  cos  ara*,  +  y  cos  yx^  +  «  cos  ««„ 

are  deduced  the  following  values  of  the  integrals  in  the  equations 


A: — 
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SxiX^zcoBxXi.Saf  +  coayXi'Bxy  +  coszxi'Bzx; 
So?,  y  =  cosa;aJi'Sa?y  +  co8ya:i'Sy'  +  oos«a;|'Sy«; 

S«,  «  =  cofla:irx'S«aj  +  co8yiCi-Sy«  +  co8«a;i-S«'. 

SubtractiBg  the  equations  2  and  2  A  from  these,  we  find  the  fol- 
lowing equations : — 

cosa;a?i(Saj'  —  Sa^  +  oosya5j*Sa:y  +  cos««i*S««  =  0; 
cos«ffi ' B xy  +  cos p Xi' {Bf^ -Ba^  + COB zXi'Bi/z  =  0;  }-(3.) 

oo8xxx'Bzx  +  co&yxi'Byz'^oo6zxi{Bz*  —  Ba^=zO. 

The  elimination  of  the  three  cosines  from  these  three  equations 
leads  to  the  following  cubic  equation  : — 

(Saf)»-A(S«»)'  +  B-Sa?-C  =  0> (4.) 

in  which  the  co-efficients  have  the  following  values  : — 

A  =  Sx»+Sy»+Si&"  =  SR»; 

-(Byzy  —  {Bzxy  —  {Bxyy;  \  {5,) 

Q  =  Bx'*Bf^'B^  +  2Byz'Bzx-Bxy 
—  Baf'{Byzy  —  By''{Bzxy—Bz'{Bxyy 

It  is  evident  that  A  is  always  positive.   By  considering  the  terms 
of  which  B  is  composed,  it  can  be  shown  that  it  is  equivalent  to 

X,  y,  z,  a/,  f/,  sf,  being  the  co-ordinates  of  a  pair  of  different  particles, 
and  the  particles  being  taken  in  pairs  in  every  possible  way;  and 
by  considering  the  terms  of  which  0  is  made  up,  it  can  be  shown 
to  be  equivalent  to 

B  {x  ^  z"  +  af  ^  z  -^  x"  y  z'  —  X  t/'  z'  —  x"  f/  z  —  of  y  zj; 

in  which  the  letters  without  accents,  with  one  accent,  and  with 
two  accents,  denote  the  co-ordinates  of  a  set  of  three  different 
particles,  and  the  particles  ai*e  taken  in  triplets  in  every  possible 
way.  Hence  B  and  C,  being  both  sums  of  squares,  are  positive,  as 
well  as  A ;  and  the  cubic  equation  4  has  tJiree  real  positive  roots, 
corresponding  to  the  three  rectangular  axes  which  satisfy  the  con- 
ditions of  equation  1.    These  roots  are  the  values  of  S  (cf,  S  yt,  S  2^; 
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and  their  existence  proTes  the  existence  of  the  three  rectangular 

PRINCIPAL  AXES  OF  INERTIA. ^Q.  K  D. 

The  angles  which  any  one  of  the  principal  axes  makes  with  the 
three  original  axes  are  given  by  the  following  equations,  which  are 
deduced  from  the  equations  3  : — 

AAA 

cos  X  Xi :  cos  y  x^ :  cos  z  Xi 

..  1 . 1 

"(Sicf— Sa^Sy«  +  S«a:-Sa?y''(SarJ— Sy^S«aj+Sxy'Sy«  \  (^0 
1 

Similar  equations,  substituting  y^  and  z^^  successivelj  for  x^y  give  the 
initios  of  the  other  two  sets  of  cosines. 

From  the  properties  of  the  roots  of  equations,  it  follows,  that  the 
co-efficients  of  the  cubic  equation  4  have  the  following  yalues  in 
terms  of  the  integrals  S  a^,  &c.  : — 

A  =  Sficf  +  Sy;  +  S;rf  =  SR'asbefore;  ' 

B  =  Sy?S«J  +  S«J-Sa?  +  Sa^-Syf;    •  (7.) 

C  =  Sa^-SyJ-S^;  J 

and  hence  it  appears,  that  the  functions  of  the  six  integrals  S  d^,  &c, 
denoted  by  A,  B,  and  C,  in  the  equations  5,  are  isotropic;  that  is^ 
are  the  same  in  magnitude  for  all  directions  of  the  rectangular  axes 
of  Xy  y,  and  z, 

585.  buivmM  of  laertia. — ^Let  the  principal  axes  of  a  body,  tra- 
versing a  given  point,  be  now  taken  for  axes  of  co-ordinates;  and 
the  moments  of  inertia  about  them,  called  the  principal  momenU  of 
itiertia,  being  given,  and  denoted  by  I„  I,,  I3,  let  it  be  required  to 
determine  the  moment  of  inertia,  I,  about  any  axis  traversing  the 
same  point,  and  making  with  the  principal  axes  the  angle  «s  A  r* 
Let  co-ordinates  along  this  new  axis  be  denoted  by  x,  and  along 
the  principal  axes  by  Xi,  yj,  Zi,  as  before. 

It  has  already  been  shown  that 

Sa:'  =  COS**  •  SaJ  +  cos'/j  •  SyJ  +  cos'y  "  S«I,...(1.) 
and  that 

I  =  SR»-Sa*;  Ii  =  SR»-Saj»;  I,  =  SR»-SyJ; 

l3  =  SR«-S«;; (2.) 

and  from  these  equations  the  following  is  easily  deduced : — 

I  =  Ii  •  cos* «  +  I,  •  cos'iS  +  I,  •  cos-  y (3.) 
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liet  a,  h,  c,  be  the  three  semi-axes  of  an  ellipsoid,  and  8  its  semi- 
diameter  in  any  direction  which  makes  the  angles  •,  /9,  y,  with 
those  semi-axe&     Then  it  is  well  known  that 

l^ cos'  at    .    cos'  /8    ,    cos'  y  ... 

7""~5^'^^6^'^~c'~^ ^  ^^ 

and  by  comparing  this  with  equation  3  it  is  made  evident,  that  if 
an  ellipsoid  be  constructed  whose  semi-axes  are  in  direction  the 
principal  axes  of  the  body  at  a  given  point,  and  represent  in  magni- 
tude the  reciprocals  of  the  square  roots  of  the  moments  of  inertia 
about  those  axes  respectively,  as  shown  by  the  equations 

111  1  /rx 

then  will  the  reciprocal  of  the  square  of  the  semidiameter  of  that 
ellipsoid  in  any  direction  represent  the  moment  of  inertia  about  an 
axis  traversing  the  origin  in  that  direction,  as  expressed  by  the 
equation 

1  =  ,-. (6) 

Sucb  an  ellipsoid,  when  described  about  the  centre  of  gravity  of  the 
body  as  a  centre,  is  called  by  M.  Poinsot  the  centrcU  dlipsouL 

If  Ii,  It,  Is,  be  ranged  in  their  order  of  magnitude,  it  is  evident 
that  the  greatest  of  them,  I,,  is  the  greatest  moment  of  inertia  of 
the  body  about  any  axis  traversing  the  fixed  point ;  that  the  least, 
I„  is  the  least  moment  of  inertia  about  any  such  axis;  and  that  the 
intermediate  principal  moment  of  inertia,  I^  is  the  least  moment 
of  inertia  about  any  axis  traversing  the  fixed  point  perpendicular 
to  the  axis  of  I9,  and  the  greatest  moment  of  inertia  about  any  axis 
traversing  the  fixed  point  perpendicular  to  the  axis  of  Ij. 

Should  two  of  the  principal  moments  of  inertia  be  equal,  as 
I,  =  Ij,  the  ellipsoid  becomes  a  spheroid  of  revolution :  all  the  mo- 
ments of  inertia  about  axes  traversing  the  fixed  point  in  the  plane 
of  the  axes  of  I.  and  I,  are  equal;  and  the  moments  of  inertia  about 
all  axes  traversing  the  fixed  point  and  equally  inclined  to  the  axis 
of  I|  are  equal     In  this  case  equation  3  becomes 

I  =  Ii  COS*  -»  -f  I,  sin*  -» (7.) 

If  all  three  prindiml  moments  of  inertia  are  equal,  the  ellipsoid 
becomes  a  sphere,  and  the  moments  of  inertia  are  equal  about  all 
axes  traversing  the  fixed  point 

Suppose  the  fixed  point  in  the  first  place  to  be  the  centre  of 
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gravity  of  the  body,  whose  weight  is  W,  and  that  loi^  loa,  I^  are 
the  principal  moments  of  inertia  about  rectangular  axes  traversing 
it  Let  a  new  fixed  point  be  taken  whose  distance  from  the  centre 
of  gravity  is  rg,  in  a  direction  making  the  angles  «,  fi,  y,  with  the 
principal  axes  at  the  centre  of  gravity.  Then  with  respect  to  a 
set  of  rectangular  axes  traversing  the  new  point  parallel  to  the 
original  axes,  the  new  moments  of  inertia  are 

I,  =  I(vi  +  W7^-(l-cosj««); 

J,  =  lo^  +  W  r!  •  (1  -co8«  /3);   .  (8.) 

I.  =  Io^  +  Wr--(l-cos'y);^ 

and  there  are  afc  the  same  time  moments  of  deviation  represented  by 

Sy«  =  W  rj  •  cos/Scosy;  Bzx=:W  rj  •  cos  y  cos  «; )  ^g  v 
S  05  y  =  "W  rj  •  cos  a  cos  /0 ;  J 

so  that  the  principal  axes  at  the  new  point  are  not  parallel  to  those 
at  the  centre  of  gravity,  unless  two  at  least  of  the  direction  cosines 
of  ro  are  null;  that  is  to  say,  unless  the  new  point  is  in  one  of  the 
original  principal  axes,  when  aU  the  moments  of  deviation  vanish, 
and  the  new  axes  are  parallel  to  the  original  axes. 

586.  The  BeaalcaBt  lllmnent  mf  Derlattoa  about  a  given  axis  is 
represented  by  the  diagonal  of  a  rectangular  parallelogram  of  which 
the  sides  represent  <£e  moments  of  deviation  relatively  to  two 
rectangular  co-ordinate  planes  traversing  the  given  axis. 

Let  the  principal  axes  and  moments  of  inertia  at  a  given  point 
be  known,  and  let  three  new  axes  of  moments,  denoted  by  a?,  y,  «, 
be  taken  in  any  three  rectangular  directions  making  angles  with 
the  oiiginal  axes  denoted  as  in  the  equations  of  Article  583.  Then 
the  moments  of  deviation  in  the  new  co-ordinate  planes  are 

S  y  «  =  COS  y  a?i  •  cos  ;?  ajj  S  a{  +  cos  y  yx  •  cos  «  y,  S  yj 

+  cos  y  »i  •  cos  «  «i  S  «;, (1.) 

and  similar  equations  for  Bzx,  and  S  xy,  miUatis  mutandU.  Sul>- 
stituting  for  S  x],  &c,  their  values,  S  R'  —  Ii,  &c,,  and  observing  that 

A  A       ,  A  A       ,  A  A 

cos  y  iCi  ■  cos  «  iCi  +  cos  y  yi  '  cos  z  yi  +  co&  y  z^  cos  z  Zi  =i  0, 

those  equations  become 

a  _  A  A  A  A 

»y«=  -Ij  'cosya?!  •  cos  ^ajj  - 1,  •  cos  yy^ -cos  «y, 

-,  A  A 

-Ij'oosyafi  'COS  zzi, (2.) 
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and  siinilar  equations^  mtOaiis  muUmdia,  for  Bzx,  &xy;  from 
which,  by  the  aid  of  relations  amongst  the  direction  cosines 
already  stated  in  Article  583,  the  following  value  is  found  for  the 
resultant  moment  of  deyiation  aboi^t  one  of  the  new  axes,  such 
as  a;: — 


K,  =  ^ [ij  cos*  a; a;,  +  IJ  cos* ajyi  + 1|  cos*  xz^ 

-(Ij  cos'ajsBi  +  I,  co8*a;yi+  Ij  cos*xzy}; 

=  ,y{ltCos"a;a:i  +  IJ  •  cos*ajyi  +  I|cos*a?«i-Il} 


..(3.) 


This  equation,  expressed  in  terms  of  the  axes  of  the  ellipsoid  of 
inerti%  becomes  as  follows : — 

K.= ^  { ^ + -;4 + ?2?!^  -  i^ }  ...(4.) 

but  the  positive  part  of  this  expression  is  well  known  to  be  the 

value  of  -J— ^  where  n  represents  the  fwrmdl  let  fall  from  the  centre 

of  the  ellipsoid  of  inertia  upon  a  plane  which  touches  the  ellipsoid 
at  the  point  where  it  is  cut  by  the  new  axis  x.     Hence 


in  which  it  is  to  be  observed,  that  J^  -  w*  represents  the  length  of 
the  tangent  to  the  ellipsoid,  fix)m  the  point  of  contact  to  the  foot  of 
the  noimal.  Also,  let  B  be  the  angle  between  the  noimal  n  and 
the  semidiameter  a;  then  ^«*- w* :  w  =  tan  ^,  and 

B:.  =  I,tan^ (6.) 

SBcrnoN  2. — On  Uniform  Rotation. 

587.  The  ]ll«Mcatam  of  a  body  rotating  about  its  centre  of  gravity 
is  nothing,  according  to  the  principle  of  Article  524.  As  every 
motion  of  a  rigid  body  can  be  resolved  into  a  translation,  and  a 
rotation  about  its  centre  of  gravity,  the  rotation  will  be  supposed 
to  take  place  about  the  centre  of  gravity  of  the  body  throughout 
this  section. 

588.  The  Aagnior  ]ii«iiiciiivm  is  found  in  the  following  manner : — 
TiCt  X  denote  the  axis  of  rotation,  and  y  and  z  any  two  axes  fixed 
in  the  body,  perpendicular  to  it  and  to  each  other.     Let  a  be  the 

2m 
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angalar  Telocity  of  rotation.    Then  the  velodtj  of  any  particle  W, 
whose  radius  vector  i8r  =  ,yy*  +  «",  is 


and  the  angular  momentum  of  that  particle,  rdaUvdif  to  the  axis  of 

rotation,  is 

Wat*       Wa,  ,        ^ 
-^  =—(,.+  /); 

being  the  product  of  its  moment  of  inertia  into  its  angular  tfdocity^ 
divided  by  g,  because  of  the  weights  of  the  particles  having  be^ 
used  in  computing  the  moment  of  inertia.  Now  let  a  line,  parallel 
to  the  radius  vector  of  the  particle,  be  drawn  in  the  ][Jane  of  y  and 
z;  the  distance  of  that  line  from  ^e  particle  is  x,  and  the  ai^^ar 
momentum  of  the  particle  rdaJtivdy  to  that  line  is 

—  ar  x=  — <*x  ijy  +  ar; 

and  this  may  be  resolved  into  two  components;  one  rdaHwdy  to  the 
axis  oi  y, 

W  azx 

~T~' 

and  the  other  relatively  to  the  axis  of  z^ 

Waxy 

and  these  are  equal  respectively  to  the  angular  velocity  divided  by 
the  acceleration  produced  by  gravity  in  a  second,  multiplied  by  the 
moments  of  deviation  of  the  particle  in  the  co-ordinate  planes  ofzx 
soidxy. 

Hence  it  appears  that  the  resultant  angular  momentum  of  the 
whole  body  consists  of  three  components,  viz.  : — 

Relatively  to  the  axis  of  rotation, 

9  9 

and  relatively  to  the  transverse  axes, 

—  'Bzx;-'8xy; 
9  9 

and  if  lines  proportional  to  those  three  components  be  set  off  upon 
the  three  axes,  the  diagonal  of  the  rectangle  described  upon  them 


•a.) 


Digitized 


byGoogk 


ANOULAB  MOMENTUH.  531 

will  represent  in  direction  the  axis,  and  in  length  the  magnitude, 
of  the  resultant  angular  momentunL 

It  follo-wB  that  die  ctoda  ofangula/r  mom&rUvm  of  a  rotating  body 
does  net  coincide  with  the  axis  ofrotationy  unless  thai  axis  is  an  axis 
of  inertia;  in  which  case  the  moments  of  deviation  are  each  equal  to 
nothing,  and  the  resultant  angular  momentum  is  simply  the  product 
of  the  Tnoment  0/ inertia  abowt  the  ctxis  o/rotalion  into  the  angular 
vdodty,  divided  by  g, 

Now  let  the  axes  of  inertia  be  taken  for  axes  of  co-ordinates,  and 
let  the  axis  of  rotation  make  with  them  the  angles  •,  /3,  y.  Resolve 
the  angular  velocity  a  about  that  axis  into  three  components  about 
the  axes  of  inertia 

a  cos  •;  aoos/8;acos  7; 

then  the  angular  momenta  due  to  those  three  components  are 
respectively 

-IiCOS«:-IaCOS/6i-Is00B7; 

9  9  9 

the  resultant  angular  momentum  is 

A  =  -- J|;i!co8"«  +  IJcos"/8  +  I!cos*y}; (2.) 

and  the  axis  of  angular  momentum  makes  with  the  axes  of  inertia 
the  angles  whose  cosines  are 

g  Ii  cos  •    g  I,  coB/8    «  I,  cos  y  .„  . 

gA.      ''      gA      '       gA     ^"^'^ 

Now,  as  already  shown  in  Article  586,  the  quantity  whose  square 
root  is  extracted  in  equation  2  is  the  reciprocal  of  the  product  of 
the  squares  of  the  semidiameter  and  normal  of  the  ellipsoid  of 
inertia;  and  by  inspecting  the  equations  of  Article  586,  it  is 
evident,  that  the  square  root  itself,  in  equation  2  of  this  Article,  is 
the  restdtant  of  the  moment  of  inertia  and  moment  of  deviaUon 
proper  to  the  axis  of  rotation;  so  that  equation  2  may  be  expressed 
in  the  following  form  : — 

^=F^.=i^<^+^'>' ^'-^ 

n  being,  as  before,  the  normal,  and  s  the  semidiameter  of  the 
ellipsoid  of  inertia  at  the  point  cut  by  the  axis  of  rotation  ^  for 
which  the  moments  of  inertia  and  of  deviation  are  I  and  K. 

Further,  the  direction  cosines  of  the  axis  of  angular  momentum, 
in  the  foi-mula  3^  which  may  otherwise  be  expressed  as  follows ; — 
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.(5.) 


Ii  COS  «»         IgOoa/8         Iscoa  y 

are  the  directioii  cosines  of  the  normal  of  the  ellipsoid  of  inertia. 
Hence  the  axis  o/<mgiUa/r  momentum  at  any  instant  is  in  the  direo- 
tion  o/tlis  normal  let  /all  from  the  centre  qf  the  ellipsoid  o/inerUa 
up(m  a  plaaie  touching  that  ellipsoid  at  the  end  of  that  diameter  vJUch 
is  the  aads  of  rotation;  and  tlU  angular  momefntvm  itsdf  is  direcUy 
as  the  <mgyla/r  velocity  ofrotaiion,  and  inversdy  as  the  product  of  the 
Tuyrmal  and  semidiameter. 

The  angle  between  the  axes  of  rotation  and  of  angular  momeDtum 
is  the  angle  already  denoted  by  ^  in  Article  586,  whose  value  is 
given  by  the  equation 

By  the  following  geometrical 
construction,  the  preceding  prin- 
ciples are  represented  to  the 
eye : — 

In  fig.  241,  let  O  be  the  point 
about  which  the  body  rotates,  and 
A  B  C  A  B  C  its  ellipsoid  of 
inertia,  whose  semi-axes  have  the 
proportions 

^:Ol:OC::^:^:;^; (7.) 

Let  O  E*  be  the  axis  of  rotation,  whether  permanent  or  instanta- 
neous, O  B  being  the  semidiameter  of  the  ellipsoid  of  inertia.  Let 
R  T  be  part  of  a  plane  touching  the  ellipsoid  at  K,  and  O  N  a 
normal  upon  that  plane  from  O.  Then  the  moment  of  inertia,  the 
moment  of  deviation,  and  their  resultant,  the  total  moment,  have 
the  following  proportions : — 


I  :B:  :  jr  +  K» 
1  RN  1 


.(a) 


**OR»'OR*ON    ORON' 

the  direction  of  the  axis  of  angular  momentum  i^  O  N ;  and  its 
amount  is  proportional  to  - 


^  •  O  R  •  O  N 
589.  The  Aciwa  jBMOTsy  •£  uta»$9u  of  a  body  rotating  about  its 
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centre  of  gravity,  being  the  sum  of  the  masses  of  its  particles,  each 
multiplied  into  one-half  of  the  square  of  its  velocity,  is  found  as 
follows : — a  being  the  angular  velocity  of  rotation,  the  linear  velo- 
city of  any  partide  whose  distance  from  the  axis  of  rotation  is  r,  is 

V  =  ar; 
and  the  actual  energy  of  that  particle,  its  weight  being  W,  is 


^9  ^9 


(1.) 


being  the  moment  o/inertia  of  the  particle  multipHed  by  — .    Hence 
for  the  whole  body  the  actual  energy  of  rotation  is 

''-r/' « 

that  is  to  say,  €U!tua2  energy  bea/rs  the  mme  rdation  to  cmgvlar  velo- 
city and  moment  o/inertia  that  it  does  to  linear  vdodty  wnd  weight, 

Eeferring  again  to  fig.  241,  it  appears  that  the  actual  energy  of 
rotation  is  proportional  to 

(3.) 


2^7 -OR' 

Conceive,  as  in  the  last  Article,  the  angular  velocity  ct  to  be  re- 
solved into  three  components  about  ^e  three  axes  of  inertia 
respectively,  viz.: — 

a  cos  «,  a  cos  /£|.  a  cos  y; 

then  the  quantities  of  actual  energy  due  to  those  three  component 
rotations  are 

a' I,  cos* «    a*  Is  cos* /9    a*  I,  cos*  y  ,,. 

2g       '        27"  ^        2g       ' ^^'^ 

which  being  added  together,  reproduce  the  amount  of  actual  enei^ 
given  in  formula  2;  showing  that  the  acttutl  energy  o/rotaHon  about 
a  given  aads  is  the  sum  qftlie  actvxd  energies  due  to  the  components  of 
thai  rotation  abovi  the  three  oases  o/inertia. 

590.  Fv«e  B«caU«B  is  that  of  a  body  turning  about  its  centre  of 
gravity  under  no  force.  The  principles  of  the  conservation  of 
angular  momentum  (Article  563),  and  of  the  conservation  of  in- 
ternal energy  (Article  565),  being  applied  to  free  rotation,  show 
that  it  is  governed  by  the  following  laws: — 
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I.  The  direction  of  the  axis  o/cmgular  mamenlufn  isfixed, 
IL  The  cmguUvr  momentum  is  conatant. 

III.  Tlie  actual  enerffy  ie  constant. 

The  first  law  shows,  that  the  direction  of  the  normal  O  N,  fig. 
241,  is  fixed;  and  consequently,  that  unless  that  normal  coincide 
with  the  axis  of  rotation  O  E,  which  takes  place  for  axes  of  inertia 
only,  the  axis  of  rotation  is  not  a  fixed  direction,  and  is  therefore 
an  instantaneous  oasis  only  (Articles  385  to  393).  Hence  the  axes 
of  inertia  are  sometimes  (»lled  ^^  permanent  ojxes  of  rotation." 

The  second  and  third  laws  are  expressed  by  the  following  equa- 
tions:— 

A  =  -  ^(I«  +  K")  =  constant ; 

E  =  TT-   =  constant. 

To  find  how  these  laws  regulate  the  changes  of  direction  of  the 
instantaneous  axis,  eliminate  the  angular  velocity  as  follows : — 

yA*  _  r  +  K'  _  lycos'g  -f  Ijcos'/S  +  i;co8«y 
2E   ""        I        ~  Ijcos'*  +  Igcos'/S  +  lacos'y 

=  constant (2^) 

Now,  referring  to  fig.  241,  and  to  equaticm  8  of  Article  588,  it 
appears  that  P  +  K'  oc  1  -r-  OR"  •  ON*,  and  that  I  a  1  ^  OR* ; 
whence 

— I oc -=;  oc  constant; (a) 

That  is  to  say,  ihe  normal  O  N  iff  constant  in  length  as  mU  as  fixed 
in  direction;  and  therefore  a  body  rotating  fredy  maces  in  such  a 
manner f  that  its  ellipsoid  of  inertia  aluxiys  touches  afxedplane  (viz., 
the  plane  T  N  R),  the  instantaneous  aads  traversing  the  point  of 
contact. 

The  second  of  the  equations  (1.)  farther  shows,  that  the  angular 
velocity,  being  given  by  the  equation 


-J-  (4) 


is  at  each  instant  proportional  to  the  semidiameter  O  R 

If  the  instantaneous  axis  O  R  and  the  position  of  the  body  are 
known  at  any  instant  of  the  rotation,  the  tnvariahle  plane  T  N  R^ 
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and  the  length  and  direction  of  the  fixed  nonnal  O  N,  are  also 
known. 

Ck)nceive  a  curve  to  be  drawn  on  the  ellipsoid  of  inertia  through 
all  the  points  whose  tangent  planes  are  at  the  same  perpendicular 
distance  ON  from  the  centre*  then  the  instantaneous  axis  OR 
will  always  traverse  that  curve,  and  will  always  be  found  in  the 
surface  of  a  cone  of  the  second  order  fixed  rdaUvdy  to  the  axes  of 
inertia,  whose  equation  is 

(if-o^)  -'-+  («-6^i)  -'''+  («-^i-;)«»V=o...(5.) 

Let  this  be  caUed  the  rolling  cone.  Then  the  motion  of  the  body 
will  be  such  as  would  be  produced  by  the  rolling  of  the  rolling 
cone  upon  a  fixed  cone  generated  by  the  motion  of  O  B  relatively 
to  ON. 

As  free  rotation  is  of  unusual  occurrence  in  practical  mechanics, 
I  shall  refrain  from  applying  its  principles  to  special  examples  here, 
and  shall  refer  the  reader  to  the  work  of  M.  Poinsot  on  Eiotation, 
and  to  a  paper  by  Professor  Clerk  Maxwell  in  The  Transactions  of 
the  Eoyal  Society  0/ Edinburgh,  voL  xxL 

591.  VMtArai  RvlaUeM  abo«i  a  Fixed  Aids. — When  a  body  ro- 
tates about  a  fixed  axis  traversing  its  centre  of  gravity,  with  an 
uniform  angular  velocity,  its  actual  energy  is  still  represented,  as 
in  the  case  of  free  rotation,  by 

E  =  ^— =  constant;, ^ (1.) 

and  its  angular  momentum  by 

A- -V(P  +  K')  =  constant; (2.) 

y 
but  wUess  the  axis  of  rotation  is  an  axis  0/ inertia,  the  axis  of  angu- 
lar momentum  O  N  is  no  longer  fixed,  but  revolves  about  the  fixed 
axis  of  rotation  O  R  with  the  angular  velocity  a.  In  order  to 
produce  that  continual  change  in  the  direction  of  the  axis  of  angu* 
lar  momentum,  a  continual  angular  impulse,  or  continuously  acting 
couple,  must  be  applied  to  the  body ;  and  unless  that  couple  be 
applied,  the  axis  of  rotation  will  not  remain  fixed. 

592.  The  Deiriatlii«  Coapie*  as  the  couple  required  for  the  above 
purpose  is  called,  must  have  its  axis  always  perpendicular  to  the 
axis  of  angular  momentum,  otherwise  it  would  alter  the  amount  of 
the  angular  momentum,  contrary  to  the  condition  of  uniform  rota- 
tion.    The  axis  of  the  deviating  couple  must  also  be  always  per- 
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peudicular  to  tlie  axis  of  rotation,  because,  in  order  that  it  may  not 
alter  the  actual  energy  of  the  body  (contrary  to  the  condition  of 
uniform  rotation),  the  pair  of  equal  and  c^posite  forces  composing 
it  must  act  throng  points  having  no  motion;  that  is,  tlnonglE 
points  in  the  axis  of  rotation.    (In  machines,  the  forces  constitut- 
ing the  deviating  couples  are  supplied  by  the  pressures  of  the  bear- 
ings against  the  axles.)    It  appears,  therefore,  that  the  axis  of  the 
deviating  couple  must  always  be  perpendicular  to  the  plane  O  HN^ 
which  contains  the  axes  of  rotation  and  of  angular  momentum ;  and 
that  the  pair  of  forces  constituting  it  must  always  act  in  that  plane, 
changing  their  direction  as  the  body  rotates,  with  an  angular  velo- 
city equal  to  that  of  the  body.    The  direction  of  the  deviating 
couple  must  be  such  as  would  of  itsdf  tend  to  turn  O  N  Unoards  O  R. 
To  determine  the  amount  of  the  deviating  couple,  let  ^,  as  before, 
denote  the  angle  ORN.     Then  in  the  indefinitely  short  interval 
of  time  dty  the  direction  of  the  axis  of  angular  momentum  is  shifted 
through  the  indefinitely  small  angle 

adt  'Bin  ^, 

and  the  result  differs  to  an  indefinitely  small  extent  from  that 
which  would  be  produced  by  combining  with  the  actual  angular 
momentum  A,  an  angular  momentum  about  the  axis  of  the  deviat- 
ing couple  represented  by 

and  this  is  the  angular  impulse  to  be  supplied  in  the  interval  d  t 
by  the  deviating  couple ;  therefore  the  deviating  couple  is 


M  =  Aasin^  =  - JP  +  K'-sin^: 

9 
]^ 
but  sin  ^=  •;  therefore 

"=°f' 0) 

and  if  Q  be  the  magnitude  of  each  of  the  forces  constituting  this 
couple,  and  /  the  length  of  the  arm  on  which  they  act  (being  the 
distance  between  their  points  of  application  to  the  axis),  so  that 
M=:Q;,  then 

^      M      a«K 

^=j=-jr-' <^> 

which  being  compared  with  the  expression  for  dmeAvng  fane  in 
Article  537,  shows  that  the  force  of  a  deviating  couple  bears  the 


Digitized 


byGoogk 


DEVIATIKO  AND  CESTBITUQIlL  COUPLES — ENEBOY  OF  COUPLES.     537 

same  relation  to  the  angular  velocity  a,  the  momerU  of  deviation  K, 
and  the  arm  l,  which  a  simple  deviating  force  bears  to  the  linear 
velocity  v,  the  weight  W,  and  the  radios  vector  r. 

To  represent  these  piinciples  graphically,  it  is  to  be  observed 
that  in  fig.  241,  the  ratio  of  moment  of  deviation  to  the  moment  of 

inertia  is  

K  :  I  ; :  RN  ;  6^; (3.) 

and  that  this  also  expresses  the  ratio  of  the  deviaUng  couple  to 
cUmble  the  actual  energy,  viz. : — 

#E  =  ?=*-' (*•) 

The  reaction  of  the  axis  of  the  rotating  body  on  its  bearings,  equal 
and  opposite  to  the  deviating  couple, — that  is,  tending  to  turn  the 
axis  of  those  bearings  towards  the  axis  of  angular  momentum  O  N, 
— ^is  called  the  centbifuoal  couple.  It  is  balanced,  in  machines, 
by  the  strength  and  rigidity  of  the  framework. 

The  amount  and  direction  of  the  deviating  couple  might  have 
been  determined  by  finding  the  resultant  couple  of  the  deviating 
forces  required  to  make  each  particle  of  the  body  revolve  in  a  circle 
about  O  R  with  the  common  angular  velocily;  and  the  result  would 
have  been  exactly  the  same. 

593.  EacrgT  «■«  Work  •!  c««plM. — The  energy  exerted  by  a 
couple  is  the  product  of  the  common  mi^itude  of  its  pair  of  forces 
into  the  sum  of  the  distances  through  which  their  points  of  appli- 
cation move  in  the  interval  of  time  under  consideration;  and  as 
that  sum  is  the  product  of  the  length  of  the  arm  of  the  couple  into 
the  angle  through  which  it  rotates  about  its  axis  in  that  time,  the 
energy  exerted  may  be  expressed  by 

-Eldi^iUdi^^adt, (1.) 

di  being  the  angle  of  rotation  about  the  axis  of  the  couple  in  the 
interval  dt,  with  the  angular  velocity  a.  When  the  couple  acts 
agaimt  the  direction  of  rotation,  the  above  expresdon  becomes 
negative,  and  represents  vxyrk  performed 

If  a  couple  be  applied  to  a  rotating  body  whose  axis  of  rotation 
makes  an  angle  9  with  the  axis  of  the  couple,  then  the  energy 
exerted  may  be  found  either  \j  resolving  the  couple  into  two  com- 
ponents, one  about  the  axis  of  rotation,  which  is  either  an  accele- 
rating or  a  resisting  couple,  gives  rise  to  enei^  exerted  or  work 
performed,  as  the  case  may  be,  and  may  be  called  the  direct  couple, 
and  the  other  about  an  axis  perpendicular  to  the  axis  of  rotation, 
which  may  be  called  the  hxteral  couple, — or  by  resolving  the  rota- 
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tion  into  oomponents  about  the  axis  of  the  couple  and  about  an. 
axis  perpendicular  to  it,  and  multiplying  the  former  component  br 
the  couple. 

The  result  obtained  by  either  method  is  expressed  by 

Macos(p    dt, (2.) 

which  represents  energy  exerted  or  work  performed^  according  as 
the  couple  acts  with  or  against  the  rotation. 

When  the  direct  couples  applied  to  a  rotating  body  are  balanced, 
the  actual  energy  of  the  body  remains  constant,  the  potential  energy 
exerted  in  any  interval  of  time  is  equal  to  the  work  performed; 
that  is 

2  •  M  cos^  =  0; (3.) 

and  the  same  law  holds  for  the  energy  exerted  and  work  performed 
during  each  period  in  the  motions  of  a  body  or  system,  whose 
motions  vary  periodically;  but  it  is  unnecessaiy  to  enter  in  detail 
into  the  consequences  of  these  propositions,  which  are  only  a  par- 
ticular form  of  expressing  a  part  of  the  general  principles  already 
explained  in  Articles  518,  519,  520,  and  553,  further  than  to  state 
that  the  principle  of  virtual  velocities  (Article  520),  when  applied 
to  a  system  of  bodies  in  equilibrio,  capable  of  rotating  with  angular 
yelocities  bearing  given  ratios  to  each  other,  takes  the  form, 

2    Ma  cos^  =  0, (4.) 

where  a  is  either  the  imiform  angular  velocity  of  which  the  body 
acted  on  by  the  couple  M  is  capable  about  an  axis  making  the 
angle  ^  with  the  axis  of  M^  or  any  nimiber  proportional  to  that 
angular  velocity. 

Section  3. — On  Varied  Rotation, 

594.  The  Iaw  •f  Taried  Roiatiea  13  the  Theorem  already  stated  in 
Article  562,  of  the  equality  of  each  variation  of  angular  momentum 
to  the  angular  impulse  producing  it;  a  principle  which  has  already 
been  applied  to  the  finding  of  the  deviating  force  required  to  pro- 
duce imiform  rotation  about  a  fixed  axis. 

To  express  this  mathematically,  let  x,  y,  z,  denote  three  fixed 
rectangular  axes,  with  which  the  axis  of  angular  momentum  makes 
the  angles  ^,  ^,  i^;  and  let  the  angular  momentum  be  resolved  into 
three  components  about  those  three  axes, 

A,  =  A  cos  >i;  Ay  =  A  cos  f*;  A.  r=:  A  cos  »; 

also,  let  the  unbalanced  couple  which  acts  on  the  body  be  resolved 
into  three  rectangular  components  denoted  by 
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M.;  M,j  M.; 
then 

^'  =  M.;^  =  M,;^'  =  M. (1.) 

Those  three  equations  express  the  relations  hetween  the  nnhalanoed 
couple  and  the  rate  of  change  of  the  angular  momentum.  Those 
relations  may  otherwise  be  expressed  as  follows : — let  yp  be  the 
angle  made  by  the  axis  of  the  imbalanced  couple  with  the  axis  of 
angular  momentum;  then  the  couple  may  be  resolved  into  two 
components, 

M  cos  ^  and  M  sin  ^, 

of  which  the  former  produces  variation  in  the  amoved  of  angular 
momentum,  and  the  latter,  deviation  of  the  axis  of  angular  momen- 
tum, according  to  the  following  laws : — 

^=McoB^;A^^-  =  MBm^; (2.) 

in  the  latter  of  which  equations,  d  z  denotes  the  angle  through 
which  the  axis  of  angular  momentum  deviates  in  the  indefinitely 
small  interval  dt^ia  the  plane  which  contains  that  axis  and  the 
axis  of  the  couple  M,  and  in  a  direction  towards  the  latter  axis. 
This  equation  of  deviation  of  angular  momentum  has  in  fact  been 
already  employed  in  Article  592,  to  find  the  deviating  couple 
required  in  order  to  fix  the  axis  of  rotation,  when  that  difiera  from 
the  axis  of  angular  momentum. 

The  equations  1,  or  their  equivalents  2,  are  not  of  themselves 
sufficient  to  determine  the  variations  of  motion  of  a  body  rotating 
without  a  fixed  axis;  for  in  such  a  body,  the  angular  momentum 
may  change  by  a  change  of  the  direction  o/ite  axis  relatively  to  the 
body,  as  well  as  by  a  variation  of  amount,  or  a  deviation  of  its  axis 
in  absolute  direction.  This  is  expressed  by  putting  for  the  angular 
momentum  its  value  in  terms  of  the  moments  of  inertia  and  devia- 

a  /X'  4-  K* 

tion  relatively  to  the  instantaneous  axis,  viz.,  A  =  — — ; 

y 
when  the  equations  1  take  the  following  form  : — 

^  M,  =  —  <  a  cos  A  •  JTFITK}  >  ;  and  analogous  equations  for 

^M^and^rM,; (3.) 

while  the  equations  2  become 
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It  IB  therefore  necessary  to  have  an  additional  equation  to  complete 
the  data  for  the  solution  of  the  problem ;  and  this  is  afforded  by 
the  law  of  the  conservation  of  energy,  in  virtue  of  which  the  actual 
energy  stored  or  restored  by  the  rotating  body  is  equal  to  the  energy 
exerted  or  consumed  by  the  unbalanced  couple,  according  as  it  acts 
with  or  against  the  rotation,  as  the  following  equation  expresses, 
where  <p  is  the  angle  between  the  axis  of  the  unbalanced  couple  and 
the  instantaneous  axis  of  rotation. 

Macos^sn  —  -  •  — - — (5\ 

The  equations  3  or  4,  together  with  5,  and  with  the  relatioiis 
between  the  positions  of  the  axes  of  rotation  and  of  angular 
momentum  demonstrated  in  the  two  preceding  sections,  serve  to 
solve  the  problem  of  varied  rotation  in  its  utmost  generality,  and 
give  rise  to  some  exceeding  complex  mathematical  investigations. 
In  the  present  treatise,  however,  it  will  be  sufficient  to  show  the 
solution  of  some  of  the  more  simple  cases. 

595.  Varied  VLmmOmm  a^Mt  a  Piz«d  Axis. — ^When  a  body  rotates 
about  a  fixed  axis  traversing  its  centre  of  gravity,  and  is  acted  npon 
by  a  couple  M,  whose  axis  makes  an  angle  9  with  the  axis  of  rota- 
tion, that  couple  is  to  be  resolved  into  a  dvrect  couple,  M  cos  9,  about 
the  axis  of  rotation,  which  will  be  an  accelerating  or  retarding 
couple  according  as  it  acts  with  or  against  the  motion,  and  a  lateral 
couple,  M  sin  0,  which  tends  to  deviate  the  axis  of  rotation,  bat  is 
balanced  by  the  resistance  oi  the  bearings.  The  entire  amount  of 
the  couple  to  be  resisted  by  the  bearings  at  any  instant  is  the 
resultant  of  this  lateral  couple  and  of  the  centrifugal  couple  (Article 
592),  due  to  the  deviation  (if  any)  of  the  axis  of  angular  momentum. 

The  effect  of  the  direct  couple  in  varying  the  angular  velocity  is 
found  by  means  of  the  law  of  the  conservation  of  energy,  observing 
that  I  in  this  case  is  constant ;  that  is  to  say, 

^»-^=^5 0) 

and  by  dividing  this  equation  by  a,  and  observing  that  adi  =  d%, 
where  di  is  any  indefinitely  small  angle  of  rotation,  it  is  made  to 
assume  the  following  forms : — 
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^r  Ida     I    d*i     lada 

^-"^"^TdryTe-HdT' w 

allowing  that  the  direct  couple  is  equal  at  once  to  the  vanriatum  of 
cmguUvr  TnoTnentum  abaiU  the  fixed  axis  divided  hy  the  time,  and  to 
the  vofnation  ofactxud  eniergy  divided  hy  the  angular  motion. 

596.  Aaal«87  •<*  Varied  R^CMtoa  ma«  Taried  Tmadatiea. — When 
the  equation  of  Article  554  is  compared  with  equation  2  of  Article 
595,  it  appears  that  those  equations  are  exactly  analogous  to  each 
other,  and  that  the  former  is  transformed  into  the  latter,  when  for 

P,    W,    *,    V, 
there  are  respectively  substituted 

M  cos  ^,    I,    t,    a ; 
that  is  to  say,  a  direct  couple  for  a  direct  force,  moment  of  inertia 
for  weight,  angular  motion  for  linear  motion,  and  angular  velocity 
for  linear  velocity. 

Consequently,  by  making  those  substitutions,  any  equation  relat> 
ing  to  the  varied  translation  produced  by  a  direct  force,  may  be 
transformed  into  a  corresponding  equation  respecting  the  varied 
rotation  of  a  body  about  a  fixed  axis  traversing  its  centre  of  gravity 
produced  by  a  du^ct  couple.  Examples  of  this  principle  are  given 
in  the  two  following  Articles. 

597.  iDnifwm  Varteiiea  of  angular  velocity  is  produced  by  a  con- 
stant couple,  and  is  analogous  to  the  vertical  motion  of  a  heavy 
body,  as  given  in  Article  533.  In  that  Article,  g  is  the  proportion 
of  the  moving  force  to  the  mass  of  the  body.  Let  M  be  the  couple, 
and  let  ^  =  0 ;  that  is,  let  the  couple  be  altogether  about  the  axis  of 
rotation.     Then  for  ^  is  to  be  substituted 

which  is  to  be  considered  positive  when  in  i^e  direction  of  the 
initial  angular  velocity  Oq  ;  and  for  A  is  to  be  substituted  i.  Then 
equations  1  and  3  of  Article  533,  being  transformed,  give  for  the 
angular  velocity  and  total  angular  motion  at  the  end  of  a  given 
time  t,  the  expressions 


'Migt 


(1.) 


Equation  4  gives 

M*=<^f-^ W 
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whicli  is  also  the  result  of  applying  to  the  present  case  the  law  of 
the  conservation  of  energy;  the  right  hand  side  of  the  equation 
being  the  potential  eneigy  exerted,  and  the  left  hand  side  the  actual 
eneigj  stored. 

To  find  through  what  angle  a  body  will  turn  before  stopping 
against  a  constant  resistance,  its  initial  angular  velocity  being  a^ 
it  is  to  be  considered  that  if  B  is  the  resistance,  and  I  its  perpendi- 
cular distance  from  the  fixed  axis,  the  resisting  couple  is 

and  that  a  is  to  be  made  —  0 ;  whence  equationr  2  gives 

R"=1J (3.) 

598.  OrnutoM  about  a  fixed  axis,  or  AagaUw  OadUaaMi,  is  alter- 
nate rotation  to  one  side  and  to  the  other  of  a  middle  position. 
Let  a  straight  line  be  conceived  to  be  drawn  perpendicular  to  the 
axis  of  the  gyrating  body,  to  serve  as  an  index ;  let  its  middle  posi- 
tion be  denoted  by  0,  and  its  angular  displacement  from  that  posi- 
tion by  i,  positive  or  negative  according  as  it  is  to  one  side  or  to 
the  other ;  and  let  iy  be  the  semi-amplihide  of  gyration,  or  extreme 
displacement.  To  produce  gyration,  the  body  must  be  acted  upon 
by  a  couple  directed  towards  the  middle  position ;  that  is,  oontnuy 
to  the  displacement  i.  In  most  cases  which  occur,  the  couple  is 
either  exactly  or  nearly  proportional  to  the  displacement  Suppos- 
ing it  to  be  exactly  proportional,  let  M|  be  its  extreme  ma^nUude 
irrespective  of  sign  ;  then 

M=-?f^; (1.) 

the  negative  sign  showing  that  the  couple  is  contrary  to  the  dis- 
placement, tending  to  restore  the  body  to  its  middle  position. 

It  is  obvious  from  this  equation,  that  gyration  is  analogous  to 
straiglU  osciUcUion,  explained  in  Article  64^2 ;  and  that  the  equa- 
tions of  that  Article  are  to  be  transformed  by  substituting  respeo- 
tively  for 

^     Wa«     ^      dx       , 

*i,    *,    Ml,     ^,       M,      a,    Vy\ 
For  brevity's  sake^  let  the  substitute  for  a'  be  thus  expressed  :*- 
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then  by  transformiiig  equation  4  of  Article  542,  it  appears  that  the 
number  of  double  gyralums  per  second  is 


n  =  - 


,.(3.) 


which  is  independent  of  the  semi-amplitude  %i  so  long  as  Mi  is  pro- 
XX)rtional  to  ii,  and  I  is  constant  This  constitutes  ieochroniem,  and 
is  the  property  aimed  at  in  the  balance  wheels  of  watches,  where  I 
is  the  moment  of  inertia  of  the  wheel,  and  the  couple  is  derived 
from  the  elasticity  of  the  balance  spring. 

The  equations  2  and  3  being  transformed,  give  for  the  angle  and 
angular  velocity  of  displacement  at  any  instant, 


i  =  t\  cos  kt) 
a  =  -7-=  —kvifonkt', 

€t  t 


(*•) 


and  the  maximum  couple  Mi,  in  terms  of  the  number  of  double 
oscillations  per  second  n,  is  given  by  the  equation 

^^^gij^4x»n'i.l 

9  9       ^  '^ 

599.  A  siacle  Pmce  applied  to  a  body  with  a  fixed  axis  causes 
the  bearings  of  the  axis  to  exei-t  a  pressure  equal,  opposite,  and 
parallel ;  so  that  if  the  line  of  action  of  the  foi-ce  traverses  the  fixed 
axis,  it  is  balanced  ;  and  if  not,  a  couple  is  formed  whose  moment 
is  the  product  of  the  force  into  its  perpendicular  distance  from  the 
axis,  and  whose  effects  are  such  as  have  been  already  described. 

Section  4. — Varied  Rotation  emd  Trandation  Combined. 

600.  General  Priaciplea. — ^All  rotation  of  a  body  about  an  axit, 
fixed  or  instantaneous,  which  does  not  traverse  the  centre  of  gravity 
of  the  body,  is  to  be  considered  as  compounded  of  rotation  about  a 
parallel  axis  traversing  the  centre  of  gravity,  and  translation  of  the 
centre  of  gravity  with  a  velocity  equal  to  the  product  of  the  angu- 
lar velocity  into  the  distance  of  the  centre  of  gravity  from  the 
actual  axis  of  rotation. 

Consequently,  every  variation  of  the  motion  of  a  body,  which 
consists  in  a  variation  of  the  angular  velocity  about  an  axis,  fixed 
or  instantaneous,  and  not  traversing  the  centre  of  gravity,  is  to  be 
considered  as  producing  a  change  of  the  momentum,  which  is  the 
product  of  the  mass  of  the  entire  body  into  the  velocity  of  its  centre 
of  gravity,  and  a  simultaneous  change  of  the  anguLoflr  TMymerUum 
due  to  the  rotation  of  the  body  with  the  given  angular  velocity 
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about  an  axis  traversing  its  centre  of  gravity  parallel  to  the  actual 
axis  of  rotation ;  and  the  force  required  to  produce  the  given  varia- 
tion of  motion  will  be  the  resultant  of  the  force  required  to  prodnce 
the  change  of  momentum,  applied  at  the  centre  of  gravity,  and  the 
couple  required  to  produce  the  change  of  cuogular  momentunL 

601.  PMpcrtiM  ef  the  Ceatre  •€  PercMtiMk — In  fig.  239,  Article 
581,  page  520,  let  G  be  the  centre  of  gravity  of  a  rigid  body  whose 
weight  is  W,  XX  the  axis  about  which,  in  the  interval  dl,  a  change 
of  angular  velocity  denoted  hj  da  takes  place,  and  G C  =  Tq,  the 
perpendicular  distance  of  the  centre  of  gia\dty  from  that  axia 
Then  the  force,  in  a  direction  perpendicular  to  the  plane  of  X  X 
and  G  0^  required  at  G  to  produce  the  change  of  momentum,  is 

"-^■^ <>•) 

and  the  couple  required  to  produce  the  change  of  angular  momen- 
tum due  to  the  change  of  angular  velocity  da  about  the  axis 
GD||XX  is 

^  =  '^^ (20 

and  the  resultant  of  that  force  and  couple  (according  to  Article 
41)  is  a  force  acting  in  the  same  plane  with  them,  parallel  and 
equal  to  F,  and  in  the  same  dii-ection,  but  acting  through  a  point 
whose  distance  &om  G,  in  a  direction  opposite  to  G  C,  is 

¥=wvyi=^^' (^•) 

that  is,  the  resultant  of  the  force  and  couple  is  a  gingle  force  ¥  ad- 
ing  Hvrough  the  centre  of  percussion  B  corresponding  to  the  given  cuds. 
(See  Article  581,  equation  4.) 

Now  suppose,  as  in  Article  581,  that  the  weight  of  the  body  is 
distributed  in  two  rigidly  connected  masses,  one  concentrated  at  C 
and  the  other  at  B,  and  having  their  common  centre  of  gravity 
still  at  G.  Then  in  producing  the  same  change  of  angular  velo- 
city d  a  about  the  axis  X  0  X,  the  momentum  of  C  is  unchanged^ 
while  that  of  B  undergoes  the  change 

9  ^  if 

being  the  exact  change  of  momentum  already  given  in  equation  1 ; 
a  consequence,  indeed,  of  the  fact,  that  the  centi-e  of  gravity  is  not 
changed  by  the  concentration  of  the  masses  at  B  and  C;  and  to 
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produce  this  change  of  momentum  in  the  interval  d  t,  there  is  re- 
quired the  same  force  F  applied  at  B,  which  has  already  been 
found;  which  proves  the  following 

Theorem  L  If  the  mass  of  a  body  he  conceived  to  he  concerUrcUed 
aJt  two  rigidly  connected  povrUs,  one  aJb  a  given  axisy  and  ike  other  at 
the  corresponding  cenire  qf  percussion,  eo  as  not  to  alter  the  position  of 
the  centre  of  gravity  of  the  body,  the  force  required  to  prodtice  a  given 
change  of  angidar  velocity  in  the  hody  ahijut  the  given  aods  is  the 
same,  in  nuignitude,  direction,  and  line  of  action,  wiih  that  required 
to  produce  ^  corresponding  change  of  motion  in  thai  part  of  the 
mass  which  is  conceived  to  he  concentrated  at  the  centre  of  percussion. 

This  pi'oposition  might  also  have  been  arrived  at  by  considering 

Theorem  II.  If  a  hody  rotates  ahaul  a  given  aads  not  traversing 
its  centre  ofgra/oity,  and  As  mass  of  thai  hody  he  conceived  to  he  con- 
centrated at  the  aacis  of  rotation  and  centre  of  percussion  so  as  not  to 
alter  tfie  centre  of  gra/viiy,  the  momentwm,  the  angular  fnamenrUum, 
and  tiis  adual  energy  of  five  hody  are  not  changed  hy  that  cqncentrar 
tion  of  mass. 

For  the  centre  of  gravity  being  unchanged,  the  momentum  is 
unchanged;  and  because  (by  the  definition  of  the  centre  of  percus- 
sion) the  moment  of  inertia  about  the  axis  of  rotation  is  imchanged, 
the  angular  momentum  and  actual  energy  are  unchanged. — Q.  R  D. 

Corollary.  From  Theorem  L,  and  from  equation  5  of  Article 
/)81,  it  follows,  that  the  action  of  an  impulse  upon  a  free  body  at 
cither  of  the  points  £  or  C,  produces  a  rotation  about  an  axis  tra- 
versing the  other  point. 

602.  Fixed  Axto^ — ^When  the  axis  of  rotation  X  X  is  fixed,  an 
impulse  applied  to  the  centre  of  percussion  £,  in  a  direction  per- 
pendicular to  the  plane  £  X  X,  simply  alters  the  angular  velocity 
according  to  the  principles  explained  in  the  last  Article,  without 
causing  any  additional  pressure  between  the  axis  and  its  bearings. 
But  should  the  force  giving  the  impulse  not  traverse  the  centre  of 
percussion,  or  traverse  it  in  a  different  direction,  it  is  to  be  resolved 
by  the  principles  of  statics  into  two  components,  one  traversing  the 
centre  of  percussion  in  the  required  direction,  and  the  other  tra- 
versing the  axis  of  rotation;  when  the  former  will  produce  change 
of  motion,  and  the  latter  will  be  balanced  by  the  resistance  of  the 
bearings  of  the  axis. 

603.  The  DerteciBc  FMce  of  a  body  rotating  about  a  fixed  axis 
not  traversing  its  centre  of  gravity  is  the  resultant  of  the  deviating 
force  due  to  3ie  revolution  of  the  whole  mass  conceived  as  concen- 
trated at  its  centre  of  gravity,  found  as  in  Article  540,  combined 
with  the  deviating  couple  due  to  the  rotation  of  the  body  with  the 
same  angular  velocity  about  a  parallel  axis  traversing  the  centre  of 
gravity,  found  aj9  in  Article  b^%     This  resoltant  deviating  force  is 

%^ 
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supplied  by  the  resistance  of  the  bearings  of  the  axis,  and  an  equi 
and  opposite  centrifuoal  force  is  exerted  hy  the  axis  agunst  t:- 


604.  A  Compomd  Oactllsttag  Peadhilaai  is  a  bodj  sapported  ^  | 
a  hori2ontal  fixed  axis,  about  which  it  is  finee  to  swing  under  *^ 
action  of  its  own  weight,  its  centre  of  gravity  not  bdng  ia  tk 
•axis. 

Now,  by  Article  601,  Theorem  IL,  the  momentum  andaii^Ji: 
momentum  of  the  body  are  at  every  instant  the  same  as  if  itis«» 
were  concentrated  at  the  axis  and  at  the  centre  of  oecillati(Hi  ict^ 
proportions  given  by  Article  581,  equations  1  and  6 ;  and  hr  i^ 
definition  of  the  centre  of  oscillation,  the  statical  nM>ment  of  u» 
weight  of  the  body  with  respect  to  the  axis,  being  the  conple  v^l 
causes  the  motion,  is  in  every  position  the  same  as  if  tlie  b»» 
were  concentrated  in  these  proportions;  iheareTare,  the  mfltiaii > 
the  body  is  exactly  the  same  as  if  it  were  so  conoen^ated ;  tb:  s> 
to  say,  it  oscillates  in  the  same  time  and  according  to  the  saB» 
laws,  with  a  simple  oscillating  pendulimi  as  defined  in  Aitkk  ^• 
whose  length  is  the  distance  from  the  axis  X  C  X  to  the  eesov  d 
oscillation  B,  as  given  by  equation  3  of  Article  581,  vix: — 

BC=^*  +  r. (L; 

Such  a  dmple  pendulum  is  caUed  the  eqmvaleni  simple  penidm^ 
It  is  obvious  that,  for  a  given  body  swinging  about  aU  posab^ 
axes  parallel  to  a  given  direction  in  ^e  body,  the  shortest  eqpi^ 
lent  simple  pendulum  is  that  whose  length  is  the  wiitiiwuiTn  nh* 
of  BC  as  given  by  the  above  equation.  That  minimum  )a^ 
corresponds  to  the  condition, 

whence,  > ^...(i) 


mm. 


-    I. 


that  is  to  say,  the  least  period  of  oscillation  of  a  pendnloia  K>r 
takes  place  when  the  distance  of  its  centre  of  gravity  from,  its  ax-- 
is  equal  to  the  radius  of  gyration  about  a  parallel  axia  tiaras: 
the  centre  of  gravity;  and  the  length  of  the  equivalent  simpkptc 
dulum  is  double  of  that  radius  of  gyration. 

If  for  a  given  direction  of  axis,  a  pair  of  points  be  so  reiaiedd. 
each  is  the  centre  of  percussion  for  an  axis  in  the  given  Saxtee'- 
traversing  the  other  (as  shown  by  Article  581,  equati<m  S),  »- 
the  period  of  oscillation  about  either  axis  is  the  same. 

From  the  properties  of  the  centre  of  percussion  explained  id  ^ 
Article,  it  is  sometimes  called  the  csntbe  of  oscillation 
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605.  c*mpMiadl  RcT^iTteg  Peadlataak — To  EToid  mmecessaiy 
complexity  in  the  theory  of  a  compound  revolving  pendulum,  let 
the  body  of  which  it  consists  be  of  such  a  figure  and  so  suspended, 
that  the  straight  line  C  G  B  (fig.  239),  traversing  the  point  of  sus- 
pension C  and  the  centre  of  gravity  G,  shall  be  one  of  the  axes  of 
inertia,  and  that  the  moments  of  inertia  about  the  other  two  axes 
shall  be  equal  Then  for  eveiy  axis  traversing  the  centre  of  gravity 
at  right  angles  to  C  G  B,  the  radius  of  gyration  is  the  same  -,  and 
consequently,  for  every  axis  traversing  the  point  of  suspension  C  at 
right  angles  to  0  G  B,  the  centre  of  percussion  B  is  the  same ;  and 
the  body  moves  exactly  like  a  simple  revolving  pendulum  of  the 
length  C  B,  and  height  C  B  '  cos  ^,  if  ^  is  the  angle  which  it  makes 
with  the  vertical 

It  is  to  be  borne  in  mind,  that  in  order  that  a  pendulum  may 
revolve  according  to  tiie  above  law,  it  must  have 
no  rotation  about  its  longitudinal  axis  B  G  0, 
but  must  swing  as  if  hung  by  a  double  universal 
joint  at  C  (Article  492). 

606.  A  WMmUmu  Pmdiiiam  (fig.  242)  is  a  body  X 
C  G  suspended  by  a  point  0  not  in  the  centre  of  ""^ 
gravity  G,  and  rotating  about  a  vertical  axis 
C  X  traversing  the  point  of  suspension.  To 
avoid  needless  complexity,  as  before,  let  0  G, 
and  E  G  perpendicular  to  it  in  the  vertical 
plane  of  0  G  and  C  X,  be  two  of  the  axes  of 
inertia  of  the  pendulum.  Let  Ii  be  its  moment 
of  inertia  about  G  E,  and  I,  its  moment  of 
inertia  about  G  C,  and  ti,  ttt  ^^  corresponding  radii  of  gyration. 
Let  the  angle  XCG:=«;  letOG=:ro;  and  let  the  weight  of  the 
pendulum  be  W.  Then,  a  being  the  angular  velocity  of  rotation 
about  the  vertical  axis,  it  appears  from  Articles  592  and  586  that 
the  deviating  couple  due  to  rotation  about  a  vertical  axis  traversing 
Gis 

-(I,  —  I,)cos«sm«  = («7  —  «ycos«8in«; 

to  which  has  to  be  added,  the  couple  due  to  the  deviating  force  of 
W  revolving  along  with  the  centre  of  gravity  G,  and  to  the  leverage 
To  cos  tty  being  the  height  of  0  above  G ;  that  is  to  say^ 

Wo"     . 

*ri,cos«Bm«; 

making  for  the  entire  deviating  couple 


(e!  — «J  +  *u)ooBie8in«; 
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and  this  couple  has  to  be  supplied  by  means  of  the  weight  of  the 
pendulum  acting  with  the  leverage  ro  sin  «^  that  ia,  it  must  be 
equal  to 

W  ro  sin  «. 

Dividing  by  this  quantity,  we  find 

^(^'+r.)co8-  =  l; (1.) 

and  putting  for  o^  its  value,  4  v*  T*,  where  T  is  the  number  of  tarns 
per  second,  this  leads  to  the  equation 

(«L^-+,.)eos.  =  j^  =  ;i; (2-) 

h  being  the  Jieight  of  the  equivalent  evmple  revolving  pendulum,  as 
given  in  Article  539,  equation  2. 

When  ^  the  radius  of  gyration  about  C  G,  is  insensibly  small 
compared  with  rj,  the  radius  of  gyration  about  G  E,  A  becomes 
equal  to  the  height  of  the  simple  pendulum  equivalent  to  the  pen- 
dulum in  the  figui*e,  when  made  to  revolve  without  rotation  about 
C  G,  as  in  the  last  Article.  When  ^t  =  ^»  the  height  becomes 
simply  ro  cos  «,  being  the  same  as  if  the  whole  mass  were  concen- 
trated at  the  centre  of  gravity.  This  is  very  nearly  the  case  in  the 
rotating  pendulums  used  as  oovernors  for  prime  movers,  which 
are  in  general  large  heavy  spheres  hung  by  slender  rods. 

607.  The  Baiiiatic  P«ii4aiam  is  used  to  measure  the  momentum 
of  projectiles,  and  the  impulse  of  the  explosion  of  gunpowder.  To 
measure  the  momentum  of  a  projectile,  such  as  a  nfie  ball,  the 
pendulum  must  consist  of  a  mass  of  material  in  which  the  bcdl  can 
lodge,  such  as  a  block  of  wood,  or  a  box  full  of  moist  day,  hung  by 
rods  from  a  horizontal  axis.  Suppose  the  ball  to  be  of  the  weight 
5,  and  to  move  with  the  velocity  v  in  a  line  of  flight  whose  perpen- 
dicular distance  from  the  axis  of  suspension  is  r'.  Then  the  angular 
momentum  of  the  ball  relatively  to  the  axis  of  suspension  is 

'-^■- <••) 

and  because  the  ball  lodges  in  the  pendulum,  this  angular  momen- 
tum is  wholly  communicated  to  the  joint  mass  consisting  of  the 
ball  and  the  pendulum,  which  swings  forward,  carrying  with  an 
index  that  remains,  and  points  out  on  a  scale  the  extreme  angular 
displacement  Let  this  be  denoted  by  i.  Let  I  denote  the  length 
of  the  simple  pendulum  equivalent  to  that  mass,  which  can  be 
found  by  means  of  Article  544,  equation  1,  from  the  number  of 
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oscillations  in  a  given  time;  let  W  be  the  joint  weight  of  the  pen- 
dulum and  ball,  and  Tq  the  distance  of  their  common  centre  of 
gravity  from  the  axis;  then 

B  =  ^'. (2.) 

is  the  portion  of  the  joint  weight  to  be  treated  as  if  concentrated 
at  the  centre  of  oscillation. 

Let  y  be  the  velocity  of  the  centre  of  oscillation  at  the  lowest 
point  of  its  arc  of  motion;  this  is  the  velocity  due  to  the  height, 
I '  versin  t;  that  is  to  say, 

Y  z=  J{2gl'  versin i)  =  2  sin  -g  *  J~9^l (3.) 

and  the  corresponding  angular  momei\tum  of  the  combined  mass  is 

;  which,  being  equated  to  the  angular  momentum  of  the  ball 

before  the  collision  (1),  gives  the  equation 

bvr=BYl; ...(4.) 

giving  for  the  velocity,  momentum,  and  actual  energy  of  the  ball, 
respectively. 


.(5.) 


6/  ' 

hv_  BVj    bf_  BJV^ 

g  '^    gr"  '  2g^  'zghn"' 

BV" 

The  energy  of  the  combined  mass  after  the  collision  being  -z: — , 

^g 
and  less  than  that  of  the  ball  before  the  collision  in  the  proportion 
of  6  f^  :  B  ^,  shows,  that  an  amount  of  energy  denoted  by 

IfO-^^ («•) 

disappears  in  producing  heat  and  molecular  changes  in  the  ball  and 
in  the  soft  mass  in  which  it  is  lodged. 

To  measure  the  impulse  produced  by  the  explosion  of  gunpowder, 
the  gun  to  be  experimented  on  is  to  be  fixed  to  and  form  part  of 
the  pendulum,  and  a  ball  is  to  be  fired  from  it.  The  gas  produced  by 
the  explosion  exerts  equal  pressures  during  the  same  time, — ^that  is, 
equal  impulses, — forwards  against  the  ball,  and  backwards  against 
the  gun,  and  the  pendulum  swings  back  through  a  certain  angle, 
which  is  registered  by  an  index  as  before,  and  fix)m  which  the 
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maximum  velocitj  of  the  centre  of  percussion  of  the  pendulum  can 
be  calculated  as  before  by  equation  3.  Let  /  now  denote  the 
distance  from  the  axis  of  suspension  to  the  axis  of  the  gun,  and  P 
the  pressure  exerted  by  the  explosive  gas  at  any  instant;  the  total 

impulse  exerted  by  the  gas  is  /  IP  dt;  and  the  angular  impulse 

f^  '  I  T  dt;  which  being  equated  to  the  angular  momentum  pro- 
duced in  the  pendulum,  gives 


.'I 


p<»=^-'. p) 


in  which  it  is  to  be  observed,  that  B  does  not  now  include  the 
weight  of  the  balL    The  impulse  exerted  by  the  powder  is  therefore 

p'^*=^^ (^) 

and  the  velocity  of  the  ball  (  on  leaving  the  gun  is  consequently 


/ 


gJTdt      j^Yl 

!•— 5   — i •— - 


''=-V-=^ (^•) 


The  energy  exerted  by  the  exploding  powder  is 

/P..=|^+^-; .....,aa) 

of  which  the  portions  communicated  to  the  ball  and  to  the  pendulum 
are  indicated  by  the  two  terms,  being  in  the  ratio 

6r»:BV»::B?:6t^ (11.) 

In  the  preceding  calculations,  the  momentum  and  eneigy  pro- 
duced in  the  explosive  gases  themselves  are  not  considered;  but  it 
is  very  doubtful  whether  any  attempt  to  take  them  into  aooount, 
hypotibetical  aa  it  must  be,  adds  to  the  practical  correctness  of  the 
result  As  a  probable  approximation,  the  following  may  be  em- 
ployed : — ^Let  w  be  the  weight  of  powder  used.  Divide  this  into 
two  parts  proportional  to  b  and  B,  viz.  : — 

hw        J    Bto 
b  +  B^^b  +  B' 

consider  the  smaller  part  to  move  with  half  the  velocity  of  B,  and 
the  larger  with  half  the  velocity  of  6;  that  is  to  say,  in  equations 
7,  8,  and  9,  put, 
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[istead  of  B, 


nd  instead  of  5, 


B- 


hw 


b-\- 


2{b  +  B)' 
Bw 


2{b  +  B)' 


.(12.) 


rhe  equation  10,  in  its  original  form,  -will  still  show  the  actual 
energies  of  the  pendulum  and  of  the  ball,  and  their  sum ;  but  that 
lum  -will  be  exduaive  of  the  energ7  exerted  in  giving  motion  to  the 
explosive  gases  themselves. 

The  ballistic  pendulum  was  invented  by  Bobins,  celebrated  for 
Ids  investigations  on  gunneiy. 
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CHAPTER  IV. 

MOnOMB  OF  FLIABLB   BODIES. 

608.  ifaiara  •fthe  Snldects  TitoBti«B«— The  motion  of  each  par- 
ticle of  a  pliable  body  may  always  be  resolved  into  three  components : 
that  which  it  has  in  common  with  the  centre  of  gravity  of  the  body, 
being  the  motion  due  to  tiunslation  of  the  whole  body;  that  which 
it  has  about  the  centre  of  gravity  of  the  body,  being  the  motion  due 
to  rotation  of  the  whole  body;  and  a  third  component,  being  the 
motion  due  to  alterations  of  the  volume  and  figure  of  the  body  and 
of  its  parts.  This  third  component  is  alone  to  be  considered  in  the 
present  chapter. 

The  ctJiemcUical  branch  of  the  present  subject, — ^that  is  to  say, 
the  branch  which  comprehends  the  relations  amongst  the  displace- 
ments of  the  particles  in  a  strained  solid  from  their  free  positions, 
and  the  strains  or  disfigurements  of  its  parts  accompanying  such 
displacements, — ^has  already  been  treated  of  generally  in  Articles 
248,  249,  250,  260,  and  261 ;  with  reference  to  bending,  in  part  of 
293,  part  of  300,  301,  part  of  303,  part  of  304,  part  of  307,  part  of 
309,  part  of  312,  and  part  of  319;  with  reference  to  twisting,  in 
part  of  321  and  part  of  322; — ^and  again  with  reference  to  bending, 
in  part  of  Article  340. 

The  dynamical  branch  of  the  subject  has  been,  to  a  certain  extent 
anticipated  in  Article  244,  where  resilience  is  defined ;  in  Article 
252,  where  jx>terUial  energy  of  elasticity  is  defined  ;*  in  Articles  266 
and  269,  which  relate  to  the  resilience  of  a  stretched  bar  amd  the 
efiect  of  a  sudden  ptdl;  in  Article  305,  wluch  relates  to  the  resilience 
of  a  beam;  in  Article  306,  which  relates  to  the  effect  of  a  suddenly 
applied  transverse  load;  and  in  Article  323,  which  relates  to  the 
resilience  of  am,  aade. 

The  motions  due  to  strains  amongst  the  particles  of  pliable  bodies 
being  all  of  limited  extent,  and  consisting  in  changes  of  the  dis- 
placement of  each  particle  from  the  position  which  it  would  occupy 
in  a  state  of  equilibrium,  which  displacement  is  limited  and  gene- 
rally small,  are  of  the  kind  called  vibrations,  and  are  more  or  less 

"  In  Article  252,  the  first  employment  of  this  fooction  is  correctly  ascribed  to  Mr. 
Green;  but  it  id  right  also  to  mention,  that  its  use  was  independently  discovered  by 
M.  Clapeyron. 
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analogous  to  the  oscillations  already  treated  of  in  Articles  542  and 
543. 

The  complete  theory  of  vibration  embraces  all  the  phenomena  of 
the  production  and  transmisfiion  of  sound,  and  all  those  of  the  pro- 
paction  of  light,  as  well  as  those  of  the  visible  and  tangible  vibra- 
tions of  bodiea  Many  of  its  branches  are  foreign  to  the  objects  of 
this  treatise;  and  therefore  in  the  present  chapter  there  will  be 
given  only  an  outline  of  the  general  principles  of  the  theory  of 
vibration,  and  an  explanation  of  such  of  its  applications  as  are  of 
importance  in  practi(^  mechanics. 

609.  iMchroM«Hs  Tlki«ti«Hs  of  an  elastic  body  are  those  in  which 
each  particle  of  the  body  performs  a  complete  oscillation  in  the 
same  period  of  time,  so  that  all  the  particles  return  to  the  same 
relative  situations  at  the  end  of  each  equal  period  of  time,  and  that 
whether  the  oscillations  are  of  greater  or  of  less  amplitude,  lao- 
chronous  vibrations  being  communicated  to  the  ear  produce  the 
sensation  of  a  sound  of  uniform  pitch,  or  musical  tone.  In  order 
that  oscillations  of  different  amplitudes  may  be  performed  by  equal 
masses  in  the  same  time,  it  is  evidently  necessary  that  the  forces 
under  which  they  are  performed  should  be  proporHonal,  and  direcUy 
opposed,  to  the  displacements  at  each  instant.  This  is  the  condition 
OF  isocHBO^isM,  and  has  already  been  illustrated  in  Articles  542, 
543,  544,  545,  and  557,  Example  III.,  for  the  case  of  a  single  par- 
ticle acted  on  by  a  single  force,  and  in  Aiiicle  598  for  the  analogous 
case  of  a  gyrating  rigid  body,  where  angular  is  substituted  for  linear 
displacement,  and  a  couple  for  a  force.  To  express  that  condition 
by  an  equation  suited  to  the  present  class  of  questions,  let  W-^^ 
be  the  mass  of  a  particle,  )  its  displacement  from  its  position  of 
equilibrium  at  any  given  instant,  F  an  unbalanced  force  by  which 
it  is  urged  directly  towards  that  position,  and  a'  a  numerical  con- 
stant, expressed  as  a  square  for  reasons  which  will  presently  appear; 
then  the  condition  of  isochronism  is  expressed  as  follows : — 

F=.:?^; (1.) 

9  / 

an  equation  identical  with  equation  1  of  Article  542 ;  while  from 
equation  4  of  the  same  Article  it  appears  that  the  number  of  double 
oscillations  per  second  is  expressed  by 

a 

and  the  period  of  a  double  oscillation  by 
1       2x 
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All  the  equations  of  Article  542  and  Article  557,  Example  IXL, 
are  made  applicable  to  the  present  case,  by  sabstitutong  respectivelj 
for 

QorQ,,     Q,,    roroji,    «, 

F|,         F,        ij,         J,  respectively, 

where  Fi  represents  th^  maxiTniim  force,  corresponding  to  ),,  the 
maximum  displacement,  or  semi-amplitude;  consequently,  if  in 
order  to  make  the  formulie  more  general  we  represent  by  t^  any 
instant  of  time  at  which  the  particle  reaches  the  extremity  of  an 
oscillation,  we  have 

^=.a.,sina(..^>   I ^^'^ 

When  the  restoring  force  corresponding  to  a  given  dispLacemefut 
is  known,  the  constant  a'  is  computed  by  the  formula 

wa  ' ^  ^ 

in  which  the  negative  sign  denotes,  that  although  F  being  oontnuy 
to  )  in  direction,  their  quotient  is  implicitly  negative,  it  is  to  have 
that  negativity  reversed  and  to  be  treated  as  positiva 

The  equations  2  and  4  show,  that  the  sgtMre  of  the  number  of 
oscillcUione  made  by  a  particle  in  a  second,  ie  vnneredy  as  the  mase  of 
the  particle,  and  directly  as  the  ratio  of  t/te  re^oring  force  to  the  dis- 
placement 

610.  TikratlMis  •€  m  BiaM  hcM  hj  m  Ught  SprtMc.— The  deflection 
of  a  straight  spi-ing  or  elastic  beam  under  any  load  is  given  by  the 
equations  of  Article  303  for  those  cases  in  which  it  is  sensibly  pro- 
portional to  the  load. 

The  position  of  equilibrium  of  the  spring,  if  not  affected  by  a 
lateral  transverse  load  (for  example,  if  it  is  placed  vertically),  may 
be  straight ;  or  if  there  be  a  permanent  transverse  load,  that  posi- 
tion may  be  more  or  less  deflected.  In  either  case,  the  production 
of  an  independent  deflection,  2,  of  the  point  for  which  deflections 
ai-e  computed  by  the  formulse,  to  one  side  or  to  the  other  of  the 
position  of  equilibrium,  provided  the  limits  of  perfect  elasticity  are 
not  exceeded,  causes  the  spiing  to  exert  a  restoring  force  F,  whoee 
value  is  found  by  applying  to  this  case  equation  4  of  Artide  303; 
that  is  to  say, 

J=._!?!!Z^    .    F n'lRbh\^, 

n'E6V"  n"'^^         '   \ (1.) 

=  —  y*J  for  brevitjr's  sake ; 
in  which/may  be  called  the  st^neea  of  the  spring. 
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Now  suppose  that  there  is  attached  to  the  point  of  the  spring  for 
which  )  is  calculated,  a  mass  W-i-gyin  comparison  with  which  the 
mass  of  the  spring  is  inappreciably  smaU.  Then  if  that  mass  be 
drawn  to  one  side  or  to  the  other  of  the  position  of  equilibrium,  and 
left  free  to  ribrate,  the  spring  will  make  it  vibrate  according  to  the 
law  already  explained  in  Article  609 ,  putting  for  the  constcoit  a 
the  -value  

'^ (2.) 

If  the  mass  gyrates  about  a  fixed  axis  traversing  its  centre  of 
gravity,  let  I  denote  the  distance  from  that  axis  to  fiie  point  upon 
which  the  spring  acts ;  then  in  the  equations  of  motion,  substitu- 
tions are  to  be  made  according  to  the  principles  of  Article  598, 
when  the  above  equation  becomes 


^=Vi 


'-vq 


^^^      (3.) 


If  the  mass  oscillates  about  a  fixed  axis  not  traversing  its  centre 
of  gravity,  the  above  equation  is  still  applicable,  when  the  proper 
value  is  put  for  the  moment  of  inertia  I. 

The  retitoring  eoupU  P  ^  for  a  gyrating  body  may  be  supplied  by 
the  resistance  of  a  rod.  or  wire  to  torsion ;  in  which  case/l  is  to  be 
taken  to  represent  the  ratio  of  the  moment  of  torsion  to  the  angle 
of  torsion,  which,  for  a  cylindrical  rod  or  wire,  is  given  in  Article 
322,  case  2,  equation  4,  viz. ; — 

•^^-r="32^^ <^-> 

X  being  the  length,  and  h  the  diameter  of  .the  rod  or  wire,  and  0 
the  co-eificient  of  transverse  elasticity  of  the  material. 

By  the  aid  of  the  principles  here  explained,  experiments  on  the 
numbers  of  vibrations  per  second  made  by  springs  and  wires  loaded 
with  masses  great  in  proportion  to  the  masses  of  the  springs  and 
wires,  may  be  used  to  determine  the  co-efficients  of  elasticity  E 
andC. 

611.  nmpttnfaiMi»u  •f  ShsU  BtoaMia. — If  the  restoring  force  of 
a  particle  for  vibrations  in  a  given  direction  be  opposite  and  pro- 
portional to  the  displacement,  and  if  the  same  be  the  case  for  one 
or  more  other  directions  of  vibration,  then  for  a  displacement 
which  is  the  resultant  of  two  or  more  displacements  in  the  given 
directions,  the  force  acting  on  the  particle  will  evidently  be  the 
resultant  of  the  separate  forces  corresponding  to  the  component 
displacements,  and  the  velocity  the  resultant  of  the  component 
velocities. 
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This  is  called  the  principle  of  the  superposition  of  small 
Monoira 

li'  the  co-efficient  a  of  Article  609  is  the  same  for  the  difierent 
diiections  of  the  component  displacements^  the  component  vibra- 
tions will  not  only  be  isochronons  in  themselves,  but  isochronous 
with  each  other,  or  nmuUaneouSf  and  so  also  will  be  the  resultant 
vibration.  This  has  already  been  sufficiently  illustrated  in  Articles 
542  and  543,  where  circular  and  elliptic  ascillations  are  treated  as 
compounded  of  a  pair  of  straight  oscillations  in  directions  perpen- 
dicular to  each  other.  Such,  for  example,  is  the  oscillation  of  a 
mass  placed  at  the  end  of  a  ^ring  whose  stiffiiess  is  the  same  for 
all  directions  of  deflection. 

If  the  co-efficient  a  has  different  values  for  the  different  direc- 
tions of  the  component  vibrations,  they  will  no  longer  be  isochronous 
with  each  other;  the  resultant  restoring  force  will  not  at  every 
instant  act  directly  towards  the  position  of  equilibrium,  and  the 
resultant  vibration  will  take  place  in  a  complex  curve  which  may 
have  a  great  variety  of  figures.  For  example,  let  a  mass  W  ^  ^  be 
fixed  at  the  end  of  a  spring  whose  cross  section  is  a  rectangle  of 
unequal  dimensions,  so  that  its  stiffness  is  different  for  displace- 
ments in  the  directions  of  two  rectangular  axes,  denoted  by  x  and 
y.  Let  /^  /g,  be  the  two  values  of  the  stiffness  of  the  spring  for 
those  two  dilutions  of  displacement ;  aQd  let  £  and  «  denote  com- 
ponent displacements  in  those  two  directions  respectively^  and  6i 
and  Vi  their  maximum  values  or  semi-amplitude&  Then  ^e  equa- 
tions of  motion  of  the  mass  are  the  following : — 


where 


5  =  5.cos«.(^-0;) 

V  =  «,  cosa,(e-<^);j  ^   ' 


and  t^^  and  t^  are  two  arbitrary  constants.     Thus  the  numbers  in 
a  second  of  tJie  two  series  of  component  vibrations,  viz., 


*'-  =  fe*^  =  ft' <3) 


are  proportional  to  the  square  roots  of  the  stiffnesses  of  the  spring 
in  tne  directions  of  the  two  rectangular  axes;  that  is,  they  are 
proportional  to  its  thicknesses  in  these  two  directions  respectively. 
If  n,  and  n,  are  commensurable,  the  path  of  the  vibrating  mass 
is  a  closed  curve ;  for  example,  to  take  the  simplest  case,  if  n«  = 
2  n^  that  path  is  such  a  curve  as  is  represented  in  fig.  243.     K  n. 
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and  n,  are  incommensurable,  the  path  is  of  indefinite  length ;  but 
in  every  case  it  is  wholly  inscribed  within  the  rectangle  whose 
sides  are  the  amplitudes  2  ii,  2  Hi,  of  the  component  vibrations. 

612.  TAnutoBs  Bfft  lMckrmi«Bs  can  only 
be  expressed  mathematically  by  conceiving 
them  to  be  compounded  of  a  number  of 
superposed  vibrations,  each  isochronous  in 
itself,  but  not  isochronous  with  each  other, 
as  in  the  last  example  of  the  preceding 
Article ;  and  the  forces  under  which  such 
vibrations  take  place  are  in  like  manner  to 
be  conceived  to  be  resolved  into  component  p.  g^g^ 
forces,  each  proportional  to  a  parallel  com- 

ponent  of  the  displacement  The  art  of  resolving  displacements  of 
any  kind  whatsoever  into  components,  each  of  which  separately 
satisfies  the  conditions  of  isochronism,  is  a  mathematical  process 
which  it  will  not  be  necessary  to  exemplify  in  this  treatise. 

613.  Tikmti«M  •€  aa  Blutlc  B«dy  !■  OcaenL — The  general 
equations  of  the  vibration  of  an  elastic  body  are  found  by  the  aid 
of  D'Alembert's  principle  (Article  568),  by  conceiving  the  body  to 
be  divided  into  indefinitely  small  rectangular  or  other  regularly 
shaped  molecides,  and  equating  the  components  of  the  rate  of  varia- 
tion of  momentum  of  each  molecide  to  the  corresponding  com- 
ponents of  the  restoring  force  caused  by  the  internal  stresses, 
which  restoring  force,  /or  each  molectdey  is  at  ea^Ji  instant  eqiuU  and 
opposite  to  the  share  belonging  to  that  molecide,  of  a  distributed  ex- 
ternal load  that  toovld,  in  a  state  of  equilibrium,  produce  the  actual 
state  of  disfigurement  of  the  body  at  &e  instant.  The  condition  of 
isochronism  is  expressed  by  making  each  restoring  force  propor- 
tional and  opposite  to  the  displacement  of  the  molecule  to  which  it 
is  applied ;  and  the  displacements,  velocities,  and  forces  for  vibra- 
tions not  isochronous  are  expressed  by  sums  of  series  of  corre- 
sponding quantities  for  isochronous  vibrations. 

By  the  application  of  D'Alembert*s  principle  as  stated  above, 
every  equation  concerning  the  equilibrium  of  an  elastic  body  under 
external  forces  distributed  amongst  its  molecules  can  be  converted 
into  a  corresponding  equation  concerning  its  vibration. 

Example  I.  OenercU  Differential  Equations.  —  In  Article  116, 
illustrated  by  fig.  58,  are  given  the  equations  of  internal  equili- 
brium (2.)  of  an  elastic  solid  for  a  rectangular  molecule  dxdydz, 
expressing  the  three  components  of  the  external  force  per  unit  of 
volume  of  that  molecule,  in  terms  of  the  equal  and  opposite  com- 
ponents of  the  internal  forces  arising  from  the  vaiiations  of  the 
six  elementary  stresses,  pulls  being  considered  as  positive,  and 
thrusts  as  negative.     Those  equations  are  converted  into  general 
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equations  of  vibration  of  the  same  molecule  by  substituting,  at  tlie 
right-hand  sides  of  the  three  equations  respectively, 

for  0,  0, 


w. 


to 

.^i 

to 

d*n 

w 

.d'i. 

9 

de' 

9 

'!?• 

9 

de' 

.(1.) 


where  -  is  the  mass  per  unit  qfvoliime,  and  g,  n,  ^,  are  the  three 

components  of  the  displacement  of  the  molecule  ^mn  UsposUion  of 
equUibnum, 

To  make  use  of  the  three  equations  thus  obtained,  each  of  the 
six  elementary  stresses  is  to  be  expressed  in  terms  of  the  six  ele- 
mentary strains  multiplied  by  the  proper  co-efficients  of  elasticity  of 
the  sul^tance  (Article  253);  then  each  of  the  six  elementary  strains 
is  to  be  expressed  as  in  Article  250,  by  means  of  the  differential 
co-efficients  of  the  three  component  displacements  £,  n,  ^ ,  and  thus 
the  three  original  equations  are  converted  into  three  linear  differen- 
tial eqtiations  of  the  second  order  in  S,  «,  and  ^,  by  the  integration 
of  which,  with  due  regard  to  the  circumstances  of  each  particular 
problem,  all  questions  respecting  vibration  are  solved  It  is  un- 
necessary here  to  enter  into  details  respecting  those  integrations. 
The  most  complete  compendium  of  the  processes  which  they  in- 
volve and  the  results  to  which  they  lead,  is  contained  in  M.  Lame*s 
Legons  «w  VElaatidte  dea  Corps  solides. 

Example  IL  Case  of  an  Axis  of  Vibration. — ^In  fig&  244  and  245, 


F!g.  245. 
M  S  S  and  the  lines  parallel  to  it  represent  a  series  of  planes 
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parallel  to  each  other,  and  let  the  mode  of  vibration  of  the  particles 
of  the  body  be  such,  that  all  the  particles  in  any  one  of  those  planes 
have  equal  displacements  in  parallel  directions  at  the  same  instant. 
A  straight  line  O  X,  perpendicular  to  all  those  surfaces,  may  be 
called  an  cuns  qfvibrcUum,  Let  the  displacement  of  each  particle, 
denoted  at  any  instant  by  S,  take  place  in  a  direction  making  an 
angle  ^  with  O  X,  in  the  plane  of  xy;  so  that  its  component  dis- 
placements are 

g  =  8  cos  ^, )  .„  V 

n  =  Jsin^./ ^^-^ 

In  the  condition  of  equilibrium,  conceive  a  square  prism  to  extend 
along  the  axis  O  X,  as  in  fig.  244,  and  to  be  divided  into  cubical 

molecules,  each  of  the  volume  dxdydz,  and  mass  —  dxdydz, 

9 
At  a  given  instant  in  the  state  of  vibration,  let  those  molecules  be 
displaced  in  the  manner  shown  in  fig.  245,  the  displacement  of  each 
point  in  each  molecule  depending,  according  to  some  law  yet  to  be 
determined,  upon  the  lapse  of  time  and  upon  the  distance,  when  in 
a  state  of  equilibrium,  of  the  plane  of  equal  displacement  containing 
it  from  O,  which  distance  is  denoted  by  «;  that  is,  let 

)  =  function  of  (^,  x) (3.) 

Then  it  is  evident,  that  each  molecule,  originally  cubical,  becomes 
directly  strained  and  distorted;  the  direct  strain  along  x  (an  elonga- 
tion if  positive)  being  represented  at  any  instant  by 

di      dl 


m  =: 


dx       dx 


cos^; (4.) 


and  the  distcnrtion,  in  the  plane  of  x  y,  by 


dn       dl 


9  -=■ 


=  Al'^t («•) 


dx      dx 


The  vibrating  substance  wUl  be  supposed  to  be  isotropic  as  to 
elasticity,  according  to  the  definition  given  in  Article  256,  A  being 
its  direct  and  C  its  transverse  elasticity.  Then  at  a  given  plane  of 
equal  displacement,  and  at  a  given  instant,  there  is  a  direct  stress 
(tension  being  positive)  of  the  intensity 

p„  =  A«  =  A^  =  A^cos^; (6.) 

^  dx  dx         '  ^  ^ 

and  a  tangential  stress  of  the  intensity 

i'-<^'=c^=c^-'; (7.) 
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and  applying  to  these  data  the  reasoning  of  the  preceding  example, 
we  find  tibat  the  components  of  the  moving  force,  per  unit  of  volume, 
acting  on  a  given  molecule,  at  a  given  instant,  are  as  follows  :-^ 

Longitudinal,,        Q,  =  A^— a  =  A^-^  cos  ^; 

transverse,  Q,  =  C  -^  =  C  -j— ^  sin  i; 

so  that  if  we  make 

^  =  «';^  =  c'; (9.) 

we  find  for  the  equations  of  vibration, 

longitudinal,  J^'^^^dl^' ^^^'^ 

transverse,  .^^^— (11.) 

The  general  integral  of  those  two  equations  is  given  by  the  pair  of 
equations, 


i  =  (p{at  +  x)  +  ^Kat  —  x)',)  ,j2.) 

jn=z x{ct  +  x)  +  a  {ct  —  x);  i 


where  0,  yp,  tc,  *>>  represent  a/ny/tmctions  tohatsoever.  But  to  obtain 
definite  results,  which  can  be  used  in  calculation,  the  conditions  of 
isochronism  are  to  be  applied ;  and  they  lead  to  the  following  con- 
sequences : — 

First,  in  order  that  vibrations  may  be  isochronous,  the  restoring 
force  must  act  along  the  direction  of  vibration ;  that  is,  we  must 
have 

Q.:  Q,:;cos^:sin^; (13.) 

and  because  for  every  known  substance,  A  and  C  are  unequal,  this 
condition  can  only  be  fulfilled  when  either  cos  ^ or  sin  ^  is  nothing; 
that  is  to  say,  in  an  isotropic  substance,  isochronotu  vibrations  are 
either  w7My  longitudinal,  or  wholly  transverse. 

Secondly,  the  moving  force  acting  on  a  particle  must  be  propor- 
tional and  opposite  to  its  displacement;  a  condition  expre^ed  for 
longitudinal  and  transverse  vibrations  respectively,  by 

J|  =  ^^  =  -6-., (»., 

»=••»  =  -''' <"■) 
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where  6*  and  hf^  are  two  arbitrary  positive  constants.  The  most 
convenient  way  of  expressing  those  constants,  for  reasons  which 
will  afterwards  appeal*,  is  the  following  : — 

6  =  2,      ,^2, 

X  and  X'  being  aMt/rwry  lengths.  Then  it  is  easily  seen,  that  to 
satisfy  the  equations  14  and  15,  the  displacements  mnst  be  expressed 
as  follows : — 

S  =  gx-cos-^(a:  — aj^)-cos-^(«— «o)j (16.) 

ii  =  i»,-cos^(aj  — a?'o)-cos-^(<  — ^o) (17.) 

5„  >»„  X,  X',  x^  a?o,  ^0,  and  i!q  being  arbitrary  constants,  having  values 
depending  on  the  circumstances  of  each  particular  problem.  These 
constants  have  the  following  meanings  : — 

Si  and  Di  are  the  Tnaadmum  semi-ampliiudes  of  vibration. 
X  x' 

and  ^ — -,  are  the  periodic  times  of  a  complete  oscillation. 

X  and  x'  are  the  distances  (for  the  longitudinal  and  transverse 
vibrations  respectively)  between  a  pair  of  planes  in  which  the 
particles  are  in  the  same  pJuzse  of  vibration  at  the  same  instant; 
such  as  the  planes  A  and  E  in  figs.  244,  245. 

Nodal  pUmes  are  planes  in  which  the  particles  have  no  displace- 

X        x' 
ment,  x  —  qh^ot  x  —  o/q,  being  an  odd  multiple  of—  or  —.    Their 

4        4 

X       x' 
distance  apart  is  ^  or  -  (A,  C,  and  E,  in  the  figures). 

Ventral  pkmes  are  those  of  maximum  displacement,  x  —  «b,  or 
X       x' 
X  —  a/o,  being  a  multiple  of  —  or  ^  (B  and  D  in  the  figures).   They 

lie  midway  between  the  nodal  planes. 

The  following  quantities  for  isochronous  vibrations  are  deduced 
from  equations  16  and  17  : — ^For  longitudinal  vibrations, 


(18.) 


velocityof )  J5         ^''a ^        2«-,         .      .   2xa,.     .. 
aparticle,}T^  =  — 7-^^*"^'— ^*-'^)'™— ^^"^^^ 

direct  strain,  j-  = -SiSm-— (aj-*^,) -cos-— («-^,). 

uX  XX  X 

Por  transverse  vibrations, 
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Distortion,  -r-  =  -  — 7  »»i  *  sin  -—  (a;  -a?o)'<»s  — tt-  ('  —  •o> 

CLX  A  A  A 


(19.) 


Vibrations  may  exist  in  which  the  displacements,  strains,  velocities, 
and  forces,  are  the  resultants  of  combinations  of  isochronous  vibra- 
tions, having  any  number  of  different  sets  of  arbitrary  constants,  and 
having  only  in  common  the  co-efficients  a  and  c. 

The  results  of  the  preceding  investigation,  so  isx  as  they  relate  to 
longitudinal  vibrations,  are  applicable  to  fluids  as  well  as  to  solidsw 
Transverse  vibrations  are  impossible  in  fluids,  because  in  them  there 
is  no  transverse  elasticity, 

614.  Wares  of  TikmtioB  consist  in  the  transmission  of  a  vibra- 
tory state  from  particle  to  particle  through  a  body.  Let  OX  denote 
the  direction  in  which  the  vibratory  state  is  transmitted,  being,  as 
in  the  last  Article  and  its  figures,  an  axis  of  vibration,  or  line  per- 
pendicular to  a  series  of  surfaces  of  simultaneous  and  equal  displace- 
ment, which  surfaces  do  not  now  remain  stationary,  but  advance 
from  particle  to  particle  with  a  velocity  called  the  vdocity  of  tranB- 
ndssion  or  of  propagation.  With  respect  to  wave  motion  in  general, 
it  has  already  been  explained  in  Article  416,  that  the  condition  oif 
motion  of  any  particle,  whose  distance  i^m  the  origin  is  x,  is 
expressed  by  a  function  of  a  ^— as,  where  t  is  the  time  dapsed  from 
a  given  instant,  and  a  the  velocity  of  transmission.  Applying  this 
to  the  displacements  in  longitudinal  and  transverse  vibrations  re- 
spectively, we  find  the  equations 


where  a  and  c  are  the  velocities  of  transmission  of  longitudinal  and 
transverse  vibrations  respectively.  Now  the  equations  1  have 
already  been  shown  in  Article  613  to  be  forms  of  the  integrals  of 
the  general  equations  of  vibratory  motion,  a  and  c  having  the  values 
there  given,  viz. : — 


"Vt'  '-V'-§ ■■■« 


which  accordingly  are  the  respective  velocities  of  transmission  of 
waves  of  longitudinal  and  transverse  vibration  in  a  medium  whose 
weight  per  unit  of  volume  is  w,  and  its  direct  and  transverse  elas- 
ticities A  and  C.  In  a  fluid,  for  which  0  =  0,  the  transmission  of 
waves  of  ti-ansverse  vibration  is  impossible. 

It  may  here  be  observed,  that  it  is  essential  to  the  exactness  of 
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the  values  given  above  for  the  velocities  of  the  transmission  of 
"waves,  that  the  surface^a  of  simvltaneoua  displacement  (caUed  some- 
times yoave-mrfaces)  should  also  be  surfaces  of  equal  amplitude  of 
tnhrcUion.  If  the  amplitude  varies  at  different  points  of  the  same 
wave-surface,  the  velocity  of  transmission  becomes  less  than  that 
given  by  the  equations  2,  according  to  a  law  which  it  is  unnece&sary 
here  to  explain  in  detail 

615.  Tci»citr  •f  Sobb4. — Longitudinal  vibrations,  being  those 
which  can  be  transmitted  through  all  substances,  solid  and  fluid, 
are  the  ordinary  means  of  transmitting  sound ;  so  that  the  velocity 
of  sound  in  a  given  medium  is  the  co-efficient  a  in  the  equations  2 
of  Article  614 ;  being  the  velocity  which  a  body  would  acquire  in 
felling  from  the  height  A-i-w;  that  is,  a  height  equal  to  half  the 
length  of  a  prism  of  the  substance  of  the  base  unity,  whose  weight 
is  equal  to  the  co-efficient  of  longitudinal  elasticity. 

The  velocity  of  sound,  as  determined  by  experiment,  is. 

In  water,  at  6F  Fahr..... 4,708  feet  per  second ; 
In  dry  air,  at  32^  Fahr....  1,092      

In  air  and  other  gases,  the  velocity  of  sound  depends  on  the  pres- 
sure, density,  and  temperature  in  the  following  manner : — When  a 
nearly  perfect  gas  has  its  density  changed,  and  is  kept  at  a  constant 
temperature,  the  pressure  varies  nearly  in  proportion  to  the  density 
simply.  But  with  every  change  of  density  which  takes  place  under 
circumstances  such  that  the  gas  cannot  gain  or  lose  heat  by  con- 
duction, a  variation  of  temperature  occurs  depending  on  the  change 
of  density  in  such  a  manner,  that  the  pressm-e,  instead  of  varjdng 
.simply  as  the  density,  varies  as  a  power  of  the  density  higher  than 
the  first.  Let  y  denote  the  index  of  that  power,  p  the  pressure, 
and  w  the  density  of  the  gas ;  then 

pccwy; (1.) 

so  that  the  oo-effident  of  elasticity  A  has  the  following  value : — 

A=#S  =  ^ (2.) 

dw        w  ^    ' 

The  value  of  the  index  y  for  air  is 

y  =  1-408; (3.) 

it  is  nearly  the  same  for  oxygen,  hydrogen,  carbonic  oxide,  and 
other  nearly  perfect  gases;  but  has  smaller  values  for  carbonic  acid, 
sulphurous  acid,  and  other  ga.ses  which  deviate  considerably  fix>m 
the  perfectly  gaseous  condition. 

Now,  if  j?  be  taken  in  pounds  on  the  square  foot^  and  u>  in 
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pounds  per  cable  foot,  and  if  T  be  the  temperature  of  the  air  in 
degrees  of  Fahrenheit  (gee  Article  122), 

e.  26214.  ^jtJ^ll?.  f4.) 

w  493°-2       ' ^^ 

and  for  gases  nearly  perfect  in  general,  if  p^  represent  one  atmo- 
sphere— ^that  is,  21 16*4  lbs.  per  square  foot, — ^and  w^  the  weight  of  a 
cubic  foot  of  the  gas  at  32^  Fahrenheit,  and  under  that  pressure, 


T  +  46r-2 


WW.        493°-2      '  ^^^^Jy V^-) 

whence  the  velocity  of  sound  in  a  nearly  pesfect  gas  is 


•-»»V(^^^) <'•) 


and  in  air 


616.  foipaet  and  Vwtmuf  i  Pile  Drtrtas. — ^The  impact  or  hlow 
of  a  body  which  has  acquired  momentum  by  the  action  of  a  certain 
force  during  a  greater  time,  is  used  to  overcome  a  greater  force 
during  a  less  time ;  as  when  the  ram  of  a  pile  engine,  having 
acquired  momentum  by  the  action  of  its  weight  during  a  diort  but 
sensible  interval  of  time,  overcomes  the  resistance  of  a  pile  to  being 
driven,  many  times  greater  than  the  weight  of  the  ram,  and  during 
an  interval  too  short  to  be  measured. 

If  the  ratio  of  the  times  could  be  ascertained,  the  ratio  of  the 
forces  could  be  inferred  &om  it ;  but  as  one  of  the  times  is  always 
insensibly  short,  the  ratio  of  the  forces  has  to  be  computed  finom 
the  spcices  through  which  they  act,  by  considering  how  the  energy 
of  the  blow  is  distributed. 

Let  W  be  the  weight  of  the  ram ;  A,  the  height  from  which  it 
falls.     Then 

is  the  energy  of  the  blow. 
That  energy  is  employed — 

1.  In  compressing  the  ram ; 

2.  In  compressing  the  pile ; 

3.  In  giving  actual  energy  of  motion  to  the  ram  and  pile; 

4.  In  driving  the  pile  against  the  resistance  of  the  ground. 
The  compression  of  the  ram  is  inappreciable  in  practice ;  and  oo 

also  are  the  velocities  of  the  ram  and  pile  afber  the  collision.     The 
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second  and  fourth  ways  of  expending  the  enei^gj  have  therefore 

alone  to  be  considered. 

Let  R  be  the  effective  reedstance  of  the  ground ;  that  is,  its  total 

resistance  less  the  weights  of  the  pile  and  ram.   Let  S  be  the  area  of 

the  head  of  the  pile,  and  P  the  pressure  exerted  at  any  instant 

between  it  and  the  ram.    At  first,  P  is  nothing;  it  increases  as  the 

pile  becomes  compressed,  until  at  length  it  becomes  equal  to  It ; 

then  the  compression  of  ike  pile  ceases ;  it  begins  to  penetrate  into 

the  groimd,  and  continues  to  do  so  until  the  energy  of  the  blow  is 

R 
all  expended.     The  mean  value  of  P  is  -^.     The  distance  through 

which  it  is  overcome  in  compressing  the  pile  is  the  compression  due 

RL 

to  its  maximum  value,  viz.,  --^Tq,  where  E  is  the  modulus  of  elasti- 

city  of  the  pile,  and  L  the  length  of  a  post,  which,  if  uniformly 
compressed  throughout  its  length,  would  be  as  much  shortened  as 
the  pile.  Considering  that  the  pile  is  held  in  a  great  measure  by 
friction  against  its  sides,  L  may  be  made  equal  to  half  its  length. 

T>  J  T 

Then  the  work  performed  in  compressing  the  pile  is  n^^r^ }  wi^ 

the  work  performed  in  driving  it  deeper  is  R  a;,  where  x  is  the 
depth  through  which  it  is  driven  by  a  blow ;  and  equating  these  to 
the  energy  of  the  blow,  we  find 

^*  =  2-E^  *  »* (1> 

When  X  has  been  ascertained  by  observation,  B  is  found  by  solving 
a  quadratic  equation,  viz,, 

i*iles  are  in  general  driven  till  R  amounts  to  between  2,000  and 
3,000  lbs.  per  square  inch  of  the  area  of  head  8,  and  are  loaded 
with  from  200  to  1,000  lbs.  per  square  inch ;  so  that  the  factor  of 
safety  is  from  10  to  3. 

The  overcoming  of  any  resistance  by  blows  is  analogous  to  the 
example  here  given,  which  is  extracted,  and  somewhat  modified, 
from  a  section  by  Mr.  Airy  in  Dr.  Whewell*s  treatise  on  Mechanic& 
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CHAPTER  V. 

MOTIONS  OF  FLUIDa 

617.  l^iTistoB  ef  the  Sabjcct. — The  principles  of  dynamics,  as 
applied  to  fluids,  so  far  as  small  and  rapid  changes  of  density  are 
concerned,  have  already  been  discussed  imder  the  head  of  vibiatorr 
motions.  Now  the  only  changes  of  density  which  occur  during 
the  motions  of  liquids  are  small  and  rapid ;  so  that  in  the  present 
chapter  those  motions  of  liquids  are  alone  to  be  considered  in  which 
the  density  is  constant,  and  whose  ciuematical  principles  have  been 
treated  of  in  Part  III.,  Chapter  III.,  Section  2.  In  the  motions  of 
gases,  great  and  continuous  changes  of  density  occur,  such  as  those 
whose  cinematical  principles  have  been  treated  of  in  section  3  of 
the  chapter  already  referred  to ;  and  the  dynamical  laws  of  motions 
affected  by  such  changes  have  still  to  be  considered  One  mode  of 
division,  therefore,  of  hydrodynamics,  is  founded  on  the  distinction 
between  the  motions  of  liquids,  regarded  as  of  constant  density,  and 
those  of  gases. 

Another  mode  of  division  is  founded  on  the  distinction  between 
motions  not  sensibly  affected  by  friction,  and  those  which  are  so 
affected.  The  motions  of  fluids  not  sensibly  affected  by  friction, 
and  therefore  governed  by  pressure  and  weight  only,  take  place 
according  to  laws  which  are  exactly  known;  so  that  any  diflicultr 
which  exists  in  tracing  their  consequences,  in  particular  cases,  arises 
from  mathematical  intricacy  alone.  The  laws  of  the  friction  of 
fluids,  on  the  other  hand,  axe  only  known  approximately  and 
empirically;  and  the  mode  of  operation  of  that  force  amongst  the 
particles  of  a  fluid  is  not  yet  thoroughly  understood;  so  that  the 
solution  of  a  particular  problem  has  often  to  be  deduced,  not  from 
first  principles  representing  the  condensed  results  of  all  experience, 
but  from  experiments  of  a  special  class,  suited  to  the  problem  under 
consideration. 

The  laws  of  the  mutual  impulses  exerted  between  masses  of  fluid 
and  solid  suifaces  require  to  be  considered  separately. 

The  following  is  the  division  of  the  subject  of  this  chapter  : — 

I.  Motions  of  Liquids  under  Gravity  and  Pressure  alone. 
II.  Motions  of  Gases  under  Gravity  and  Pressure  alone. 

III.  Motions  of  Liquids  affected  by  Friction. 

IV.  Motions  of  Gases  affected  by  Friction. 

y.  Mutual  Impulses  of  Fluid  Masses  and  Solid  Surfaces. 
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Section  1. — Motions  of  Liquids  withovi  Friction. 

618.  Oeaena  B^mtieiis. — ^In  Articles  414  and  415  have  been 
given  the  three  general  equations,  by  which  the  rates  of  variation 
of  the  components  of  the  velocity  of  an  individual  particle  of  liquid 
are  expressed  in  terms  of  those  of  the  velocity  at  a  point  given  in 
position;  and  in  Article  412  has  been  given  the  eqv<Uion  ofconr 
tinuiiy  which  connects  the  components  of  the  latter  velocity  with 
each  other.  To  obtain  the  general  dynamical  equations  of  the 
motion  of  a  liquid,  the  first  three  equations  are  to  be  conveiiied  into 
expressions  for  the  rates  of  variation  of  the  components  of  the  vw- 
minium  of  a  particle,  and  the  results  equated  to  the  unbalanced 
forces  which  act  upon  it. 

Let  dxdydz  denote  the  volume  of  a  rectangular  molecule,  and 
p  the  intensity  of  the  pressure  of  the  liquid  at  a  point  whose  co- 
ordinates are  x,  y,  z.  Let  z  be  vertical,  and  positive  downwards. 
w  being  used  to  denote  one  of  the  components  of  the  velocity  at  a 
point,  the  symbol  ^  will  now  be  employed  to  denote  the  v>eight  of 
an  tmit  of  volume.  Then  the  forces  by  which  the  molecule  is  acted 
upon  are 

along  X,  —  jT^.  dxdydz;  along  y,  — -—'dxdydz', 
€b  X  (^  y 


along  a;,  (^  —  -j-\  dxdydz. 


(1) 


Let  the  rates  of  variation  of  the  components  of  the  momentum  of 
the  molecule  be  found  by  multiplying  the  three  rates  of  variation 
of  the  components  of  the  velocity  in  Article  415,  equation  2,  each  by 

^ y. —  .  ^en  equating  these  respectively  to  the  three  forces  in 

g 

equation  1  above,  dividing  hjdxdydZySO^sUy  reduce  the  equa- 
tion to  the  unit  of  volume,  and  then  by  ^  so  as  to  reduce  them  to 
the  unit  of  weight,  the  following  results  are  obtained  : — 


(2.) 


tdx''g     dt'"  gldt^     dx^    dy^      dz  r 

dp       1    ^w^l/^^  .  ,,^   r„^^  1  ^^1  . 
~id^^g"d¥~'g\Tt'^    dx'^    dy'^      dz)' 

idz     g    dl'     gldt  dx         dy  dz)     J 

Combining  with  those  three  equations  of  motion  the  equation  of 
continuity,  viz,  ;— 
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du     dv      dw 

dx+d^+d^-^' ^^> 

we  lia^e  the  data  for  solving  all  dynamical  questions  as  to  liquids 
without  friction.  These  equations  are  adapted  to  the  case  of  stecuLy 
motion  by  making 

du     dv     dw     ^  , .  . 

di^di=-dt=^' <*•> 

as  in  Article  413. 

619.  l^ywinac  Bcad« — ^The  quotient  ~  is  what  is  called  the  hdghiy 

or  head,  due  to  the  pressure;  that  is,  the  height  of  a  column  of  the 
liquid,  of  the  uniform  specific  gravity  ^,  whose  weight  per  unit  of 
base  would  be  equal  to  the  pressure  p.  Now  as  the  vertical  ordinate 
*•«  is  measured  positively  doumwards  from  a  datum  horizontal  plane, 
^2  is  the  weight  of  a  column  of  liquid  per  unit  of  base  extending 
down  from  that  plane  to  a  particle  under  consideration;  p  —  ^  s  is 
the  difference  between  the  intensity  of  the  actual  pressure  at  that 
particle  and  the  pressure  due  to  its  depth  below  the  datum  hori- 
zontal plane;  and 

^  — 2  =  A (1.) 

is  the  height  or  head  due  to  that  difference  of  intensity,  being  what 
will  be  termed  the  dynamic  head.  When  z  ia  measured  positively 
upwards  from  a  datum  horizontal  plane,  its  sign  is  to  be  changed ; 
so  that  the  expression  for  the  dynamic  head  in  that  case  becomes 

f+«  =  * (2.) 

620.  Oeaerel  l^ynamie  B^vattens  !■  Tenns  ef  t^jmsmi^  KoUL — 

If  instead  of  the  rates  of  variation  of  the  pressure  in  the  equations 
2  of  Article  618,  there  are  substituted  their  values  in  terms  of  the 
dynamic  head,  those  equations  take  the  following  forms : — 

~di"^*rff'"^l  dt'^^dx'^^  dy'^^  dzi' 

dh     1    d'n      Ifdv.      dv.      dv.       dv\         ^,  v 
-d^  =  g-d?  =  g\Tt+''di  +  ''d^  +  '"Tz]'   '^^-^ 

dh     1    cP I     1  ( dw  ,     dw  .     dw  .      dw) 
»«» .  =  _  •  — £  =  —  "S r  *** r  ^  ~i —  "r  W /  . 

dz     g    dt*     g  (  dt         dx         dy  dz  )     J 

621.  I<«w   ef  l^TManic   Kcad   for   SiMidr  Blockm. — From  these 
equations  is  deduced  the  following  consequence,  in  the  case  of 
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steady  motion,  in  wliich  there  is  no  yariation  of  the  dynamic  head 
at  a  particle,  except  that  arising  from  the  change  of  position  of  the 
particle. 

Let  Y  be  the  velocity  of  a  given  particle.     Its  value,  in  terms  of 
its  rectangular  components,  is  given  by  the  equation 

df^  d(?^  dt' ^^'^ 

which,  being  divided  by  2g,  gives  the  height  due  to  the  velocity; 
so  that  the  variation  of  that  height,  in  a  given  indefinitely  short 
intervaJ  of  time,  is 


2g     g\dt    df^dt    d^^  dt     df)^ 
_       (dhdi.dh   dfi.dh   dC\,,  ,, 


(2.) 


This  principle  might  otherwise  be  stated  thus  .—In  steady  motim, 
the  mm  of  the  height  due  to  the  velocity  of  a  paHicle  cmd  of  its 
dynomiio  head  is  oonatant,  or  S3rmbolically 

0—+^  =  constant (3.) 

This  equation  applies  to  the  particles  which  successively  occupy  the 
same  fixed  point,  as  well  as  to  each  individual  particle. 

622.  The  Tetal  Encsrsr  of  a  particle  of  a  moving  liquid  without 
friction  is  expressed  by  multiplying  the  expression  in  equation  3  of 
the  last  Article  by  the  weight  of  the  particle  W,  thus  : — 

^+^*' (1) 

in  which  — ^ —  is  the  custtuzl  energy  of  the  particle,  and  W  A  i^  its 

potential  energy;  because,  from  the  last  Article  it  appears,  that  by 

the  diminution  of  W  A,  — ^ —  may  be  increased  by  an  equal  amount, 

and  vice  versa;  so  that  the  dynamic  head  of  a  particle  is  its  potential 
energy  per  u/nit  of  weight.  In  the  case  of  steady  motion^  the  total 
energy  of  each  particle  is  constant;  and  the  total  energy  of  each  of 
the  equal  particles  which  successively  occupy  the  same  position  is 
the  same. 

In  the  case  of  unsteady  motion  of  a  liquid  mass,  the  total  internal 
energy  of  the  entire  mass  is  constant;  that  is,  if  the  centre  of 
gravity  of  the  mass,  or  a  point  either  fixed  or  moving  uniformly, 
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with  respect  to  that  centre  of  gravity,  is  takeu  as  the  fixed  poiot  to 
which  the  motions  of  all  the  particles  are  referred,  the  following 
equation  is  fulfilled  : — 

623.  The  Fv««  Sorface  of  a  moving  liquid  mass,  being  that  which 
is  in  contact  with  the  air  only,  is  characterized  by  Qie  pressure 
being  uniform  all  over  it,  and  equal  to  that  of  the  atmosphere. 
Let  px  be  the  atmospheric  pressure,  z^  the  vertical  ordinate,  mea- 
sured poaitivdy  upvxirda  from  a  given  horizontal  plane,  of  any  point 
in  the  free  surface  of  the  liquid,  and  hi  the  dynamic  head  at  the 
same  point ;  then  it  appears  from  Article  619,  equation  2,  that  for 
that  surface, 


\ 


7*1  -  i8r,  =  —  =  constant. 


(1.) 


624.   A  SovAce  of 
gous  equation, 


is  characterized  by  an  analo- 


A -«  =  —  =  constant :. 

e 


(1) 


and  all  surfaces  of  equal  pressure  fulfil  the  differential  equation, 

dh=dz] (2.) 

which,  for  steady  motion,  becomes 

dzz=dh=i^d'^; (3.) 

2^ 

expressing  that  the  variations  of  actual  energy  are  those  due  to  the 
variations  of  level  simply. 

625.  motioii  In  Plane  imyen  is  a  state  which  is  either  exactly 
or  approximately  realized  in  many  ordinary  cases  of  liquid  motion  ; 


.      Fig.  246.  Fig.  247. 

and  the  assumption  of  which  is  often  used  as  a  first  approximation 
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to  the  solution  of  yarioua  questions  in  hydraulics, 
the  motions  of  all  the  particles  in  one 
plane  being  parallel  to  each  other,  per- 
pendicular to  the  plane,  and  equal  in 
velocity.  It  is  illustrated  by  the  three 
figures  246,  247,  and  248,  each  of  which 
represents  a  reservoir  containing  liquid  z« 
up  to  the  elevation  O  Zj  =  «i  above  a  given 
datum,  and  discharging  the  liqidd  from 
an  orifice  Aq  at  the  smaller  elevation  OZq 
=  ««.    —      -       - 


It  consists  in 


>^ 


The  liquid  moves  exactly  or  nearly 


.(1.) 


Fig.  248. 

in  plane  layers  at  the  upper  surface  A^^  and  at  the  orifice  Aq. 
Let  these  symbols  denote  the  areas  of  the  upper  surface  and  of  the 
issuing  stream  respectively. 

Let  Q  denote  the  rate  of  flow  per  second,  r,  the  velocity  of  descent 
of  the  liauid  at  the  upper  surface,  Vq  its  velocity  of  outflow  from  the 
orifice ;  then,  according  to  Article  405,  the  equation  of  continuity  is 

v,A,  =  t?oAo  =  Q; 
Q  Q 

The  pressures  at  the  upper  surface  and  at  the  orifice  respectively 
are  each  equal  to  the  atmospheric  pressure ;  hence  the  difierence  of 
dynamic  head  is  simply  the  difierence  of  elevation  j  that  is  to  say, 

therefore,  according  to  Article  621,  equations  2  and  3, 
This  gives  for  the  velocity  of  outflow, 


.(2.) 


A? 

from  which  can  be  computed  the  rate  of  flow  or  discharge  by  means 
of  equation  L 

The  general  equation  of  motion,  for  every  part  of  the  vessel  or 
channel  at  which  the  motion  takes  plaee  in  plane  layers,  is,  accord- 
ing to  Article  621,  equation  3, 


2g 


2g 


2,  +  ^  +  7 (*•) 
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The  motion  may  be  considered  to  take  place  in  plane  layers  at  any 
part  of  the  channel  whose  sides  are  nearly  straight  and  parallel, 
such  as  A]  in  fig.  246,  whose  elevation  above  the  datum  la  z.  To 
find  the  dynamic  head,  and  thence  the  pressure,  at  this  intermediate 
section  of  the  channel,  the  velocity  through  it  is  to  be  computed  by 
the  formula 

whence  the  dynamic  head  relatively  to  the  datum  O  is  obtained  by 
the  equation 

*'  =  *»  +  ^5 (6.) 

and  thence  the  pressure  by  the  formula 

P.=«(*«-«0 (7.) 

When  a  large  vessel  discharges  liquid  through  a  small  orifice,  the 

lutio  ^  is  often  so  small  a  fraction,  that  it  may  be  n^lected  in 

Ai 
equations  2  and  3. 

626.  The  Coaimctod  Tela  is  the  name  given  to  a  portion  of  a  jet 
of  fluid  at  a  short  distance  from  an  orifice  in  a  plate,  which  is 
smaller  in  diameter  and  in  area  than  the  orifice,  owing  to  a  sponta- 
neous contraction  which  the  jet  undergoes  after  leaving  the  orifioa 

The  area  of  the  narrowed  part  of  the  contracted  vein  is  in  every 
case  to  be  considered  as  the  virtual  or  effecUve  ouilet,  and  used  for 
Ad  in  the  equations  of  the  last  Article. 

The  ratio  of  the  area  of  the  contracted  vein,  or  efTective  orifice, 
to  that  of  the  actual  orifice,  is  called  the  co-efficierU  of  contraction. 
For  sharp  edged  orifices  in  thin  plates,  it  hais  different  values  for 
different  figures  and  proportions  of  the  orifice,  ranging  from  about 
0*58  to  0*7,  and  being  on  an  average  about  |.  It  diminishes  some- 
what for  great  pressures,  and  for  dynamic  heads  of  six  feet  and 
upwards  may  be  taken  at  about  0*6.  The  most  elaborate  table  of 
those  co-efficients  is  that  of  Poncelet  and  Lesbros. 

For  orifices  with  edges  that  are  not  sharp  and  thin,  the  discharge 
is  modified  sensibly  by  friction. 

627.  Tcmcal  OrUicM  of  discharge,  whose  vertical  dimensions  are 
not  small  in  comparison  with  their  depths  below  the  upper  surface 
of  the  reservoir,  are  treated  as  having  a  mean  velocity  of  discharge 
through  their  contracted  veins  due  to  the  mean  valvs  of  the  equare 
root  of  tite  dynamic  head  for  the  several  parts  of  the  orifice.  For 
example,  let  f/  be  the  horizontal  breadth  of  an  orifice  at  any  given 
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elevation  z  above  the  datum,  ii  the  elevation  of  the  lower,  and  :^ 
that  of  the  upper  edge  of  the  orifice,  so  that 


'^  =  c  j^ydz (1.) 


is  its  effective  area,  o  being  the  co-efficient  of  conti-action.  Then 
that  orifice  is  to  be  treated  as  if  its  depth  below  the  upper  surface 
Ajwere 


and  the  foimube  of  Article  625  applied  accordingly.    For  a  rectan- 
gular orifice  for  which  y  is  constant,  this  gives 

v*»    ^  — 3  «^'-.y  ' W 

and  if  it  is  a  notch,  or  a  rectangular  orifice  extending  to  the  upper 
sur&ce,  so  that «"  ^  Zi, 


628.  0uflMcs  of  E««il  Ke«d,  which  for  steady  motion  are  also 
SURFACES  OF  EQUAL  VELOCITY,  are  ideal  surfaces  traversing  a  fluid 
mass,  at  each  of  which  the  dynamic  head  is  uniform.  Their  posi- 
tions are  related  to  the  direction,  velocity,  curvature,  and  variation 
of  velocity  of  the  fluid  motion  in  the  following  manner : — 

In  ^g,  249,  let  Hi  H,,  H,  H,,  represent  a  pair  of  such  surfaces, 
very  near  each  other;  their  normal  distance 
apejii  being  rfn,  measured  forwards  from  Hi   ^~ 
towards  Hg,  and  the  difference  of  dynamic 
head  at  them  being  dh.     Let  AB  be  part  of  ^^ 
the   moving   fluid,    forming    an    elementary 
stream  whose  velocity   is  V,  its   radius  of       ^*fi-  249 
curvature  r,  its  thickness  dr,  and  the  varia-  *' 

tion  of  its  velocity  dY ;  velocities  from  A  towards  B  being  posi- 
tive, and  curvature  concave  towards  H,  being  positive.  Then  the 
equations  2  and  3  of  Article  621  give,  as  before, 

l±l  =  ^dh;    or ;5--|- A  =  constant; (1.) 

g  ^9 

and  in  order  that  the  variation  of  head  may  supply  the  deviating 
force  necessary  to  produce  the  curvature  of  the  stream  A  B,  the 
radius  of  curvature  must  be  in  a  plane  pei'pendicular  to  the  surfaces 
of  equal  head,  and  the  following  equation  must  be  fulfilled : — 
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V'dr 


'  dr  COS  nr; 

dn 


dh 
dn 


A 
'  cos  91  r. 


(2) 


629.  Id  a  ii«<iiaiiBc  Ouvwit*  flowing 
towards  or  from  an  axis,  as  described  in 
Article  407,  the  surfaces  of  equal  djna- 
mic  head  and  equal  velocity  are  cylinders 
described  about  the  axis.  The  equation 
of  continuity,  1  of  Article  407,  putting  b 
instead  of  A  to  denote  the  depth,  paralld 
to  the  axis,  of  the  cylindrical  space  in 
which  the  current  flows,  gives  for  the 
velocity  the  formula 


Q 


Fig.  250. 


2vbr' 


—  > V*  } 


where  r^  is  the  radius  of  the  cylindrical  surface  R^  fig.  250,  at 
which  the  radiating  part  of  the  current  begins  or  ends,  according 
as  it  flows  outwards  or  inwarda  The  radiating  current  may  ex- 
tend indefinitely  in  all  directions  beyond  this  surface,  the  velocity 
being  at  any  point  inversely  as  the  distance  from  the  axis  O.  Let 
Aq  be  the  dynamic  head  at  B^;  then  at  any  other  cylindrical  sur- 
face of  the  radius  O  E-  =  r,  we  have  the  dynamic  head. 

Let  III  ^  the  limit  towards  which  the  dynamic  head  approxi- 
mates as  the  distance  from  the  axis  is  indefinitely  increased ;  then 

2g  2gr' 

630.  Free  circaiar  Tortcx. — ^In  the  cylindrical  space  of  fig.  250, 
lying  outside  of  the  surface  R©,  let  the  particles  of  the  fluid  revolve 
in  a  circular  current  round  the  axis  O ;  and  let  the  velocity  of  each 
circular  current  be  such,  that  if,  owing  to  a  slow  radial  movement, 
particles  should  find  their  way  from  one  circular  current  to  another, 
they  would  assume  fr-eely  the  velocities  proper  to  the  several  cur- 


.(3.) 
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rents  entered  by  tbem,  without  the  action  of  any  force  but  weight 
and  fluid  pressure.  This  last  condition  is  what  constitutes  a  free 
vortex,  and  is  a  condition  towards  which  every  vortex  not  acted 
on  by  external  forces  tends,  because  of  the  tendency  to  the  inter- 
mixture of  the  particles  of  adjoining  qircular  currents.  It  is  ex- 
pressed mathematically  by 

A  +  ^  =  Ai  =  constant (1.) 

A,  will  be  called  the  waaimum  head. 

Conceive  a  portion  of  a  thin  circular  current  of  the  mean  radius 
r,  contained  between  two  cylindrical  surfaces  at  the  indefinitely 
small  distance  apart  dr,  and  of  the  area  unity,  the  current  having 
the  velocity  v.  Then  the  centrifugal  force  of  that  portion  of  the 
current  is 

^^dr 

which  is  equal  and  opposite  to  the  deviating  foroe 

Qdh; 
that  is  to  say, 

P  =  ^ (2.) 

dr       gr  ^    ' 

But  by  the  condition  of  freedom  in  equation  1,  we  have  -  = 

9 
2  (A,  -A),  which  being  substituted  in  equation  2,  gives 


dh 

dr  " 

2(A.- 
r 

A 

A,  -  A 

1 

X  -;r;.... • 

r*' 

whence 

«4       1 

.(3.) 

or,  ths  velocity  is  ifiversdy  as  Hie  distance  from  the  ascw,  exactly  as 
in  a  radiating  current.  Then  let  Vo  be  the  velocity  of  revolution, 
and  h^  the  dynamic  head,  at  the  inner  boundary  R^  of  the  vortex ; 
we  have  for  the  general  equations  amongst  the  dynamic  heads  and 
velocities  at  all  points, 

2g  2g  2g   r"' 


2g  2g   r 
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631.  FMe  Spina  Twrtex. — As  the  equations  of  the  motion  of  a 
free  circular  vortex  are  exactly  the  same  with  those  of  a  radiating 
current,  it  follows  that  they  also  apply  to  a  vortex  in  which  the 
motion  is  compounded  of  those  two  motions  in  any  proportions, 
80  long  as  the  vdocUy  is  inversdy  as  the  distanwe  from  the  axis.  To 
fiiMl  this  condition,  the  currents  of  liquid  must  have  a  form  that 
is  at  every  point  equally  inclined  to  the  radius  drawn  &om  the 
axis  ;  a  property  of  the  logarithmic  spiral.  Let  v  be  the  Velodly 
of  the  current  in  a  free  spiral  vortex  at  any  point,  and  6  the  con- 
stant inclination  of  the  current  to  the  radius  vector ;  then  the  com- 
ponent of  the  motion  whose  velocity,  is  v  cos  ^,  is  analogous  to  the 
motion  of  a  radiating  current,  and  that  whose  velocity  is  v  sin  ^  is 
analogous  to  the  motion  of  a  free  circular  vortex. 

632.  A  Forced  Tcnrtnc  is  one  in  which  the  velocity  of  revolution 
of  the  particles  follows  any  law  different  from  that  of  a  ft-ee  vor- 
tex ;  but  the  kind  of  forced  vortex  which  it  is  most  useful  to  con- 
sider, is  one  in  which  the  particles  revolve  with  equal  angular 
velocities  of  revolution,  as  if  they  belonged  to  a  rotating  solid 
body ;  so  that  if  n  be  the  radios  of  the  outer  boundary  of  the  vor- 
tex, where  the  velocity  is  v,^ 

1;  =  ^ (1.) 

The  equation  of  deviating  force,  2  of  Article  630,  is  applicable  to 
all  vortices,  forced  as  weU  as  free.  Introducing  into  it  the  value 
of  V  from  eqiiation  1,  above,  we  find, 

dh_'^ 

dr^  gf% ^^-^ 

which  being  integrated,  with  the  understanding  that  the  dynamic 
head  is  to  be  reckoned  relatively  to  the  axis  of  the  vortex,  gives 

^-27^0  =  2^^  ^=V ^^'^ 

frt)m  which  it  appears,  that  in  a  rotating  vortex,  the  dynamic  head 
at  a/ny  point  is  &ie  height  due  to  the  velocity ^  and  the  energy  of  any 
particle  is  half  actual  amd  ludf  potential. 

633.  A  Combined  Tortcx  consists  of  a  free  vortex  without  and  a 
forced  voi-tex  within  a  given  cylindrical  surface,  such  as  B^  in  fig. 
250.  In  order  that  such  a  combined  vortex  may  exist,  the  velo- 
city v^  and  the  dynamic  head  Aa  at  the  surface  of  junction  must  be 
the  same  for  the  two  vortices ;  consequently,  as  the  dynamic  head 

f  the  forced  vortex  is  equal  to  the  height  due  to  its  velocity,  and 
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the  sum  of  thoee  heights  for  the  surface  of  junction  is  equal  to  the 
maximum,  head  Ai  of  the  free  vortex,  we  have  this  principle : — In  a 
conMned  vortex,  the  maximum  dynamic  head  is  dtmble  of  the  dyna- 
mic head  at  the  eurface  of  jawsdon,  each  being  meaavred  rdoitively  to 
the  axis  of  the  vortex;  or  symbolically, 


h,  =  2h^  = 


Vo 

9' 


.(1.) 


To  illustrate  this  geometrically,  let  a  combined  vortex  revolve 
about  a  vertical  axis,  O  Z^  Z^,  fig. 

251,   the  upper  surface   of   the   

liquid  being  free,  and  represented    » — -- 
in  section  by  DBOBD.      Let 

A  B,  A  B,  be  the  cylindrical  sui>       

face  of  junction  between  the  free 
and  the  forced  vorticea  Let 
A  O  A  be  a  horizontal  plane, 
touching  the  upper  surface  at  its  lowest  point,  which  is  at  the 
axif»,  and  let  vertical  ordinates  be  measured  from  this  plane.  The 
pressure  of  the  atmosphere  being  equal  at  all  points,  may  be  left 
out  of  consideration ;  so  that  if  «  be  the  height  of  any  point  in  the 
sur&ce  of  the  vortex  above  A  O  A,  we  shall  have  simply 


Fig.  251. 


:  =  A.. 


Then  for  the  forced  vortex. 


.(2.) 
.(3.) 


so  that  B  O  B  is  a  paraboloid  of  revolution  with  its  vertex  at  O. 

Make  AC=r2AB  =  2«o>  ^^  ^^^  represent  A^,  the  maximum 
dynamic  head ;  and  for  the  free  vortex, 


z  =  h  - 


2i^7^ 


1         «b^. 


.(4.) 


and  D  B,  D  B,  is  a  hyperboloid  of  the  second  order,  described  by 
the  rotation  round  the  vertical  axis  of  a  hyperbola  of  the  second 
order,  whose  ordinate  hi  —  z,  measured  dovmwarde  from  C  Z^  C,  is 
inversely  as  the  square  of  the  distance  from  the  axis.  The  two 
surfaces  have  a  common  tangent  at  B  B,  where  they  join. 

The  velocity  of  any  particle  in  the  free  vortex  is  that  due  to  its 
depth  below  C  C ;  that  of  any  particle  in  the  forced  vortex  is  that 
due  to  its  height  above  A  A ;  and  B,  where  those  velocities  are 
equal,  is  midway  between  G  C  and  A  A 
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The  theory  of  the  combined  Tortex  was  made,  by  Professor 
James  Thomson  of  Belfast,  the  principle  of  the  action  of  his  tar- 
bine  or  vortex  water- wheel 

634.  Tcriical  BcrelotieB. — ^When  a  mass  of  liquid  roYolYes  in  a 
vertical  plane  about  a  horizontal  axis  (like  the  water  in  a  backet  of 
an  overshot  wheel),  its  upper  surface  is  not  horizontal,  but  assumes 
a  figure  depending  on  the  deviating  force  required  by  its  revo- 
lution. 

In  fig.  252,  let  C  represent  a  horizontal  axis, 
and  B  a  bucket  of  liquid  revolving  round  it  in  a 
vertical  circle  of  the  radius  B  0,  with  the  angular 
velocity  of  revolution  a.  Let  W  be  the  weight  of 
liquid  in  the  bucket. 

Then  the  deviating  force  required  is  given  by 
the  formula 

^^     BC. 
9 

^'  '  Take  the  radius  BC  itself  to  represent  the  devi- 
ating force,  and  C  A  vertically  upwards  from  the  axis  to  represent 
the  weight ;  the  height  0  A  is  given  by  the  proportion 

OA:BC::W:-^^^BC, 


that  is, 


CA=^ 


ix'n" 


.(1.) 


where  n  is  the  number  of  revolutions  per  second. 

Now  A  C  representing  the  weight,  and  0  B  the  centrifogal  force, 
eqtud  and  opposite  to  the  deviating  force,  the  iTitemal  condition  of  the 
liquid  in  the  bucket,  according  to  D^Alembert's  principle,  is  the 
same  as  if  it  were  under  a  force  represented  by  A  B,  the  resultant 
of  these  two  forces ;  therefore  the  surface  of  the  liquid  is  perpendi- 
cular to  A  B. 

Kow  it  appears  from  equation  1,  that  the  height  of  A  above  C 
is  independent  of  the  radius  of  the  wheel,  and  of  every  ciitnunstance 
except  the  time  of  revolution;  being,  in  fact,  the  height  of  a  revolv- 
ing pendulum  which  revolves  in  Sie  same  time  with  the  wheel. 
(See  Article  639.)  Therefore  the  point  A  is  the  same  for  all 
buckets  carried  by  the  same  wheel  with  the  same  angular  velocity, 
and  for  all  points  in  the  surface  of  the  liquid  in  the  same  bucket, 
whether  nearer  to  or  fisirther  firom  the  axis  C  j  therefore  the  upper 
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sar&ce  of  the  liquid  in  each  bucket  is  part  of  a  cylinder  described 
about  a  horizontfld  axis  passing  through  A  and  parallel  to  C. 

The  theory  of  rolling  waves  might  be  deduced  from  the  above 
proposition ;  but  it  is  a  subject  foreign  to  the  purposes  of  this 
treatise. 

Sechon  2. — Mortons  of  Gases  unikotU  Friction. 

635.  DyMunie  KciUi  !■  GaiM. — The  dynamical  equations  of 
motion  of  a  gas  are  the  same  with  those  already  given  in  Article 
618,  equation  2;  and  in  their  integration,  it  has  to  be  observed 
that  ^y  the  density,  is  no  longer  constant,  but  depends  on  the  pres- 
sure. The  equations  of  continuity  have  been  given  in  Articles  419 
to  423. 

In  finding  the  dynamic  head  for  a  particle  of  a  gas,  instead  of 

—  there  is  to  be  taken  (  — ,  as  is  evident  from  the  general  equa- 
tions of  fluid  motion  already  referred  to.  Consequently,  the  dyna- 
mic head  for  a  gaseous  particle,  at  a  given  elevation  z  above  a  fixed 
horizontal  plane,  is,  relatively  to  that  plane, 

'dp 


=n^+*i (1.) 


and  the  putting  of  this  value  for  A  in  all  the  dyruvrnical  equations 
relating  to  liquids,  transforms  them  into  the  corresponding  equa- 
tions for  gase&  . 

In  most  practical  problems  respecting  the  flow  of  gases,  the  dif- 
ferences of  level  of  diflerent  points  of  &e  gaseous  mass  have  little 
or  no  sensible  eflect  on  the  motion ;  so  that  z  may  often  be  omitted 
from  the  preceding  formula. 

In  determining  the  value  of  the  integral  in  that  formula,  it  is  to 
be  observed  that  almost  all  changes  of  velocity  of  gases  take  place 
so  rapidly,  that  the  particles  have  no  time  to  receive  or  to  emit 
heat  to  any  sensible  amount ;  and  therefore  the  pressure  and  den- 
sity of  each  particle  are  related  to  each  other  according  to  the  law 
already  explained  in  treating  of  the  velocity  of  sound;  that  is 
to  say, 

p<^e'> (2.) 

the  exponent  y  having  the  values  therein  stated,  of  which  the  most 
important  is  1  '408  for  air.  This  gives  for  the  value  of  the  integral 
in  equation  1, 

»-."/:?=r^rf; (3.) 

in  which,  for  air, 
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,-h  ^='-«' w 

Let 

T  =  T  +  46r-2Fahr. (5.) 

denote  the  absolute  tem/peratwre  of  the  gas,  T  being  its  temperature 
on  the  ordinary  Fahrenheit's  scale ;  and  let 

T^=  493^-2  Fahr. (6.) 

be  the  absolute  temperature  of  melting  ice.  Then  for  g^taes  sen- 
sibly perfect, 

^  =  ^5 (7.) 

from  which  we  have  the  following  value  of  the  int^pral  in  terms  of 
the  temperature : — 

so  that  it  is  simply  prcq^/rtional  to  the  absolute  temperaiure. 

It  is  known  by  the  science  of  thermodynamics,  that  the  above 
expression  is  equivalent  to 

J(/t; (9.) 

where  c'  is  the  specific  heat  of  the  gas  at  ccm^toffd  presswhy  and  J  is 
"  JouUs  equivalent"  or  the  height  from  which  a  given  weight  must 
fall,  in  order  to  produce  by  friction  as  much  heat  as  will  raise  the 
temperature  of  one  pound  of  water  by  one  degree.  For  Fahren- 
heit's scale, 

J  =  772  feet (10.) 

The  following  are  the  values  of  —  and  d  for  certain  gases  and 

h 
vapours : — 

Air, 26,314     0*238 

Oxygen, 23,710 

Hydrogen, 37Mi9 

Steam, 42,141*  0*475 

^thervapour, 10,110     0-481 

Bisulphnret  of  carbon  vapour, ...       9, 902     0*1575 

Carbonic  acid,  if  a  perfect  gas, ...  1 7,264 

Do.,  actually, I7>i45     0*217 

*  This  is  an  ideal  result,  arriyed  at  not  by  direct  experiment,  but  hj  calcaUtioa 
from  the  chemical  composition  of  steaoL 
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The  Yariations  of  pressure,  volume,  and  absolute  temperature  of 
a  gas  during  rapid  changes  of  motion,  are  connected  by  the  propor- 
tional equation 

T  a  p*^'  a  ^ (11.) 

The  equations  in  this  Article  are  all  adapted  to  perfect  gases. 
Actual  gases  deviate  from  the  perfectly  gaseous  condition  more  or 
less ;  but  in  most  practical  questions  of  hydrodynamics  the  equa- 
tions for  perfect  gases  may  be  applied  to  them  without  material 
error. 

636.  The  B^mrtioa  of  emmAmm'ktf  for  a  Stwdy  StrwuM  of  Oas  takes 
the  following  form,  when  the  laws  stated  in  the  last  Article  are 
taken  into  account  The  original  equation,  as  given  in  Article 
421,  being  equivalent  to 

Q^  =  A  v^  =  constant, (1.) 

we  have  to  consider  that,  by  the  equations  of  the  last  Article,  we 
have 

1          _L                 _!, 
^  a  jpy  a  t''-*  a  (A-»)^' (2.) 

the  exponents  having,  for  air,  the  values 

^=0-71 5  -^  =2-451 (3.) 

y  y-1  ^  ' 

Hence  the  equation  of  continuity,  in  terms  of  the  pressure,  of  the 
absolute  temperature,  and  of  the  dynamic  head  respectively,  takes 
the  following  forms  :-»- 

)_  \ 

Q^  =  A  vjo''^  constant; (4.) 

I  1 

Q  T^-^  =  A  t;  T»-'  =  constant; (5.) 

1                           1 
Q  (A -«)»'-*  =  Aw  (A -«)''-»  =  constant; (6.) 

637.  Flow  of  Om  ftoBi  ■■  Orifice. — Let  the  pressure  of  a  gas 
within  a  receiver  be  pi,  and  without,  /?, ;  let  A  be  the  effective  area 
of  an  orifice  with  thin  edges ;  that  is,  the  product  of  the  actual  area 
by  a  co-efficieTU  of  cont/raction,  whose  value  is 

0'6,  nearly. 

Let  the  receiver  be  so  large  that  the  velocity  within  it  is  insensible. 
Let  the  absolute  temperature  and  density  of  the  gas  within  the 
receiver  be  r„  ^^  and  those  of  the  issuing  jet  r^  ^     The  latter  are 
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sot  the  same  with  those  of  the  still  gas  outside^  for  xeaaons  to  be 
stated  afterwards.     Then 

7;=^')"'?=©'^ '■•> 

and  by  equation  8  of  Article  635,  and  equation  3  of  Article  621, 
we  have  for  the  height  due  to  the  velocity  of  outflow, 


1     to 


(2.) 


from  which  the  velocity  itself,  and  the  flow  0/ volume  Q  =  r  A  at 
the  contracted  vein,  are  easily  computed.  To  find  the  flow  <f 
weight,  the  last  quantity  is  to  be  multiplied  by 

1  1 


^=  ,.  •(??)''  =i^^' .  (?^Y; ...(3.) 


giving  the  following  results  : — 

^Q=vA^ 


y-i 


=  ^pr^ 


ye>yo 


(y— l)/^)ri 


V{>-© '}•©'•] 


(*•) 


For  small  differences  of  pressure,  such  that  —  is  nearly  =  1,  the 

following  approximate  formula  may  be  used  where  great  accuracy 
is  not  required  : — 

y__.Po  .  n  .P\—Pt  /gv 

^9       to    To         Pi     '^ 

When  the  motion  of  the  jet  is  finally  extinguished  by  frictioD, 
heat  is  reproduced  sufficient  to  raise  the  absolute  temperature  nearly 
to  its  original  value,  tj. 

637  A.  HaxiBivm  Fi«w  mt  Ctea^ — ^When  ^  is  indefinitely  dimin- 

Pi 
ished,  the  velocity  of  outflow  given  by  equation  2  of  Article  637 
increases  towards  the  limit 


Vfl^j ^■•) 
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being  greater  than  the  velocity  of  sound  in  the  ratio  \/ =-  :  1, 

whose  value  for  air  is  2-21,  giving  for  the  limiting  velocity  of  flow 
of  air 

2,413  feet  per  second  x  a/— (2.) 

The  JUm  of  weight,  however,  as  given  by  equation  4  of  Article 
637,  does  not  continuously  increase  as  ^  is  indefinitely  diminished, 
but  reaches  a  Tna-riTnnm  for  the  value 


.y-i 


1 


(3) 


Pi~\y+V 

corresponding  to 

h_(  2  y-'    T, 2_ 

The  values  of  these  ratios  for  air  are 

p,:p,==  0-527  i  ft  :  fi  =  0-6345 ;  ~*  =  0-8306 (4.) 

and  the  corresponding  velocity  of  flow  is 

•=V(|^.} •:^-) 

being  less  than  the  velocity  of  sound  in  the  ratio  \/        .  :  1, 

whose  value  for  air  is  0-912 ;  giving  for  the  velocity  of  flow  of  air 
corresponding  to  the  greatest  flow  of  weight  through  a  given  orifice 
from  a  receiver  where  the  pressure  and  temperature  are  given, 

«  =  99T  feet  per  second  x  \/ ^ (6.) 

It  is  often  convenient  to  express  the  flow  of  weight  in  the  following 
manner : — 

fcQ  =  ^-Aft; (7.) 

in  which  — ^  is  what  is  called  the  reduced  velocity,  being  the  velo- 

city  of  a  current  of  a  density  equal  to  that  of  the  gas  in  the  receiver, 
whose  flow  of  weight  would  be  equal  to  that  of  the  actual  current 
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The  inaximTim  reduced  Telocity  corresponds  to  the  mnTiniTini  flow; 
and  its  value  is 

«p,  /    2    \^^^^> 

—^  =  velocity  of  8o\md  X  f      .  ,  ) (8u) 

whose  value  for  air  is 
velocity  of  sound  x  0*579  ==  632  feet  per  sec,   x  A  / -...{9. 

The  investigations  in  this  and  the  preceding  Article  are  substan- 
tially the  same  with  those  originally  communicated  to  the  Hoyal 
Society  in  May,  1856,  by  Dr.  Joule  and  Dr.  Thomson;  and  the 
results  differ  by  small  quantities  arising  mainly  from  those  gentler 
men  having  taken  y  =  1-41,  instead  of  1*408. 

Messrs.  Joule  and  Thomson  tested  the  theoretical  result  as  to 
the  Tnaximwm  reduced  velocity  given  in  equation  9,  by  experiments 
on  the  flow  of  air  through  oirfices  in  plates  of  copper  of  0*029, 
0*053,  and  0*084  of  an  inch  in  diameter,  at  the  temperatmre  of  57° 

Fahrenheit,  for  which  —  =    ^^    ,  and  the  calculated  maximum 
Tq        4"o*J 

reduced  velocity  is  647  feet  per  second. 

The  maximum  reduced  velocity  found  by  experiment  was  550 

feet  per  second,  or  0*84  of  that  found  by  theory;  but  in  calculating 

the  velocity  from  the  experiments,  the  actual  area  of  the  oriflce  was 

employed;  so  that  the  difference  probably  arises  from  contraction. 

The  con*esponding  value  of  the  ratio  p^ :  p^^  as  found  by  experiment, 

was  0*375  instead  of  0*527;  a  difference  produced  by  friction. 

SEcriOK  3. — Motmis  of  Liquids  with  Fridtwiu 

638.  Qenerai  i^awa  mt  Staid  Frtcti«a. — It  is  known  by  experi- 
ment, that  between  a  fluid,  and  a  solid  surface  over  which  it  glides^ 
there  is  exerted  a  resistance  to  their  relative  motion  which  is  pro- 
portional* to  their  surface  of  contact,  and  to  the  density  of  the  fluid, 
and  is  approximately  proportional  to  the  square  of  the  velocity  of 
the  relative  motion ;  that  is,  the  resistance  is  approximately  pro- 
portional to  the  weight  of  a  prism  of  Hve  fluidy  whose  base  is  the 
surface  of  contact,  and  its  height  the  height  due  to  the  relative  velocity. 

Let  S  be  the  surface  of  contact,  v  the  velocity,  ^  the  weight  of  an 
unit  of  volume  of  the  fluid,  and  fs.  fiwjtor  called  the  co-^fficienjt  of 
friction;  then 

R=As^ a-) 

is  the  amount  of  the  friction  at  the  surface  SL 
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The  oo>efficient/is  not  absolutely  constant  at  different  Yelocitie& 
The  mode  of  calculation  employed  in  practice,  where  the  velocity  is 
one  of  the  unknown  quantities  to  be  determined,  is  to  find  an 
approximate  value  of  the  velocity  from  the  mean  value  of/;  then 
to  compute  the  value  of  /  corresponding  to  that  approximate 
velocity,  and  use  it  to  compute  the  velocity  more  exactly. 

The  following  are  some  of  the  values  of  the  co-efficients  of  friction, 
according  to  different  authorities,  for  streams  of  water,  gliding  over 
various  surfaces;  v  being  the  mean  f?elocUy  of  t^ie  streaiti,  in  feet  per 
second: — 

Iron  pipes  (I^rtelwein), ./=  a  +  - ;  a  =  00056. 

V 

6  =  0-00144  foot. 

Iron  pipes  (Weisbach), ./  =  a  +  -= ;  a  =  0*0036. 

h*=  0*0043. 


o'oo64. 


Iron  pipes,  average  value  of /for  first ) 
approximation, J 

Beds  of  rivers  (ETtelwein),. .  /=  a  +  - ;  a  =  0*007  ^ ^4- 

h  =  0*001363  foot, 

Beds  of  rivers  (Weisbach),.. ^=  a  +  - ;  a  =  0*007409. 

b  =  0*000227  ^^^^ 

Beds  of  rivers^  average  value  of /for  )         ©•oo'zedc 
first  approximation, j  '^  ^' 

A  collection  of  numerous  formulse  for  fluid  friction,  proposed  by 
different  authors,  together  with  tables  of  the  results  of  the  best  for- 
mulse,  is  contained  in  Mr.  Neville's  work  on  Hydratdics.  The 
formula  of  different  authors,  though  differing  in  appearance,  are 
founded  on  the  same,  or  nearly  the  same,  experimental  data,  being 
chiefly  those  of  Du  Buat,  with  additions  by  subsequent  inquirers; 
and  their  practical  results  do  not  materially  differ.  The  two  foi> 
mulsB  given  above,  on  the  authority  of  Weisbach,  may  on  the  whole 
be  considered  the  best. 

639.  Internal  vinid  Fricri«n. — ^Although  the  particles  of  fluids 
have  no  transverse  elasticity,  that  is,  no  tendency  to  recover  a 
certain  figure  after  having  been  distorted,  it  is  certain  that  they 
resist  being  made  to  slide  over  each  other,  and  that  there  is  a  lateral 
communication  of  motion  amongst  them;  that  is,  that  there  is  a 
tendency  of  particles  which  movjd  side  by  side  in  parallel  lines  to 
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assume  the  same  velodtj.  The  laws  of  this  lateral  communicatioii 
of  motion,  or  internal  fidction,  of  fluids,  are  not  known  exactlj; 
but  its  effects  are  known  thus  fax  : — ^that  the  enei^  due  to  differ- 
ences of  velocity,  which  it  causes  to  disappear,  is  replaced  by  heat 
in  the  proportion  of  one  thermal  unit  of  Fahrenheit's  scale  for  772 
foot  pounds  of  energy,  and  that  it  causes  the  friction  of  a  stream 
against  its  channel  to  take  effect,  not  merely  in  retarding  the  film 
of  fluid  which  is  immediately  in  contact  with  the  sides  of  the  channel^ 
but  in  retarding  the  whole  stream,  so  as  to  reduce  its  motion  to  one 
approximating  to  a  motion  in  plane  layers  perpendicular  to  the  axis 
of  the  channel  (Article  625). 

640.  Frietl«n  in  mm  VatrMm  StrcMB. — ^It  is  this  last  &ot  which 
renders  possible  the  existence  of  an  open  stream  of  tmiform  section, 
velocity,  and  declivity.  In  hydraulic  calculations  respecting  the 
resistance  of  this,  or  any  other  stream,  the  value  given  to  the 
velocity  is  its  mean  value  throughout  a  given  cross-section  of  the 
stream  A^ 

"  =  1 (!•) 

The  greatest  velocity  in  each  cross-section  of  a  stream  takes  place 
at  the  point  most  distant  from  the  rubbing  surfiaoe  of  the  channel 
Its  ratio  to  the  mean  velocity  is  given  by  the  following  empirical 
formula  of  'Prony,  where  Y  is  Sie  greatest  velocity  in  feet  per 
necond : — 

V  _   7-71 +V  . 

V  ■"  10-25  4.  V ^  ^^ 

In  an  uniform  stream,  the  dynamic  head  which  would  otherwise 
have  been  expended  in  producing  increase  of  actual  energy,  is 
wholly  expended  in  overcoming  friction.  Consider  a  portion  of  the 
stream  whose  length  is  I,  and  fall  z.  The  loss  of  head  is  equal  to 
the  fall  of  the  sur^u^e  of  the  stream,  according  to  Article  623;  and 
the  expenditure  of  potential  energy  in  a  second  is  accordingly 

Equating  this  to  the  work  performed  in  a  second  in  overcoming 
friction,  viz.,  t;  R,  we  find 

or  dividing  by  common  £ax;tors,  and  by  the  area  of  section  A^  we 
find  for  the  value  of  the  fEill  in  terms  of  the  velocity 

•=/!-27- W 
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Let  she  wbat  is  called  the  weUed  perimeter  of  the  cross-sectioii  of 
the  stream;  that  is,  the  cross-section  of  the  nihbing  suiface  of  the 
stream  and  channel;  then 

and  dividing  both  sides  of  equation  3  by  I,  ve  find  for  the  relation 
between  the  rate  of  dediviiy  and  the  velociiy. 


r 


.{4.) 


—  is  what  is  called  the  ^'bydbaxtlic  heak  depth*'  of  the  stream: 

and  as  the  friction  is  inversely  proportional  to  it,  it  is  evident  that 
the  figure  of  cross-section  of  chtmnel  which  gives  the  least  friction 
is  that  whose  hydraulic  mean  depth  is  greatest,  viz.,  a  semicircle. 
When  the  stability  of  the  material  limits  the  side-slope  of  the 
channel  to  a  certain  angle,  Mr.  Neville  has  shown  that  the  figure 
of  least  friction  consists  of  a  pair  of  straight  side-slopes  of  the  given 
inclination  connected  at  the  bottom  by  an  arc  of  a  circle  whose 
radius  is  the  depth  of  liquid  in  the  middle  of  the  channel;  or, 
if  a  flat  bottom  be  necessary,  by  a  horizontal  line  touching  that  arc. 
For  such  a  channel,  the  hydraulic  mean  depth  is  half  of  the  depth 
of  liquid  is  the  middle  of  the  channel 

641.  Tuytac  scmuB. — In  a  stream  whose  area  of  cross-section 
varies,  and  ia  which,  consequently,  the  mean  velocity  varies  at 
different  cross-sections,  the  loss  of  dynamic  head  is  the  sum  of  that 
expended  in  overcoming  finction,  and  of  that  expended  in  producing 
increased  velocity,  when  the  velocity  increases,  or  the  difference  of 
those  two  quantities  when  the  velocity  diminishes,  which  difference 
may  be  positive  or  negative,  and  may  represent  either  a  loss  or  a 
gain  of  head.  The  following  method  of  representing  this  principle 
symbolically  is  the  most  con- 
venient for  practical  purposes. 
In  ^g,  253,  let  the  origin  of  co- 
ordinates be  taken  at  a  point  O 
completely  bdaw  the  part  of  the 
stream  to  be  cousidei^d;  let  ho- 
rizontal abscisssB  x  be  measured 
against  the  direction  of  flow, 
and  vertical  ordinates  to  the 
surface  of  the  stream,  z,  up-  ^«  2*8' 

ward&  Consider  any  indefinitely  short  portion  of  the  stream  whose 
horizontal  length  iadx;  in  practice  this  may  almost  always  be  con- 
sidered as  eqiud  to  the  actual  length.     The  fiedl  in  that  portion  of 
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the  stream  ia  dzj  and  the  aooeleration  --  dv^  because  of  v  being 
opposite  to  X.     Then  modifying  the  expression  for  the  loss  of  head        ^, 
due  to  friction  in  equation  3  of  Artide  640  to  meet  the  present 
case^  and  adding  the  loss  of  head  dne  to  acceleration,  we  find 

a, j-+/'-rTg <^> 

In  applying  this  differential  equation  to  the  solution  of  any  parti- 
cular problem,  for  t?  is  to  be  put  Q  -r-  A,  and  for  A  and  s  are  to  be 
put  their  values  in  terms  of  x  and  z.  Thus  is  obtained  a  differential 
equation  between  x  and  z,  and  the  constant  quantity  Q,  the  flow 
per  second.  If  Q  is  known,  then  it  is  sufficient  to  know  the  Tahie 
of  z  for  one  particular  value  of  x,  in  order  to  be  able  to  determine 
the  integral  equation  between  z  and  x.     If  Q  is  unknown,  ihe 

d  z 
values  of  z  for  two  particular  values  of  o^  or  of  «  and  -v—  (the 

declivity),  for  one  particular  value  of  a:,  are  required  for  the  solu- 
tion, which  comprehends  the  determination  of  die  value  of  Q. 

642.  TiM  Frietl«a  in  a  Pipe  Bumiag  FaU  produces  loss  of 
dynamic  head  according  to  the  same  law  with  the  Mction  in  a 
channel,  except  that  the  dynamic  head  is  now  the  sum  of  the  ele- 
vation of  the  pipe  above  a  given  level,  and  of  the  height  due  to  the 
pressure  within  it.  The  differential  equation  which  expresses  this 
is  as  follows : — ^Let  dlh^  the  length  of  an  indefinitely  short  portion 
of  a  pipe  measured  in  the  direction  of  flow,  8  its  internal  circumfer- 
ence, A  its  area  of  section,  z  its  elevation  above  a  given  level,  p  the 
pressure  within  it,  h  the  dynamic  head.     Then  the  loss  of  head  is 

,-            ,       dp      vdv       J,  8dl     ff  ,-  . 

-dk  =  -dz  --^  =  +/•  -T-  --x-. (1.) 

,    dh. 
The  ratio  -^  is  called  the  vwiual  or  hydrandic  dedivUy^  being  tiie 

rate  of  declivity  of  an  open  channel  of  the  same  flow,  area,  and 
hydraulic  mean  depth.     This  may  differ  to  any  extent  from  the 

actual  declivity  of  the  pipe,  -^^, 

When  the  pipe  is  of  uniform  section,  <j?t?  =  0,  and  the  first  term 
of  the  right-hand  side  of  equation  1  vanishes. 

When  the  section  of  the  pipe  varies,  s  and  A  are  given  functions 
of  L  If  Q  is  given,  t?  =  Q  -f-  A  is  also  a  given  function  of  I ;  and 
to  solve  the  equation  completely,  there  is  only  required  in  addition 
the  value  of  h  for  one  particular  value  of  ^.     If  Q  is  unknown,  the 

values  of  h  for  two  particular  values  of  L  or  of  h  and  -rr  for  one 

.a* 
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particular  value  of  ly  are  required  for  the  solution,  wliich  compre- 
hends the  determination  of  Q. 

643.  Retftrtamcc  •€  MoathpiecM. — ^A  mouthpiece  is  the  part  of  a 
channel  or  pipe  immediately  adjoining  a  reservoir.  The  internal 
fi-iction  of  the  fluid  on  entering  a  mouthpiece  causes  a  loss  of  head 
equal  to  the  height  due  to  the  velocity  multiplied  by  a  constant 
depending  on  the  figure  of  the  mouthpiece,  whose  values  for  certain 
figures  have  been  found  empirically;  liat  is  to  say,  let  —Ah  he  the 
loss  of  head ;  then 

-^'-^21' <^) 

f  being  a  constant. 

For  the  mouthpiece  of  a  cylindrical  pipe,  issuing  from  the  flat 
side  of  a  reservoir,  and  making  the  angle  i  with  a  normal  to  the 
side  of  the  reservoir,  according  to  Weisbach, 

/  =  0-505  +  0-303  sin*  +  0-226  sin"i. (2.) 

644.  The  Realstaace  of  Cmrrem  and  Knees  in  pipes  causes  a  loss 
of  head  equal  to  the  height  due  to  the  velocity  multiplied  by  a  co- 
efficient, whose  values,  according  to  Weisbach,  are  given  by  the 
following  formulae : — For  curves,  let  i  be  the  arc  to  radius  unity,  r 
the  radius  of  curvature  of  the  centre  line  of  the  pipe,  and  d  its 
diameter. 

Then  for  a  circular  pipe, 

/'  =  i{0131  + 1-847  (24)''}; 

angular  pipe, 

/•  =  !  {0124 +  3-104  (4/}. 


and  for  a  rectangular  pipe. 


.(1.) 


For  knees,  or  sudden  bends,  let  i  be  the  angle  made  by  the  two  por- 
tions of  the  pipe  at  either  side  of  the  knee  with  each  other;  then 

f  =  0-9457  sin"  ^  +  2-047  sin*  ^ (2.) 

645.  A  Sadden  EnUurgemeai  of  the  channel  in  which  a  stream 
of  liquid  flows,  causes  a  sudden  diminution  of  the  mean  velocity  in 
the  same  proportion  as  that  in  which  the  area  of  section  is  in- 
creased Thus,  let  »i  be  the  velocity  in  the  narrower  portion  of 
the  channel,  and  let  m  be  the  number  expressing  the  ratio  in  which 
the  channel  is  suddenly  enlarged:  the  velocity  in  the  enlarged  part 
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is  — \  Kow  it  appears  from  experiment,  that  the  actual  energy- 
due  to  the  velocity  of  the  narrow  stream  rdaitivdy  to  the  wide 
stream,  that  is,  to  the  difference  Vi  [1 V  is  expended  in  ot^- 

coming  the  internal  fluid  friction  of  eddies,  and  so  producing  heat; 
so  that  there  is  a  loss  of  total  head,  represented  bj 

ao-D- <■■> 

646.  The  ctaaeml  FMhien  of  the  flow  of  a  stream  with  friction 

is  thus  expressed : — Let  ^  +  ^r-,  and  h^  +  ^  be  the  total  heads 

at  the  beginning  and  end  of  the  stream  respectively ;  then  the  loss 
of  total  head  is  represented  by 

A,-A..^  =  ..F2^ 0) 

where  the  right-hand  side  of  the  equation  represents  the  sum  of 
all  the  losses  of  head  due  to  the  friction  in  various  parts  of  the 
channel 

Section  4. — Flow  of  Gases  wUh  Friction. 

647.  TiM  Qeneni  Iaw  of  the  friction  of  gases  is  the  same  with 
that  of  the  friction  of  liquids  as  expressed  by  equation  1,  Article 
638,  the  value  of  the  co-efficient/ being 

0-006,  nearly, 

for  friction  against  the  sides  of  the  pipe  or  channel  For  a  cylin- 
drical mouthpiece,  the  co-efficient  of  resistance  is  0*83 ;  for  a 
conical  mouthpiece  diminishing  from  the  reservoir,  0  38. 

When  the  pressures  at  the  beginning  and  end  of  a  stream  of  gas 

do  npt  differ  by  more  than  j^  of  their  mean  amount,  problems 

respecting  its  flow  may  be  solved  approximately  by  means  of  the 
above  data,  treating  it  as  if  it  were  a  liquid  of  the  density  due  to 
the  lesser  pressure,  as  in  the  approximate  equation  of  Article  637. 
In  seeking  the  exact  solution  of  the  flow  of  a  gajs  with  friction, 
it  is  necessary  to  take  into  account  the  effect  of  the  friction  in  pro- 
ducing heat,  and  so  raising  the  temperature  of  the  gas  above  what 
it  would  be  if  there  were  no  friction,  as  supposed  in  Section  2.  In 
the  flow  of  a  perfect  gas  with  friction,  if  the  heat  produced  by  the 
friction  is  not  lost  by  conduction,  the  friction  causes  no  loss  of  total 
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head ;  so  tLat  if  at  the  beginning  and  end  of  a  stream  the  velocities 
of  a  perfect  gas  are  the  same^  its  temperatures  must  also  be  the 
same.  In  an  imperfect  gas,  there  is  a  small  depression  of  tempera- 
ture, which  has  been  employed  by  Dr.  Joule  and  Dr.  Thomson  as 
a  means  of  determining  or  verifying  the  laws  of  the  deviation  of 
different  gases  from  the  condition  of  perfect  gas. 


Section  5. — MvJbuixd  ImpiiUe  of  Fluids  amd  Solids, 
648.  Prcannre  ^T  a  Jet  afatest  a  Fixed  Sarliuse. — A  jet  of  fluid 


A,  fig.  254,  striking  a  smooth  surface,  is  deflected  so  as  to  glide 


Fig.  254. 


Fig.  26& 


Fig.  256. 


along  the  surface  in  that  path  B  E  which  makes 
the  smallest  angle  with  its  original  direction 
of  motion  A  B,  and  at  leogth  glances  off  at  the 
edge  E  in  a  direction  tangent  to  the  sur&ce. 
To  simplify  the  question,  the  surface  is  sup- 
posed to  be  curved  in  such  a  maimer  as  to 
guide  the  jet  to  glance  off  it  in  one  definite  direction.  The  fric- 
tion between  the  jet  and  the  surface  is  supposed  insensible.  This 
being  the  case,  as  the  particles  of  fluid  in  contact  with  the  sur- 
face move  along  it,  and  the  only  sensible  force  exerted  between 
them  and  the  surface  is  perpendicular  to  their  direction  of  motion, 
that  force  cannot  accelerate  or  retard  the  motion  of  the  particles, 
but  can  only  deviate  it.  Let  v,  then,  be  the  velocity  of  the  par- 
ticles of  fluid,  Q  the  volume  discharged  per  second,  p  the  density, 
and  fi  the  angle  by  which  the  direction  of  motion  is  deflected;  then 

pQv 

9 

is  the  momentum  of  the  quantity  of  fluid  whose  motion  is  deflected 
per  second.    Also  conceive  an  isosceles  triangle  whose  legs  are  each 
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equal  to  tbe  velocity  v,  and  make  -with  each  other  the  angle  fi ; 
then  the  base  of  that  triangle^  whose  value  is 

2f?smg, 

represents  the  change  of  velocity  undergone  by  each  particle  of 
fluid ;  so  that  the  change  of  momentum  per  second  is 

^  =  -^    «^S* (^-^ 

and  this  also  is  the  amount  of  the  total  pressure  acting  between  the 
fluid  and  the  sur&ce,  in  the  direction  of  a  line  which  is  parallel  to 
the  base  of  the  isosceles  triangle  before  mentioned ;  that  is,  which 
makes  equal  angles  in  opposite  directions  with  the  original  and  new 
directions  of  motion  of  the  jet. 

The  force  represented  by  F  may  be  resolved  into  two  compo- 
nents, F«  and  F^  respectively  parallel  and  perpendicular  to  the 
original  direction  of  the  jet  The  values  of  the  resultant  and  its 
two  components  evidently  bear  to  each  other  the  proportions, 

P  :F,  :F,  ::  2  sin  |  :  l-cos/S  :  8in/3 (2.) 

whence  the  components  have  the  values, 

F.  =  ?^(l-cosi8);  F,  =  5^8in/3 (3.) 

•f  y 

If  the  sur&ce  struck  by  the  jet  is  of  a  synmietrical  figure  about 
the  original  direction  of  the  jet  as  an  axis,  the  quantity  of  fluid  Q 
which  strikes  the  surface  in  each  second  spreads  and  glides  off  in 
various  directions  distributed  symmetrically  round  the  axis,  and 
making  equal  angles  fi  with  it ;  so  that  the  forces  exerted  perpen- 
dicular to  the  axis  by  the  different  parts  of  the  spread  and  diverted 
jet  balance  each  other,  and  nothing  remains  but  the  sum  of  the 
components  parallel  to  the  axis,  whose  value  is  F^  as  given  in  the 
first  of  the  equations  3. 

By  substituting  A  v  for  Q,  the  forces  may  be  expressed  in  terms 
of  the  sectional  area  of  the  jet. 

As  a  particular  case,  let  the  surface  be  a  plane,  as  in  fig.  255. 
The  jet,  on  striking  the  surface,  spreads  and  glances  off  in  all  direc- 
tions at  right  angles  to  its  original  direction,  so  that  /8  =*  90**, 
COS  /3  =  0,  and 

F,=  i^-.  i±^. (4.) 
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being  equal  to  the  weight  of  a  column  of  fluid  whose  base  is  the 
sectional  area  of  the  jet,  and  its  height  doMe  of  the  height  due  to 
the  velocity.     This  result  is  confirmed  by  experiment. 

As  another  case,  let  the  surface  be  a  hollow  hemisphere  (fig.  256), 
so  that  the  jet  in  spreading  is  turned  directly  backwards.  Then 
/3  s  180O,  -cosiS  =   +l,and 

^•="T"  =  -^^ <'•> 

being  equal  to  the  weight  of  a  column  of  fluid  whose  base  is  the 
sectional  area  of  the  jet,  and  its  height  /cmr  times  the  height  due 
to  the  velocity. 

649.  Tb«  PrMnne  of  a  Jet  aflalntt  a  HoTing  SaHkec  is  found  by 
substituting  in  the  equations  of  the  preceding  Article,  the  motion 
of  the  jet  reUUivdy  to  the  svjrface  for  its  motion  relatively  to  the 
earth.  In  this  case  there  is  energy  transmitted  from  the  jet  to  the 
solid  surface  or  from  the  solid  surface  to  the  jet;  and  the  deter- 
mination of  the  amount  of  energy  so  transmitted  per  second  forms 
an  important  part  of  the  problem. 

Case  1.  W1\jen  the  surface  has  a  motion  of  tremslation  parallel  to 
the  original  direction  ofOvejetj  let  u  be  the  velocity  of  that  motion, 
positive  if  it  is  along  with  the  motion  of  the  jet,  and  negative  if 
against  it ',  let  v^  be  tiie  original  velocity  of  the  jet ;  then  v^—u  is 
the  velocity  of  the  jet  relatively  to  the  surface.  Consequently,  the 
component  force  acting  between  the  fluid  and  the  solid  surface,  in 
the  direction  of  motion  of  the  latter,  is 

F.  =  ^^iHLl2^(l-cos^); (1.) 

representing  also  the  equal  and  opposite  force  which  must  be  ap- 
plied to  the  solid  to  make  its  motion  uniform;  and  the  energy 
transmitted  per  second  is 

F.«  =  ^^^i^(l-coe^); (2.) 

which,  if  t£  is  positive,  is  transmitted  from  the  fluid  to  the  solid, 
and  if  t6  is  negative,  from  the  solid  to  the  fluid. 

The  energy  thus  transmitted  per  second  is  equal  to  the  difference 
of  the  actual  energies  of  the  volume  Q  of  fluid  before  and  after 
acting  on  the  solid.  Let  v,  be  the  velocity  of  the  fluid  after  the 
collision ;  this  being  the  resultant  of  w,  and  of  i;,  —  m  in  the  devi- 
ated direction,  its  square  is  given  by  the  equation 

vj  =  w"  +  (vi  —  -m)'  +  2  w  {vi  -  u)  •  cos  /8 

=  i^-2tt(vi-w)  (l-cos/3); (3.) 
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by  comparing  which  with  equation  2  it  is  evident  that 

F.-'-^^. (*•) 

as  has  been  stated. 

The  maximum  tiansnussion  of  energy  from  the  fluid  to  the  solid, 
for  a  given  velocity  of  jet,  is  obviously  given  by  the  velocity, 


which  gives 


fQ^»/1       ^^«y.\.   TH  ..        «Q«f> 


F.  =  i^(l-cos/3);  F,u  =  '-^{1-co.fiy  J 


..(5.) 


If  /8  =  90^,  as  in  fig.  255,  the  maximum  energy  transmitted  is 
e  Q 1^  -^  4  ^,  or  half  of  the  original  actual  energy  of  the  fluid.  If 
/9  =  180^,  as  in  fig.  256,  the  maximum  energy  transmitted  is 
^  Q  f?  H-  2g,  or  ^  whole  of  the  original  actual  energy  of  the  fluid, 
which,  after  the  collision,  is  left  at  rest. 

Case  2.  When  the  aurfdce  hoe  a  motion  of  translaHon  in  any 
direction,  with  the  velocity  u,  let  BD,  ^g,  254,  represent  that 
direction  and  velocity,  and  B  C  the  direction  and  original  velocity 
^i  of  the  jet  Then  D  C  represents  the  direction  and  velocity  of 
the  original  motion  of  the  jet  relatively  to  the  surface.  Draw 
E  F  =  D  C  tangent  to  the  surfieuje  at  E,  where  the  jet  glances  ofl"; 
this  represents  the  relative  velocity  and  direction  with  which 
the  jet  leaves  the  surfiace.  Draw  F  G  ||  and  =  B  D,  and  join  E  G ; 
this  last  line  represents  the  direction  and  velocity  relatively  to  the 
earth,  with  which  the  jet  leaves  the  surface,  being  the  restdtant  of 
E  F  and  F  G. 

The  total  force  exerted  between  the  fluid  and  the  surface  might 
be  determined  by  finding  the  change  of  the  momentum  of  the 
volume  of  fluid  Q,  due  either  to  the  change  of  direction  and  velo- 
city relatively  to  the  earth,  viz.,  from  BC  to  EG;  or  to  that 
relatively  to  the  surfiwje,  viz.,  from  DO  to  E  F.  But  the  force 
which  it  is  most  important  to  determine  is  that  to  which  the  trans- 
mission of  energy  is  due,  viz.,  the  force  parallel  to  B  D,  which  will 
be  denoted  by  F^  This  force  is  equal  to  the  change  in  one  second 
of  the  component  momentum  of  the  fluid  in  the  direction  B  D. 
Let  «  =  .^^  D  B  C,  denote  the  angle  between  the  direction  of  the 
jet  and  that  of  the  body's  translation;  then  the  componenl^  in  the 
direction  B  D,  of  the  original  velocity  of  the  jet  is 


Vj  cos  •«. 
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Let  w  =  D  C  be  the  velocity  of  the  jet  relatively  to  the  surface  ; 
then 

«>*  =  «'  +  vf— 2wi?i  •  C08  « (6.) 

Let  y  =  supplement  of  .^  E  F  G,  denote  the  angle  which  a  tan- 
gent to  the  surface  at  the  edge  where  the  fluid  leaves  it  makes  with 
the  direction  of  translation.  Then  the  component,  in  the  direction 
B  D,  of  the  new  velocity  of  the  jet  is 

w  +  tr  cos  y  ; 
and  the  change  of  momentum  in  that  direction  in  one  second  is 

F,  =  5—  (ViCOS«— «— WCOSy) (7.) 

y 
which  gives  for  the  energy  transferred  per  second, 

-Q 

F,«  =  = —  tt(vi  co8«— tt— u^'cosy) (8.) 

Let  Vg  be  the  resultant  velocity  of  the  fluid  after  the  collision;  then 

vl=:u*  +  vf  +  2uw  'cosy (9.) 

and  it  is  easily  verified  that 

F,«  =  '-^^ (10.) 


650.  Pmmhm  of  a  Farced  Vmrlex  Afstest  a  WhceL — ^In  a  free 
vortex  (Article  630,  631),  because  the  velocity  of  each  particle  is 
inversely  as  its  distance  from  the  axis,  the  cmgiUar  mommvtwm  dl 
every  particle  of  equal  weight  is  the  same;  and  a  particle  in  mov- 
ing nearer  to  or  feirther  from  the  axis  of  the  vortex,  preserving  its 
angular  momentum,  requires  no  external  force  to  be  applied  to  it 
in  order  to  make  it  assume  the  motion  proper  to  each  part  of  the 
vortex  at  which  it  arrives. 

If,  in  a  forced  vortex,  there  is  at  the  same  time  a  radiating 
current  by  -which  the  fluid  moves  towards  or  from  the  axis,  then  by 
means  of  solid  surfaces,  such  as  those  of  the  vanes  of  a  wheel,  there 
must  be  applied  to  the  fluid  in  the  vortex  a  couple  sufficient  in  each 
second  to  produce  the  requisite  change  of  angular  momentum  in  the 
quantity  of  fluid  which  flows  radiaUy  through  the  vortex  in  a 
second,  and  the  fluid  will  react  upon  the  wheel  with  an  equal  and 
opposite  couple. 

Symbolically,  let  ro,  r,,  be  the  radii  of  the  cylindrical  surfaces  at 
which  a  forced  vortex  begins  and  ends;  v^  Vi,  the  velocities  of  the 
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reyolving  motion  at  these  two  surfaces;  Q,  the  flow  of  the  radial 
current;  then  the  moment  of  the  couple  exerted  between  the  vortex 
and  the  wheel  is 

M  =  «^(„or,-thn) (1.) 

A  vortex-wheel,  or  turbine,  when  working  in  the  most  £stvourable 
manner,  receives  iJie  fluid  at  ends  of  its  vanes  which  have  a  velocity 
of  revolution  equal  to  that  of  the  particles  of  fluid  in  contact  with 
them ;  so  that  rdativdy  to  the  wheel,  the  motion  of  the  fluid  is  at 
flrst  radial  The  fluid  glances  off  from  the  vanes  at  their  other 
ends,  which  are  of  such  a  figure  and  position  that  they  leave  the 
flmd  behind  them  with  only  a  radial  motion  relatively  to  the  earth ; 
BO  that  the  whole  of  the  energy  due  to  the  revohuion  of  the  fluid  is 
transmitted  to  the  wheel  That  is  to  say,  let  a  be  the  angular 
velocity  of  the  wheel;  then  we  must  have 

t>p  =  aro;  V|  =  0; 

9      '  9  9 

The  last  quantity,  M  a,  is  the  energy  transmitted  in  each  second 
from  the  fluid  to  the  wheel,  which,  in  the  case  supposed,  is  the 
whole  energy  due  to  the  motion  of  revolution  and  centrifugal 
pressure  of  the  weight  e  Q  of  fluid  in  a  rotating  forced  vortex,  as 
already  shown  in  Article  632. 

The  ends  of  the  vanes  which  receive  the  fluid  should  be  radial, 
because  the  motion  of  the  fluid  relatively  to  them  is  radial  The 
ends  of  the  vanes  where  the  fluid  glances  off  should  be  inclined 
backwards  so  as  to  make  with  the  radii  intersecting  them,  an  angle 

Q 

^  given  by  the  following  equation  : — Let  u  =  ^r—. — r  be  the  velocity 

Z  IF  Tib 

of  the  radial  current  at  the  ends  of  the  vanes  now  in  question;  then 

tan*  =  ?l!i  =  ?Z«Ji!; (3.) 

h  being  the  depth  of  the  wheel  in  a  direction  parallel  to  the  axis. 

Fig.  257  represents  Mr.  James  Thomson's  vortex  water-wheel, 
designed  on  these  principles.  The  water  is  supplied  to  the  wheel 
fi*om  a  large  external  casing,  in  which  it  forms  a  free  spiral  vortex; 
it  is  directed  by  guide  blades,  B,  against  the  outer  circumference  of 
the  wheel,  where  the  vanes  are  radial,  and  is  discharged  at  the 
central  orifice  of  the  wheel,  the  inner  ends  of  the  vanes  being 
directed  backwards  at  the  angle  0  above  described     The  guide 
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blades  are  moveable  about  pivots  at  C,  in  order  to  adjust  the  angle 
of  obliquity  of  the  external  free  spiral  vortex  at  pleasure^  and  so  to 
adapt  the  flow  Q  of  the  radial  current  to  the  work  to  b^  performed. 


Fig.  267. 


Fig.  258. 


A  vortex-wheel  has  been  applied  to  steam  hj  Mr.  William 
Gorman  of  Glasgow. 

651.  A  Cemtrifagal  Pmnp  consists  mainly  of  a  vortex-wheel 
which  communicates  motion  to  the  water,  so  as  to  make  it  form  a 
forced  vortex  of  the  radius  C  R  =  ro,  fig.  257.  The  water  is  supplied 
by  a  radiating  current  proceeding  otUtoa/rda  from  the  centi'al  orifice 
towards  the  circumference.  The  inner  ends  of  the  vanes  should 
make  with  the  radii  traversing  them  the  angle  already  denoted  by 
$,  Article  650,  equation  3,  that  they  may  cleave  the  fluid  as  it  moves 
radially  outwards,  without  striking  it,  which  would  cause  agitation, 
and  waste  of  energy  in  friction.  The  outer  ends  of  the  vanes  should 
be  radial  Beyond  the  wheel,  the  water  forms  a  fr-ee  spiral  vortex 
in  a  casing,  frt>m  which  it  is  discharged  at  A  through  a  pipe.  The 
suriace  vdocity  a  r©  =  Vo  ^^  t^©  wheel  is  regulated  by  the  total  head 
required,  consisting  of  the  elevation  at  which  the  water  is  to  be 
delivered,  the  height  due  to  its  velocity  of  deUvery,  and  the  head 
lost  in  overcoming  friction ;  that  is  to  say,  according  to  the  prin- 
ciples of  Article  630  to  633, 


|=;i.  =  *+^(i+../). 


.(1.) 


where  z  is  the  elevation  of  the  point  of  delivery,  V  the  velocity  in 
the  discharge  pipe,  and  2  '/the  sum  of  the  various  quantities  by 
which  the  height  due  to  that  velocity  is  to  be  multiplied  to  find  the 
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lossof  head  from  variouB  causes  of  friction.  Theratioof  C  Ato  CR 
=  To  is  regulated  by  the  law  that  in  a  free  vortex  the  vdocity  is 
inversely  as  the  radius;  that  is  to  say, 

CA=^' (2.) 

Guide  blades  in  the  tree  vortex  are  here  unnecessary. 
A  blowing  fan  is  a  centrifugal  pump  applied  to  air. 

652.  The  PrcMare  of  a  Carrevt  upon  a  solid  body  floating  or 
immersed  in  it  would  be  equal  in  opposite  directions,  and  have 
nothing  for  its  resultant,  if  fluids  moved  without  friction.  But 
because  of  the  energy  of  the  diverted  streams  which  glance  from,  the 
body  being  to  a  greater  or  less  extent  expended  in  fluid  firiction, 
the  pressure  on  the  back  of  the  solid  body  becomes  less  intense 
than  the  pressure  on  the  frx)nt;  and  to  the  resultant  pressure  in  the 
direction  of  the  current  thus  arising,  has  to  be  added  the  resultant 
of  the  direct  friction  of  the  fluid  against  the  surfiEu;e  of  the  solid  body. 

Our  knowledge  of  the  laws  of  the  force  exerted  by  a  current 
against  a  solid  body  is  almost  wholly  empirical 

It  is  known  that  that  force  can  be  approximately  represented  by 
a  formula  of  this  kind  : — 

F  =  *»^-|^' (!•> 

being  the  product  of  the  height  due  to  the  velocity  of  the  current, 
the  area  A  of  the  greatest  cross-section  of  the  solid  body;  the 
weight  f  of  an  unit  of  volume  of  the  fluid,  and  a  co-efficient  k 
depending  on  the  figure  of  the  body.  The  values  of  this  co-efficient 
have  been  found  experimentally  for  a  few  figures.  The  following, 
according  to  Duchemin,  are  some  of  its  values  for  rectangular  prisms 
and  cylinders,  placed  with  their  axes  along  the  current : — 
Let  L  be  the  length  of  the  prism  or  cylinder,  A  its  transverse  area, 
6  and  d  its  transverse  dimensions,  if  a  rectangular  prisma  or  ita 
axes,  if  a  cylinder.     Then  for 

Ij---JJd=     0,         I,         2,         3. 
^=1-864,  1-477, 1-347,  1-328. 

The  value  headed  0  is  applicable  to  very  thin  plates. 

653.  The  Bcdattimce  of  Fluids  to  the  motion  of  bodies  floating  or 
immersed  in  them  is  subject  to  the  same  remarks  which  have  been 
made  respecting  the  pressure  of  currents  against  solid  bodies.  It  ia 
also  capable  in  many  cases  of  being  approximately  represented  by 
the  formula 


Digitized 


byGoogk 


BESIffTANCE  OF  FLUID8 — 8HIPSL  599 

»  =  *«^^ (1) 

The  co-efficient  k  is  less  for  a  solid  moving  in  a  fluid,  than  for  a 
fluid  moving  past  the  same  solid  The  following  values  are  given 
chiefly  on  the  authority  of  Duchemin.  For  prisms  and  cylinders, 
moving  in  the  direction  of  their  axes,  the  symbols  having  the  same 
meaning  as  in  the  last  Article  ; — 

1$-^  Jbd=     0,         1,         2,         3 ;  average  above  3. 
k  =  1-254,  1-282,  1-306, 1-330;         1-4. 
These  results  are  also  given  by  the  empirical  formula, 

k=l25i(l^-^B^) (2.) 

k  for  a  cylinder,  moving  sideways, ^about  0*77 

^  for  a  sphere,  „  „        „     0-51 

k  for  a  thin  hollow  hemisphere  moving  with 

the  hollow  foremost, about  2-0 

k  for  a  prism  with  wedge-formed  ends  =  k  for 

same  prism  with  flat  ends,  x  (1  —  cos  /3), 
where  ^  =  ^  angle  of  wedge  (doubtfiil). 

For  bodies  moving  through  air  at  high  velocities,  Duchemin 
found  that  the  resistance  increased  fiaster  than  the  square  of  the 
velocity,  according  to  a  law  which  is  very  nearly  expressed  by 
multiplying  the  resistance  found  by  the  formuke  already  given  by 

V  being  in  feet  per  second. 

From  the  results  of  observations  of  the  engine  power  required  to 
propel  various  steam  vessels  of  different  sizes  and  figures  at  different 
velocities,  there  is  reason  to  think  it  probable,  that  when  ships  are 
built  of  such  figures  that  the  water  glides  round  their  surfaces 
without  forming  surge  or  large  eddies,  die  principal  part,  if  not  the 
only  appreciable  part,  of  the  resistance,  is  due  to  the  direct  Motion 
between  the  water  and  the  bottom  of  the  ship ;  and  if  this  opinion 
should  be  confirmed  by  further  investigation,  it  will  show,  that  the 
advantage  of  Mr.  Scott  BusseU's  "  wave  line "  figures,  and  of  any 
other  figures  which  may  be  successful  in  combining  speed  wiili 
economy  of  power,  consists  in  their  causing  the  water  to  glide  past 
the  ship  with  the  least  possible  agitation  and  friction;  and  also. 

Digitized  by  VjOOQIC 


600 


PBDTCIFLES  OP  DYHAXICS. 


that  a  certain  definite  proportion  of  length  to  breadth  is  the  best, 
and  that  not  only  excessive  bluffiiess,  bat  excessive  sharpness  also, 
is  un&ivourable  to  speed  combined  with  economy  of  power. 

654.  Wimhauy  of  FiMUiiig  B«4i«fl. — In  Article  120  it  has  been 
shown,  that  in  order  that  a  body  floating  in  a  liquid  may  be  in 
equilibrio,  the  weight  of  liquid  displaced  must  hd  equal  to  the 
weight  of  the  floating  body,  and  the  centre  of  buoyancy  must  be  in 
the  same  vertical  Ime  with  the  centre  of  gravity  of  the  floating 
body. 

In  order  that  the  equilibrium  of  a  floating  body  may  be  giablej 
every  angular  displacement  of  the  body  from  the  position  of  equili- 
brium must  cause  a  devioHan  of  the  oefUre  of  biun^cmcy,  rdaiiiody  to  a 
vertical  line  trcmersing  the  cent/re  ofgra/vityj  in  the  direction  touxtrde 
which  the  floating  body  leans;  so  that  the  weight  of  the  body  acting 
through  its  centre  of  gravity,  and  the  equal  and  opposite  pressure 
of  the  liquid  acting  through  the  centre  of  buoyancy,  may  constitute 
a  restoring  or  righting  couple,  tending  to  bring  the  body  back  to  the 
position  of  equilibrium.  Should  the  relative  deviation  of  the  centre 
of  buoyancy  take  place  in  the  opposite  direction,  a  ^couple  is  pro- 
duced tending  to  upset  the  body,  which  is  accordingly  unstable; 
should  the  centre  of  buoyancy  continue  to  be  in  the  same  vertical 
line  with  the  centre  of  gravity,  the  body  continues  to  be  in  equili- 
brio in  its  new  position,  and  its  equilibrium  is  indifferent. 

Let  fig.  259  represent  a  cross-section  of  a  ship,  G  her  centre  of 

gravity,  AB  the  water  line, 
and  0  the  centre  of  buoyancy 
in  the  position  of  equilibrium. 
Let  the  ship  roll  through  an 
angle  tf,  and  let  EF  be  the 
new  water  line,  and  D  the 
new  centre  of  buoyancy;  and 
let  the  ship  be  kept  in  this 
position  by  a  couple  whose  mo- 
ment is  known.  Let  W  be  the 
weight  of  the  ship,  and  S  the 
volume  of  water  displaced  by 
her,  so  that  W  =  ^  S  (^  being  the  weight  of  a  cubic  foot  of  water). 
Through  D  draw  a  vertical  line  D  M,  cutting  the  line  C  G,  which 
was  originally  vertical,  in  M.  The  force  of  the  righting  couple  is 
W,  and  itsarm  is  the  horizontal  distance  from  G  to  the  line  D  M ; 
that  is,  G  M  •  sin  6;  consequently,  the  moment  of  the  righting  couple^ 
equal  and  opjiosite  to  the  moment  of  the  rolling  couple,  is 

W  •  G  M  •  sin  0 (1.) 

The  compa/rative  stahUUy  of  difierent  ships  is  considered  as  piopor- 


Fig.  269. 
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tional  to  the  arms  of  their  righting  couples  for  the  same  angle  of 
deviation;  and  those  arms  are  proportional  to  G  M,  which  length 
thus  becomes  a  measure  of  the  stability  of  a  ship.  The  point  M  is 
called  the  metacektre  ;  it  may  be  the  same,  or  it  may  be  different 
for  different  angles ;  the  variation  of  its  position  is  in  general  small 
When  the  position  of  the  metacentre  in  the  ship  is  variable,  the 
angle  of  deviation  to  be  adopted  in  finding  it  should  be  the  greatest 
which  under  ordinary  circumstances  is  likely  to  occur;  for  Afferent 
ships  this  varies  from  6°  to  20°. 

If  the  metacentre  is  above  the  centre  of  gravity,  the  equilibrium 
is  stable;  if  it  coincides  with  the  centre  of  gravity,  the  equilibrium 
is  indifferent;  if  it  is  below  the  centre  of  gravity,  the  equilibrium 
b  unstable. 

Let  H  be  the  line  of  intersection  of  the  planes  of  the  two  water 
lines  A  B,  E  F.  The  deviation  C  D  of  the  centre  of  buoyancy  is 
the  same  with  the  deviation  of  the  centre  of  gravity  of  the  mass 
of  water  displaced,  which  would  arise  from  removing  the  wedge 
A  H  E  into  the  position  F  H  B.  Let  8  be  the  volume  of  that 
wedge,  e  its  weight,  and  let  I  denote  the  distance  between  the  centres 
of  gravity  of  its  two  positions,  A  H  E  and  F  H  B.  Draw  0  D 
parallel  to  the  line  joining  those  two  centres  of  gravity;  and 
according  to  Article  77,  make 

^^ir-i' <2) 

then  is  D  the  new  centre  of  buoyancy. 

The  angle  which  C  D  makes  with  the  horizon  is  in  general  either 

B  —        $ 

exactly  or  very  nearly  =  -;  so  that  CD  ==  M  0  •  2  sin  ^,  approxi- 
mately. Also,  the  volume  8  is  in  general  either  exactly  or  nearly 
proportional  to  2  sin  ^ ;  so  that  if  «  be  a  constant  volimie  depend- 

ing  on  the  figure  of  the  water  line,  «  =  o  *  2  sin  r ,  approximately. 

Consequently,  to  find  the  height  MC  of  the  metacentre  above  the 
centre  of  buo^o/ncy,  a/nd  its  height  M  G  ahove  the  centre  of  gravity,  we 
have  the  approximate  formula, 

lo 


MC  =  CD-2sin-5  =~; 


(3.) 


The  sign  rp  denotes  that  G  C  is  to  be  subtracted  or  added  according 
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as  G  is  above  or  belo'w  0.  The  product  Z  e  is  found  approximatelj 
in  the  following  manner,  for  those  cases  in  which,  either  &om  the 
smallness  of  the  deviation,  or  from  the  figure  of  the  vessel,  or  from 
both  those  causes,  the  water  lines  A  B  and  E  F  are  sensibly  equal 
and  similar  figures,  so  that  the  line  H,  where  their  planes  intersect, 
traverses  the  centre  of  gravity  of  ^tch  of  those  figures,  and  the 
wedges  A  H  E,  F  H  B,  are  sinular  as  well  as  equal 

The  product l8  =  lc  '2sm-^  is  the  double  of  the  statical  mo- 
ment of  one  of  the  wedges  relatively  to  the  line  H,  supposing  its 
density  equal  to  unity.  As  in  Article  83,  case  12,  let  distances, 
measured  lengthways,  along  the  line  H  be  denoted  by  y;  let  the 
perpendicular  distance  of  any  point  in  a  water  line  plane  bisecting 
the  angle  A  H  E  from,  the  line  H  be  denoted  by  x,  and  let  the 
thickness  of  the  wedge  at  the  point  whose  co-ordinates  are  x  and  y 

be  2;  =  a;  *  2  sin  - .  Then  by  the  formulae  of  the  Article  and  case 
referred  to, 


»zsz2km-^'  I  /  X  •  dy  dx;  c  =  I  /«•  dydx; 
l8  =  2  8Xq^^  an  ^*  I  I  a^-  dydx; 


and  therefore 


lc^2  j  f  a^  'dydx; 


(*.) 


being  the  momejit  o/i/nerlia  of  the  uxUer  line  pUme  about  the  axis 
H.  To  express  tlus  in  a  convenient  form,  let  h  be  the  breadth  of 
the  ship  at  the  water  line,  at  a  given  distance  y,  measured  length- 
ways from  an  assumed  origin.    Then 


and 


2  j  a?dx=:^; 
lo^^^jh^'dy 


.(5.) 


As  to  the  moments  of  inertiA  of  different  plane  figures,  see  Artide 
■95.     Thus,  equation  3  becomes 


(6.) 


The  theory  of  the  stability  of  ships  was  first  investigated  by  Bossut. 
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The  most  important  contributions  to  that  theory  of  later  date  have 
been,  the  memoir  of  Mr.  Dupin,  Sur  la  Stdbilite  dea  Corps  JloUcma, 
a  paper  by  Mr.  Moseley  in  the  Fhilosophical  Transactions  for 
1850,  and  the  experiments  of  Mr.  Bawson. 

655.  OsciUatiMs  of  viMiUas  Mmditm, — The  theory  of  the  oscilla- 
tions of  ships  was  investigated  in  an  approximate  manner  by  Bossut 
and  other  mathematicians,  and  was  first  brought  into  a  complete 
state  by  Mr.  Moseley,  in  the  paper  already  referred  to.  Its  details 
are  of  much  complexity;  and  an  outline  of  its  leading  principles, 
and  of  their  results  in  the  most  simple  cases,  is  all  that  needs  be 
given  in  this  treatise. 

The  oscillation  of  a  ship  may  be  resolved  into  rolling,  or  gyration 
about  a  longitudinal  axis,  pitching,  or  gyration  about  a  transverse 
axis,  and  vertical  oscillation,  consisting  in  an  alternate  rising  above 
and  sinking  below  the  position  of  equilibrium.  The  point  of  chief 
importance  in  practice  is  the  time  occupied  by  a  rolling  oscillation. 
One  quarter  of  the  time  of  a  double  rolling  oscillation  is  the  tims 
*jhe  ship  taJces  to  right  herself ^  and  it  is  important  that  this  should 
neither  be  too  long,  nor  equal  to  the  periodic  time  of  a  wave. 

If  a  ship  is  of  such  a  figure  that,  when  she  rolls  into  a  new  posi- 
tion of  equilibrium  under  the  action  of  a  couple,  her  centre  of 
gravity  does  not  alter  its  level,  then  her  rolling  gyrations  will  be 
performed  about  a  permanent  longitudinal  axis  traversing  her 
:;entre  of  gravity,  and  will  not  be  accompanied  by  vertical  oscilla- 
tions, and  her  moment  of  inertia  will  be  constant  while  she  rolls. 
But  if  rolling  into  a  new  position  of  equilibrium  alters  the  level  of 
her  centre  of  gravity,  then  her  instantaneous  axis  of  gyration  and 
her  moment  of  inertia  must  vary  as  she  rolls,  and  her  roUing  must 
necessarily  be  accompanied  by  vertical  osdllationa  Such  oscilla- 
tions tend  to  strain  and  damage  the  ship  and  her  contents;  and  it 
is  therefore  desirable  that  her  figure  should  be  such  that  her  centre 
of  gravity  shall  not  alter  its  level  when  she  rolls — a  condition  ful- 
fill^ if  all  the  water  line  planes,  such  as  A  B  and  E  F,  are  tan- 
gents to  one  sphere  described  about  G. 

In  what  follows  it  will  be  supposed  that  this  condition  is  fulfilled, 
and  also  that  the  position  in  the  ship  of  the  metaoentre  M  is  sen- 
sibly constant. 

There  are  two  methods  of  approximating  to  the  time  of  gyration 
of  a  ship.  By  the  first  method,  the  inertia  of  the  displaced  mass  of 
water,  which  has  to  be  shifted  from  side  to  side  as  the  vessel  rolls, 
is  neglected;  by  the  second,  that  inertia  is  considered  as  equivalent 
to  the  inertia  of  an  equal  mass,  moving  from  side  to  side  with  a 
velocity  at  each  instant  equal  to  that  of  the  centre  of  buoyancy; 
that  is,  to  the  horizontal  velocity  of  the  metacentre,  which  is  verti- 
cally above  the  centre  of  buoyancy. 
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According  to  Article  654,  eqiiation  1,  the  righUng  couple  for  a 
given  angle  of  roU  ^  is 

W  •  GM  •  sin  ^; 

but  in  an  approximate  solution  T^e  may  substitute  ^  for  sin  tf.  Let 
I  be  the  moment  of  inertia  of  the  ship  about  her  axis  of  rolling ; 
then,  according  to  the  first  supposition,  equations  2  and  3  of  Article 
598  give  the  following  value  for  the  time  of  a  double  gyration  : — 

k  -''^V  VWGM/       JgQM ^ 

where  B.  is  the  radius  of  gyration  of  the  ship.  This  is  the  same 
with  the  time  of  a  double  oscillation  of  a  simple  pendulum  whose 
length  is  R'  -^  QUj  and  to  make  it  a  minimum,  the  radius  of 
gyration  should  be  as  small  and  the  height  of  the  metacentre  as 
great  as  possible.  .         i?       -n    • 

But,  according  to  the  second  supposition,  the  time  of  oscillation 
of  the  ship  is  the  same  as  if  she  formed  a  compound  pcTuitdum, 
hung  from  Uts  TnetacerUre  M ;  so  that,  by  Article  604,  the  length  of 
the  equivalent  simple  pendulum  is 


L  =  ||  +  GM; 


and  the  time  of  a  double  oscillation, 


v^^ 


.(2.) 


9 

and  to  make  this  a  Tninim-nTn,  as  in  Article  604,  equation  2,  we 
should  have 

GM  =  R;  L  =  2 R (3.) 

It  is  pi-obable  that  the  truth  lies  between  those  two  suppositions; 
but  in  either  case,  the  dyncmiical  stability/  of  a  ship,  which  consists 
in  her  righting  herself  rapidly,  is  favoured  by  making  her  moment 
of  inertia  as  small  as  is  practicable. 

It  is  easily  seen  how  the  same  principles  may  be  applied  to 
pitching,  or  gyration  about  a  transverse  axis. 

656.  The  Actlom  fcetween  a  FliiM  aad  a  Plitmi,  COnSLSting  in  the 
transmission  of  energy  from  the  one  to  the  other,  has  already 
been  considered  in  a  general  wuy  in  Article  517.  In  the  present 
Article  it  will  be  treated  more  in  detail 

In  figs.  260  and  261,  let  abscissse  measured  parallel  to  the 
line  O  S  represent  the  spaces  successively  occupied  by  a  fluid  in  a 
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cylinder  proyided  with  a  piston,  any  such  space  being  denoted  by 
8 ;  and  let  ordinates  measured  parallel  to  the  line  O  P,  perpendi- 


Fig.  260. 


Fig.  261. 


cular  to  O  S,  represent  the  intensities  of  the  pressure  exerted  by 
the  fluid  against  the  piston,  any  such  intensity  being  denoted  by  p. 

Let  a  given  weight  of  a  gaseous  substance  go  through  a  succes- 
sion of  arbitrary  changes  of  pressure  and  volume,  so  as  to  return 
in  the  end  to  the  condition  from  which  it  set  out.  Such  a  succes- 
sion of  changes  is  called  a  cycle  of  changes ;  it  is  represented  by  a 
closed  curve,  such  as  DC EB  in  fig.  260,  and  the  area  of  that 
curve  represents  the  energy  transferred  during  the  cycle  of  changes. 
K  the  changes  take  place  in  the  order  D  C  E  B,  that  is,  if  greater 
pressures  are  exerted  during  the  expansion  of  the  substance  than 
during  its  compression,  energy  is  transferred  from  the  gas  to  the 
piston;  if  the  changes  take  place  in  the  order  D  B  E  C,  that  is,  if 
greater  pressures  are  exerted  by  the  substance  during  its  compres- 
sion than  during  its  expansion,  energy  is  transferred  from  the  pis- 
ton to  the  gas. 

The  amount  of  energy  transferred  may  be  expressed  in  two 
ways.  First,  for  any  given  volume  O  A  =  «,  let  A  0  =  jpj  and 
AB  s=  |>s  be  the  greater  and  the  less  intensities  of  the  pressure ; 
then 

energy  transferred  =  i (/>i — pt)  da, (1.) 

Secondly,  for  any  given  pressure  O  F  =  p,  let  JTl  =  8x  and  F  D 
=  «2  be  the  greater  and  the  less  of  the  spaces  occupied ;  then 

(2.) 


energy  transferred  =   /  (*i — «,)  dp.. 


which  is  another  expression  for  the  same  quantity. 

Fig.  261  represents  the  case  in  which  a  given  weight  of  an  elastic 
substance  occupying  the  space  O  £  =?  «i  at  the  pressure  0  B  =/>i, 
is  introduced  into  a  cylinder  and  made  to  drive  a  piston^ — iM  then 
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allowed  to  expand,  its  volume  increaaing  to  O  J?*  =  8,,  and  its  pres- 
sure falling  to  F^  zz  Pf,  according  to  a  law  represented  by  the 
curve  C  D, — and  is  lastly  expelled  from  the  cylinder  at  the  final 
pressure.  Tn  this  case  the  energy  transferred  from  the  elastic  sub- 
stance to  the  piston  is  represented  by 

areaABCD=  f  8dp  =  W  p  ^; (3.) 

being,  in  fact,  as  the  last  expression  shows,  equal  to  the  weight  of 
the  elastic  substance  employed,  W,  multiplied  by  its  loss  of  dyna- 
mic head. 

The  same  equation  gives  the  energy  transferred  from  the  piston 
to  the  elastic  substance,  when  the  latter  is  introduced  into  the 
cylinder  at  the  lower  pressure  and  expelled  at  the  higher. 

Eor  a  perfect  gas  (Article  635)  this  expression  becomes 

/:'^-=,-^-«{'-©'"'} <-) 

If  the  fluid  is  discharged  from  the  cylinder  under  a  pressure  pg 
less  than  that  at  which  the  expansion  terminates,  there  is  to  be 
added  to  the  preceding  formula  the  term 

9t{p»—Ps) (5.) 

If  the  fluid  which  acts  on  the  piston  is  introduced  in  the  state 
of  saturated  vapour,  it  is  discharged  as  a  mixture  of  saturated 
vapour  at  a  lower  pressure  with  more  or  less  of  liquid.  In  this 
case,  the  following  equations  belonging  to  the  science  of  thermo- 
dynamics are  to  be  used.  Let  p  be  the  pressure  of  saturation  of  a 
vapour,  and  r  the  corresponding  boiling  point  of  its  liquid,  in 
degrees  reckoned  from  the  ahaolvie  zero,  274°  Centigrade  or  493^-2 
Fahrenheit  below  the  melting  point  of  ice.     Then 


T  A  ^         ^ 

Log;>  =  A  — -  — -; 


20 


.(6.) 


(See  Edin,  Philos.  Jour,,  July,  1849 ;  Ediru  Transac,  xx ;  FhOog. 
Mag.,  Dec.,  1854;  NichoVa  Cyclopaedia,  art.  "Heat,  Mechanical 
Action  of")  The  following  are  the  values  of  some  of  the  constants 
in  the  above  formulae,  selected  from  a  table  in  the  Philosophical 
Magaaine  for  Dea,  1854,  p  being  in  lbs.  per  aqwj/re  foot,  and  r  in 
degrees  of  Fahrenheit : — 
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A  Ix,gB  Logo  A  ^ 

Water,...  8-2591     3*43^42     559873     0*003441     0-00001184 
-^ther,...7-573a     3*31492     5-21706     0-006264    0-00003924 

Let  L  be  the  value,  in  foot  pounds  of  energy,  of  the  latent  heat 
of  evaporation,  at  the  absolute  temperature  r,  of  so  much  fluid  as 
fills  a  cubic  foot  more  in  the  state  of  vapour  than  it  does  in  the 
state  of  liquid ;  D  the  weight  of  that  fluid ;  H  the  value,  in  foot 
pounds  of  energy,  of  the  latent  heat  of  evaporation  of  one  pound 
of  the  fluid  at  the  absolute  temperature  r ;  and  J  the  equivalent 
in  foot  pounds  of  a  British  thermal  unit,  or  772 ;  then 

(hyp.  log.  10  =  2-3026); 
H=Ho-J(c-6)(t— To) 

(for  water,  c — b  =  0-7) ; 
D  =  L^H. 

(for  water  at  the  temperature  of 

melting  ice,  Hq  =  842872.) 

J  c  denotes  the  value  in  foot  pounds  of  the  specific  heat  of  the 
liquid,  which  for  water  is  772,  and  for  aether,  399. 

Let  the  suffixes  1,  2,  and  3,  denote  the  pressures  and  tempera- 
tures respectively,  of  the  introduction  of  the  vapour,  the  end  of  its 
expansion,  and  ita  final  discharge,  and  quantities  corresponding  to 
them;  Si  and  8^  being,  as  before,  the  spaces  filled  by  it  at  the  begin- 
ning and  end  of  its  expansions.     Then 

ratio  of  expansion,  -  =  p-  \  --  +  J  c  Di  -  hyp  log  —  >  ; (8.) 

energy  transferred,         J   '  sdp  +  8^(p^ -^) 
==s,(p,-p,)+8,  {  ?ii^ZL!l)+ jcD,  (r,_T,(l+hyplog  p))  } 

LtoTj:uJS}       ^,{L,  +  JcD.(...,)} (10.) 

These  formulae  are  demonstrated  in  a  paper  on  Thermodynamics 
in  the  PhUosophical  Transactions  for  1854. 

The  complexity  of  the  preceding  formulae  renders  their  use  incon- 

'  venient,  except  with  the  aid  of  tables  of  the  quantities  p,  L,  and  D, 

for  different  boiling  points.     In  the  absence  of  such  tables,  the 


(9.) 
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following  formulsB  give  approximate  results  for  steam,  where  the 
pressure  of  its  admission  pi  is  from  one  to  twelve  atmospheres : — 

t(^H'(^' <"•> 

energy  transferred  from  \  f^     ,     ,      ,  v 

steam  to  piston,        j  j  ^»<ip-t  s,{p,-p») 

=  !>,  *.  •  10  {  1  -(i^S  }  +  «,  (ft  -ft)   ]■  ...(12.) 

The  expenditure  of  heat  in  foot  pounds  may  be  computed  roughly 
to  about  ^,  when  the  feed  water  is  supplied  to  the  boiler  at  about 
100°  Fahrenheit,  by  the  formula 

s,{uip,  + 4,000) :(i3.) 

Those  approximate  formulae,  11,  12,  and  13,  are  now  published 
for  the  first  time. 

The  above  equations  are  applicable  to  cyclinders  without  steam 
jackets.  For  cylinders  with  steam  jackets,  it  is  more  accurate  to 
substitute  16  for  9,  17  for  10,  and  tt,  iJ,  and  A,  respectively,  for 
1%,  V*,  and  i,  throughout  the  equations  11  and  12,  and  to  substi- 
tute for  the  formula  13  the  expression 

IHPiB^. (14.) 

The  exact  theoiy  of  this  case  must  be  reserved  for  a  special 
treatise  on  the  Steam  Engine  and  other  Prime  Movers. 
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THEORY  OF  MACHINES. 


657.  Nasara  mud  ]>It1sI«b  •f  the  Snfeject. — In  the  present  Part 
of  this  work,  machines  are  to  be  considered  not  merely  as  modify- 
ing motion,  but  also  as  modifying  force,  and  transmitting  energy 
from  one  body  to  another.  The  theory  of  machines  consists  chiefly 
in  the  application  of  the  principles  of  dynamics  to  trains  of  me- 
chanism j  and  therefore  a  large  portion  of  the  present  part  of  this 
treatise  will  consist  of  references  back  to  Part  IV.  and  Part  V. 

There  are  two  ftindamentally  different  ways  of  considering  a 
machine,  each  of  which  must  be  employed  in  succession,  in  order 
to  obtain  a  complete  knowledge  of  its  working. 

I.  In  the  fii^  place  is  considered  the  action  of  the  machine 
during  a  certain  period  of  time,  with  a  view  to  the  determination 
of  its  EFFICIENCY ;  that  is,  the  ratio  which  the  uaeftd  part  of  its 
work  bears  to  the  whole  expenditure  of  energy.  The  motion  of 
every  ordinary  machine  is  either  uniform  or  periodical  Hence,  as 
has  been  shown  in  Article  553,  the  principle  of  the  equality  of 
energy  and  work,  as  expressed  in  Article  518,  is  fulfilled  either 
constantly  or  periodically  at  the  end  of  each  period  or  cycle  of 
changes  in  the  motion  of  the  machine. 

II.  In  the  second  place  is  to  be  considered  the  action  of  the 
machine  during  intervals  of  time  less  than  its  period  or  cycle,  if 
its  motion  is  periodic,  in  order  to  determine  the  law  of  the  periodic 
changes  in  the  motions  of  the  pieces  of  which  the  machine  con- 
sists, and  of  the  periodic  or  i^eciprocating  forces  by  which  such 
changes  are  produced  (Article  556), 

The  first  chapter  of  the  present  Part  relates  to  the  work  of 
machines  moving  uniformly  or  periodically,  and  the  second  chapter 
to  variations  of  motion  and  force  in  machines.  In  a  third  chapter 
will  be  stated  briefly  the  general  principles  of  the  action  of  the 
more  important  prime  movers.  With  respect  to  those  machines,  it 
is  impossible  to  enter  fully  into  details  yi^ithin  the  limits  of  such  a 
treatise  aa  the  present,  especially  as  the  most  important  of  them  all, 
the  steam  engine,  depends  on  the  laws  of  the  phenomena  of  heat, 
which  could  not  be  completely  explained  except  in  a  special  treatise. 
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CHAPTER  L 

WOBK  OF  MACHINES  WITH  UNIFORU  OR  PERIODIC  HOTIOK. 

Section  1. — General  Prirunples, 

658.  Vseflii  and  i«Mt  ir«rk. — The  whole  work  performed  by  a 
machine  is  distinguished  into  useful  vxyrky  being  that  performed  in 
producing  the  effect  for  which  the  machine  is  designed,  and  lo^ 
toorky  being  that  performed  in  producing  other  effecta 

659.  VmAiI  and  Prcjadiciai  Bca»i«iaBce  are  oTercome  in  perform- 
ing useful  work  and  lost  work  respectively. 

660.  The  Kmcieacr  of  a  machine  is  a  fraction  expressing  the 
ratio  of  the  useful  work  to  the  whole  work  performed,  which  is 
equal  to  the  energy  expended.  The  limit  to  the  efficiency  of  a 
machine  is  unity,  denoting  the  efficiency  of  a  perfect  machiDe  in 
which  no  work  is  lost  The  object  of  improvements  in  machines 
is  to  bring  their  efficiency  as  near  to  unity  as  possible. 

661.  Power  aad  Efli^cij  bcotm  Pawer. — The  power  of  a  machine 
is  the  energy  exerted,  and  the  effect,  the  useful  work  performed,  in 
some  interval  of  time  of  definite  length. 

The  unit  of  power  called  conventionally  a  horse  power,  is  550 
foot  pounds  per  second,  or  33,000  foot  pounds  per  minute,  or 
1,980,000  foot  pounds  per  hour.  The  effect  is  equal  to  the  jwwer 
multiplied  by  the  efficiency. 

662.  DriTiag  Polatj  Trala;  ITorklag  Palal. — ^The  driving  point 
is  that  through  whidi  the  resultant  effort  of  the  prime  mover 
acts.  The  train  is  the  series  of  pieces  which  transmit  motion  and 
force  from  the  driving  point  to  the  working  point,  through  which 
acts  the  resultant  of  the  resistance  of  the  useful  work. 

663.  Poiuta  of  Rcsirrtaace  are  points  in  the  train  of  mechanism 
through  which  the  resultants  of  prejudicial  resistances  act. 

664.  ElBcleBclcs  af  Piocra  of  a  Trnla. — The  useful  work  of  an 
intermediate  piece  in  a  train  of  mechanism  consists  in  dri^-ing  tho 
piece  which  follows  it,  and  is  less  than  the  energy  exerted  upon  it 
by  the  amount  of  the  work  lost  in  overcoming  its  own  firiction. 
Hence  the  efficiency  of  such  an  intermediate  piece  is  the  ratio  of 
the  work  performed  by  it  in  driving  th^  following  piece,  to  the 
energy  exerted  on  it  by  the  preceding  piece ;  and  it  is  evident  that 
iJie  efficiency  of  a  machine  is  the  product  of  the  efficiencies  of  the  series 
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ofmomng  pieces  which  transmit  energy  from  the  driving  point  to  the 
working  point.  The  same  principle  applies  to  a  train  of  eiiccessive 
machines,  each  driving  that  which  follows  it, 

665.  jficnB  Efforts  aad  Bcsiatanccs. — In  Article  515  is  given  the 
expression  I  T  ds  for  the  energy  exerted  by  a  varying  effort  whose 
magnitude  at  any  instant  is  P ;  and  a  corresponding  expression 
iB-ds  denotes  the  work  performed  in  overcoming  a  variable  re- 
sistance. In  a  machine  moving  uniformly,  let  these  expressions 
have  reference  to  any  interval  of  time,  and  in  a  machine  moving 
periodically,  to  one  or  any  whole  number  of  periods  ;  let  «  be  the 
space  described  by  the  point  of  application  of  the  effort  or  resist- 
ance in  the  interval  in  question ;  then  JT  ds  -?-  s  or  I  B.ds  -r-  s 

is  the  meaii  effort  or  Tnean  resistance  as  the  case  may  be.  The  JlitC" 
tuaiions  of  the  efforts  and  resistances  above  and  below  their  mean 
values  concern  only  the  vaiiations  of  velocity  in  a  machine ;  and 
therefore,  in  the  remainder  of  the  present  chapter,  P  and  R  will  be 
used  to  denote  such  mean  values  only ;  so  that  energy  exerted  and 
work  performed,  whether  the  forces  are  constant  or  varying,  will 
be  respectively  denoted  by  P  «  and  R  s.  By  referring  to  Articles 
517  and  593,  it  appears,  that  besides  a  force  and  a  length,  as 
expressed  above,  the  two  factors  of  a  quantity  of  energy  may  be  a 
stress  and  a  cubic  space,  or  a  couple  and  an  angle,  as  shown  in 
the  following  table  : — 


"o 


Energy      "]  f  Force  in  pounds  x  distance  in  feet ; 

or  Couple  in  foot  pounds  x  angular  motion  to 

work         .  =  -        radius  unity;  or 
in  Pressure  in  pounds  per  square  foot  x  space 

foot  pounds  J  described  by  a  piston  in  cubic  feet 

666.  The  cscnerni  Eqaations  of  the  uniform  or  periodical  working 
of  a  machine  are  obtained  by  introducing  the  distinction  between 
useful  and  lost  work  into  the  equations  of  the  conservation  of 
energy.  Thus,  let  P  denote  the  mean  effort  at  the  driving  point, 
8  the  space  descril>ed  by  it  in  a  given  interval  of  time,  being  a 
whole  number  of  periods  or  revolutions,  Rj  the  mean  useful  resist- 
ance, «,  the  space  through  which  it  is  overcome  in  the  same  inter- 
val, Rj  any  one  of  the  prejudicial  resistances,  s^  the  space  through 
which  it  is  overcome ;  then 

P*  =  Ri«i  +  3-R,*a (1^ 

The  efficiency  of  the  machine  is  expressed  by 
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Ri «,  Ri  «| 


.(2.) 


P«        R,«i  +  sRj*, 

667.  Bqnatl«M  !■  Icnui  •f  C^mpanUiTe  Bloti^u. — Let  «i  :  « :=  n„ 

«2 : «  =  71^,  <S:c,  be  the  radios  of  the  spaces  described  in  a  whole  num- 
ber of  periods  by  the  working  point  and  the  several  points  of 
resistance,  to  the  space  described,  in  the  same  interval  of  time,  hj 
the  driving  point ;  then  equation  1  of  Article  666  takes  the  follow- 
ing form,  which  expresses  the  "Principle  of  Virtual  Velocities'* 
(Aiticle  519)  as  applied  to  machines : — 

P  =  w,  Ri  +  2w,Rh (1.) 

Thus  the  mean  effort  at  the  driving  point  is  expressed  in  terms  of 
the  several  mean  resistances,  and  of  the  comparative  motions  alone, 
which  last  set  of  quantities  are  deduced  from  the  construction  of 
the  machine  by  the  principles  of  the  theoiy  of  mechanism ;  so  that 
every  proposition  in  Part  IV.,  respecting  the  comparative  motions 
of  the  points  of  a  machine,  can  at  once  be  convert^  into  a  propofd- 
tion  respecting  the  relation  between  the  mean  effort  and  resistances; 
and  the  mean  effort  required  to  drive  the  machine  can  be  deter- 
mined if  the  resistances  are  known. 

668.  Rcdnctton  of  Forces  and  Covples.  —  In  calculation  it  is 
often  convenient  to  substitute  for  a  force  applied  to  a  given  point, 
or  a  couple  applied  to  a  given  piece,  the  equivalent  force  or  couple 
appUed  to  some  other  point  or  piece ;  that  is  to  say,  the  force  or 
couple,  which,  if  applied  to  the  other  point  or  piece,  would  exert 
equal  energy,  or  employ  equal  work.  The  principles  of  this 
reduction  are,  that  the  ratio  of  the  given  to  the  equivalent  force'  ia 
the  reciprocal  of  the  ratio  of  the  velocities  of  their  points  of  appli- 
cation ;  and  the  ratio  of  the  given  to  the  equivalent  couple  is  the 
reciprocal  of  the  ratio  of  the  angular  velocities  of  the  pieces  to  which 
they  are  applied. 

Section  2. — On  the  Friction  of  Machines. 

669.  Co-cMcients  of  Friction. — The  nature  and  laws  of  the  fric- 
tion of  solid  surfaces,  and  the  meanings  of  co-eflicients  of  friction 
and  angles  of  repose,  have  been  explained  in  Articles  189,  190, 
191,  and  192.  The  following  is  a  table  of  the  angle  of  repose 
4),  the  co-efl5cient  of  friction  /=  tan  0,  and  its  reciprocal  1  ,/, 
for  the  materials  of  mechanism,  condensed  from  the  tables  of 
General  Morin,  and  other  sources,  and  arranged  in  a  few  oom- 
prehensive  classes.  The  values  of  those  constants  which  are 
given  in  the  table  have  reference  to  the  jfriction  of  motion,  Aa 
to  the  difference  between  that  and  the  friction  of  rest,  see  Article 
201 
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No. 


1. 

2. 

8. 

4. 

6. 

6. 

7. 

8. 

9. 
10. 
11. 
12. 
13. 
14. 
16. 
16 
17. 
18. 


Surfaced 

Wood  on  wood,  dry, 

„  „    8oap3', 

Metals  on  oak,  dry, 

n  i»     wet,,. ,,„... 

n  ,1    "oapy, 

Metals  on  elm,  dry, 

Hemp  on  oak,    dry, 

»»  i»    wet, 

Leather  on  oak, 

Leather  on  metals,  dry, 

II  II         wet, 

i»  II         greMJ'i ' 

II  II         oily, 

Metals  on  metals,    dry, .., 

II  II         wet, 

Smooth  surfaces,  occauonally  greased, 

„  „      continually  greased, 

„  „  „       b^t  results. 


14°  to  26  J° 

11J° 
261*»to31« 
18j^tol4i'= 

Ui° 

11  J°  to  14'' 

28** 

18J"» 

16°  to  194° 

29J° 

20° 

18° 

8J° 

8A°tolli° 

I6i° 
4°  to  4J° 

8° 
1}°  to  2° 


/ 


•26  to  '6 

•2 

•5  to  -6 

•24  to  26 

•2 
•2  to  -26 

-68 

-88 
•27  to  -88 

•66 

•86 

•23 

•16 
•16  to  ^2 

•8 
•07  to  •OS 

•05 
•08  to  036 


I'f 


4to2 

6 

2  to  1-67 

4-17  to  8  86 

5 

6to4 

1-89 

8 

3-7  to  2-86 

1-79 

2-78 

4-35 

667 

6^67  to  6 

833 
14-3  to  12  6 

20 
33  3to27^6 


I 


670.  rngvento. — The  last  three  results  in  the  preceding  table,  Noa 
16,  17,  and  18,  have  reference  to  smooth  firm  surfaces  of  any  kind, 
greased  or  lubricated  to  such  an  extent  that  the  friction  depends 
chiefly  on  the  continual  supply  of  unguent,  and  not  sensibly  on  the 
nature  of  the  solid  suifaccs ;  and  this  ought  almost  always  to  be 
the  casein  machinery.  Unguents  should  be  thick  for  heavy  pres- 
sures, that  they  may  resist  being  forced  out,  and  thin  for  light  pres- 
sures, that  their  viscidity  may  not  add  to  the  resistance. 

671.  TJmit  of  PreMore  between  Bnbklug  Snrfisces. — The  law  of 
the  simple  proportionality  of  friction  to  pressure  (Article  190)  is 
only  true  for  dry  surfaces,  when  the  pressure  is  not  sufficiently 
mtense  to  indent  or  grind  the  surfaces ;  and  for  greased  surfaces, 
when  the  pressure  is  not  sufficiently  intense  to  force  out  the  unguent 
from  between  the  surfaces,  where  it  is  held  by  capillary  attraction. 
If  the  proper  limit  of  intensity  of  pressure  be  exceeded,  the  friction 
increases  more  rapidly  than  in  the  simple  ratio  of  the  pressure. 
That  limit  diminishes  as  the  velocity  of  rubbing  inci'eases,  according 
to  some  law  not  yet  exactly  determined.  The  following  are  some 
of  its  values  deduced  from  experience  : — 


Railway  Carriage  Axles. 
Velocity  of  rubbing  1  foot  per  second, 

Timber  ways  for  launching  ships,  about 


Limit  of  Pressure, 
lb.  per  sqnare  inch. 

224 

140 

50 
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The  inclination  given  to  these  ways  varies  &om  about  1  in  1 0 
for  the  smallest  vessels,  to  about  1  in  20  for  the  lai^est.  The 
co-efficient  of  friction,  when  the  ways  are  well  lubricated  with 
tallow  or  soft  soap,  is  probably  between  -03  and  -04. 

672  FricU«B  of  u  Sliding  Piece — In  fig.  262,  let  A  represent  a 
>  y^       sliding  piece,  which  moves  uniformly  along 
^jj.   /  the  straight  guide  B  B  in  the  direction  indi- 

*^'^^^  /  cated  by  the  arrow,  under  two  forces  which 

may  be  direct  or  oblique,  but  which  are  re- 
presented as  oblique,  to  make  the  solution 
general.  The  force  F^  opposed  to  the  motion, 
is  the  residtant  of  the  useful  redstance  or 
Fig.  262 .  force  which  A  exerts  on  the  next  piece  in 

the  train,  and  of  the  weight  of  A  itself,  and  will  be  called  the  given 
force.  Let  the  angle  wliich  it  makes  with  the  guide  B  B  be  denoted 
by  tg.  The  force  F,  is  that  which  drives  the  piece ;  the  angle  t, 
which  its  direction  makes  with  the  guide  B  B  is  supposed  to  be 
known ;  but  its  magnitude  remains  to  be  determined,  as  well  as 
the  friction^  which  it  has  to  overcome  in  addition  to  the  useful 
resistanse.  Let  Q  denote  the  normal  pressure  of  A  against  B  B, 
so  that/Q  is  the  friction.  Then  we  have  the  two  equations  of 
equilibrium : — 

Q  =  F,  sin  ti  4-  Fs  sin  ij ; 

Fi  cos  *,  =  Fa  cos  t,  +/Q  \  (1.) 

=  F,/sin  t|  +  Fg  (cos i^  +  /sin  t,) ; 

from  which  are  easily  deduced  the  following  equations,  solving  the 
problem  : — 

cos  li—/ sin  I,    •^  ^  COS*!— /smt,      ^    ' 

673.  The  noaieBt  •€  Friction  of  a  rotating  piece  is  the  statical 
moment  of  the  friction  relatively  to  the  axis  of  rotation  of  the  piece, 
and  is  the  moment  of  a  couple  consisting  of  the  friction,  and  of  an 
equal  and  opposite  component  of  the  pressure  exerted  by  the 
bearings  of  the  piece  against  its  axle.  The  moment  of  friction, 
being  multiplied  by  the  angular  motion  in  a  given  time,  gives  the 
work  lost  in  fricion  in  that  time. 

674.  Friction  of  an  Azi«. — After  a  cylindrical  axle  has  run  for 
some  time  in  contact  with  its  bearing,  the  bearing  becomes  slightly 
larger  than  the  axle,  so  that  the  point  of  most  intense  pressure, 
which  is  also  the  point  of  resistance,  traversed  by  the  resultant 
of  the  friction^  adapts  its  position  to  the  direction  of  the  lateral 
pre&sure. 
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In  fig.  263,  let  A  A  A  be  a  transverse  section  of  the  cylindrical 
axle  of  a  rotating  piece,  and  C  its  axis  of  rotation;  let  E  represent 
the  direction  and  magnitude  of  what  will  be 
called  the  given  force,  being  the  resultant  V° 

of  the  use^l  resistance,  and  of  the  weight 
of  the  piece  under  consideration.  Let  P 
represent  the  effort  required  to  drive  the 
piece,  whose  line  of  action  is  known,  but  its         ^  .  ^ 

magnitude  remains  to  be  determined.     Let        '       *     »  ^ 

D  be  the  point  where  the  directions  of  P     /     /^«v^m\ 
and  R  intersect,  and  I)  Q  the  line  of  action  (      fc^T 

of  their  resultant,  which  resultant  is  equal         M      \J»^ 
and  opposite  to  Q,  the  pressure  exerted  by  \^     V. 

the  bearing  against  the  axle,  and  is  there-  "^^^iiiiV 

fore  inclined  to  the  radius  C  Q  by  an  angle  ^ 

CQI)  =  ^,  being  the  angle  of  repose,  in  such  ^'5'  ^^^* 

a  manner  as  to  resist  the  rotation,  whose  direction  is  indicated  by 
the  arrow. 

Then  to  find  the  line  of  pressure  D  Q,  it  is  obviously  sufficient  to 
describe  about  the  eentre  C  a  circle  B  B  whose  radius  is 

'^=«--«'»*=;/Ti7' <^-) 

r  =  C  Q  being  the  radius  of  the  axle,  and  to  draw  from  the  known 
point  D  a  line  D  T  Q  touching  that  circle  in  T,  which  point  of 
contact  is  at  that  side  of  the  circle  which  makes  a  force  acting  from 
Q  towards  T  oppose  the  rotation. 

From  T  draw  T  R  -L  R,  and  T  P  -1-  P.  Then  the  magnitude  of 
the  effort  P  is  given  by  the  equation 

P  =  R    TR  -  TP (3.) 

and  that  of  the  pressure  Q  by  the  equation 

Q*  =  F  +  R'4-2PRcos^PDR (3.) 

(the  last  term  of  which  becomes  negative  when  .^  P  B  R  is 
obtuse);  while  the  friction  is 

Qsin.  =  -4|^; <^-) 

and  its  moment 

Q  r  sin  (p  =  Q  •  CT (5.) 

When  P  and  R  are  parallel  to  each  other,  Q  is  their  difference 
or  their  sum,  according  as  they  act  at  the  same  or  at  opposite  sides 
of  the  axle^  and  Q  T  is  to  be  drawn  parallel  to  ihem  both,  so  that 
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B  T,  T  P,  and  0  T,  lie  in  one  straight  line^  when  equations  2,  4, 
And  5  will  still  hold. 

In  order  to  diminish  the  lateral  pressure  Q,  and  the  frictdon 
arising  from  it,  to  the  least  possible  amount,  the  mechanism  should 
be  so  arranged  as  to  make  P  and  R  act  parallel  to  each  other  at  the 
same  side  of  the  axle. 

In  most  actual  cases,  sin  0  =/ :  J  1  +/"  differs  from  tan  ^  =:/" 
in  a  proportion  too  small  to  be  of  any  practical  importance. 

The  bearings  of  axles  should  be  made  of  materials  which,  thougi- 
hard  enough  to  resist  the  rubbing  without  abrasion,  are  not  so  hard 
as  the  axle.  Hence  for  wrought  iron  axles,  bronze  bearings  are 
commonly  used.  Bearings  of  cast  iron,  millboard,  and  hardwood, 
such  as  elm,  with  the  grain  set  radially,  have  also  been  used  with 
advantage. 

675.  FHcU«a  9f  u  PiTvt. — A  pivot  is  the  termination  of  an  axle^ 
which  presses  endways  against  a  beaidng  called  a  step,  or  footstepi 
Pivots  reqtdre  great  hardness,  and  are  usually  made  of  steeL 

A  flat  pivot  is  a  short  cylinder  of  steel,  having  a  plane  circular 
end  for  a  rubbing  surface.  If  the  pressure  Q  be  equally  distributed 
over  that  surface  whose  radius  is  r,  the  moment  of  friction  is  easily 
found  by  integration  to  be 

l/r  Q (1.)  . 

In  flat  pivots,  the  intensity  of  the  pressure,  which  is  given  by  the 
equation 

P=^' (2) 


«• 


r» 


is  usually  limited  to  2,240  lbs.  per  square  inch. 

In  the  cup  and  ball  pivot,  the  end  of  the  shaft,  and  the  step, 
present  two  recesses  facing  each  other,  into  which  are  fitted  two 
shallow  cups  of  steel  or  hard  bronze.  Between  the  concave  spherical 
surfaces  of  those  cups  is  placed  a  steel  ball,  being  either  a  complete 
sphere,  or  a  lens  having  convex  surfaces  of  a  somewhat  less  radius 
than  the  concave  surfaces  of  the  cup&  The  moment  of  friction  of 
this  pivot  is  at  first  almost  inappreciable,  from  the  extreme  small- 
ness  of  the  radius  of  the  circles  of  contact  of  the  ball  and  cups ; 
but  as  they  wear,  that  radius  and  the  moment  of  friction  increase. 

676.  FricU«B  •r  u  Collar. — When  it  is  impracticable  or  incon- 
venient to  sustain  the  pressure  which  acts  along  a  shaft  by  means 
of  a  pivot  at  its  end,  that  pressure  is  borne  by  means  of  one  or  more 
collars,  or  rings  projecting  from  the  shaft,  and  pressing  against 
corresponding  ring-shaped  bearings,  for  which,  in  the  case  of  shafts 
of  screw  propellers,  hardwood  set  with  the  grain  endways  has  be^i 
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fonnd  a  good  material  amongst  others.  Let  r  be  the  external,  and 
r^  the  internal  radius  of  a  collar;  its  mopient  of  friction  for  the 
pressure  Q  is  given  by  the  form^ 

i-^Q-fcS (^•) 

677.  FrictioH  •€  Teeth. — ^When  a  pair  of  wheels  work  together, 
let  P  be  the  pressure  exerted  between  each  pair  of  their  teeth  which 
comes  into  action,  8  the  distance  through  which  each  pair  of  teeth 
slide  over  each  other,  as  foimd  in  Articles  453,  455,  458,  and 
462  A,  and  n  the  number  of  pairs  of  teeth  which  pass  the  line  of 
centres  in  a  given  interval  of  time.  Then  in  that  interval,  the  work 
lost  by  the  friction  of  the  teeth  is 

/nsT (1.)  • 

678.  Frictiea  ef  a  Viuid. — A  flexible  band,  such  as  a  cord,  rope, 
belt,  or  strap,  may  be  used  either  to  exert  an  effort  or  a  resistance 
upon  a  drum  or  pulley  round  which  it  wraps.  In  either  case,  the 
tangential  force,  whether  effort  or  resistance,  exerted  between  the 
band  and  the  pull^,  is  their  mutual  friction,  caused  by  and  pro- 
portional to  the  normal  pressure  between  them. 

In  fig.  264,  let  C  be  the  axis  of  a  pulley  A  B,  round  an  arc  of 
which  tibere  is  wrapped  a  band,  Tj  A  B  T,;  let  the  outer  arrow 
represent  the  direction  in  which  the  band  slides,  or  tends  to  slide, 
relatively  to  the  pulley,  and  the  inner  arrow  the  direction  in  which 
the  pulley  slides,  or  tends  to  slide,  relatively  to 
the  band. 

Let  T|  be  the  tenidon  of  the  free  part  of  the 
band  at  that  side  totoarda  which  it  tends  to  draw 
the  pulley,  or  from  which  the  pulley  tends  to 
draw  it;  T^  the  tension  of  the  free  part  at  the 
other  side;  T  the  tension  of  the  band  at  any 
intermediate  point  of  its  arc  of  contact  with  the 
pulley;  tf  the  ratio  of  the  length  of  that  arc  to 
the  radius  of  the  pulley ;  d  ^  the  ratio  of  an 
indefinitely  small  element  of  that  arc  to  the 
radius;  R  =  Tj  —  T^  the  total  friction  between 
the  band  and  the  pulley;  d  R  the  elementary 
portion  of  that  friction  due  to  the  elementary  **•  ^^*' 

arc  d^;  /the  co-efficient  of  friction  between  the  materials  of  the 
band  and  pulley. 

Then  according  to  a  principle  proved  in  Articles  179  and  271,  it 
is  known  that  the  normal  pressure  at  the  elementary  arc  d  tf  is 

Tdf; 
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T  being  the  mean  tension  of  the  band  at  that  elementary  arc;  con- 
sequently, the  Motion  on  that  arc  is 

Now  that  friction  is  also  the  difierence  between  the  tensions  of  the 
band  at  the  two  ends  of  the  elementaiy  arc;  or 

which  equation  being  integrated  throughout  the  entire  arc  of 
contact,  gives  the  following  formuhe : — 

typlog^;  =  /^;T,-.T,  =  e/^ 

R  =  T,-T,  =  T,(l-e-/«)  =  T.(c/»-l). 

When  a  belt  connecting  a  pair  of  pulleys  has  the  tensions  of  its 
two  sides  originally  equal,  the  pulleys  being  at  rest;  and  when  the 
pulleys  are  set  in  motion,  so  that  one  of  them  drives  the  other  by 
means  of  the  belt ;  it  is  found  that  the  advancing  side  of  the  belt 
is  exactly  as  much  tightened  as  the  returning  side  is  slackened,  so 
that  the  mea^i  tension  remains  unchanged.  Its  value  is  given  by 
this  formula : — 

2R    ""2(e/«-l)' ^"' 

which  is  useful  in  determining  the  original  tension  required  to 
enable  a  belt  to  transmit  a  given  force  between  two  pulleys. 

If  the  arc  of  contact  between  the  band  and  pulley,  expressed  in 
turns  and  fractions  of  a  turn,  be  denoted  by  n, 

#=  2  X  w;  «/»=  10-'-7288/« (3.) 

When  the  band  is  used  to  resist  the  motion  of  the  pulley,  it 
constitutes  a  kind  of  brake  called  a,  friction  strap.  In  this  case  the 
rubbing  surfaces  of  the  band  and  pulley  may  either  be  both  of  iron, 
or  may  be  protected  by  a  covering  made  of  pieces  of  wood,  which  is 
renewed  from  time  to  time  as  it  wears  out. 

G79.  In  Friciioooi  Gearing^  described  in  Article  445,  it  appears 
that  when  the  angle  of  the  grooves  is  40°,  and  when  their  sur&oes 
are  smooth,  clean,  and  dry,  the  tangential  force  transmitted  between 
the  wheels  is  once  and  a-half  the  force  with  which  their  axes  are 
pressed  together.  This  proportion  is  much  greater  than  that  due  to 
ordinary  friction,  and  must  arise  partly  from  adhesion. 

680.  Friction  Conpliafpi  are  Used  to  communicate  rotation  be- 
tween pieces  having  the  same  axis,  where  sudden  changes  of  force 
or  of  velocity  take  place;  being  so  adjusted  as  to  limit  the  force 
transmitted  within  the  bounds  of  safety.     Contrivances  of  this  kind 
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are  very  numerous;  one  of  the  most  common  and  most  useful  is 
that  called  a  pair  of  friction  cones.  The  angle  made  by  the  sides 
of  the  cones  with  the  axis  should  not  be  less  than  the  angle  of 
repose. 

681.  stiirncM  •f  Rapes. — Hopes  offer  a  resistance  to  being  bent, 
and  when  bent  to  being  straightened  again,  which  arises  from  the 
mutual  friction  of  their  fibres.  It  increases  with  the  sectional  area 
of  the  rope,  and  is  inversely  proportional  to  the  radius  of  the  curve 
into  which  it  is  bent. 

The  loork  lost  in  pulling  a  given  length  of  rope  over  a  pulley,  is 
found  by  multiplying  the  length  of  the  rope  in  feet,  by  its  stiffness 
in  pounds;  that  stiffness  being  the  excess  of  the  tension  at  the 
leading  side  of  the  rope  above  that  at  the  following  side,  which  is 
necessary  to  bend  it  into  a  curve  fitting  the  pulley,  and  then  to 
straighten  it  again. 

The  following  empirical  formulae  for  the  stiffness  of  hempen  .ropes 
have  been  deduced  by  Qeneral  Morin  from  the  experiments  of 
Coulomb  : — 

Let  K  be  the  stiffness  in  pounds  avoirdupois ; 

d,  the  diameter  of  the  rope,  in  inches ; 

n  =  48  d*  for  white  ropes,  35  d^  for  tarred  ropes ; 

r,  the  effective  radius  of  the  pulley,  in  inches ; 

T,  the  tension,  in  pounds ;  then, 

For  white  ropes,  R  =  -  (00Q12  +  0-001026  »  +  0O012T);  . 
For  tarred  ropes,  R  =  -  (0*006  +  0001392  »  +  0-00168  T).  J 

T 

682.  Rolling  RcnlMance  of  Smooth  flmrfkcM. — By  the  rolling  of 
two  surfaces  over  each  other  without  sliding,  a  resistance  is  caused, 
which  is  called  rolling  friction.  It  is  of  the  nature  of  a  couple 
resisting  rotation  ;  its  mcrtient  is  found  by  multiplying  the  normal 
pressure  between  the  rolling  surfaces  by  an  arm  whose  length 
depends  on  the  nature  of  the  rolling  surfaces ;  and  the  work  lost 
in  an  unit  of  time  in  overcoming  it  is  the  product  of  its  moment 
by  the  angtdar  velocity  of  the  rolling  surfaces  relatively  to  each 
other.  The  following  are  approximate  values  of  the  arm  in  decimals 
of  afoot : — 

Oak  upon  oak, o*oo6  (Coulomb). 

Lignum-vitae  on  oak, 0-004  „ 

Cajst  iron  on  cast  iron, o-ooa  (Tredgold)^ 

683.  The  Rcufinanco  of  Comnyos  mm  Ro«dis  consists  of  a  constant 
part,  and  a  part  increasing  with  the  velocity.  According  to  Gene- 
ral Moiin,  it  is  given  approximately  by  the  following  formula  ; — 
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»=?[«  +  M^  -  3-28)]; (1.) 

where  Q  is  the  gross  load,  r  the  radius  of  the  wheels  in  inches, 
V  the  velocity  in  feet  per  second,  and  a  and  b  two  constants,  whose 
values  are  a  b 

For  good  broken  stone  roads, '4  to  -55      '024  to  -026 

For  paved  roads, '27  -0684 

For  the  pavement  of  Paris, '39  '03 

On  gravel  roads  the  resistance  is  about  double,  and  on  sandy  and 
graveUy  soft  ground,  five  times  the  resistance  on  good  broken  stone 
roada 

684.  BcriaiKBce  mt  Baiiwar  Train* — In  the  following  formulsB, 
which  are  all  empirical — 

E  denotes  the  weight  of  the  engine,  in  tons ; 

T       „       the  gross  load  drawn  by  it,  in  tons; 

V      „       the  velocity,  in  miles  an  hour ; 

r        „       the  radius  of  curvature  of  the  line,  in  miles ; 

It      „       the  resistance,  in  pounds ; 

A      „       the  area  of  frontage  of  the  train,  in  square  feel 

Then  for  single  carriages  with  cylindrical  wheels,  at  velocities  up 
to  12  miles  an  hour,  according  to  the  experiments  of  Lieutenant 
David  Rankine,  and  the  Author, 


i^  =  (h  +  ^)t; (1.) 


{See  Experimental  Inquiry  «n  the  Use  of  Cylindrical  Wheds  on 
Railways,  1842). 

For  an  engine  and  train,  the  following  is  an  empirical  fcnrmula 
deduced  from  the  experiments  of  Mr.  Grooch  ^ — 

R={6  +  0-3(V-  10)}  (T  +  2E), (2.) 

For  an  engine  and  train,  accordii\g  to  Messrs.  Hardii^  and  Scott 
Russell: — 

R.(6+|)(e  +  t)+^ (3.) 

The  last  term  in  this  foimula  is  intended  to  represent  the  re- 
sistance of  the  air. 

685.  BeatofFriciton. — The  work  lost  in  friction  produces  heat 
in  the  proportion  of  one  British  thermal  unit,  being  so  much  heat 
as  raises  the  temperature  of  a  pound  of  water  one  degree  of  Fahren- 
heit, for  every  772  foot  pounds  of  lost  work. 

Excessive  heating  is  prevented  by  a  constant  and  copious  supply 
of  a  good  unguent 
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CHAPTER  II. 

VARIED  MOTIONS  OF  MACHINES. 

686.  Tli«  C«iiariib||Bi  F«i<cM  wmd  €««plm  exerted  hy  the  variotiB 
rotating  pieces  of  a  machine  against  the  bearings  of  their  axles  are 
to  be  determined  by  the  principles  of  Articles  540,  592,  and 
603,  and  taken  into  account  in  determining  the  lateral  pressures 
which  cause  friction,  and  the  strength  of  the  axles  and  fitunework. 
As  those  centrifugal  forces  and  couples  cause  increased  friction 
and  stress,  and  sometimes  also,  by  reason  of  their  continual  change 
of  direction,  produce  detrimental  or  dangerous  vibration,  it  is  de- 
sirable to  reduce  them  to  the  smallest  possible  amount ;  and  for 
that  purpose,  imless  there  is  some  specisd  reason  to  the  contrary, 
the  axis  of  rotation  of  every  piece  which  rotates  rapidly  ought  to 
traverse  its  centre  of  gravity,  that  the  resultant  centrifugal  force 
may  be  nothing,  and  ought  to  be  an  axis  of  inertia,  that  the  centri- 
fugal couple  may  be  nothing.  As  to  axes  of  inertia,  see  Article  oSL 

687.  Acinal  Energr  •f  a  itiacliiiie* — To  determine  the  entire 
actual  energy  of  a  machine  at  a  given  instant,  it  is  necessary  to 
know — 

(I,)  The  weight  of  each  of  its  sliding  pieces :  let  any  one  of  those 
weights  be  denoted  by  W; 

(2.)  The  velocity  of  translation  of  each  of  those  pieces  at  the 
given  instant :  let  v  denote  any  one  of  these  velocities ; 

(3.)  The  moment  of  inertia  of  each  of  its  rotating  pieces :  let  any 
one  of  these  moments  be  denoted  by  I ; 

(4.)  The  angular  velocity  of  each  of  those  pieces  at  the  given 
instant ;  let  a  be  any  one  of  these  angular  velocities. 

These  quantities  being  given,  the  actual  energy  of  the  machine  is 

E  =  i(,.Wv' +  >•!«•)  J (1.) 

and  if  the  moment  of  inertia  of  each  rotating  piece  be  expressed  in 
the  form  I  =  W V>  W'  being  its  weight  and  e  its  radius  of  gyi-a- 
tion,  the  above  expression  may  be  put  in  the  form, 

E  =  -^{I'Wif  +  3-W««a^ (2.) 

688.  R«4aced  iBcriis. — The  figures^  sizes,  and  connection  of  the 
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pieoes  of  a  machine  being  known,  the  principles  of  the  Theoiy  of 
Mecliauigm  (Part  lY.)*  enable  the  comparative  motions  of  all  its 
points  to  be  determined,  and  in  particular,  the  several  ratios  of 
their  velocities  to  that  of  the  driving  point  at  any  instant  Let  V 
be  the  velocity  of  the  driving  point,  and  for  any  given  piece  of  the 
machine  whose  weight  is  W,  let  n  denote  the  ratio  o  :  V  if  it  is  a 
sliding  piece,  and  the  ratio  ^  a  :  Y  if  it  is  a  turning  piece.  Then 
the  sum 

3-Ww* (1.) 

expresses  the  loeight  which,  if  concentrated  cU  tlie  driving  pointy  vxmld 
have  tJie  same  actual  energy/  v/Uf^  t/ie  entire  Tnachine,  This  quantity 
may  be  called  Oie  inertia  reduced  to  tfie  driving  point  By  Mr. 
Moseley,  who  first  iutroduced  its  consideration  into  mechanics,  it 
is  called  the  "  co-efficient  of  steadiness." 

The  actual  energy  of  the  machine  at  any  instant  may  now  be 
expressed  by 

Y*  2  •  W  w* 
^  =  — 2^^ W 

Another  mode  of  expressing  the  reduced  inertia  is  with  reference 
to  the  driving  axis.  Let  A  represent  the  angular  velocity,  at  any 
instant,  of  the  axis  of  the  piece  which  first  receives  the  motive 
power  ;  for  any  shifting  piece  let  t?  :  A  =  Z ;  and  for  any  rotating 
piece  let  a  :  A  =  n.     Then  the  reduced  ino?nent  of  inertia  ia 

2'Wl^  +  3    In*; (3.) 

and  the  actual  energy  at  any  instant, 

E  =  ^  [s-WZ«  +  5.1n«} (4.) 

689.  Fiacniati«n«  •f  Speed  in  a  machine  are  caused  by  the  altera 
nate  excess  of  the  energy  received  above  the  work  performed,  and 
of  the  work  performed  above  the  energy  received,  which  produce 
an  alternate  increase  and  diminution  of  actual  energy,  according  to 
the  law  of  the  conservation  of  energy  explained  in  Article  552, 

o,         j^  To  detennine  the  greatest  fluctuations  of 

^y — ^^>^'^     ^p    speed  in  a  machine  moving  periodically,  take 

N^^r-'^^'**— ^       ABC,  in  fig.  265,  to  represent  the  motion 

of  the  driving  {toint  during  one  i)eriod ;  let 

the  efibrt   P    of  the  prime  mover  at  each 

instant  be  I'epresented  by  the  ordinate  of  the 

Fig.  265.  curve   D  G  E I  F ;   and  let  the  sum  of  the 

resistances,  reduced  to  the  driving  point,  as  in  Article  6(jS,  at  each 

instant,  be  denoted  by  R,  and  repi-esented  by  the  ordinate  of  the 
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curve  D  H  E  K  F,  which  cuts  the  former  curve  at  the  ordinates 
A  D,  B  E,  C  F.     Then  the  integral 


f{V^B)ds, 


being  taken  for  any  part  of  the  motion,  gives,  as  in  Article  549,  the 
excess  or  deficiency  of  energy,  according  as  it  is  positive  or  negative. 
For  the  entire  period  ABC  this  integral  is  nothing.  For  A  B, 
it  denotes  an  excess  of  energy  received,  represented  by  the  area 
D  G  E  H  5  and  for  B  C,  an  equal  excess  of  work  'performed,  repre- 
sented by  the  equal  area  E  K  F  I.  Let  those  equal  quantities  be 
each  represented  by  A  R  Then  the  actual  energy  of  the  machine 
attains  a  maximum  value  at  B,  and  a  minimum  value  at  A  and  C^ 
and  A  E  is  the  difference  of  these  values. 

Now  let  V^  be  the  mean  velocity,  V,  the  greatest  velocity,  and 
Vj  the  least  velocity  of  the  driving  point ;  then 

V« V* 

^\      ''3-Wn«  =  aE; (1.) 

which,  being  divided  by  twice  the  mean  actual  envsrgy 

gives 

V,  —  V,        A  E  ^  A  E 


X2.) 


Vq  2E„       VJa-Ww*' 

a  ratio  which  may  be  called  the  co^ffiderU  of  fluctuation  of  speed. 
The  ratio  of  the  periodical  excess  and  deficiency  of  energy  A  E 

to  the  whole  energy  exerted  in  one  period  or  revolution,  jFds, 

has  been  determined  by  Greneral  Morin  for  steam  engines  tmder 

various  cuxnimstances,  and  found  to  be  from  ttv  to  j,  for  single 

cylinder  engines.  For  a  pair  of  engines  driving  the  same  shaft, 
with  cranks  at  right  angles  to  each  other,  the  value  of  this  ratio 
is  about  one-fourth  of  its  value  for  single  cylinder  engines. 

690.  A  Fir-Wheel  is  a  wheel  with  a  heavy  rim,  whose  great  moment 
of  inertia  reduces  the  co-eflBcient  of  fluctuation  of  speed  to  a  certain 

fixed  amount,  being  about  -^  in  ordinary  machinery,  and  =7;  or  — 

in  machinery  for  fine  purposes. 

Let  —  be  the  intended  value  of  the  co-eflicient  of  fluctuation  of 
m 

speed,  and  A  E,  as  before,  tlie  fluctuation  of  energy;  then  if  this  is 
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to  be  proyided  for  by  the  moment  of  inertia  I  of  the  fly-wheel  alone, 
let  a^  be  its  mean  angulai'  velocity;  then  equation  2  of  Article  689 
is  equivalent  to  the  following : — 


1   _  grAE         _  mgrAE  . 


the  second  of  which  equations  gives  the  requisite  moment   of 
inertia  of  the  fly-wheeL 

691.  iifrtiMg  wmd  si«npiBg— Brakes. — ^The  fAoffiing  of  a  machine 
consists  in  setting  it  in  motion  from  a  state  of  rest,  and  bringing  it 
up  to  its  proper  mean  velocity.  This  operation  requires  the  ex- 
penditure, b^des  the  energy  required  to  overcome  the  resistance  of 
the  machine,  of  an  additional  quantity  of  energy  equal  to  the  actual 
energy  of  the  machine  when  moving  with  its  mean  velocity,  as 
found  according  to  the  principles  of  Article  687. 

If,  in  order  to  sUif  a  machine,  the  effort  of  the  prime  mover  is 
simply  suspended,  the  machine  will  continue  to  go  until  work  hits 
been  performed  in  overcoming  its  resistances  equal  to  the  actual 
energy  due  to  its  speed  at  the  time  of  suspending  the  effort  of  the 
piime  mover. 

In  order  to  stop  the  machine  in  less  time  than  this  operation 
would  require,  the  resistance  may  be  artificially  increased  by  means 
of  a  hrak^^  which  may  be  a  friction-strap,  as  described  in  Article 
678,  or  a  block  pressed  against  the  rim  of  a  wheel,  or  a  grooved 
sector  pressed  against  a  wheel  grooved  as  for  frictional  gearing 
(Articles  445,  679). 

Let  Bi  be  the  ordinary  resistance  of  the  machine,  redticed  to  the 
rubbing  surftice  (Article  668),  B,  the  friction  produced  by  the  brake, 
V  the  velocity  of  the  surface  on  which  it  acts  at  the  time  when  it  is 
first  applied,  8  the  distance  through  which  rubbing  must  take  place 
in  order  to  stop  the  machine,  t  the  time  required  for  the  same 
effect,  E  the  actual  energy  of  the  machine  when  the  brake  begins 
to  act.     Then 

*=E-(R,  -hR,); (1.) 

and  because  the  mean  velocity  of  rubbing  during  the  operation  of 
stopping  is  t;  -r  2, 

<  =  -  =  2EH-t;(B,  +  R,) (2.) 
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CHAPTER  IIL 

ON    PRIME   MOTEB& 

692.   A  Prime  Rl«r«r  is  an  engine,  or  combination  of  moving 

"  *  pieces,  which  serves  to  transfer  energy  from  those  bodies  which 

naturally  develop  it,   to  those  by  means  of  which  it  is  to  be 

_  employ^,  and  to  transform  energy  from  the  various  forms  in  which 

.  '  it  may  occur,  such  as  chemical  affinity,  heat,  or  electricity,  into  the 

•  *  form  of  mechanical  energy,  or  energy  of  force  and  motion.     The 

,^  mechanism  of  a  prime  mover  comprehends  all  those  parts  by  means 

of  which  it  regulates  its  own  operations. 

The  useful  work  of  a  prime  mover  is  the  energy  which  it  trans- 
. .    mits  to  any  machine  driven  by  it;  and  its  efficiency  is  the  ratio  of 
that  useful  work  to  the  whole  energy  received  by  it  from  a  natural 
source  of  energy. 

The  effect  or  avaUahle  poioer  of  a  prime  mover  is  its  useful  work 
in  some  given  unit  of  time,  such  as  a  second,  a  minute,  an  hour,  a 
.      day. 

'^. '        693.  The  Begvlat^r  of  a  prime  mover  is  some  piece  of  apparatus 
by  which  the  rate  at  which  it  receives  energy  from  the  source  of 
energy  can  be  varied;  such  as  the  sluice  or  valve  which  adjusts  the 
size  of  the  orifice  for  supplying  water  to  a  water-wheel,  the  appara- 
tus for  varying  the  surface  exposed  to  the  wind  by  windmill-sails, 
:[\    the  throttle- valve  of  a  steam  engine.     In  prime  movers,  whose 
speed  and  power  have  to  be  varied  at  will,  such  as  locomotive 
^^    engines,  and  winding  engines  for  mines,  the  regulator  is  adjusted 
- '    by  hand.     In  other  cases  it  is  adjusted  by  a  self-acting  apparatus 
.      caUed  a  G^Tcm^r — usually  consisting  of  a  pair  of  rotating  pen- 
dulums, whose  angle  of  deviation  from  their  axis  depends  upon  the 
speed.    (Article  606). 

694.   Prime  Merera  may  be  Clamed  according  to  the  forms  in 
which  the  energy  is  first  obtained.     These  ore — 
I.  Muscular  Strength. 
II.  The  Motion  of  Fluids. 

III.  Heat. 

IV.  Electricity  and  MagnetiMm. 

bif5,  BrnNcniar  sirciigih. — The  cUnli/  effect  exerted  by  the  muscu- 
lar strergth  of  a  man  or  of  a  beast  is  the  product  of  three  quan- 
tities; the  useful  resistance^  the  velocity  with  which  that  resistance 
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is  overcome,  and  the  number  of  units  of  time  per  day  during  which 
work  is  continued  It  is  known  that  for  each  individual  man  or 
animal  there  is  a  certain  set  of  values  of  those  three  quanti- 
ties which  inakes  their  product  a  maximum,  and  is  therefore  the 
best  for  economy  of  power;  and  that  any  departure  from  that  set  of 
values  diminishes  the  daily  effect. 

The  following  table  of  the  effects  of  the  strength  of  men  and 
horses  employed  in  various  ways,  is  compiled  firom  the  works  of 
Poncelet  and  General  Morin,  and  some  other  sources : — 


10. 

11. 
12. 


13. 
14. 


Raising  his  own  weight  np  stair 
or  ladder, 

Do.  do.  do., 

(Tread-wheel,  see  1.) 

HauliDg  up  weight  with  rope, 

Lifting  weights  by  hand, 

Carr}'ing  weights  up  stairs, 

Shovelling  up  earth  to  a  height 
of  5  feet  8  inches, 

Wheeliog  earth  in  barrow  up 
slope  of  1  in  12,  ^  horiz.  veloc 
0-9  ft.  per  sec.  (return,  empty), 

Pushing  or  pulling  horizontally 
^capstan  or  oar), 

Turning  a  crank  or  winch, 

Working  pump, 

Hammering, 

HOBSB. 

Cantering  and  trotting,  draw- 
ing a  light  railway  carriage 
(thoroughbred), 

Horse  drawing  cart  or  boat, 
walking  (draught  horse), 


B 

Ih. 


V 

ftpbSC 


143 


40 

44 

143 


6 


182 

26-5 

ri2-5 

'  180 

l200 

13-2 

16 


(min.  22J) 
•<mean80.U 
(max.  50 ) 

120 


8,600- 
hrabp.dAy. 


0-5 


0-76 
0-56 
013 

1-8 


0-076 

2-0 
60 
2-6 
14-4 
2-5 
? 


141 
8-6 


8 
10 

6 
6 
6 

10 


10 

8 

? 

8 

(2  mins.) 

10 

8? 


RV 
ft  lb. 
Pksec. 


72-5 


80 
24-2 
18-6 

7-8 


9-9 

63 
63-6 
45 
288 
83 
? 


447( 
432 


RVT 
it  Ih.  p.  day.  ! 


2,088,000 
2,616,000  I 

648,000 1 

622,720 

399,600 

280,800 


856,400 

1,626,400 

1,296,000 

1,188,000 
480,000 


6,444,000 
12,441,600 


696.  A  neater  PrcMore  Engine  consists  essentially  of  a  working 
cylinder,  in  "vrliicli  water  moves  a  piston  in  the  manner  stated  in 
Article  499,  case  2.  Let  h  be  the  virhudfaUf  that  is,  the  excess  of 
the  dynamic  head  of  the  water  entering  the  cylinder  above  that  of 
the  water  leaving  the  cylinder;  Q  the  volume  of  water  supplied  per 
second;  ^  its  weight  per  unit  of  volume;  1 — k  the  efficiency  of  the 
engine;  then 

(1-A)«QA, 
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18  its  effect  per  second.  In  well  constructed  water  pressure  en- 
gines, 1 — k  varies  from  '^^  to  '8. 

697.  UTater-WbeeU  la  General.  —  Water  may  act  on  a  wheel 
either  by  its  wdght  and  pressiire,  or  by  its  vdocUy;  that  is,  either 
by  its  potential^  or  by  its  actual  energy.     See  Article  622. 

Let  ^  Q  denote  the  weight  of  water,  in  pounds,  supplied  to  the 
wheel  in  a  second ;  h  the  difference  of  dynamic  head,  in  feety  of  the 
water  before  and  affcer  its  action  on  the  wheel;  v^  the  velocity  of 
the  water,  in  feet  per  second,  just  before  it  begins  to  press  on  the 
wheel,  ov  awpply-vdocUy ;  v,  the  velocity  of  the  water  just  after  it 
has  ceased  to  act  on  the  wheel,  or  discharge-velocity.  Then  the  total 
energy  of  the  water,  as  in  Article  ^'22,  is 

tf  Q  (^ ■!■  9^)  ^^^^  pounds  per  second; 

the  energy  of  the  water  when  discharged, 

t  Q  ^.  foot  pounds  per  second; 
^g 

the  total  power  of  the  wheel, 

^  Q  (^  +  -^ — ~)  ^oot  pounds  per  second; (1.) 

the  maximum  theoretical  efficiency, 

the  quantity 

*.  =  *  +  f; (3-) 

may  be  called  the  theoretical  fall  or  head.  The  available  efficiency 
of  a  water-wheel  falls  short  of  the  maximum  theoretical  efficiency 
principally  from  the  following  causes  : — 1.  The  resistance  of  the 
channel  and  orifices  by  which  the  water  is  supplied,  which  causes 
the  actual  height  from  which  the  water  must  descend  in  order  to 
acquire  the  supply-velocity  t7  to  be  greater  than  v\  :2g.  The  effect 
of  such  resistance  is  expressed  by  putting  for  the  actual  fall, 

H  =  A  +  (l  +  2./)ji; (4.) 

2  '/being  the  co-efficient  of  resistance  of  the  channel  and  orifices  of 
supply,  determined  according  to  the  principles  of  Articles  638  to 
646.  2.  The  escape  of  part  of  the  water  before  it  has  completed 
its  action  on  the  wheel    3.  The  agitation  and  mutual  friction  of  the 

o 
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particles  of  water  acting  on  the  wheel ;  and,  4.  The  friction  of  the 
wheel.  The  effectfi  of  the  last  three  causes  are  expressed  by  multi- 
plying the  total  power  and  the  theoretical  efficiency  of  the  wheel  by 
an  empirically  determined  fractional  co-efficient  k)  so  that  the  efiect 
or  avajlable  power  is  denoted  by 

(l_*),QA.j 
and  the  (wailahle  efficiency  by 

H       • 

698.  CiMMM  •f  Watcr-WbeeiB. — ^Water-wheels  may  be  classed  as 
follows: — Overshot-wkeds  and  breast-wlieels,  und&ralwt-wheeU  and 
iMrhines, 

699.  OTcnh^t  and  Brcnst-Wheeis.  —  The  water  is  supplied  to 
this  class  of  wheels  at  or  below  the  summit,  and  acts  wholly,  or 
partly  by  its  weight,  as  it  descends  in  the  buckets.  (See  Article 
634).  Formerly  the  buckets  used  to  be  closed  at  their  inner 
sides,  but  now  they  are  made  with  openings  for  the  escape  and 
re-entrance  of  air :  an  invention  of  Mr.  Fairbaim.  A  breast- 
wheel  differs  from  an  overshot-wheel  chiefly  in  having  the  water 
poured  into  the  buckets  at  a  somewhat  lower  elevation  as  compared 
with  the  summit  of  the  wheel,  and  in  being  provided  with  a  casing 
or  trough,  called  a  hreastt  of  the  form  of  an  arc  of  a  circle,  extend- 
ing from  the  regulating  sluice  to  the  commencement  of  the  tail- 
race,  and  nearly  fitting  the  periphery  of  the  wheel,  which  revolves 
within  it.  The  effect  of  the  bi-east  is  to  prevent  the  overflow  of 
water  from  the  lips  of  the  buckets  until  they  are  over  the  tail-raoe. 
The  usual  velocify  of  the  periphery  of  overshot  and  high  breast- 
wheels  is  from  three  to  six  feet  per  second ;  and  their  available 
efficiency,  when  well  designed  and  constructed,  is  from  0*7  to  0*8. 

700.  Undenii^t-iiriiccia  are  driven  by  the  impulse  of  water,  dis- 
charged from  an  opening  at  the  bottom  of  the  reservoir  with  the 
velocity  produced  by  the  fall,  against  floats  or  boards,  as  to  which 
see  Article  649.  Every  such  wheel  has  a  certain  velocity  qf 
maximum  efficiency ^  which  does  not  in  any  case  differ  much  from 
half  the  velocity  of  the  water  striking  it.  In  undershot- wheels  of 
the  old  construction,  the  floats  are  flat  boards  in  the  direction 
of  radii  of  the  wheel;  and  the  maximum  theoretical  efficiency  is 
^.  The  available  efficiency  is  about  0*3.  This  class  of  wheels  was 
much  improved  by  Poncelet,  who  curved  the  floats  with  a  con- 
cavity backwards,  adjusting  their  position  and  figure  so  that  the 
water  should  be  supplied  to  them  without  shock,  and  should  drop 
from  them  into  the  tail-race  without  any  horizontal  velocity.  The 
available  efficiency  of  such  wheels  is  about  0'6. 
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701.  A  Tarbine  is  a  horizontal  water-wheel  with  a  vertical  axis, 
receiving  and  discharging  water  in  all  directions  round  that  axis : 
that  is,  driven  by  a  vortex;  its  efficiency  ranges  from  '6  to  '8  (see 
Article  650). 

702.  wiBdmiiia  are  driven  by  the  impulse  of  the  air  against 
oblique  suifaces  called  sails,  rotating  in  a  plane  perpendiciilar  to 
the  direction  of  the  wind. 

The  best  figure  and  proportions  for  windmill  sails,  as  determined 
experimentally  by  Smeaton,  are  given  by  the  following  formula,  in 
iK'hich  the  whip  means,  the  length  of  an  arm,  or  the  distance  of  the 

tip  of  a  saU  fi'om  the  axis  : — ^length  of  sail,  -  whip  : — breadth  at  end 

nearest  axis,  -=  whip  : — at  tip,  ^  whip  : — ^angles  made  by  the  surface 

of  the  sail  with  the  plane  of  rotation — at  the  end  nearest  the  axis, 
1 8°  : — ^at  the  tip,  7^  The  efficiency  of  a  good  windmill  is  about  0-29. 
(See  Smeaton  on  Windmills,  in  Tredgold's  Hydraulic  Tracts.) 

703.  The  Bmciency  •f  Heat  Eii«iii«ii  is  the  subject  of  a  peculiar 
branch  of  science,  Tkermodj/namics ;  and  an  outline  only  of  the 
principles  on  which  it  depends  can  here  be  given. 

If  the  number  of  British  Fahrenheit  units  of  heat  produced  by 
the  combustion  of  one  pound  of  a  given  kind  of  fuel,  be  multiplied 
by  Joule's  equivalent,  772  foot  pounds,  the  result  is  the  total  1vea;t 
of  coTnhistion  of  the  fuel  in  question,  expressed  in  foot  pounds.  For 
different  kinds  of  coal,  it  varies  from  6,000,000  to  12,000,000  foot 
pounds.  This  total  heat  is  expended,  in  any  given  engine,  in  pro- 
ducing the  following  effects,  whose  sum  is  equal  to  the  heat  so 
expended : — 

1.  The  waste  heat  of  the  furnace,  being  from  0*15  to  0'6  of  the 
total  heat,  according  to  the  construction  of  the  furnace,  and  the 
skill  with  which  the  combustion  is  regulated. 

2.  The  necessarily  rejected  heat  of  the  engine,  being  =  -  x  the  heat 

h 
received  by  the  elastic  fluid :  <i  being  the  upper,  and  t^  the  lower 
limits  of  absolute  temperature,  which  is  measured  from  the  absolute 
zero,  493*^*2  Fahrenheit  below  the  melting  point  of  ice. 

3.  The  heat  wasted  by  the  engine,  whether  by  conduction,  or  by 
non-fulfilment  of  the  conditions  of  maximum  efficiency. 

4.  The  useless  work  of  the  engine,  employed  in  overcoming  friction 
and  other  prejudicial  resistances. 

5.  The  useful  worh  The  efficiency  of  a  thermodynamic  engine 
is  improved  by  diminishing  as  far  as  possible  the  first  four  of  these 
effects,  so  as  to  inci-ease  the  fifth. 

The  efficiency  of  a  heat  engine  is  the  product  of  three  factors; 
viz. : — ^the  efficiency  of  the  furnace,  being  the  ratio  of  the  heat 

Digitized  by 


630  THEORY  OP  HACHINEa 

transferred  to  the  elastic  fluid  to  the  total  heat  of  combustion ; — the 
eflSciency  of  the  fluid,  being  the  fraction  of  the  heat  received  by  it 
which  is  transformed  into  mechanical  energy ; — and  the  efficiency  of 
the  mechanism,  being  the  fraction  of  that  energy  which  ia  ayaiktble 
*  for  driving  machines.  The  maximum  efficiency  of  the  fluid  between 
given  limits  of  absolute  temperature  is  expressed  by 

^ a.) 

As  to  the  mechanical  action  of  an  elastic  fluid  on  a  piston,  see 
Article  656. 

704.  Steam  Engfaca. — Formidie  for  the  mechanical  action  of 
steam  on  a  piston,  both  exact  and  approximate,  have  been  given  in 
Article  6bQ,  equations  6  to  13. 

The  efficiency  of  the  steam  lies  between  the  limits  -02  and  -2  in 
extreme  cases,  and  *04  and  '1  in  ordinary  cases. 

The  details  of  the  construction  and  working  of  steam  engines  can 
be  explained  in  a  special  treatise  only. 

The  dtU^  of  an  engine  is  the  work  performed  by  a  given  quantity 
of  fuel,  such  as  one  pound.  The  duty  of  a  pound  of  coal  varies  in 
different  classes  of  engines  from  about  100,000  to  1,900,000  foot 
pounds.  These  are  extreme  results,  as  respects  wastefulness  on  the 
one  hand,  and  economy  on  the  other.  In  good  ordinary  engines, 
the  duty  varies  from  200,000  to  700,000. 

705.  Mleetrodjnamic  En«iBc««  though  capable  of  higher  efficiency 
than  heat  engines,  are  not  so  economical  commercially,  on  account 
of  the  greater  cost  of  the  materials  consumed  in  them.  Theii-  theo- 
retical efficiency,  according  to  a  law  demonstrated  by  Mr.  Joule,  is 
given  by  the  formula 

2^^'; (1.) 

where  y,  is  the  strength  which  the  electric  current  would  have  if 
the  machine  performed  no  mechanical  work,  and  yj  is  the  actual 
strength  of  the  current 

This  law,  and  the  law  of  the  maximum  efficiency  of  heat  engines, 
are  partictdar  cases  of  a  general  law  which  regulates  all  transfotma* 
tions  of  energy,  and  is  the  basis  of  the  Science  of  Energetics.* 

*  Edinburgh  Philosophical  Journal,  July,  1865;  Proceedings  of  the  Philo$opkieai 
Society  of  Glasgow,  1853-6. 


Digitized 


byGoogk 


APPENDIX. 


1 

Table  of  the  Besistance  of  Materials  to  Stretching  akd 
Tearing  bt  a  DntEcrr  Pull,  in  pounds  avoirdupois  per  square 
inch. 

Tenacity  Modnluii  of 

Matbbiaia  *^^J**^      orB^iS«&to 

Tearing.  Stretching. 

Stones,  Natural  aito  Artificial  : 

Sit.} 280  to  300 

Glass, 9^400  8,000,000 

Slate, f      9,600        i3,ooo,«x>o 

'  (to  12,800    to  16,000,000 

Mortar,  ordinaiy, 50 

Metaus: 

Brass,  cast, 18,000          9,170,000 

„      "wire, 49,000         14,230,000 

Bronze  or  Gun  Metal  (Copper  8, )  >. 

Tin  i), ..........!/  36,000          9,900,000 

Ck)pper,  cast, 19,000 

„       sheet, 30,000 

„       bolts, 36,000 

„       wire, 60,000         17,000,000 

T             .         .             1...  f      13,400         14,000,000 

Iron,ca«t,yaxioTU.quaLties, {toajooo    toa^poolooo 

„        average, 16,500         17,000,000 

Iron,  wrought,  plates, 51,000 

„       joints,  double  rivetted,  35,7  00 

„  „       single  rivetted,  28,600 

„       bars  and  bolts, {tojol^o}     29»°oo.oo° 

„        hoop,  best-best, 64,000 

«       ^^' {toiJolo^}      «S.30o,ooo 

„        wire-ropes, 90,000         15,000,000 

Lead,  sheet, 3,300             720,000 

Steel  bars  I        ^^0,000         29,000,000 

' \  to  130,000   to  42,000,000 

Steel  plates,  average, 80,000 

Tin,  cast, 4,600 

Zinc, 7,000  to  8,000 
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J^^'P^^'  .  Elasticity. 

Teanng.  Stretching. 

Timber  akd  other  Organic  Fibre: 

Acacia,  fSsJae.  See  "  Locust" 

Ash  {Fraximis  exceUior), 17 ,000           i  ,600,000 

Bamboo  {Bambuea  orundiTiacea),  6,300 

Beech  {Fagua  sylvcUica), 1 1 ,500           i ,350,000 

Birch  {Betula  aiba), 15,000           1,645,000 

Box  {Buxua  sempermrens), 20,000 

CedarofLebanon((7eefrt£«x^t6ant),  11,400              486,000 

Chestnut  {Castanea  Vesca), |  ^  j^^ooo  }        17140,000 

Elm  {Ulmv^  ca^npestris), ^^^^^  |^  i,^?^ 

Pir:B.dPine(m^.,^^.W.),  {^"J-      ^^^^^^ 

„    Spruce  {Abies  excdsa), ^^^^^^  {  ^  \[s^'^ 

„    l^h{LarixEuropaa), {to  loj^      to  1,360:^0 

Hawthorn  (CratoegitsOxt/acantha),  i  o,  500 

Hazel  {Corylus  A  vdlana), 1 8,000 

Hempen  Cables, 5,6oo 

Holly  (Ilex  A  qui/oliwm), 1 6,000 

Hornbeam  {Carpinua  Bettdvs), ...  2 0,000 

Laburnum  {Cyiisus  Lahumum)^  10,500 

Lancewood  {GrTwUeria  virgcUa),  23,400 

Lignum-Vit86  {Giuiiacum  offid- )  „ 

wa/c), J  '  ° 

Locust  {Robinia  Fseudo-Acacia),  16,000 

Mahog&nj  (Stvietenia  Mahagoni),  <  .    21  800  1         '7255,000 

Maple  {A  cer  canipestris), 1 0,600 

Oak,  European  {Quercus  seasiH-  (      10,000           1,200,00^ 

Jlaras^dQtferciLspedunctdcUa),  ( to  19,800      to  1,750,000 

„      American    B/ed     (Quercus  \ 

rubral }  '^'"^o           2,150,000 

Topl&r  (Fopvlus  alba)y 7,200           1,130,000 

Syciimore{AcerF8eudo'Flatamis\  13,000           1,040,000 

Teak,  Indian  {Teclona  grandis),  15,000           2,400,000 

„      Afiican,  (?) 21,000           2,300,000 

Whalebone, 7i7oo 

Yew  (Taxiis  bacccUa), 8,000 
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II 

Table  of  the   Resistance  of  Materials  to  SHEAsiNa  Aim 
Distortion^  in  pomids  avwrdupoia  per  aquare  inch, 

_»   .  .  Traiurene 

»»?*«"<*  EUrtidtv, 

Matbbiaia  to  ^^  Resistance  to 

Metals:  Sheanng.  Distortion. 

Bluss,  wire-drawn, 5,33o,ooo 

Copper, 6,200,000 

Iron,  cast, 27,760         2,850,000 

i-x  -           f      8,500,000 

"    ^^g^*' 50,000 1  ^^;|^^;^^^ 

Timber: 

Fir:  Red  Pine, 5ooto    800 

„      Spruce, 600 

„      Ia.rch, 970  to  1,700 

Oak,  British, 2,300 

Poplar, 1,800 


III 

Table  op  the  Resistance  op  Materials  to  Crushino  by  a 

Direct  Thrust,  in  pounds  avoirdupois  per  square  inch. 

Resistance 
Matebialb.  to 

Crushing. 

Stones,  Natural  and  Artificial: 

Brick,  weak  red, 550  to  800 

„      strong  red, 1,100 

„      fire, 1,700 

Chalk, 330 

Granite, 5,5oo  to  11,000 

Limestone,  marble,  5,5oo 

„          granidar, 4,000  to  4,500 

Sandstone,  strong, 5,5oo 

„          ordinary, 3,300  to  4,400 

„          weak, 2,200 

Rubble  masonry,  about  four-tenths  of  cut  stone. 

Metals: 

Brass,  cast, 10,300 

Iron,  cast,  various  qualities, 82,000  to  145,000 

„       „      average, 112,000 

„     wrought, about  36,000  to    40,000 

3  D 
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Beflostanoe 

Materials.  to  ^ 

Timber,*  Dry,  crushed  along  the  gram : 

Ash, 9,000 

Beech, 9f3^o 

Birch, 6,400 

Blue-Gum  {Eucalypt/ua  Globtdus), 8,800 

Box, 10,300 

Bullet-tre^  (Achras  Sideroxyhn), 14,000 

Cabacalli, 9^900 

Cedar  of  Lebanon, 5^860 

Ebony,  West  Indian  {Brya  Ebenus), 19,000 

Elm, 10,300 

Pir:  Red  Pine, 5,375  to  6,200 

„     American  YellowPine(PwtMt?aria6i/w),  5>40o 

„     Larch, 5,570 

Hornbeam, 7>3oo 

Lignum- Vitse, 9>9oo 

Mahogany, 8,200 

Mora  {Mora  excdsa), 9^900 

Oak,  British, 10,000 

„     Dantzic, 7>7oo 

„     American  Bed, 6,000 

Teak,  Indian, 12,000 

Water-Gimi  (Tristania  neri/olia), 1 1,000 


lY. 

Table  of  the  Besistance  of  Materials  to  Breaking  Across, 
in  poimda  avoir dwpois  'per  aguao'e  inch, 

Besistance  to  Breaking, 
Hatsrials.  or 

Modnlns  of  BaptDre.f 

Stones: 

Sandstone, 1,100  to  2,360 

Slate,  5,000 

'  The  resistances  stated  are  for  dry  timber.  Green  timber  is  much  weaker,  bariDg 
sometimes  only  half  the  strength  of  dry  timber  against  crashinjg. 

t  The  modnlas  of  ruptore  is  eighteen  times  the  load  which  is  reaoired  to  break  a  bar 
of  one  inch  square,  supported  at  two  points  one  foot  apart,  and  loaded  in  the  middle 
between  the  pomts  of  support. 
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Bttristance  to  Breaking, 
Matbrialb.  or 

Modalofl  of  Baptiire. 
Metalb: 

Iron,  cast^  open-work  beams,  average, 17 ,000 

„       „     solid  rectangular  bars,  var.  qualities,  33,000  to  43,500 

»       yy  .  99  91  average, 40,000 

„     wrought,  plate  besuns, 42,000 

Timber: 

Ash, 12,000  to  14,000 

Beech, 9,000  to  12,000 

Birch, 11,700 

Blue-Gum, 16,000  to  20,000 

Bullet-tree, 15,900  to  22,000 

Cabacalli, 15,000  to  16,000 

Cedar  of  Lebanon, 7j40o 

Chestnut, 10,660 

Cowrie  (Dammara  australis), 11,000 

Ebony,  West  Indian, 27,000 

Elm, 6,000  to    9,700 

Fir:  Red  Pine, 7,100  to    9,540 

„     Spruce, 9*900  to  12,300 

„     I^rch, 5,000  to  10,000 

Greenheart  {Nectandra  Rodicn), 1 6,500  to  27,500 

Lancewood, i7>35o 

lignum- Vitee, 12,000 

Locust,.. 11,200 

Mahogany,  Honduras, 11,500 

„  Spanish, 7,600 

Mora, 22,000. 

Oak,  British  and  Russian, 10,000  to  13,600 

„     Dantzic, 8,700 

„     American  Red, 10,600 

Boon, i3»30o 

Poplar,  Abele, 10,260 

Sycamore, 9,600 

Teak,  ludian, i4,77o 

„     African, 14,980 

Tonka  (Dipteryx  odorcUa), 22,000 

Water-Gum, i7>46o 

Willow  {SaliXf  various  species), 6,600 
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VI. 

Table  of  Specitic  Gjelayities  of  Materials. 

Weight  of  a  cubic 
Gases,  at  32°  Fahr.,  and  under  the  pressure  of  one       foot  in 
atmosphere,  of  2 116-4  lb.  on  ^^  square  foot:         ^^  avoirdupoia. 

Air, 0-080728 

Carbonic  Acid,  0-12344 

Hydrogen, 0-005592 

Oxygen, 0*089256 

Nitrogen, 0-078596 

Steam  (ideal), 0*05022 

^ther  vapour  (ideal), 0-2093 

Bisulphuret-of-carbon  vapour  (ideal), 0*2 1 37 

defiant  gas, 0-0795 

Weight  of  a  cnbio  Specific 

foot  in  gravity, 

lb.  avoirdupois.         pure  water  =  1« 

Liquids  at  32*"  Fahr.  (except  Water, 
which  is  taken  at  39*'*4  Fahr.): 

Water,  pure,  at  3 9°-4, 62*425  i-ooo 

„       sea,  ordinary, 64-05  1-026 

Alcohol,  pure, 49*38  0-791 

„        proof  spirit, 57'i8  0-916 

-^ther, 4470  0-716 

Mercury, 848-75  i3*596 

Naphtha, 52'94  0-848 

Oil,  linseed, 5868  0-940 

„    olive, 57-12  0-915 

„    whale, 57-62  0-923 

„    of  turpentine, 54'3i  0*870 

Petroleum, 54*81  0-878 

Solid  Mikebal  Substances,  non-metallic : 

Basalt, 187*3  3*00 

Brick, 125  to  135  2  to  2*167 

Brickwork, 112  1*8 

Chalk, 117  to  174  1-87  to  278 

Clay, 120  1-92 

CosJ,  anthracite, 100  x-602 

„     bituminous, 77-4  to  89*9  1*24  to  1-44 

Coke, 62-43  *o  103*6  I'oo  to  1-66 

Felspar, 162-3  26 

Flint, 164-2  2-63 
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Weight  of  a  eabio 

foot  in 
2b.  avoirdupoia. 

Solid  Mineral  Substances — corUinv/ed. 

Glass,  cxx)wii,  average, 156 

„      flint,         „         187 

„      gi-een,       „         169 

„      plate,        „         169 

Granite, 164  to  172 

Gypsum, I43'6 

Limestoae  (including  marble),..  169  to  175 

yy          magnesian, 178 

Marl, 100  to  119 

Masoniy, 116  to  144 

Mortar, 109 

Mud, 102 

Quartz, 165 

Sand  (damp), 118 

„     (diy) 88-6 

Sandstone,  average, 144 

„         various  kinds, 130  to  157 

Shale, 162 

Slate, i75to  181 

Trap, 170 

Metaijs,  solid: 

Brass,  cast, 487  to  524*4 

II      wire, 533 

Bronze, 524 

Copper,  cast, 537 

„       sheet, 549 

„       hammered, 556 

Gold, II 86  to  1224 

Iron,  cast,  various, 434  to  456 

„        average, 444 

Iron,  wrought,  various, 47  4  to  487 

„                average, 480 

Lead, 712 

Platinum, 1311  to  1373 

SUver, 655 

Steel, 487  to  493 

Tin, 456  to  468 

Zinc, 424  to  449 


SpeciiSe 

granty, 

pore  water  a- 1. 

3-5 

30 

2-7 

a  7 

2*63  to  276 

23 

27  to  2-8 

2-86 

1-6  to  i-p 

185  to  2-3 

175 

1-63 

3-65 

1-9 

1-42 

23 

2*o8  to  2-52 

26 

2*8  to  2*9 

272 

7*8  to  8*4 

8-54 

8*4 

8-6 

8*8 

8-9 

19  to  19-6 

695  <^7'3 

7-II 

7-6  to  7-8 

7-69 

11-4 

21  to  23 

105 

7-8  to  7-9 

7'3to7-5 

6-8  to  7'2 
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APPENDIX.  639 

Weight  of  a  enlne  Spedfic 

foot  in  gravity, 

1  nCBEB .  lb.  avoirdnpois.  pure  water  =  L 

Ash, 47  0753 

Bamboo, 25  0*4 

Beech, 43  069 

Birch, 44*4  o*7i^ 

Blue-Gum, 525  0843 

Box, 60  0-96 

Bullet-tree, 65-3  1046 

Cabacalli, 56-3  0-9 

Cedar  of  Lebanon, 30*4  0*486 

Chestnut, 334  0-535 

Cowrie, 36*2  0*579 

Ebony,  West  Indian, 74*5  1193 

Ebn, 34  0544 

Fir:  Red  Pine, 30  to  44  0-48  to  07 

„      Spruce, 30  to  44  0*48  to  07 

„      American  Yellow  Pine,...  29  0*46 

„      Larch, 31  to  35  0-5  to  056 

Greenheart, 62-5  I'ooi 

Hawthorn, 57  0*91 

Hazel, 54  0S6 

Holly, 47  076 

Hornbeam, 47  076 

Laburnum, 57  0-92 

Lancewood, 42  to  63      0*675  to  i-oi 

Larch.     See*' Fir." 

Lignum-Vitae, 41  to  83  0*65  to  1-33 

L(^ust, 44  071 

Mahogany,  Honduras, 35  0*56 

„          Spanish, 53  0*85 

IVfaple, 49  079 

Mora, 57  092 

Oak,  European, 43  to  62  069  to  0-99 

,1     American  Red, 54  0*87 

Poon, 36  0-58 

Poplar  (Abele), 32  0-51 

Sycamore, 37  o'59 

Teak,  Indian, 41  o-66 

„      Ali-ican, 61  0-98 

Tonka, 62  to  66  o'99toi-o6 

Water-Gum, 62-5  looi 

Willow, 25  0-4 

Yew, 50  08 

*  The  Timber  in  eveiy  case  is  supposed  to  be  dry. 
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DlMENBIONS  AND  StABILITT    OF  THB  OUTEB  ShELL  OF  THE 

Gbeat  Ghiiinbt  of  St.  Boixox. 


DiviskMMOf 
Chimney. 


V. 

rv. 
III. 
II. 

L 

Foundation. 

L 

II. 

IIL 


Heighto  above 
Gnxind. 

Feet 

43Si 

35oi 

210^ 

"4i 

54i 

o 

Depth  below- 
Ground. 
Feet 

O 
8 

14 

20 


External 
Diameten. 


Greatest  r 
sure  of  Wind 
ooDsiBtentwith 

Security. 
lb.per«iaarBfoo^ 


77 

55* 

57 

^3 

71 


ThickneBM8. 


50 
50 


35 


Brick. 

Feet. 

3 
3 

12 

o 


Total  heighj)  from  base  of  foundation  to  top  of  cliiinnej,  455^  foetw 
*  Joint  of  least  Btobilitj. 
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ABimcnm,  stability  oi;  226. 

of  arches,  261. 

open  and  hollow,  263  (see  also  82). 

strength  of,  268. 
Accelerating  eflfect  of  gravity,  485. 

iropolse,  483. 

force,  490. 
Acceleration,  886. 
Air,  apparent  weight  of  bodies  in,  123. 

expansion  of,  123. 

▼elocity  of  sound  in,  663. 

weight  of;  123. 

(see  Gas). 
Angle  of  repose,  210. 

of  rotation,  891. 

of  rupture,  204,  259. 

of  torsion,  856. 
Angular  impulse,  506. 

momentum,  505,  529. 

yelocitj,  391. 
Arch,  abutments  of,  261. 

angle,  joint,  and  point  of  ruptnrs  0^259. 

circular  linear,  183,  201. 

clustered,  263. 

distorted,  202. 

^storted  elliptic  linear,  186. 

elUptlc  linear,  184. 

geostatic  approximate,  209. 

geostatic  (to  sustain  earth),  196. 

groined  (see  Vaults). 

hydrostatic  approximate,  207. 

hydrostatic  (to  sustain  fluid  pressure), 
190,  853. 

iron-ribbed,  876. 

Une  of  pressures  in,  257. 

linear,  for  normal  pressure,  189. 

linear,  or  equiUbrated  rib,  162, 175, 182. 

of  masonry  or  brick-work,  stability  ofj 
226,  256. 

piers  of,  263. 

pointed,  203. 

skew,  261. 

stereostatic  (with  rigid  load),  198. 

strength  of;  268. 

total  thrust  of,  208,  260. 


2u 


Areas,  measurement  of,  68. 

oonserration  of  (see  Conservation). 
Atmospheric  pressure,  69. 
Axes  of  inertia,  524. 

of  elasticity,  278. 

of  stress,  93,  98. 
Axis  of  roUtion,  890. 

fixed,  545. 

instantaneous,  897. 

of  angular  momentum,  605,  529. 
Axle,  strength  of,  853. 

friction  of,  614. 

resilience  of,  857. 

torsion  of;  856. 

with  crank,  strength  of,  358. 

Balahcb,  15. 

of  any  system  of  forces,  41. 

of  couples,  21. 

of  floating  bodies,  120. 

of  fluids,  116. 

of  forces  in  one  line,  19. 

of  inclined  fbroes,  36. 

ofparaUel  forces,  21,  26. 

of  stress  and  weight,  112. 

of  structures,  129. 
Balanced  forces,  motion  under,  476. 
Ballistic  pendulum,  548. 
Bands  in  mechanism,  464. 

friction  of;  617. 
Bars,  strength  of  iron  and  sted,  877 
Beam,  133. 

allowanoe  for  weight  oi^  846. 

cast  iron,  818. 

deflection  under  any  load,  328. 

direct  vertical  stress  in,  348. 

expansion  and  contraction  of,  348. 

fixed  at  both  ends,  882. 

limiting  length  of;  847. 

lines  of  principal  stress  in,  841. 

of  uniform  strength,  320. 

originally  curved,  348. 

partially  baded,  844. 

proof  deflection  oi;  329. 

proportion  of  depth  to  spaa  of,  827. 
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Beam,  resUienoe  of,  830. 

BheariDg  stress  in,  888,  842. 

dopiDg,  848. 

strength  o^  807,  816,  634. 

(soe  also  Girder). 
Belts,  strength  oi;  288  (see  also  Bands). 
Bending,  resistance  to,  807. 

moment  o^  807. 

(see  also  Beam). 
Bevel-wheels,  428, 448. 
Blocks,  stability  of  a  series  of,  280. 

and  tacMe^  462. 
Bodies,  13. 
Boilers,    strength   o^    289,    296,  299, 

806. 
Boiling  point,  606. 
Bracing  of  frames,  142. 
Brake,  624. 
Breaking  across,  resistanoe  to,  807  (see 

also  Beam). 
Brickwork  (see  Masonry). 
Bridge  (see  Arch,  Beam,  Girder). 

suspension  (see  Suspension  Bridge). 
Buoyancy,  121. 
Buttresses,  228,  235. 

Gables,  strength  of,  288. 

Gam,  449. 

Gatenary,  177. 

Cells,  strength  of;  864. 

Centre  of  buoyancy,  121. 

of  gravity,  49, 180. 

of  mass,  482. 

of  oscillation  or  percussion,  620,  644. 

of  parallel  forces,  81. 

of  pressure,  71,  76,  125. 

of  resistance,  131. 
Centrifugal  force,  491,  546  (see  also  De- 
viating Force). 

couple,  587. 

pump,  597. 
Chains,  equilibrium  of,  162  (see  also  Sus- 
pension Bridge). 
Channel,  flow  in,  411. 
Chimneys,  sUbility  o^  228,  240,  640. 
Cinematics,  16. 

principles  o^  879. 
Click,  462. 

CoUapsing^  resistance  to,  806. 
Collar,  friction  of;  616. 
Collision,  608. 

Columns,  strength  of  (see  PiUaie). 
Comparative  motion,  884,  389. 
Components,  19,  38L 


Composition  of  couples,  forces,  motkma,  &c. 

(see  Resultant). 
Compressibility  of  liquids,  271. 
Compression,  resistanoe  to,  302. 
Cones,  speed,  457. 

Connected  bodies,  motions  of,  420,  421. 
Connecting  rods,  streogth  o^  363. 
Conservation  of  eneigy,  478,  501. 

of  angular  momentum,  or  of  areas,  506. 

of  momentum,  606. 
Continuity,  equations  of;  in  liquids,  411, 
418. 

equations  of,  in  gases,  417. 
Contracted  vein,  572. 
Contraction,  co-efficient  o^  572. 
Cord,  equilibrium  of,  162. 

motbn  0^  408. 
Counterforts,  255. 
Couples,  deviating,  585. 

centrifugal,  537. 

energy  and  work  of,  537. 

polygon  0^  25. 

staticsl,  theory  o^  21. 

with  inclined  axes,  24. 

with  parallel  axes,  21. 
Coupling,  Oldham's,  453. 

friction,  618. 

Hooke's,  461. 

of  parallel  axles,  469. 
Crank  and  axle,  strength  of,  358. 

motion  of,  458. 
Crosa-breakmg,  resistanoe  to  (see  Beam)L 
Crushing,  dirwt  resistanoe  to,  802,  uble 
638. 

by  bending,  resistanoe  to,  860. 
Current,  412. 

pressure  of,  on  a  solid  body,  598. 

radiatmg,  412,  574. 
Cycbid,  898. 
Cylmdras,  strength  o^  289,  294. 

DAH8,sUbmtyof,  243. 
Day,  sidereal,  380,  881. 

mean  solar,  882. 
Deflection  (see  Beam). 
Deviating  force,  491, 492,  545. 

couple,  585. 
Deviation  (of  motion),  uniform,  387. 

moment  of,  528. 

varying,  888. 
Direction,  fixed  and  neariy  fixed,  379. 
Distributed  ibrces,  48. 
Dome,  stability  of,  265. 
Drums,  in  mechanism,  464. 
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Dynamics,  15. 

general  eqoations  of,  484. 

prindples  o^  475. 
Dynamometer,  478. 

Earth,  friction  of;  211. 

IbandationB,  2191 

pranora  of;  218  (see  also  Retaining 
Walls). 

sUbUity  0^  212. 

table  of  examples,  221. 
Eccentric,  motion  of,  460. 
Eddy  (see  Vortex> 
Efiect  of  a  machine,  610. 
Effort,  476. 
Efficiency,  609,  610. 
Elastic  carve,  849. 
Elasticity,  theoxy  of,  270,  275. 

co-efficients  of,  277. 

modolns  of,  279,  631. 

potential  eneigy  of,  277. 
Electro-dynamic  engine,  efficiency  o^  680. 
Energy,  477. 

actoal,  499,  607. 

actual,  of  a  rotating  body,  582. 

components  of,  480,  499. 

oonservation  of;  in  varied  motion,  501, 
508. 

conservation  of,  motion  being  auiform, 
478. 

initial,  508. 

of  couples,  587. 

potential,  477. 

toUl,  508. 

transformation  of;  499. 
Epicycloid,  401. 
Epicydoidal  teeth  (see  Teeth). 
Epitrochoid,  401. 
Equilibrated  Arch  (see  Arch). 
Equilibrium  (see  Balance). 

stable  and  unstable,  128. 
Expansion  of  air,  123,  606. 

of  metala,  stones,  brick,  glass,  timber, 
849. 

of  steam,  606. 

of  water,  125. 
Extrados,  173. 

Faluko  body  (see  Gravity). 

Fan,  598. 

Fixed  direction,  879. 

point,  14,  881. 
Flexure,  moment  oi;  811. 

resistance  of,  812. 


Floating  bodies,  120,  600. 
Flow  of  liquid,  410. 

of  gas,  417. 

(see  Liquid,  Gas). 
Flues,  strength  of,  306. 
Fluid,  100. 

elasticity  of,  285. 

equilibrium  of,  117. 

impulse  of,  on  a  solid  surfiMe,  591. 

motion  of,  410. 

pressure  qi;  99. 

(see  Liquid,  Gas). 
Fly-wheel,  628. 
Foot-pound,  477. 
Force,  15,  17. 

absolute  unit  of,  486. 

centrifugal  (see  Deviating  Force). 

deviating  (see  Deviating  Force). 

distributed,  48. 

reciprocating,  508. 

reprssentation  of,  19. 

unbalanced,  measures  d^  502. 
Forces,  action  of,  on  a  system  of  bodies, 
510. 

parallelognun  o^  85. 

panllelopiped  of,  87. 

polygon  o^  86. 

lesidual,  498,  511. 

resolution  of,  87. 
Foundations,  earth,  219,  255. 
Fracture,  272. 
Frames,  bracing  o^  142. 

equOibrittm  and  sUbility  o^  182. 

of  two  bars,  186. 

polygonal,  139. 

resistance  of,  at  a  section,  150. 

triangular,  187. 
Friction,  209. 

oonplmg,  618. 

heat  o^  620. 

internal,  877. 

moment  of,  614. 

of  gn,  590. 

of  liquid,  584. 

of  machines,  612. 

ofsolid  bodies,  law  of,  209. 

strap,  618. 

tables  of,  211,  613. 
Frietional  stabiUty,  209. 

gearing,  618. 

Gab,  18. 
action  of;  on  a  piston,  604. 
dynamic  head  in,  579. 
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Gas,  equAtion  of  oontiniiity  !o,  681. 

flow  of,  from  an  orifice,  681. 

flow  of,  with  friction,  690. 

motion  of,  417. 

motion  of,  without  friction,  679. 
Girder,  bowstring,  869. 

oeUolar,  867. 

componnd,  866. 

half-IattuM,  168,  869. 

lattice,  160,  869. 

plate,  866. 

stiffening,  for  snapeosion  bridges,  870. 

tnbnlar,  866,  867. 

Warren's,  168,  869. 
Governor  (see  Pendnlum,  rardving^. 

also  625. 
Gravity,  accelerating  effect  o^  485. 

centre  of,  49,  180. 

motion  under,  486,  486. 

specific,  49,  124. 

specific,  table  of;  687. 
Grease,  618. 
Groined  vaolts,  263. 
Gyration,  642. 

ittdius  0^  615. 

table  of  radii  of,  518. 

Head,  dynamic,  of  liqnid,  568^ 

dynamic,  of  gas,  679. 

eqnal,  sufaoes  o^  578. 
Heatoffiiction,  620. 

engine,  efficiency  of,  629. 

of  steam,  607. 

specific,  of  gases  at  constant  pressiire, 
680. 
Height  dne  to  Velocity,  487. 
Horse-power,  eflbctive,  610. 
Hone,  work  of,  626. 
Hydraulic  hoist,  465. 

mean  depth,  587. 

press,  464. 
Hydraulics  (see  Hydrodynamics). 
Hydrodynamics,  666. 
Hydrostatic  arch,  190,  868. 
HydrosUtics,  prindples  oC,  100, 112, 117. 

Immbrsrd  boot,  122. 

plane,  126. 
Impact  (see  Collisiott). 

and  pressure,  664. 
Impulse,  483. 

and  momentum,  law  of,  484. 

angular,  606. 

between  solids  and  fluids,  691. 


Indicator,  478. 
Inertia,  or  mass,  482. 

eUipsoid  of;  626,  582. 

moment  of  (see  Moment^ 

reduced,  621. 
Inside  gearing,  441. 

Integrals,  approximate  compntationi  of,  58. 
Intensity  of  distributed  foroe,  48. 

of  pressore,  69. 

of  stress,  68. 
Internal  equilibrium  of  stress  and  weight, 

112. 
Internal  stress  (see  Stress). 
Intrados,  178.  , 
Isochronous  yibration,  668. 

Jet,  impulse  of,  591. 
Jdnts  of  A  stnicture,  129, 181. 
of  masoniy,  211. 

Kktb,  friction  o^  226. 

Latbbal  force,  476. 

Leather,  strength  of,  288. 

Length,  measure  o^  18,  14. 

Lever,  26. 

Line,  18. 

Linlc  modon,  468 

linkwork  in  mechanism,  458. 

Liquid,  18. 

dynamic  head  of,  568. 

equilibrium  of;  118. 

flow  of;  horn  an  orifice,  670. 

flow  0^  in  a  pipe  (see  Pipe). 

flow  o^  in  a  stream  (see  Stream)L 

firee  sur&oe  o^  670. 

motion  of;  410. 

motion  of,  in  plane  layers,  670. 

motion  of,  with  fTicUon,  584. 

surfisce  of  equal  pressora  in,  670. 

without  firicUon,  motion  of;  567. 

Maobdibb,  15. 

actual  energy  of,  621. 

pieces  of,  422. 

reduced  inertia  of,  621. 

theory  o^  609. 

varied  motion  of,  621. 

work  of,  with  uniform  or  periodic  mo- 
tion, 610. 
Man,  work  o^  629. 

Masonry  and  brickwork,  bond  of,  222 ; 
friction  of,  211,  222. 

stability  of,  280. 
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Mass,  482,  484,  485. 

oentre  oi;  482. 
Matter,  13. 

Measures,  comparative  table  of  British 
and  FreDcfa,  686. 

of  length,  18,  14. 

of  stress,  69. 

of  time,  381. 

of  velocity,  382. 

of  weight,  18. 
Mechanics,  13. 

applied,  13. 
Medianism,  theory  o^  421. 

aggregate  combinations  in,  426,  466. 

elementary  oombmations  in,  423,  426. 

principle  of  connection  in,  424. 
Mercary,  weight  o^  69. 
Modalns  of  elasticity,  279,  681. 

of  rupture,  316,  634. 
Moment,  bending,  307. 

of  a  couple,  22. 

of  deviation,  528. 

of  flexure,  811. 

of  iriction,  614. 

of  inertia,  514. 

of  inertia  of  a  surface,  77. 

of  inertia,  table  of,  518. 

of  stability,  233. 

of  stress,  73. 

of  torsion,  368. 

statical  (see  Moment  of  a  Couple),  also 
27,  29. 
Momentum,  482. 

and  impulse,  law  of,  484. 

angular  (see  Angular  Momentum). 

conservation  o^  605. 

of  a  rotating  body,  629. 
Motion,  14. 

comparative,  384,  389. 

component  and  resultant,  881,  883. 

deviated  (see  Deviation). 

first  law  of,  476. 

of  a  system  of  bodies,  605. 

of  fluids,  dynamics  of  (see  Hydrody- 
namics. 

of  gases  (see  Gas). 

of  liquids   (see  Hydrodynamics    and 
Liquid). 

of  points,  379. 

of  points,  varied,  385. 

of  pliable  bodies  an<f  fluids,  408. 

of  pliable  bodies,  dynamics  of,  552. 

ofrigid  bodies,  390. 

second  law  of,  484. 


Motion,  unifbrm,  dynamical  prindplee  oi^ 
476. 
varied,  dynamical  principles  of,  482, 
Muscular  strength,  work  o^  626. 

KoTOH,  flow  through,  573. 

Oil,  613. 

Orifice,  flow  through,  571. 

OscOlation,  416. 

angular  (see  Gyration). 

centre  of  (see  Centre). 

eUiptical,  495. 

straight,  494. 

Pababola,  formulsB  relating  to,  165 
Parallel  Forces,  25. 

motion,  469. 

prqjection  (see  Projection,  Parallel) 
Pendulum,  ballistic,  648. 

compound  oscillating,  546. 

compound  revolvmg,  547. 

cydoidal,  497. 

rotating,  647. 

simple  oscillating,  496. 

simple  revolving,  492. 
Percussion,  oentre  of  (see  Centre). 
Periodical  motion  of  machines,  CIO. 
Pieces  of  a  structure,  129. 
Piers,  stability  of;  228. 

of  arches,  263. 

open  and  hollow,  268. 
Pile  driving,  564. 
PiUan,  strength  of  short;  302. 

strength  of  long,  360. 
Pinion  (see  Wheel). 
Pinnacle  on  a  buttress,  239. 
Pipes,  friction  in,  588. 

flow  in,  411,  588. 

resistance  caused  by  sudJen  enlarge* 
ment  in,  589. 

resistance  of  curves  and  knees  in,  589. 

resistance  of  mouthpieces  of,  589. 

strength  of,  289. 
Piston,  413,  419. 

action  of  a  fluid  upon,  604. 
Piston  rods,  strength  of,  363. 
Pivot,  friction  of,  016. 
PUisticity,  272. 

Plat&-iron  girders  (see  Beam,  Glrdor). 
Plates,  strength  of  iron  and  steel,  377. 
PliabUity,  273. 

oo-efiicienU  of,  277. 
Pomt,  13. 
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Point,  fixed,  14,  881. 

motions  of^  879. 

physical,  13. 
Posts,  timber,  strength  of,  865. 
Pound,  standard,  18. 
Power,  610. 
Frees,  Hjdranlic,  464. 

strength  o^  290. 
Pressure,  20,  69. 

in  a  sloping  solid  mass,  126. 

internal  (see  Stress). 

of  earth  (see  Earth). 

offlaids  (see  Fluid). 
Prime  movers,  625. 
Projection,  parallel,  45,  61,  127. 
Proof  strength,  273,  274. 
Pull  (see  Tension). 
Pulleys  and  belts,  454. 

and  cords,  462. 

speed,  457.  ' 
Pump,  centrifugal,  597. 
Pump  rods,  strength  of,  297. 

Rack,  motion  of,  427. 
Railways,  resistance  on,  620. 
Reciprocating  force,  503. 
Reduced  inertia,  621. 
Reduction  of  forces  and  couples  in  ma- 
chines to  the  driving  point,  612. 
Regulator  of  a  prime  mover,  625. 
Repose,  angle  of  (see  Angle). 
Reservoir  walls,  stability  of,  243. 
Reffllience,  273. 

of  axle,  357. 

of  beam,  330. 

of  tie-bar,  287. 
Resistance,  476. 

oentre  of,  181. 

line  of,  131. 

of  carriages  on  roads,  619. 

of  flaids,  598 

of  machines,  610  (see  Friction). 

of  materials  (see  Strength). 

of  railway  trains  and  engines,  620. 

of  rolling,  619. 
Resolution  of  forces,  37. 

of  internal  stress,  82. 
Rest.  14. 
Resultant,  18. 

momentum,  482. 

of  any  system  of  forces,  41. 

of  couples,  23,  24. 

of  inclined  forces,  3f 

of  motions,  881. 


Resultant  of  paraDd  tana,  S6,n,  §^>. 

of  stress,  70. 

of  weight,  49. 
Retaining  walla,  227. 
Rev^tements  (see  Retaining  Wsii> 
Rib  (see  Arclif  Linear). 
Rigid  body,  motion  o<,  390,  394,  ^1- 
(aee  RotAtioo> 

action  of  a  siD^e  forae  oo,  543 
Rigidity  or  stiffneaa,  27L 

of  a  truss,  144. 

supposition  of  perftct,  18. 
Rivets,  strength  oC;  299. 
Rivetted  jdnts,  strength  of,  289,  S9!l 
Roads,  resistanoe  of,  619. 
Rolling  of  cylinder  oo  plane,  398. 

cones,  406,  635. 

oontact  in  nwchaniwi,  42& 

of  cylinder  on  cyliiider,  400. 

of  plane  on  cylinder,  898. 

resistance,  619. 
Roof  (see  Frame,  also  TniM> 
Ropes,  strength  oi;  288. 

stifiness  o^  619. 
Rotating  body,  compantiTe  nodoa  ^ 
points  in,*  393. 

relative  motion  of  a  pair  of  ^dasii^ 
892. 
RoUtion,  890. 

actual  energy  of,  532. 

alternate  (see  Gyration). 

and  force,  analogy  oC  405. 

angular  velocity  of,  391. 

axis  of;  890. 

combined  with  translatinii,  394. 

comparative  motioos  in  oompowMl,  4PC>. 

compound,  399. 

dynamical  principles  o^  513. 

free,  533. 

instantaneous  axis  o^  397,  543. 

uniform,  585. 

varied,  406,  538. 

varied,  combined  with  trsnsiatioD,  M^ 
Rupture,  modulus  of,  316,  634. 

Safbtt,  factors  of;  274. 
Screw-like  motion,  894. 
Screws,  friction  of,  226. 

compound,  467. 

in  mechanism,  449. 
SecUons,  method'oi;   applied  to  fnoif 

work,  150. 
Set,  272. 
Shaft,  strength  of  (see  Axle). 
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Shear,  69,  87. 

Shearing,  reeistaoce  to,  298;  table,  633. 

force  in  beams,  807. 

stress  in  beams,  838. 
Shifting  or  translation,  890. 
Sliding  contact  in  mechanism,  436. 
Solid,  13. 

Specific  gravity  (see  Gravity,  Specific). 
Speed-cones,  457. 
Speed,  flactnations  of,  622. 
Spheres,  strength  of,  290. 
Spiral,  898. 
SUbility,  128. 

frictional  (see  Frictional). 

of  stmctnres,  130,  131. 
Standard  measure  of  length,  14. 

measare  of  weight,  18. 
Starting  machines,  624. 
Statics,  15. 

principles  of,  17. 
Stays,  183,  136. 
Steady  motion  of  a  liqaid,  412,  414. 

of  a  gas,  419. 
Steam,  action  of,  606. 

engine,  efficiency  of,  629,  630. 
Stiffness,  130,  270,  273. 

of  beams  (see  Beam,  deflection  of). 
Stopping  machines,  624. 
Strain,  272. 

and  stress,  relations  between,  280. 

ellipse  of,  280. 

resolation  and  composition  of,  275. 
Stream  of  liquid,  411,  686. 

friction  of,  586. 

of  gas,  417. 

hydraulic  mean  depth  of,  587. 

varying,  587. 
Strength,  180,  270. 

of  abutments  and  vaults,  268. 

of  axles,  853,  858. 

of  beams,  807,  815  (see  Beam). 

of  boilers,  pipes,  and  cylinders,  289, 
299,  306. 

of  bolts,  pins,  keys,  and  rivets,  299. 

of  iron  and  steel,'  877. 

of  iron,  e^cts  of  repeated  melting  on, 
876. 

of  leathern  belta,  288. 

of  long  pillars  and  stmts,  360. 

of  masonry  and  brickwork,  268,  802. 

of  pump-rods,  297. 

of  ropes  and  cables,  288. 

of  short  pillars,  304. 

of  spheres,  290,  296. 


Straigth  of  teeth,  359. 

of  tie-bar,  286. 

of  tubes  and  flues,  306. 

proof,  273. 

tables  of,  377,  631. 

transverse,  315. 

ultimate,  273. 
Stress,  68. 

and  strain,  relations  between,  280. 

internal,  82. 
Stretching,  resistance  to,  286. 
Stroke,  length  of;  in  mechanism,  460. 
Structures,  15. 

theory  of,  129. 

transformation  of,  129. 
Struts,  183. 

strength  of  (see  Pillars). 

WTOUght-iron,  strength  of,  364. 
Superposition  of  small  motions,  555. 
Surface,  13. 
Suspension  bridge,  149,  165. 

stiffened,  370. 

strength  of;  286,  288,  301. 

with  sloping  rods,  171. 

with  vertical  rods,  168. 
System  of  bodies,  motion  of,  505. 

Tearing,  resistance  to,  28G. 

tables  of  resistance  to,  288,  289,  377, 
631. 
Teeth  of  wheels,  dimensions  of,  447. 

epicycloidal,  444. 

fnction  of,  617. 

fbnn  of,  438. 

involute,  441. 

of  bevel  wheels.  448. 

of  wheel  and  trundle,  447. 

pitch  and  number  of,  432. 

strength  of,  359. 
Tenacity,  286  (see  Tearing,  Resistance  to). 
Tension,  69  (see  Stretching). 
Testing  strength  (see  Proof). 
Theoiy  and  practice  in  mechanics,  har- 
mony of,  1. 
Thrust,  69. 
Tie,  182. 

flexible,  169. 

strength  of,  286. 
Time,  measure  of;  381. 
Torsion  (see  Wrenching). 
Toughness,  278. 
Towers,  stability  of;  240. 
Trains  of  mechanism,  465. 

epicydic,  473. 
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TrainB  of  Wheels,  484. 
Timnaformatioii  (see  Prqfectioo). 

of  cords  end  chaine,  180. 

of  frmmee,  162. 

of  stress,  92. 

of  stractaras  in  masonry,  282,  268. 
Translation  or  sbiflini^,  890. 

varied,  482. 
Transverse  strength,  815 ;  table,  684. 
Trochoid,  898. 
Trundle,  447. 
Trass,  144. 

compound,  148. 
Trussing,  secondary,  145. 
Turbine,  595,  629. 
Turning  (see  Rotation). 
Twisting  (see  Wrenching). 

UvBALAirCKD  FORCE,  measuTOS  o^  501. 
Unguents,  613. 
Uniform  motion,  862. 

deviation,  887. 

effort  or  resistance,  effect  of,  490. 

motion  under  balanced  forces,  476. 

velocity,  882. 
Universal  joint,  461. 

double,  462. 
Unsteady  motion  of  fluid,  418,  415. 

VANBg,  impulse  of  liquid  on,  598. 
Vaults,  subility  of,  226  (see  Arcb> 

groined,  262. 
Velocities,  virtual,  479. 
Velocity,  882. 

angidar,  391. 

of  sound,  568. 

uniform,  382. 

uniformiy-varied,  886. 

varied,  885. 

varied  rate  of  variation  of,  887. 
Vibration,  558. 

isochronous,  553. 

not  isochronous,  557. 

of  elastic  body,  657. 
Virtual  velocities,  479. 
Vis-viva,  499. 
Volume,  18. 


Vortex,  412,  574. 
action  o^  on  wheel,  595,  629. 
combined,  576. 
forced,  576. 
free  drcular,  574. 
free  spiral,  576. 

Walub,  stability  of,  226. 

retaining  (see  Retaining  Walls> 
Water,  apparent  weightof  bodies  ImmerKd 
in,  125. 

expansion  of,  125. 

pressure  engine,  626. 

velocity  of  sound  in,  568. 

weight  of;  12dt 

(see  Liquid,  Stream). 
Water-wheel,  678,  627. 

acdon  of  vortex  on,  595, 629. 

efficiency  of;  627. 

impulse  of  water  on  floats  of;  598L 
Wave,  motion  in,  416. 

of  vibration,  562. 
Wedges,  friction  of,  226. 
Weight,  49. 

apparent,  of  body  immened  in  flaid,l 28. 

measures  of,  18. 

table  of,  637k 
Wheels,  motion  of,  426. 

bevel,  428,  448. 

grooved,  481. 

non-drcular,  428,  449. 

skew-bevel,  480,  449. 

teeth  of  (see  Teeth). 

train  of;  484. 
Wind,  action  of,  on  towers  and  chimneys, 

240. 
Windlass,  difierential,  466. 
Windmill,  629. 
Wiper  or  cam,  449. 
Work,  477. 

of  machines,  610. 

useful  and  lost,  610. 
Working  stress,  working  load,  274. 
Wrenching,  resistance  to,  858. 

Tabd,  standard,  14.- 
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